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1. Introduction

Fractional calculus is like an extended version of regular calculus that allows us to deal with
numbers that are not whole, like 1.5 or 2.3. This might not sound like a big deal, but it is incredibly
useful in many fields. When we want to understand how things change or accumulate over time,
fractional calculus helps us do that more accurately, especially when things are complicated and do
not follow normal rules. These fractional calculations come in handy when we are dealing with stuff

like how liquids flow, how materials deform, or how we control things like robots or machines.
Inequalities, in the context of fractional calculus, are like special rules that help us understand when
things are bigger or smaller than each other, but with these non-whole numbers involved. These rules
are important because they help us figure out if systems with fractional calculus are stable and work
the way they should. Thus, in a nutshell, fractional calculus and inequalities help us make sense of the
world in a more precise and practical way. Thus, the term convexity and inequalities in the frame of
fractional calculus have been recommended as an engrossing area for researchers due to their vital
role and fruitful importance in numerous branches of science. Integral inequalities have remarkable
uses in probability, optimization theory, information technology, stochastic processes, statistics,
integral operator theory and numerical integration. For the applications, see references [1–8].

In [9], a comprehensive and up-to-date review on Hermite-Hadamard-type inequalities for different
kinds of convexities and different kinds of fractional integral operators is presented. In this review
paper, we aim to discuss and present the up-to-date review of the Grüss type inequality via different
fractional integral operators.

In [10] (see also [11]), the Grüss inequality is defined as the integral inequality that establishes a
connection between the integral of the product of two functions and the product of the integrals. The
inequality is as follows.

Theorem 1.1. If Ω,Π : [x1, x2] → R are two continuous functions satisfying m ≤ Ω(t) ≤ M and
p ≤ Π(t) ≤ P, t ∈ [x1, x2], m,M, p,P ∈ R, then∣∣∣∣ 1

x2 − x1

∫ x2

x1

Ω(s)Π(s)ds −
1

(x2 − x1)2

∫ x2

x1

Ω(s)ds
∫ x2

x1

Π(s)ds
∣∣∣∣ ≤ 1

4
(M −m)(P − p).

Our objective in this paper is to present a comprehensive and up-to-date review on Grüss-type
inequalities for different kinds of fractional integral operators. In each section and subsection, we first
introduce the basic definitions of fractional integral operators and then include the results on Grüss-
type inequalities. We believe that the collection of almost all existing in the literature Grüss-type
inequalities in one file will help new researchers in the field learn about the available work on the topic
before developing new results. We present the results without proof but instead provide a complete
reference for the details of each result elaborated in this survey for the convenience of the reader.

The remainder of this review paper is as follows. In Sections 2–15, we summarize Grüss-type
integral inequalities and especially for Riemann-Liouville fractional integral operators in Section 2,
for Riemann-Liouville fractional integrals of a function with respect to another function in Section 3,
in Section 4 for Katugampola fractional integral operators, in Section 5 for Hadamard’s fractional
integral operators, in Section 6 for k-fractional integral operators, in Section 7 for Raina’s fractional
integral operators, in Section 8 for tempered fractional integral operators, in Section 9 for
conformable fractional integrals operators, in Section 10 for proportional fractional integrals
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operators, in Section 11 for generalized Riemann-Liouville fractional integral operators, in Section 12
for Caputo-Fabrizio fractional integrals operators, for Saigo fractional integral operators in
Section 13, in Section 14 for quantum integral operators and in Section 15 for Hilfer fractional
differential operators.

Throughout this survey the following assumptions are used:

(H) Assume that Ω,Π : I → R are integrable functions on I for which there exist constants
m,M, p,P ∈ R, such that

m ≤ Ω(t) ≤ M, p ≤ Π(t) ≤ P, t ∈ I.

(H1) There exist two integrable functions Q1,Q2 : [0,∞)→ R such that

Q1(t) ≤ Ω(t) ≤ Q2(t) for all t ∈ [0,∞).

(H2) There exist two integrable functions R1,R2 : [0,∞)→ R such that

R1(t) ≤ Π(t) ≤ R2(t) for all t ∈ [0,∞).

2. Grüss-type integral inequalities via Riemann-Liouville fractional integral

In this subsection we give generalizations for Grüss-type inequalities by using the
Riemann-Liouville fractional integrals. The first result deals with some inequalities using one
fractional parameter.

Definition 2.1. [12] A real valued function Ω(t), t ≥ 0 is said to be in

(i) the space Cµ, µ ∈ R if there exists a real number p > µ such that Ω(t) = tpΩ1(t), where Ω1(t) ∈
C([0,∞),R),

(i) the space Cn
µ, µ ∈ R if Ω(n) ∈ Cµ.

Definition 2.2. [12] The Riemann-Liouville integral operator of fractional order α ≥ 0, for an
integrable function Ω is defined by

JαΩ(t) =
1

Γ(α)

∫ t

0
(t − s)α−1Ω(s)ds, α > 0, t > 0,

and J0Ω(t) = Ω(t).

Theorem 2.1. [12] Assume that (H) holds on [0,∞). Then for all t > 0 and α > 0 we have:∣∣∣∣ tα

Γ(α + 1)
JαΩ(t)Π(t) − JαΩ(t)JαΠ(t)

∣∣∣∣ ≤ ( tα

2Γ(α + 1)

)2
(M −m)(P − p).

In the next result two real positive parameters are used.

Theorem 2.2. [12] Assume that (H) holds on [0,∞). Then for all t > 0 and α > 0, β > 0 we have:( tα

Γ(α + 1)
JβΩ(t)Π(t) +

tβ

Γ(β + 1)
JαΩ(t)Π(t) − JαΩ(t)JβΠ(t) − JβΩ(t)JαΠ(t)

)2
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≤
[(
M

tα

Γ(α + 1)
− JαΩ(t)

)(
JβΩ(t) −m

tβ

Γ(β + 1)

)
+
(
JαΩ(t) −m

tα

Γ(α + 1)

)(
M

tβ

Γ(β + 1)
− JβΩ(t)

)]
×
[(
P

tα

Γ(α + 1)
− JαΠ(t)

)(
JβΠ(t) − p

tβ

Γ(β + 1)

)
+
(
JαΠ(t) − p

tα

Γ(α + 1)

)(
P

tβ

Γ(β + 1)
− JβΠ(t)

)]
.

Next, we present some fractional integral inequalities of Grüss type by using the Riemann-Liouville
fractional integral. The constants appeared as bounds of the functions Ω and Π, are replaced by four
integrable functions.

Theorem 2.3. [13] Assume that Ω : [0,∞) → R is an integrable function satisfying (H1). Then, for
t > 0, α, β > 0, we have:

JβQ1(t)JαΩ(t) + JαQ2(t)JβΩ(t) ≥ JαQ2(t)JβQ1(t) + JαΩ(t)JβΩ(t).

Theorem 2.4. [13] Suppose that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then, for t > 0, α, β > 0, the fractional integral inequalities hold:

(i) JβR1(t)JαΩ(t) + JαQ2(t)JβΠ(t) ≥ JβR1(t)JαQ2(t) + JαΩ(t)JβΠ(t).
(ii) JβQ1(t)JαΠ(t) + JαR2(t)JβΩ(t) ≥ JβQ1(t)JαR2(t) + JβΩ(t)JαΠ(t).
(iii) JαQ2(t)JβR2(t) + JαΩ(t)JβΠ(t) ≥ JαQ2(t)JβΠ(t) + JβR2(t)JαΩ(t).
(iv) JαQ1(t)JβR1(t) + JαΩ(t)JβΠ(t) ≥ JαQ1(t)JβΠ(t) + JβR1(t)JαΩ(t).

Theorem 2.5. [13] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 0, α > 0, we have:∣∣∣∣∣ tα

Γ(α + 1)
JαΩ(t)Π(t) − JαΩ(t)JαΠ(t)

∣∣∣∣∣ ≤ √
T (Ω,Q1,Q2)T (Π,R1,R2),

where T (y, z,w) is defined by

T (y, z,w) = (Jαw(t) − Jαy(t)) (Jαy(t) − Jαz(t)) +
tα

Γ(α + 1)
Jαz(t)y(t) − Jαz(t)Jαy(t)

+
tα

Γ(α + 1)
Jαw(t)y(t) − Jαw(t)Jαy(t) + Jαz(t)Jαw(t) −

tα

Γ(α + 1)
Jαz(t)w(t).

In the next theorem we give an Ostrowski-Grüss type inequality of fractional type via Riemann-
Liouville fractional integral.

Theorem 2.6. [14] Let Ω : [x1, x2] → R be a differentiable mapping on (x1, x2) and |Ω′(x)| ≤ M for
all x ∈ [x1, x2]. Then∣∣∣∣∣∣12Ω(x) − (α + 1)Γ(α)

(x2 − x)1−α

2(x2 − x1)
Jαx1

Ω(x2) +
1
2

Jα−1
x1

((x2 − x)1−αΓ(α)Ω(x2))
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+
(x2 − x)2−α

2(x2 − x1)
Γ(α)Jα−1

x1
Ω(x2) +

(x2 − x)1−α(x − x1)
2(x2 − x1)2−α Ω(x1)

∣∣∣∣∣∣
≤

M(x2 − x)1−α

x2 − x1

[ (x2 − x1)α(x − x1) + (x2 − x)α(x1 + x2 − 2x)
2α

]
,

where x1 ≤ x < x2.

3. Grüss-type integral inequalities for Riemann-Liouville fractional integrals of a function with
respect to another function

Definition 3.1. [15] Let ψ : [0,∞) → R be positive, increasing function and also its derivative ψ′ be
continuous on [0,∞) and ψ(0) = 0. The fractional integral of Riemann-Liouville type of an integrable
function Ω with respect to another function ψ is defined as

Iα,ψΩ(t) =
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Ω(s)ds.

In the next we include Grüss type integral inequalities with the help of ψ-Riemann-Liouville
fractional integral.

Theorem 3.1. [16] Assume that ψ : [0,∞) → R is a positive, increasing function and also its
derivative ψ′ is continuous on [0,∞) and ψ(0) = 0. Assume that Ω : [0,∞) → R is an integrable
function satisfying (H1). Then the following inequality holds:

Iβ,ψQ1(t)Iα,ψΩ(t) + Iα,ψQ2(t)Iβ,ψΩ(t) ≥ Iα,ψQ2(t)Iβ,ψQ1(t) + Iβ,ψΩ(t)Iβ,ψΩ(t).

Theorem 3.2. [16] Let ψ be as in Theorem 3.1 and Ω,Π be two integrable functions satisfying (H1)
and (H2). Then we have:

(a) Iβ,ψR1(t)Iα,ψΩ(t) + Iα,ψQ2(t)Iβ,ψΠ(t) ≥ Iβ,ψR1(t)Iα,ψQ2(t) + Iα,ψΩ(t)Iβ,ψΠ(t).
(b) Iβ,ψQ1(t)Iα,ψΠ(t) + Iα,ψR2(t)Iβ,ψΩ(t) ≥ Iβ,ψQ1(t)Iα,ψR2(t) + Iβ,ψΩ(t)Iα,ψΠ(t).
(c) Iα,ψQ2(t)Iβ,ψR2(t) + Iα,ψΩ(t)Iβ,ψΠ(t) ≥ Iα,ψQ2(t)Iβ,ψΠ(t) + Iβ,ψR2(t)Iα,ψΩ(t).
(d) Iα,ψQ1(t)Iβ,ψR1(t) + Iα,ψΩ(t)Iβ,ψΠ(t) ≥ Iα,ψQ1(t)Iβ,ψΠ(t) + Iβ,ψR1(t)Iα,ψΩ(t).

Theorem 3.3. [16] Let ψ be as in Theorem 3.1 and Ω,Π be two integrable functions satisfying (H1)
and (H2). Then the following inequality holds:∣∣∣∣∣∣ ψα(t)

Γ(α + 1)
Iα,ψΩ(t)Π(t) − Iα,ψΩ(t)Iα,ψΠ(t)

∣∣∣∣∣∣ ≤ √
T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (y, z,w) = (Iα,ψw(t) − Iα,ψy(t))(Iα,ψy(t) − Iα,ψz(t))

+
ψα(t)

Γ(α + 1)
Iα,ψv(t)Iα,ψy(t) − Iα,ψz(t)Iα,ψy(t) +

ψα(t)
Γ(α + 1)

Iα,ψw(t)y(t)

−Iα,ψw(t)Iα,ψy(t) + Iα,ψz(t)Iα,ψw(t) −
ψα(t)

Γ(α + 1)
Iα,ψz(t)w(t).
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4. Grüss-type fractional inequalities for Katugampola fractional integral operator

Now we define the space Xp
c (x1, x2) in which Katugampola’s fractional integrals are defined.

Definition 4.1. [17] The space Xp
c (x1, x2) (c ∈ R, 1 ≤ p < ∞) consists of those complex-valued

Lebesgue measurable functions φ on (x1, x2) for which ‖φ‖Xp
c
< ∞, with

‖φ‖Xp
c

=
( ∫ x2

x1

|xcφ(x)|p
dx
x

)1/p
(1 ≤ p < ∞),

and
‖φ‖X∞c = ess sup

x∈(x1,x2)
[xc|φ(x)|].

Definition 4.2. [17] Let φ ∈ Xp
c (x1, x2), α > 0 and β, ρ, η, κ ∈ R. Then, the left- and right- sided

fractional integrals of a function φ are defined respectively by

ρJα,βx1+,η,κφ(x) =
ρ1−βxκ

Γ(α)

∫ x

x1

τρ(η+1)−1

(xρ − τρ)1−αφ(τ)dτ, 0 ≤ x1 < x < x2 ≤ ∞,

and
ρJα,βx2−,η,κφ(x) =

ρ1−βxρη

Γ(α)

∫ x2

x

τκ+ρ−1

(τρ − xρ)1−αφ(τ)dτ, 0 ≤ x1 < x < x2 ≤ ∞,

if the integrals exist.

Now, we present several Grüss-type inequalities involving Katugampola’s fractional integral.

Theorem 4.1. [17] Assume that (H) holds on [0,∞). Then we have:∣∣∣∣Λρ,β
x,κ(α, η) ρJα,βη,κ Ω(x)Π(x) − ρJα,βη,κ Ω(x)ρJα,βη,κ Π(x)

∣∣∣∣ ≤ (
Λρ,β

x,κ(α, η)
)2

(M −m)(P − p),

for all β, κ ∈ R, x > 0, α > 0, ρ > 0 and η ≥ 0, where

Λρ,β
x,κ(α, η) =

Γ(η + 1)
Γ(η + α + 1)

ρ−βxκ+ρ(η+α).

Theorem 4.2. [17] Assume that (H) holds on [0,∞). Then for all β, κ ∈ R, x > 0, α > 0, γ > 0 and
η ≥ 0, we have: (

Λρ,β
x,κ(α, η) ρJγ,βη,κΩ(x)Π(x) + Λρ,β

x,κ(γ, η) ρJα,βη,κ Ω(x)Π(x) − ρJα,βη,κ Ω(x) ρJα,βη,κ Π(x)

−ρJγ,βη,κΩ(x) ρJα,βη,κ Π(x)
)2

≤
[(
MΛρ,β

x,κ(α, η) − ρJα,βη,κ Ω(x)
)(
ρJγ,βη,κΩ(x) −mΛρ,β

x,κ(α, η)
)

+
(
ρJα,βη,κ Ω(x) −mΛρ,β

x,κ(α, η)
)(
MΛρ,β

x,κ(γ, η) − ρJγ,βη,κΩ(x)
)]

×
[(
PΛρ,β

x,κ(α, η) − ρJα,βη,κ Π(x)
)(
ρJγ,βη,κΠ(x) − pΛρ,β

x,κ(γ, η)
)

+
(
ρJα,βη,κ Π(x) − pΛρ,β

x,κ(α, η)
)(
PΛρ,β

x,κ(γ, η) − ρJγ,βη,κΠ(x)
)]
.
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Theorem 4.3. [17] Let α > 0, β, ρ, η, κ ∈ R, Ω,Π ∈ Xp
c (0, x) x > 0 and p, q > 1 such that

1
p

+
1
q

= 1.

Then we have:

(a)
1
p
ρJα,βη,κ Ωp(x) +

1
q
ρJα,βη,κ Πq(x) ≥

Γ(η + α + 1)ρβ

Γ(η + 1)xρ(η+α)+κ

(
ρJα,βη,κ Ω(x) ρJα,βη,κ Π(x)

)
.

(b)
1
p
ρJα,βη,κ Ωp(x) ρJα,βη,κ Πp(x) +

1
q
ρJα,βη,κ Ωq(x) ρJα,βη,κ Πq(x)

≥
(
ρJα,βη,κ Ω(x)Π(x)

)2
.

(c)
1
p
ρJα,βη,κ Ωp(x) ρJα,βη,κ Πq(x) +

1
q
ρJα,βη,κ Ωq(x) ρJα,βη,κ Πp(x)

≥
(
ρJα,βη,κ (ΩΠ)p−1(x)

)(
ρJα,βη,κ (ΩΠ)q−1(x)

)
.

(d) ρJα,βη,κ Ωp(x) ρJα,βη,κ Πq(x) ≥
(
ρJα,βη,κ Ω(x)Π(x)

)(
ρJα,βη,κ Ωp−1(x)Πq−1(x)

)
.

(e)
1
p
ρJα,βη,κ Ωp(x) ρJα,βη,κ Π2(x) +

1
q
ρJα,βη,κ Ω2(x) ρJα,βη,κ Πq(x)

≥
(
ρJα,βη,κ Ω(x)Π(x)

)(
ρJα,βη,κ Ω2/p(x)Π2/p(x)

)
.

( f )
1
p
ρJα,βη,κ Ω2(x) ρJα,βη,κ Πq(x) +

1
q
ρJα,βη,κ Ωq(x) ρJα,βη,κ Π2(x)

≥
(
ρJα,βη,κ Ω2/p(x)Π2/p(x)

)(
ρJα,βη,κ Ωp−1(x)Πq−1(x)

)
.

(g) ρJα,βη,κ Ω2(x) ρJα,βη,κ
(Πq(x)

p
+

Πq(x)
q

)
≥

(
ρJα,βη,κ Ω2/p(x)Π(x)

)(
ρJα,βη,κ Ω2/q(x)Π(x)

)
.

Theorem 4.4. [17] Assume that the assumptions of Theorem 4.3 are satisfied. In addition, let

µ = min
0≤t≤x

Ω(t)
Π(t)

and M = max
0≤t≤x

Ω(t)
Π(t)

.

Then we have:

(i) 0 ≤
(
ρJα,βη,κ Ω2(x) ρJα,βη,κ Π2(x)

)
≤

(M + µ)2

4µM

(
ρJα,βη,κ Ω(x)Π(x)

)2
.

(ii) 0 ≤

√
ρJα,βη,κ Ω2(x) ρJα,βη,κ Π2(x) −

(
ρJα,βη,κ Ω(x)Π(x)

)
≤

(
√
M−

√
µ)2

2
√
µM

(
ρJα,βη,κ Ω(x)Π(x)

)
.

(iii) 0 ≤ ρJα,βη,κ Ω2(x) ρJα,βη,κ Π2(x) −
(
ρJα,βη,κ Ω(x)Π(x)

)2
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≤
(M− µ)2

4µM

(
ρJα,βη,κ Ω(x)Π(x)

)2
.

Theorem 4.5. [18] Assume that Ω : [0,∞) → R is an integrable function satisfying (H1). Then
we have:

ρJα,βη,k Q2(t) ρJδ,λη,kΩ(t) + ρJα,βη,k Ω(t) ρJδ,λη,k Q1(t) ≥ ρJα,βη,k Ω(t) ρJδ,λη,kΩ(t) + ρJα,βη,k Q2(t) ρJδ,λη,k Q1(t),

for all t > 0, α, ρ, δ > 0, β, η, k, λ ∈ R.

Theorem 4.6. [18] Suppose that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 0 and α, ρ > 0, β, η, k ∈ R we have:[

Λ
ρ,β
t,k (α, η) ρJα,βη,k Ω(t)Π(t) −

(
ρJα,βη,k Ω(t) ρJα,βη,k Π(t)

)]2
≤ T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (y, z,w) = (ρJα,βη,k w(t) − ρJα,βη,k y(t))(ρJα,βη,k y(t) − ρJα,βη,k z(t))

+Λ
ρ,β
t,k (α, η)ρJα,βη,k y(t)z(t) − ρJα,βη,k y(t) ρJα,βη,k z(t)

+Λ
ρ,β
t,k (α, η) ρJα,βη,k y(t)w(t) − ρJα,βη,k y(t) ρJα,βη,k w(t)

−Λ
ρ,β
t,k (α, η) ρJα,βη,k z(t)w(t) + ρJα,βη,k z(t) ρJα,βη,k w(t).

Theorem 4.7. [18] Suppose that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 0 and α, δ, ρ > 0, β, λ, η, k ∈ R we have:

(a) ρJδ,λη,kΩ(t) ρJα,βη,k Q2(t) + ρJδ,λη,kR1(t) ρJα,βη,k Π(t) ≥ ρJδ,λη,kR1(t) ρJα,βη,k Q2(t) + ρJδ,λη,kΩ(t) ρJα,βη,k Π(t).
(b) ρJδ,λη,k Q1(t) ρJα,βη,k Ω(t) + ρJα,βη,k R2(t) ρJδ,λη,kΠ(t) ≥ ρJδ,λη,k Q1(t) ρJα,βη,k R2(t) + ρJδ,λη,kΠ(t) ρJα,βη,k Ω(t).
(c) ρJα,βη,k Q2(t) ρJδ,λη,kR2(t) + ρJα,βη,k Π(t) ρJδ,λη,kΩ(t) ≥ ρJα,βη,k Q2(t) ρJδ,λη,kΩ(t) + ρJδ,λη,kR2(t) ρJα,βη,k Π(t).
(d) ρJα,βη,k Q1(t) ρJδ,λη,kR1(t) + ρJα,βη,k Π(t) ρJδ,λη,kΩ(t) ≥ ρJα,βη,k Q1(t) ρJδ,λη,kΩ(t) + ρJδ,λη,kR1(t) ρJα,βη,k Π(t).

5. Grüss-type fractional integral inequalities via Hadamard’s fractional integral operator

Definition 5.1. [15] The fractional integral of Hadamard type of order α ∈ R+ of an integrable
function Ω(t), for all t > 1 is defined as

H JαΩ(t) =
1

Γ(α)

∫ t

1

(
log

t
s

)α−1
Ω(s)

ds
s
, (5.1)

provided the integral exists. (Here log(·) = loge(·)).

We present, by using Hadamard’s fractional integral, some Grüss-type fractional
integral inequalities.

Theorem 5.1. [19] Assume that Ω : [1,∞) → R is an integrable function satisfying (H1). Then, for
t > 1, α, β > 0, we have

H JβQ1(t)H JαΩ(t) + H JαQ2(t)H JβΩ(t) ≥ H JαQ2(t)H JβQ1(t) + H JαΩ(t)H JβΩ(t).
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Theorem 5.2. [19] Assume that Ω : [1,∞)→ R is an integrable function satisfying (H1). Let θ1, θ2 > 0
satisfying 1/θ1 + 1/θ2 = 1. Then, for t > 1, α, β > 0, we have

1
θ1

(log t)β

Γ(β + 1) H Jα
(
(Q2 −Ω)θ1

)
(t) +

1
θ2

(log t)α

Γ(α + 1) H Jβ
(
(Ω − Q1)θ2

)
(t)

+ H JαQ2(t)H JβQ1(t) + H JαΩ(t)H JβΩ(t)
≥ H JαQ2(t)H JβΩ(t) + H JαΩ(t)H JβQ1(t).

Theorem 5.3. [19] Assume that Ω : [1,∞)→ R is an integrable function satisfying (H1). Let θ1, θ2 > 0
satisfying θ1 + θ2 = 1. Then, for t > 1, α, β > 0, we have

θ1
(log t)β

Γ(β + 1) H JαQ2(t) + θ2
(log t)α

Γ(α + 1) H JβΩ(t)

≥ H Jα(Q2 −Ω)θ1(t)H Jβ(Ω − Q1)θ2(t) + θ1
(log t)β

Γ(β + 1) H JαΩ(t)

+ θ2
(log t)α

Γ(α + 1) H JβQ1(t).

Theorem 5.4. [19] Assume that Ω : [1,∞)→ R is an integrable function satisfying (H1). Let p ≥ q ≥
0, p , 0. Then, we have the following two inequalities, for any k > 0, t > 1, α, β > 0,

(i) H Jα(Q2 −Ω)
q
p (t) +

q
p

k
q−p

p H JαΩ(t) ≤
q
p

k
q−p

p H JαQ2(t) +
p − q

p
k

q
p

(log t)α

Γ(α + 1)
.

(ii) H Jα(Ω − Q1)
q
p (t) +

q
p

k
q−p

p H JαQ1(t) ≤
q
p

k
q−p

p H JαΩ(t) +
p − q

p
k

q
p

(log t)α

Γ(α + 1)
.

Theorem 5.5. [19] Suppose that Ω,Π : [1,∞) → R are two integrable functions satisfying (H1) and
(H2). Then, for t > 0, α, β > 0, we have:

(a) H JβR1(t)H JαΩ(t) + H JαQ2(t)H JβΠ(t) ≥ H JβR1(t)H JαQ2(t) + H JαΩ(t)H JβΠ(t).
(b) H JβQ1(t)H JαΠ(t) + H JαR2(t)H JβΩ(t) ≥ H JβQ1(t)H JαR2(t) + H JβΩ(t)H JαΠ(t).
(c) H JβR2(t)H JαQ2(t) + H JαΩ(t)H JβΠ(t) ≥ H JαQ2(t)H JβΠ(t) + H JβR2(t)H JαΩ(t).
(d) H JαQ1(t)H JβR1(t) + H JαΩ(t)H JβΠ(t) ≥ H JαQ1(t)H JβΠ(t) + H JβR1(t)H JαΩ(t).

Theorem 5.6. [19] Suppose that Ω,Π : [1,∞) → R are two integrable functions satisfying (H1) and
(H2). Let θ1, θ2 > 0 such that 1/θ1 + 1/θ2 = 1. Then, for t > 1, α, β > 0, the following inequalities hold:

(i)
1
θ1

(log t)β

Γ(β + 1) H Jα(Q2 −Ω)θ1(t) +
1
θ2

(log t)α

Γ(α + 1) H Jβ(R2 − Π)θ2(t)

≥ H Jα(Q2 −Ω)(t)H Jβ(R2 − Π)(t).

(ii)
1
θ1

H Jα(Q2 −Ω)θ1(t)H Jβ(R2 − Π)θ1(t) +
1
θ2

H Jα(R2 − Π)θ2(t)H Jβ(Q2 −Ω)θ2(t)

≥ H Jα(Q2 −Ω)(R2 − Π)(t)H Jβ(Q2 −Ω)(R2 − Π)(t).

(iii)
1
θ1

(log t)β

Γ(β + 1) H Jα(Ω − Q1)θ1(t) +
1
θ2

(log t)α

Γ(α + 1) H Jβ(Π − R1)θ2(t)

≥ H Jα(Ω − Q1)(t)H Jβ(Π − R1)(t).

AIMS Mathematics Volume 9, Issue 1, 2244–2281.



2253

(iv)
1
θ1

H Jα(Ω − Q1)θ1(t)H Jβ(Π − R1)θ1(t) +
1
θ2

H Jα(Π − R1)θ2(t)H Jβ(Ω − Q1)θ2(t)

≥ H Jα(Ω − Q1)(Π − R1)(t)H Jβ(Ω − Q1)(Π − R1)(t).

Theorem 5.7. [19] Suppose that Ω,Π : [1,∞) → R are two integrable functions satisfying (H1) and
(H2). Let θ1, θ2 > 0 such that θ1 + θ2 = 1. Then, for t > 1, α, β > 0, we have:

(a) θ1
(log t)β

Γ(β + 1) H JαQ2(t) + θ2
(log t)α

Γ(α + 1) H JβR2(t)

≥ H Jα(Q2 −Ω)θ1(t)H Jβ(R2 − Π)θ2(t) + θ1
(log t)β

Γ(β + 1) H JαΩ(t) + θ2
(log t)α

Γ(α + 1) H JβΠ(t).

(b) θ1H JαQ2(t)H JβR2(t) + θ1H JαΩ(t)H JβΠ(t)
+ θ2H JαR2(t)H JβQ2(t) + θ2H JαΠ(t)H JβΩ(t)

≥ H Jα(Q2 −Ω)θ1(R2 − Π)θ2(t)H Jβ(R2 − Π)θ1(Q2 −Ω)θ2(t)
+ θ1H JαQ2(t)H JβΠ(t) + θ1H JαΩ(t)H JβR2(t)
+ θ2H JαR2(t)H JβΩ(t) + θ2H JαΠ(t)H JβQ2(t).

(c) θ1
(log t)β

Γ(β + 1) H JαΩ(t) + θ2
(log t)α

Γ(α + 1) H JβΠ(t)

≥ H Jα(Ω − Q1)θ1(t)H Jβ(Π − R1)θ2(t) + θ1
(log t)β

Γ(β + 1) H JαQ1(t) + θ2
(log t)α

Γ(α + 1) H JβR1(t).

(d) θ1H JαΩ(t)H JβΠ(t) + θ1H JαQ1(t)H JβR1(t)
+ θ2H JαΠ(t)H JβΩ(t) + θ2H JαR1(t)H JβQ1(t)

≥ H Jα(Ω − Q1)θ1(Π − R1)θ2(t)H Jβ(Π − R1)θ1(Ω − Q1)θ2(t)
+ θ1H JαΩ(t)H JβR1(t) + θ1H JαQ1(t)H JβΠ(t)
+ θ2H JαΠ(t)H JβQ1(t) + θ2H JαR1(t)H JβΩ(t).

Theorem 5.8. [19] Suppose that Ω,Π : [1,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 1, α > 0, we have∣∣∣∣∣ (log t)α

Γ(α + 1) H JαΩ(t)Π(t) − H JαΩ(t)H JαΠ(t)
∣∣∣∣∣ ≤ |T (Ω,Q1,Q2)|

1
2 |T (Π,R1,R2)|

1
2 ,

where T (y, z,w) is defined by

T (y, z,w) = (H Jαw(t) − H Jαy(t)) (H Jαy(t) − H Jαz(t))

+
(log t)α

Γ(α + 1) H Jαz(t)y(t) − H Jαz(t)H Jαy(t)

+
(log t)α

Γ(α + 1) H Jαw(t)y(t) − H Jαw(t)H Jαy(t)

+H Jαz(t)H Jαw(t) −
(log t)α

Γ(α + 1) H Jαz(t)w(t).

6. Grüss-type fractional integral inequalities via k-fractional integral operators

In this section we present Grüss-type fractional integral inequalities concerning k-fractional
integral operators.
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6.1. k-fractional integral

k-fractional integral inequalities of Grüss-type are included in this section.

Definition 6.1. [20] The k-fractional integral of the Riemann-Liouville type is defined as follows:

kJαx1
Ω(t) =

1
kΓk(α)

∫ t

x1

(x − s)
α
k −1Ω(s)ds, α > 0, t > a.

Theorem 6.1. [21] Assume that Ω : [0,∞) is an integrable function satisfying (H1). Then, for t > 0,
α, β > 0, k > 0, we have

kJβQ1(t)kJαΩ(t) + kJαQ2(t)kJβΩ(t) ≥ kJαQ2(t)kJβQ1(t) + kJαΩ(t)kJβΩ(t).

Theorem 6.2. [21] Assume that Ω : [0,∞) is an integrable function satisfying (H1). Let θ1, θ2 > 0
such that 1/θ1 + 1/θ2 = 1. Then, we have for t > 0, α, β > 0 and k > 0,

1
θ1

t
β
k

Γk(β + k) kJα
(
(Q2 −Ω)θ1

)
(t) +

1
θ2

t
α
k

Γk(α + k) kJβ
(
(Ω − Q1)θ2

)
(t)

+ kJαQ2(t)kJβQ1(t) + kJαΩ(t)kJβΩ(t)
≥ kJαQ2(t)kJβΩ(t) + kJαΩ(t)kJβQ1(t).

Theorem 6.3. [21] Assume that Ω : [0,∞) is an integrable function satisfying (H1). Let θ1, θ2 > 0
such that θ1 + θ2 = 1. Then, for t > 0, α, β > 0 and k > 0, we have

θ1
t
β
k

Γk(β + k) kJαQ2(t) + θ2
t
α
k

Γk(α + k) kJβΩ(t)

≥ kJα(Q2 −Ω)θ1(t)kJβ(Ω − Q1)θ2(t) + θ1
t
β
k

Γk(β + k) kJαΩ(t) + θ2
t
α
k

Γk(α + k) kJβQ1(t).

Theorem 6.4. [21] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then, for t > 0, α, β > 0, k > 0 we have:

(i) kJβR1(t) kJαΩ(t) + kJαQ2(t) kJβΠ(t) ≥ kJβR1(t) kJαQ2(t) + kJαΩ(t) kJβΠ(t).
(ii) kJβQ1(t) kJαΠ(t) + kJαR2(t) kJβΩ(t) ≥ kJβQ1(t) kJαR2(t) + kJβΩ(t) kJαΠ(t).

(iii) kJαQ2(t) kJβR2(t) + kJαΩ(t) kJβΠ(t) ≥ kJαQ2(t) kJβΠ(t) + kJβR2(t) kJαΩ(t).
(iv) kJαQ1(t)JβR1(t) + kJαΩ(t) kJβΠ(t) ≥ kJαQ1(t) kJβΠ(t) + kJβR1(t) kJαΩ(t).

Theorem 6.5. [21] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 0, α > 0,k > 0, we have∣∣∣∣∣∣ t

α
k

Γk(α + k) kJαΩ(t)Π(t) − kJαΩ(t) kJαΠ(t)

∣∣∣∣∣∣ ≤ √
T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (y, z,w) = ( kJαw(t) − kJαy(t)) ( kJαy(t) − kJαz(t))
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+
t
α
k

Γk(α + k) kJαz(t)y(t) −k Jαz(t) kJαy(t)

+
t
α
k

Γk(α + k)
Jαw(t)y(t) −k Jαw(t) kJαy(t)

+kJαz(t) kJαw(t) −
t
α
k

Γk(α + k) kJαz(t)w(t).

Theorem 6.6. [22] Assume that (H) holds on [x1, x2] and p be a positive function on [x1, x2]. Then for
all t > 0, k > 0, α > 0, we have∣∣∣∣(kJαx1

p(t)
)(

kJαx1
p(t)Ω(t)Π(t)

)
−

(
kJαx1

p(t)Ω(t)
)(

kJαx1
p(t)Π(t)

)∣∣∣∣ ≤
(

kJαx1
p(t)

)2

4
(M −m)(P − p).

Theorem 6.7. [22] Let the assumptions of Theorem 6.6 be satisfied. Then, for all t > 0, k > 0, α, β > 0,
t he following inequality holds:[(

kJαx1
p(t)

)(
kJβx1

p(t)Ω(t)Π(t)
)

+
(

kJβx1
p(t)

)(
kJαx1

p(t)Ω(t)Π(t)
)
−

(
kJαx1

p(t)Ω(t)
)(

kJαx1
p(t)Π(t)

)
−
(

kJβx1
p(t)Ω(t)

)(
kJαx1

p(t)Π(t)
)]2

≤
{[
M

(
kJαx1

p(t)
)
−

(
kJαx1

p(t)Ω(t)
)][(

kJβx1
p(t)Ω(t)

)
−m

(
kJβx1

p(t)
)]

+
[(

kJαx1
p(t)Ω(t)

)
−m

(
kJαx1

p(t)
)][

M
(

kJβx1
p(t)

)
−

(
kJβx1

pΩ(t)
)]}

×
{[
P
(

kJαx1
p(t)

)
−

(
kJαx1

p(t)Π(t)
)][(

kJβx1
p(t)Π(t)

)
− p

(
kJβx1

p(t)
)]

+
[(

kJαx1
p(t)Π(t)

)
− p

(
kJαx1

p(t)
)][
P
(

kJβx1
p(t)

)
−

(
kJβx1

p(t)Π(t)
)]}
.

6.2. k-fractional integrals of a function with respect to another function

Definition 6.2. [23] Let ψ be a positive and increasing function on [x1, x2]. Then the left-sided and
right-sided generalized Riemann–Liouville fractional integrals of a function Ω with respect to another
function ψ of order α > 0 are defined by

Jα,ψx1+,kΩ(t) =
1

kΓk(α)

∫ t

x1

(ψ(t) − ψ(s))
α
k −1ψ′(s)Ω(s)ds, t > x1,

Jα,ψx2−,k
Ω(t) =

1
kΓk(α)

∫ x2

t
(ψ(s) − ψ(t))

α
k −1ψ′(s)Ω(s)ds, t < x2.

Theorem 6.8. [23] Assume that Ω : [0,∞) → R is an integrable function satisfying (H1). Then, for
t > 0, α, β > 0, k > 0, we have:

Jβ,ψ0+,kQ1(t)Jα,ψ0+,kΩ(t) + Jα,ψ0+,kQ2(t)Jβ,ψ0+,kΩ(t) ≥ Jα,ψ0+,kQ2(t)Jβ,ψ0+,kQ1(t) + Jα,ψ0+,kΩ(t)Jβ,ψ0+,kΩ(t).

Theorem 6.9. [23] Suppose that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Assume that ψ is a positive and increasing function with ψ(0) = 0 and ψ′ continuous on [0,∞).
Then, for t > 0, α, β > 0, k > 0 we have:

(i) Jβ,ψ0+,kR1(t) Jα,ψ0+,kΩ(t) + Jα,ψ0+,kQ2(t) Jβ,ψ0+,kΠ(t) ≥ Jβ,ψ0+,kR2(t) Jα,ψ0+,kQ2(t) + Jα,ψ0+,kΩ(t) Jβ,ψ0+,kΠ(t).
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(ii) Jβ,ψ0+,kQ1(t) Jα,ψ0+,kΠ(t) + Jα,ψ0+,kR2(t) Jβ,ψ0+,kΩ(t) ≥ Jβ,ψ0+,kQ1(t) Jα,ψ0+,kR2(t) + Jβ,ψ0+,kΩ(t) Jα,ψ0+,kΠ(t).
(iii) Jα,ψ0+,kQ2(t) kJβ,ψ0+,kR2(t) + Jα,ψ0+,kΩ(t) Jβ,ψ0+,kΠ(t) ≥ Jα,ψ0+,kQ2(t) Jβ,ψ0+,kΠ(t) + Jβ,ψ0+,kR2(t) Jα,ψ0+,kΩ(t).
(iv) Jα,ψ0+,kQ1(t)Jβ,ψ0+,kR1(t) + Jα,ψ0+,kΩ(t) Jβ,ψ0+,kΠ(t) ≥ Jα,ψ0+,kQ1(t) Jβ,ψ0+,kΠ(t) + Jβ,ψ0+,kR1(t) Jα,ψ0+,kΩ(t).

Theorem 6.10. [23] Suppose that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1)
and (H2). Assume that ψ is a positive and increasing function on [0,∞) such that ψ(0) = 0 and ψ′ is
continuous on [0,∞). Then for all t > 0, α > 0,k > 0, we have∣∣∣∣∣∣ ψ(t)

α
k

Γk(α + k)
Jα,ψ0+,kΩ(t)Π(t) − Jα,ψ0+,kΩ(t) Jα,ψ0+,kΠ(t)

∣∣∣∣∣∣ ≤ √
T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (y, z,w) =
(

Jα,ψ0+,kw(t) − Jαy(t)
) (

Jα,ψ0+,ky(t) − Jα,ψ0+,kz(t)
)

+
ψ(t)

α
k

Γk(α + k)
Jα,ψ0+,kz(t)y(t) − Jα,ψ0+,kz(t) Jα,ψ0+,ky(t)

+
ψ(t)

α
k

Γk(α + k)
Jα,ψ0+,kw(t)y(t) − Jα,ψ0+,kw(t) Jα,ψ0+,ky(t)

+Jα,ψ0+,kz(t) Jα,ψ0+,kw(t) −
t
α
k

Γk(α + k)
Jα,ψ0+,kz(t)w(t).

7. Grüss-type integral inequalities via Raina’s fractional integral operators

Definition 7.1. [24] The function Ω is said to be Lp,r[x1, x2] if( ∫ x2

x1

|Ω(t)|ptrdt
)1/p

< ∞, 1 < p < ∞, r > 0.

Definition 7.2. [24] The Γk (generalized gamma function) is defined by

Γk(z) = lim
n→∞

n!kn(nk)
z
k−1

(z)nk
, k > 0.

Definition 7.3. [24] The function F σ,k
ρ,λ is defined by

F
σ,k
ρ,λ (z) = F

(σ(0),σ(1),...,),k
ρ,λ

=

∞∑
m=0

σ(m)
kΓk(ρkm + λ)

zm, ρ, λ > 0, z ∈ C, |z| < R,

where R ∈ R+ and σ = (σ(1), . . . , σ(m), . . .) is a bounded sequence of positive real numbers.

Definition 7.4. [24] Let k > 0, λ > 0, ρ > 0 and ω ∈ R. Assume that ψ : [x1, x2]→ R is an increasing
function for which ψ′ is continuous on (x1, x2). Then the left and right generalized k-fractional integrals
of the function Ω with respect to ψ on [x1, x2] are defined by

Jσ,k,ψρ,λ,a+;ωΩ(z) =

∫ z

x1

ψ′(t)

(ψ(z) − ψ(t))1− λk
F

σ,k
ρ,λ [ω(ψ(z) − ψ(t))ρ]Ω(t)dt, z > x1
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and

Jσ,k,ψρ,λ,x2−;ωΩ(z) =

∫ x2

z

ψ′(t)

(ψ(t) − ψ(z))1− λk
F

σ,k
ρ,λ [ω(ψ(t) − ψ(z))ρ]Ω(t)dt, z < x2,

respectively.

Theorem 7.1. [24] Let ρ, λ, δ > 0, ω ∈ R, Ω ∈ L1,r[x1, x2], and (H1) holds. Then we have:

Jσ,k,ψρ,λ,0+;ωQ2(x)Jσ,k,ψρ,δ,0+;ωΩ(x) + Jσ,k,ψρ,δ,0+;ωQ1(x)Jσ,k,ψρ,λ,0+;ωΩ(x)

≥ Jσ,k,ψρ,δ,0+;ωQ1(x)Jσ,k,ψρ,λ,0+;ωQ2(x) + Jσ,k,ψρ,δ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωΩ(x).

Theorem 7.2. [24] Under the assumptions of Theorem 7.1, we have:

Jσ,k,ψρ,λ,0+;ωQ2(x)Jσ,k,ψρ,δ,0+;ωΩ(x) + Jσ,k,ψρ,δ,0+;ωQ1(x)Jσ,k,ψρ,λ,0+;ωΩ(x)

≥ Jσ,k,ψρ,δ,0+;ωQ1(x)Jσ,k,ψρ,λ,0+;ωQ2(x) + Jσ,k,ψρ,δ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωΩ(x).

Theorem 7.3. [24] Let ρ, λ, δ > 0, ω ∈ R,Ω,Π ∈ L1,r[x1, x2] satifying (H1) and (H2) for all x ∈ [0,∞).
Then we have ∣∣∣∣Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)Aδ(x) + Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)Aλ(x)

−Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,δ,0+;ωΠ(x) − Jσ,k,ψρ,δ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωΠ(x)
∣∣∣∣

≤
(Aλ(x)Aδ(x)

2

)2
(Q2 − Q1)(R1 − R2),

whereAλ andAδ are defined as

Aλ(z) = (ψ(z))
λ
kF

σ,k
ρ,λ+1(ω(ψ(z))ρ) and Aδ = (ψ(z))

δ
kF

σ,k
ρ,δ+1(ω(ψ(z))ρ),

respectively.

Theorem 7.4. [24] Under the assumptions of Theorem 7.3, we have

(i) Jσ,k,ψρ,λ,0+;ωQ2(x)Jσ,k,ψρ,δ,0+;ωΠ(x) + Jσ,k,ψρ,δ,0+;ωR1(x)Jσ,k,ψρ,λ,0+;ωΩ(x)

≥ Jσ,k,ψρ,δ,0+;ωR1(x)Jσ,k,ψρ,λ,0+;ωQ2(x) + Jσ,k,ψρ,δ,0+;ωΠ(x)Jσ,k,ψρ,λ,0+;ωΩ(x),

(ii) Jσ,k,ψρ,λ,0+;ωR1(x)Jσ,k,ψρ,λ,0+;ωΩ(x) + Jσ,k,ψρ,λ,0+;ωΠ(x)Jσ,k,ψρ,δ,0+;ωQ1(x)

≥ Jσ,k,ψρ,λ,0+;ωΠ(x)Jσ,k,ψρ,δ,0+;ωΩ(x) + Jσ,k,ψρ,λ,0+;ωR1(x)Jσ,k,ψρ,δ,0+;ωQ1(x),

(iii) Jσ,k,ψρ,λ,0+;ωQ2(x)Jσ,k,ψρ,δ,0+;ωΠ(x) + Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωR1(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,δ,0+;ωΠ(x) + Jσ,k,ψρ,δ,0+;ωR1(x)Jσ,k,ψρ,λ,0+;ωQ2(x),

(iv) Jσ,k,ψρ,λ,0+;ωQ1(x)Jσ,k,ψρ,δ,0+;ωΠ(x) + Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωR1(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωΠ(x) + Jσ,k,ψρ,λ,0+;ωQ1(x)Jσ,k,ψρ,λ,0+;ωR1(x).

Now we present certain other associated fractional integral inequalities.
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Theorem 7.5. [24] Let α, β > 1 and a−1 + β−1 = 1, and Ω,Π ∈ L1,r[x1, x2]. Then we have:

(i) a−1Aδ(x)Jσ,k,ψρ,λ,0+;ωΩα(x) + β−1Aλ(x)Jσ,k,ψρ,λ,0+;ωΠβ(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Jσ,k,ψρ,λ,0+;ωΠ(x).

(ii) a−1Jσ,k,ψρ,λ,0+;ωΩα(x)Jσ,k,ψρ,δ,0+;ωΠα(x) + β−1Jσ,k,ψρ,λ,0+;ωΠβJσ,k,ψρ,δ,0+;ωΩβ(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)Jσ,k,ψρ,δ,0+;ωΩ(x)Π(x).

(iii) a−1Jσ,k,ψρ,λ,0+;ωΩα(x)Jσ,k,ψρ,δ,0+;ωΠβ(x) + β−1Jσ,k,ψρ,δ,0+;ωΩβ(x)Jσ,k,ψρ,λ,0+;ωΠα(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Πα−1(x)Jσ,k,ψρ,δ,0+;ωΩ(x)Πβ−1(x).

(iv) a−1Jσ,k,ψρ,δ,0+;ωΩα(x)Jσ,k,ψρ,λ,0+;ωΠβ(x) + β−1Jσ,k,ψρ,δ,0+;ωΠβ(x)Jσ,k,ψρ,λ,0+;ωΩα(x)

≥ Jσ,k,ψρ,λ,0+;ωΩα−1(x)Πβ−1(x)Jσ,k,ψρ,δ,0+;ωΩ(x)Π(x).

(v) a−1Jσ,k,ψρ,λ,0+;ωΩα(x)Jσ,k,ψρ,δ,0+;ωΠ2(x) + β−1Jσ,k,ψρ,λ,0+;ωΠβ(x)Jσ,k,ψρ,λ,0+;ωΩ(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)Jσ,k,ψρ,δ,0+;ωΩ2/β(x)Π2/α(x).

(vi) a−1Jσ,k,ψρ,λ,0+;ωΩ2(x)Jσ,k,ψρ,δ,0+;ωΠβ(x) + β−1Jσ,k,ψρ,δ,0+;ωΩα(x)Jσ,k,ψρ,λ,0+;ωΠ2(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ2/α(x)Π2/β(x)Jσ,k,ψρ,δ,0+;ωΩα−1(x)Πβ−1(x).

(vii) a−1Aδ(x)Jσ,k,ψρ,λ,0+;ωΩ2(x)Πβ(x) + β−1Aλ(x)Jσ,k,ψρ,δ,0+;ωΠβ(x)Ω2(x)

≥ Jσ,k,ψρ,λ,0+;ωΩ2/α(x)Πβ−1(x)Jσ,k,ψρ,δ,0+;ωΩ2/β(x)Πα−1(x).

Theorem 7.6. [24] Assume that Ω,Π : [0,∞)→ R are two positive and integrable functions such that

µ = min
0≤t≤x

Ω(t)
Ω(t)

, M = max
0≤t≤x

Ω(t)
Π(t)

.

Then we have

(a) 0 ≤ Jσ,k,ψρ,λ,0+;ωΩ2(x)Jσ,k,ψρ,λ,0+;ωΠ2(x) ≤
(µ +M)2

4µM

(
Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)

)2
,

(b) 0 ≤

√
Jσ,k,ψρ,λ,0+;ωΩ2(x)Jσ,k,ψρ,λ,0+;ωΠ2(x) − Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)

≤
(
√
M−

√
µ)2

2
√
µM

(
Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)

)
,

(c) 0 ≤ Jσ,k,ψρ,λ,0+;ωΩ2(x)Jσ,k,ψρ,λ,0+;ωΠ2(x) −
(
Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)

)2

≤
(M− µ)2

4µM

(
Jσ,k,ψρ,λ,0+;ωΩ(x)Π(x)

)2
.
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8. Grüss-type inequalities via tempered fractional integrals concerning another function

In this section we define a generalized left sided tempered fractional integral with respect to another
function. Then we present Grüss-type integral inequalities.

Definition 8.1. [16] Suppose Ω ∈ L1[0,∞) and the function ψ : [0,∞)→ R is positive, and increasing
with continuous derivative and ψ(0) = 0. Then the Lebesgue real-valued measurable function Ω defined
on [0,∞) is said to be in the space Xp

ψ, (1 ≤ p < ∞) for which

‖Ω‖Xp
ψ

=
( ∫ x2

x1

|Ω(t)|ψ′(t)dt
)1/p

< ∞, 1 ≤ p < ∞.

When p = ∞, then
‖Ω‖X∞ψ = ess sup

0≤t<∞
[ψ′(t)Ω(t)].

Definition 8.2. [25] Suppose that κ, ξ ∈ C with<(κ) > 0 and<(ξ) ≥ 0. The tempered fractional left
sided integral is defined by

(x1 Jκ,ξΩ)(t) =
1

Γ(κ)

∫ t

x1

e−ξ(t−s)(t − s)κ−1Ω(s)ds, t > x1.

Definition 8.3. [26] Let Ω be an integrable function in the space Xp
ψ(0,∞) and assume that ψ :

[0,∞) → R is positive, and increasing with continuous derivative and ψ(0) = 0. Then the generalized
left sided tempered fractional integral of a function Ω with respect to another function ψ is defined by

(ψJκ,ξΩ)(t) =
1

Γ(κ)

∫ t

0
e−ξ(ψ(t)−ψ(s))(ψ(t) − ψ(s))κ−1ψ′(s)Ω(s)ds, t > 0,

where ξ > 0, κ ∈ C with<(κ) > 0.

Theorem 8.1. [27] Suppose that Ω ∈ Xp
ψ(0,∞) and assume that ψ : [0,∞) → R is positive, and

increasing with continuous derivative and ψ(0) = 0. Moreover, we assume that (H1) holds. Then for
t > 0, κ, λ > 0, we have

ψJκ,ξQ2(t) ψJλ,ξΩ(t) + ψJκ,ξΩ(t) ψJλ,ξQ1(t)
≥ ψJκ,ξQ2(t) ψJλξQ1(t) + ψJκ,λΩ(t) ψJλ,ξΩ(t).

Theorem 8.2. [27] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1)
and (H2). In addition, we suppose that ψ : [0,∞) → R is positive, and increasing with continuous
derivative and ψ(0) = 0. Then, for t > 0 and κ, λ > 0, the following inequalities hold:

(a) ψJκ,ξQ2(t) ψJλ,ξΠ(t) + ψJλ,ξΩ(t) ψJκ,ξR1(t)
≥ ψJκ,ξQ2(t) ψJλ,ξR1(t) + ψJκ,ξΩ(t) ψJλ,ξΠ(t).

(b) ψJλ,ξQ1(t) ψJκ,ξΠ(t) + ψJκ,ξR2(t) ψJλ,ξΩ(t)
≥ ψJκ,ξQ1(t) ψJλ,ξR2(t) + ψJκ,ξΩ(t) ψJλ,ξΠ(t).

AIMS Mathematics Volume 9, Issue 1, 2244–2281.



2260

(c) ψJκ,ξQ2(t) ψJλ,ξR2(t) + ψJκ,ξΩ(t) ψJλ,ξΠ(t)
≥ ψJκ,ξQ2(t) ψJλ,ξΠ(t) + ψJκ,ξΩ(t) ψJλ,ξR2(t).

(d) ψJκ,ξQ1(t) ψJλ,ξR1(t) + ψJκ,ξΩ(t) ψJλ,ξΠ(t)
≥ ψJκ,ξQ1(t) ψJλ,ξΠ(t) + ψJκ,ξΩ(t) ψJλ,ξR1(t).

We present in the next certain other types of inequalities for tempered fractional integral.

Theorem 8.3. [27] Assume that the assumptions on Theorem 8.2 hold. If p, q > 1 are such that
1
p

+
1
q

= 1, then, for t > 0 we have:

(i)
1
p
ψJκ,ξΩp(t) ψJλ,ξΠp(t) +

1
q
ψJκ,ξΠq(t) ψJλ,ξΩq(t)

≥ ψJκ,ξΩ(t)Π(t) ψJλ,ξΠ(t)Ω(t).

(ii)
1
p
ψJκ,ξΩp(t) ψJλ,ξΠp(t) +

1
q
ψJκ,ξΠq(t) ψJλ,ξΩp(t)

≥ ψJλ,ξΠq−1(t)Ωp−1(t) ψJκ,ξΠ(t)Ω(t).

(iii)
1
p
ψJκ,ξΩp(t) ψJλ,ξΠ2(t) +

1
q
ψJκ,ξΠq(t) ψJλ,ξΩ2(t)

≥ ψJλ,ξΩ2/p(t)Π2/q(t) ψJκ,ξΩ(t)Π(t).

(iv)
1
p
ψJκ,ξΩ2(t) ψJλ,ξΠq(t) +

1
q
ψJκ,ξΠ2(t) ψJλ,ξΩp(t)

≥ ψJλ,ξΩp−1(t)Πq−1(t) ψJκ,ξΩ2/p(t)Π2/q(t).

Theorem 8.4. [27] Assume that the assumptions on Theorem 8.2 hold. If p, q > 1 are such that
1
p

+
1
q

= 1, then, for t > 0 we have:

(a) p ψJκ,ξΩ(t) ψJλ,ξΠ(t) + q ψJκ,ξΠ(t) ψJλ,ξΩ(t)
≥ ψJκ,ξΩp(t)Πq(t) ψJλ,ξΩq(t)Πp(t).

(b) p ψJκ,ξΩp−1(t) ψJλ,ξΩ(t)Πq(t) + q ψJκ,ξΩq−1(t) ψJλ,ξΩq(t)Π(t)
≥ ψJκ,ξΠq(t) ψJλ,ξΩp(t).

(c) p ψJκ,ξΩ(t) ψJλ,ξΠ2/p(t) + q ψJκ,ξΠq(t) ψJλ,ξΩ2/q(t))
≥ ψJλ,ξΩp(t)Π(t) ψJκ,ξΠq(t)Ω2(t).

(d) p ψJκ,ξΩ2/p(t)Πq(t) ψJλ,ξΠq−1(t) + q ψJκ,ξΠq−1(t) ψJλ,ξΩ2/q(t)Πp(t)
≥ ψJλ,ξΩ2(t) ψJκ,ξΠ2(t).

Theorem 8.5. [27] Assume that the assumptions on Theorem 8.2 hold. Let p, q > 1 be such that
1
p

+
1
q

= 1. Suppose that

K = min
0≤s≤t

Ω(t)
Π(t)

and H = max
0≤s≤t

Ω(t)
Π(t)

.
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Then, for t > 0 we have:

(i) ψJκ,ξΩ2(t) ψJκ,ξΠ2(t) ≤
(K +H)2

4KH

(
ψJκ,ξΩ(t)Π(t)

)2
,

(ii) 0 ≤
√
ψJκ,ξΩ2(t) ψJκ,ξΠ2(t) −

(
ψJκ,ξΩ(t)Π(t)

)
≤

√
H −

√
K

2
√
KH

(
ψJκ,ξΩ(t)Π(t)

)
,

(iii) 0 ≤ ψJκ,ξΩ2(t) ψJκ,ξΠ2(t) −
(
ψJκ,ξΩ(t)Π(t)

)2

≤
H −K

4KH

(
ψJκ,ξΩ(t)Π(t)

)2
.

9. Grüss type integral inequalities for conformable fractional integrals

In this section we deal with Grüss-type integral inequalities concerning conformable
fractional integrals.

9.1. Grüss type integral inequalities for generalized η-conformable fractional integrals

We now introduced the definition of the generalized mixed η-conformable fractional integral.

Definition 9.1. [28] Assume that Ω : [x1, x2] → R and α ∈ C, <(α) > 0, ρ > 0, η is defined on
[x1, x2] × [x1, x2]. Then the mixed left η-conformable generalized fractional integral of Ω is defined by

Jα,ρη Ω(x) =
1

Γ(α)

∫ x2

x1+η(x,x1)
Ω(s)

( (η(x2, s))ρ − (x1 − x + η(x2, x1))ρ

ρ

)α−1
(η(x2, s))ρ−1ds,

and the mixed right η-conformable generalized fractional integral of Ω is defined by

Jα,ρη Ω(x) =
1

Γ(α)

∫ x1+η(x,x1)

x1

Ω(s)
( (η(s, x1))ρ − (x − b + η(x2, x1))ρ

ρ

)α−1
(η(s, x1))ρ−1ds.

Theorem 9.1. [28] Assume that Ω : [0,∞) is an integrable function satisfying (H1) and t > 0,
α, β, ρ > 0. Then, we have:

Jβ,ρη Q1(t)Jα,ρη Ω(t) + Jα,ρη Q2(t)Jβ,ρη Ω(t) ≥ Jα,ρη Q2(t)Jβ,ρη Q1(t) + Jα,ρη Ω(t)Jβ,ρη Ω(t).

Theorem 9.2. [28] Assume that Ω,Π : [0,∞) → R are two integrable function satisfying (H1) and
(H2) and t > 0, α, β, ρ > 0. Then we have:

(i). Jβ,ρη R1(t)Jα,ρη Ω(t) + Jα,ρη Q2(t)Jβ,ρη Π(t) ≥ Jβ,ρη R1(t)Jα,ρη Q2(t) + Jα,ρη Ω(t)Jβ,ρη Π(t).
(ii). Jβ,ρη Q1(t)Jα,ρη Π(t) + Jα,ρη R2(t)Jβ,ρη Ω(t) ≥ Jβ,ρη Q1(t)Jα,ρη R2(t) + Jβ,ρη Ω(t)Jα,ρη Π(t).

(iii). Jα,ρη Q2(t)Jβ,ρη R2(t) + Jα,ρη Ω(t)Jβ,ρη Π(t) ≥ Jα,ρη Q2(t)Jβ,ρη Π(t) + Jβ,ρη R2(t)Jα,ρη Ω(t).
(iv). Jα,ρη Q1(t)Jβ,ρη R1(t) + Jα,ρη Ω(t)Jβ,ρη Π(t) ≥ Jα,ρη Q1(t)Jβ,ρη Π(t) + Jβ,ρη R1(t)Jα,ρη Ω(t).
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Theorem 9.3. [28] Assume that Ω,Π : [0,∞) → R are two integrable function satisfying (H1) and
(H2) and t > 0, α, β, ρ > 0. Then:∣∣∣∣Jα,ρη Ω(t)Π(t)

{ (η(x2, x1 + η(t, x1))ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
−

(η(x2, x1)ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
}

−Jα,ρη Ω(t)Jα,ρη Π(t)
∣∣∣∣

≤
√

T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (u, v,w)
= (Jα,ρη w(t) − Jα,ρη u(t))(Jα,ρη u(t) − Jα,ρη v(t)) + Jα,ρη v(t)u(t)

×
{ (η(x2, x1 + η(t, x1))ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
−

(η(x2, x1)ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
}

−Jα,ρη v(t)Jα,ρη u(t)

+Jα,ρη w(t)
{ (η(x2, x1 + η(t, x1))ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
−

(η(x2, x1)ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
}

−Jα,ρη w(t)Jα,ρη u(t) + Jα,ρη v(t)Jα,ρη w(t)

−Jα,ρη v(t)w(t)
{ (η(x2, x1 + η(t, x1))ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
−

(η(x2, x1)ρ − (x1 − t + η(x2, x1))ρ)α

Γ(α + 1)ρα
}
.

9.2. Grüss type integral inequalities for (k, s)-fractional conformable integrals

The (k, s)-fractional conformable integral operator is defined as

Definition 9.2. [29] Let Ω be an integrable function, α ∈ C,<(α) > 0 and s > 0. The (k, s)-fractional
conformable integral operator is defined as

Iα,sk Ω(t) =
s1− αk

kΓk(α)

∫ t

x1

[
(t − x1)s − (x − x1)s

] α
k −1

(x − x1)s−1Ω(x)ds, t ∈ [x1, x2].

Here, we present Grüss type inequalities involving the (k, s)-fractional conformable integral Iα,sk
defined in Definition 9.2.

Theorem 9.4. [29] Assume that Ω : [0,∞) → R is an integrable function satisfying (H1) and
k, s, α, β > 0. Then we have:

Iβ,sk Q1(t)Iα,sk Ω(t) + Iα,sk Q2(t)Iβ,sk Ω(t) ≥ Iα,sk Q2(t)Iβ,sk Q1(t) + Iα,sk Ω(t)Iβ,sk Ω(t).

Theorem 9.5. [29] Assume that Ω,Π : [0,∞) → R are two integrable function satisfyingt (H1) and
(H2) and k, s, α, β > 0. Then we have:

(i). Iβ,sk R1(t)Iα,sk Ω(t) + Iα,sk Q2(t)Iβ,sk Π(t) ≥ Iβ,sk R1(t)Iβ,sk Q2(t) + Iα,sk Ω(t)Iβ,sk Π(t).
(ii). Iβ,sk Q1(t)Iα,sk Π(t) + Iα,sk R2(t)Iβ,sk Ω(t) ≥ Iβ,sk Q1(t)Iβ,sk R2(t) + Iα,sk Π(t)Iβ,sk Ω(t).

(iii). Iα,sk Q2(t)Iβ,sk R2(t) + Iα,sk Ω(t)Iβ,sk Π(t) ≥ Iα,sk Q2(t)Iβ,sk Π(t) + Iβ,sk R2(t)Iα,sk Ω(t).
(iv). Iα,sk Q1(t)Iβ,sk R1(t) + Iα,sk Ω(t)Iβ,sk Π(t) ≥ Iα,sk Q1(t)Iβ,sk Π(t) + Iβ,sk R1(t)Iα,sk Ω(t).
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Theorem 9.6. [29] Assume that Ω,Π : [0,∞) → R are two integrable function satisfyingt (H1) and
(H2) and k, s, α > 0. Then we have:∣∣∣∣ s− αk (t − x1)

sα
k

Γk(α + k)
Iα,sk (Ω(t)Π(t)) − Iα,sk Ω(t)Iα,sk Π(t)

∣∣∣∣ ≥ √
Tk(Ω,Q1,Q2)Tk(Π,R1,R2),

where

Tk(x, y, z) = (Iα,sk z(t) − Iα,sk x(t))(Iα,sk x(t) − Iα,sk y(t))

+
s−

α
k (t − x1)

sα
k

Γk(α + k)
Iα,sk (y(t)x(t)) − Iα,sk y(t)Iα,sk x(t)

+
s−

α
k (t − x1)

sα
k

Γk(α + k)
Iα,sk (z(t)x(t)) − Iα,sk z(t)Iα,sk x(t)

−
s−

α
k (t − x1)

sα
k

Γk(α + k)
Iα,sk (y(t)z(t)) + Iα,sk y(t)Iα,sk z(t).

Definition 9.3. [30] Let λ ∈ C,<(λ) > 0. We define the left and right sided fractional conformable
integral operators as

λ
x1

JµΩ(x) =
1

Γ(λ)

∫ x

x1

( (x − x1)µ − (t − x1)µ

µ

)λ−1 Ω(t)
(t − x1)1−µdt,

λ
x2

JµΩ(x) =
1

Γ(λ)

∫ x2

x

( (x2 − x)µ − (x2 − t)µ

µ

)λ−1 Ω(t)
(x2 − t)1−µdt.

For the results in this section we consider x1 = 0.

Theorem 9.7. [30] Suppose that Ω : [0,∞) → R is an integrable function satisfying (H1). Then for
x, α, β > 0 we have:

βJµQ1(t) αJµΩ(t) + αJµQ2(t) βJµΩ(t) ≥ αJµQ2(t) βJµQ1(t) + αJµΩ(t) βJµΩ(t).

Theorem 9.8. [30] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for x, α, β > 0 we have:

(1) βJµR1(t) αJµΩ(t) + αJµQ2(t) βJµΠ(t) ≥ αJµQ2(t) βJµR1(t) + αJµΩ(t) βJµΠ(t).
(2) βJµQ1(t) αJµΠ(t) + αJµR2(t) βJµΩ(t) ≥ αJµQ1(t) βJµR2(t) + αJµΩ(t) βJµΠ(t).
(3) αJµQ2(t) βJµR2(t) + αJµΩ(t) βJµΠ(t) ≥ αJµQ2(t) βJµΠ(t) + βJµR2(t) αJµΩ(t).
(4) αJµQ1(t) βJµR1(t) + αJµΩ(t) βJµΠ(t) ≥ αJµQ1(t) βJµΠ(t) + αJµΩ(t) βJµR1(t).

Theorem 9.9. [30] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for x, α, β > 0 we have:∣∣∣∣∣∣ tµα

µαΓ(α + 1)
αJµΩ(t)Π(t) − αJµΩ(t) αJµΠ(t)

∣∣∣∣∣∣ ≤ √
T (Ω,Q1,Q2)T (Π,R1R2),

where

T (y, z,w) = (αJµw(t) − αJµy(t))(αJµy(t) − αJµz(t))
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+
tµα

µαΓ(α + 1)
αJµz(t)y(t) − αJµz(t) αJµy(t)

+
tµα

µαΓ(α + 1)
αJµw(t)y(t) − αJµw(t) αJµy(t)

+αJµz(t) αJµw(t) −
tµα

µαΓ(α + 1)
αJµz(t)w(t).

10. Grüss-type integrals inequalities via generalized proportional gractional operators

Definition 10.1. [31] The proportional fractional integrals, left- and right-sided, of a function Ω of
order α and σ ∈ (0, 1] are defined by

Iα,σx1
Ω(t) =

1
σαΓ(α)

∫ t

x1

e
σ−1
σ (t−s)(t − s)α−1Ω(s)ds,

and

Iα,σx2
Ω(t) =

1
σαΓ(α)

∫ x2

t
e
σ−1
σ (s−t)(s − t)α−1Ω(s)ds,

where α ∈ C,<(α) > 0.

In what follows, we present Grüss-type inequality with the help of the proportional fractional
integral defined above.

Theorem 10.1. [31] Assume that Ω : [0,∞)→ R is an integrable function satisfying (H1). Then:

Iβ,σQ1(t)Iα,σΩ(t) + Iα,σQ2(t)Iβ,σΩ(t) ≥ Iα,σQ2(t)Iβ,σQ1(t) + Iβ,σΩ(t)Iβ,σΩ(t).

Theorem 10.2. [31] Let σ ∈ (0, 1]. Suppose that Ω,Π : [0,∞) → R are two integrable functions
satisfying (H1) and (H2). Then the following inequalities hold:

(a) Iβ,σR1(t)Iα,σΩ(t) + Iα,σQ2(t)Iβ,σΠ(t) ≥ Iβ,σR1(t)Iα,σQ2(t) + Iα,σΩ(t)Iβ,σΠ(t).
(b) Iβ,σQ1(t)Iα,σΠ(t) + Iα,σR2(t)Iβ,σΩ(t) ≥ Iβ,σQ1(t)Iα,σR2(t) + Iβ,σΩ(t)Iα,σΠ(t).
(c) Iα,σQ2(t)Iβ,σR2(t) + Iα,σΩ(t)Iβ,σΠ(t) ≥ Iα,σQ2(t)Iβ,σΠ(t) + Iβ,σR2(t)Iα,σΩ(t).
(d) Iα,σQ1(t)Iβ,σR1(t) + Iα,σΩ(t)Iβ,σΠ(t) ≥ Iα,σQ1(t)Iβ,σΠ(t) + Iβ,σR1(t)Iα,σΩ(t).

Theorem 10.3. [31] Let x > 0, α, β > 0, and p, q > 1 satisfying
1
p

+
1
q

= 1, and Ω,Π : [0,∞)→ R be

two positive integrable functions. Then we have:

(i)
1
p

Jα,σ0+
Ωp(x) Jβ,σ0+

Πp(x) +
1
q

Jα,σ0+
Πq(x) Jβ,σ0+

Ωq(x)

≥
(
Jα,σ0+

Ω(x)Π(x)
)(

Jβ,σ0+
Ω(x)Π(x)

)
.

(ii)
1
p

Jβ,σ0+
Πq(x) Jα,σ0+

Ωp(x) +
1
q

Jβ,σ0+
Ωp(x) Jα,σ0+

Πq(x)

≥
(
Jβ,σ0+

Ωp−1Πq−1(x)
)(

Jα,σ0+
Ω(x)Π(x)

)
.
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(iii)
1
p

Jβ,σ0+
Π2(x) Jα,σ0+

Ωp(x) +
1
q

Jβ,σ0+
Ω2(x) Jα,σ0+

Πq(x)

≥
(
Jβ,σ0+

Ω2/q(x)Π2/p(x)
)(

Jα,σ0+
Ω(x)Π(x)

)
.

(iv)
1
p

Jβ,σ0+
Πq(x) Jα,σ0+

Ω2(x) +
1
q

Jβ,σ0+
Ωp(x) Jα,σ0+

Π2(x)

≥
(
Jβ,σ0+

Ωp−1(x)Πq−1(x)
)(

Jα,σ0+
Ω2/p(x)Π2/p(x)

)
.

Theorem 10.4. [31] Let the assumptions of Theorem 10.1 be hold. In addition, let

µ = min
0≤t≤x

Ω(t)
Π(t)

and M = max
0≤t≤x

Ω(t)
Π(t)

.

Then, we have:

(a) 0 ≤
(
Jα,σ0+

Ω2(x) Jα,σ0+
Π2(x)

)
≤

(M + µ)2

4µM

(
Jα,σ0+

Ω(x)Π(x)
)2
.

(b) 0 ≤

√
Jα,σ0+

Ω2(x) Jα,σ0+
Π2(x) −

(
Jα,σ0+

Ω(x)Π(x)
)

≤
(
√
M−

√
µ)2

2
√
µM

(
Jα,σ0+

Ω(x)Π(x)
)
.

(c) 0 ≤ Jα,σ0+
Ω2(x) Jα,σ0+

Π2(x) −
(
Jα,σ0+

Ω(x)Π(x)
)2

≤
(M− µ)2

4µM

(
Jα,σ0+

Ω(x)Π(x)
)2
.

Definition 10.2. [32] Assume that Ω is integrable and ψ is a strictly increasing continuous function
on [x1, x2]. For σ ∈ (0, 1], α ∈ C,<(α) ≥ 0, k ∈ R+, we define the left- and right-sided proportional
k-fractional integrals, respectively, as

k,ψIα,σx1
Ω(t) =

1
σ

α
k kΓk(α)

∫ t

x1

e
σ−1
σ (ψ(t)−ψ(s))(ψ(t) − ψ(s))

α
k −1ψ′(s)Ω(s)ds,

and
k,ψIα,σx2

Ω(t) =
1

σ
α
k kΓk(α)

∫ x2

t
e
σ−1
σ (ψ(s)−ψ(t))(ψ(s) − ψ(t))

α
k −1ψ′(s)Ω(s)ds.

In what follows, we present Grüss-type inequality with the help of the generalized
k-fractional integral.

Theorem 10.5. [32] Let Ω,Π : [0,∞)→ R be positive integrable functions. satisfying (H1), (H2) with
positive integrable functions Q1,Q2,R1,R2 and ψ be a strictly increasing continuous function. Tthen
the following inequality also holds:∣∣∣∣∣∣ 1

α
[ψ(t) − ψ(0))

α
k

σ
α
k Γk(α)

k,ψIα,σΩ(t)Π(t) − k,ψIα,σΩ(t) k,ψIα,σΠ(t)

∣∣∣∣∣∣
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≤
√

T (Ω,Q1,Q2)(t)T (Π,R1,R2)(t),

where

T (u, v,w)(t) =

1
α
[ψ(t) − ψ(0))

α
k

4σ
α
k Γk(α)

(
k,ψIα,σ{(v + w)u}(t)

)2

k,ψIα,σΩ(t)Π(t)
−

(
k,ψIα,σ(u)(t)

)2
.

11. Grüss type integral inequalities for generalized Riemann-Liouville fractional
integral operators

Definition 11.1. A function Ω is said to be Lp,s[x1, x2] if( ∫ x2

x1

|Ω(t)|ptsdt
)1/p

< ∞, 1 ≤ p < ∞, s ≥ 0.

Definition 11.2. [33] Let Ω ∈ L1,s[0,∞). The Riemann-Liouville generalized fractional integral of Ω

of order α > 0 and s ≥ 0 is defined by

Iα,sΩ(t) =
(s + 1)1−α

Γ(α)

∫ t

x1

(ts+1 − τs+1)α−1τsΩ(τ)dτ, t ∈ [x1, x2].

In this section, we present some Grüss type inequalities via the fractional integral defined in
Definition 11.2.

Theorem 11.1. [34] Let Ω ∈ L1,s[x1, x2] satisfying (H1) and k > 0, s ≥ 0, α, β > 0. Then we have the
following inequality:

Iβ,sQ1(t)Iα,sΩ(t) + Iα,sQ2(t)Iβ,sΩ(t) ≥ Iα,sQ2(t)Iβ,sQ1(t) + Iα,sΩ(t)Iβ,sΩ(t).

Theorem 11.2. [34] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2) and k > 0, s ≥ 0, α, β > 0. Then we have the following inequalities:

(i) Iβ,sR1(t)Iα,sΩ(t) + Iα,sQ2(t)Iβ,sΠ(t) ≥ Iβ,sR1(t)Iα,sQ2(t) + Iα,sΩ(t)Iβ,sΠ(t).
(ii) Iβ,sQ1(t)Iα,sΠ(t) + Iα,sR2(t)Iβ,sΩ(t) ≥ Iβ,sQ1(t)Iα,sR2(t) + Iα,sΠ(t)Iβ,sΩ(t).

(iii) Iα,sQ2(t)Iβ,sR2(t) + Iα,sΩ(t)Iβ,sΠ(t) ≥ Iα,sQ2(t)Iβ,sΠ(t) + Iβ,sR2(t)Iα,sΩ(t).
(iv) Iα,sQ1(t)Iβ,sR1(t) + Iα,sΩ(t)Iβ,sΠ(t) ≥ Iα,sQ1(t)Iβ,sΠ(t) + Iβ,sR1(t)Iα,sΩ(t).

Theorem 11.3. [35] Under the assumptions of Theorem 11.2 we have for all t ∈ [x1, x2], s ≥ 0 and
α > 0 ∣∣∣∣∣∣ (s + 1)−αt(s+1)α

Γ(α + 1)
Iα,sΩ(t)Π(t) − Iα,sΩ(t)Iα,sΠ(t)

∣∣∣∣∣∣ ≤ √
T (Ω,Q1,Q1)T (Π,R1,R2),

where

T (x, y, z) = (Iα,sz(t) − Iα,sx(t))(Iα,sx(t) − Iα,sy(t))

+
(s + 1)−αt(s+1)α

Γ(α + 1)
Iα,sy(t)x(t) − Iα,sy(t)Iα,sx(t)

+
(s + 1)−αt(s+1)α

Γ(α + 1)
Iα,sz(t)x(t) − Iα,sz(t)Iα,sx(t)

−
(s + 1)−αt(s+1)α

Γ(α + 1)
Iα,sy(t)z(t) + Iα,sy(t)Iα,sx(t).
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Now we define (k, s)-Riemann-Liouville fractional integral.

Definition 11.3. [33] Let Ω : [x1, x2] → R be a continuous function. Then (k, s)-Riemann-Liouville
fractional integral of Ω of order α > 0 is defined by

Jα,sx1,k
Ω(t) =

(s + 1)1− αk

kΓk(α)

∫ t

x1

(ts+1 − τs+1)
α
k −1τsΩ(τ)dτ, t ∈ [x1, x2],

where k > 0, s ∈ R \ {−1}.

Now, for the generalized (k, s)-Riemann-Liouville fractional integral defined above, we give some
Grüss type inequalities.

Theorem 11.4. [35] Let Ω ∈ L1,s[x1, x2] satisfying (H1) and k > 0, s ≥ 0, α, β > 0. Then we have the
following inequality:

Jβ,sx1,k
Q1(t)Jα,sx1,k

Ω(t) + Jα,sx1,k
Q2(t)Ω(t) ≥ Jα,sx1,k

Q2(t)Jβ,sx1,k
Q1(t) + Jα,sx1,k

Ω(t)Jβ,sx1,k
Ω(t).

Theorem 11.5. [35] Assume that Ω,Π : [0,∞) → Rare two integrable functions satisfying (H1) and
(H2) and k > 0, s ≥ 0, α, β > 0. Then we have:

(i) Jβ,sx1,k
R1(t)Jα,sx1,k

Ω(t) + Jα,sx1,k
Q2(t)Jβ,sx1,k

Π(t) ≥ Jβ,sx1,k
R1(t)Jα,sx1,k

Q2(t) + Jα,sx1,k
Ω(t)Jβ,sx1,k

Π(t).
(ii) Jβ,sx1,k

Q1(t)Jα,sx1,k
Π(t) + Jα,sx1,k

R2(t)Jβ,sx1,k
Ω(t) ≥ Jβ,sx1,k

Q1(t)Jα,sx1,k
R2(t) + Jα,sx1,k

Π(t)Jβ,sx1,k
Ω(t).

(iii) Jα,sx1,k
Q2(t)Jβ,sx1,k

R2(t) + Jα,sx1,k
Ω(t)Jβ,sx1,k

Π(t) ≥ Jα,sx1,k
Q2(t)Jβ,sx1,k

Π(t) + Jβ,sx1,k
R2(t)Jα,sx1,k

Ω(t).
(iv) Jα,sx1,k

Q1(t)Jβ,sx1,k
R1(t) + Jα,sx1,k

Ω(t)Jβ,sx1,k
Π(t) ≥ Jα,sx1,k

Q1(t)Jβ,sx1,k
Π(t) + Jβ,sx1,k

R1(t)Jα,sx1,k
Ω(t).

Theorem 11.6. [35] Under the assumptions of Theorem 11.5 we have for all t ∈ [x1, x2], s ≥ 0
and α > 0∣∣∣∣∣∣ (s + 1)−

α
k t(s+1) αk

Γk(α + k)
Jα,sx1,k

Ω(t)Π(t) − Jα,sx1,k
Ω(t)Jα,sx1,k

Π(t)

∣∣∣∣∣∣ ≤ √
T s

k (Ω,Q1,Q1)T s
k (Π,R1,R2),

where

T s
k (x, y, z) = (Jα,sx1,k

z(t) − Jα,sx1,k
x(t))(Jα,sx1,k

x(t) − Jα,sx1,k
y(t))

+
(s + 1)−

α
k t(s+1) αk

Γk(α + k)
Jα,sx1,k

y(t)x(t) − Jα,sx1,k
y(t)Jα,sx1,k

x(t)

+
(s + 1)−

α
k t(s+1) αk

Γk(α + k)
Jα,sx1,k

z(t)x(t) − Jα,sx1,k
z(t)Jα,sx1,k

x(t)

−
(s + 1)−

α
k t(s+1) αk

Γk(α + k)
Jα,sx1,k

y(t)z(t) + Jα,sx1,k
y(t)Jα,sx1,k

x(t).

12. Grüss-type fractional inequalities via Caputo-Fabrizio integral operator

In this section, we present the Grüss-type fractional integral inequalities involving the Caputo-
Fabrizio fractional integral.
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Definition 12.1. [36] Assume that α ∈ R such that 0 < α < 1. We define the Caputo-Fabrizio
fractional integral of a function Ω of order α by

Iα0,tΩ(t) =
1
α

∫ t

0
e−

(
1−α
α

)
(t−s)Ω(s)ds.

Theorem 12.1. [37] Assume that Ω : [0,∞) → R is an integrable function satisfying (H1). Then, for
t > 0, α, β > 0, k > 0, we have:

Iβ0,tQ1(t)Iα0,tΩ(t) + Iα0,tQ2(t)Iβ0,tΩ(t) ≥ Iα0,tQ2(t)Iβ0,tQ1(t) + Iα0,tΩ(t)Iβ0,tΩ(t).

Theorem 12.2. [37] Suppose that Ω,Π : [0,∞)→ R are two integrable functions satisfying (H1) and
(H2). Then, for t > 0, α, β > 0, k > 0 we have the inequalities:

(a) Iβ0,tR1(t) Iα0,tΩ(t) + Iα0,tQ2(t) Iβ0,tΠ(t) ≥ Iβ0,tR1(t) Iα0,tQ2(t) + Iα0,tΩ(t) Iβ0,tΠ(t).
(b) Iβ0,tQ1(t) Iα0,tΠ(t) + Iα0,tR2(t) Iβ0,tΩ(t) ≥ Iβ0,tQ1(t) Iα0,tR2(t) + Iβ0,tΩ(t) Iα0,tΠ(t).
(c) Iα0,tQ2(t) kIβ0,tR2(t) + Iα0,tΩ(t) Iβ0,tΠ(t) ≥ Iα0,tQ2(t) Iβ0,tΠ(t) + Iβ0,tR2(t) Iα0,tΩ(t).
(d) Iα0,tQ1(t)Iβ0,tR1(t) + Iα0,tΩ(t) Iβ0,tΠ(t) ≥ Iα0,tQ1(t) Iβ0,tΠ(t) + Iβ0,tR1(t) Iα0,tΩ(t).

Theorem 12.3. [37] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all t > 0, α > 0, we have:∣∣∣∣∣( 1

1 − α

[
1 − e−

(
1−α
α

)
t
])

Iα0,tΩ(t)Π(t) − Iα0,tΩ(t) Iα0,tΠ(t)
∣∣∣∣∣ ≤ √

T (Ω,Q1,Q2)T (Π,R1,R2),

where

T (y, z,w) =
(

Iα0,tw(t) − Jαy(t)
) (

Iα0,ty(t) − Iα0,tz(t)
)

+
( 1
1 − α

[
1 − e−

(
1−α
α

)
t
])

Iα0,tz(t)y(t) − Iα0,tz(t) Iα0,ty(t)

+
( 1
1 − α

[
1 − e−

(
1−α
α

)
t
])

Iα0,tw(t)y(t) − Iα0,tw(t) Iα0,ty(t)

+Iα0,tz(t) Iα0,tw(t) +
( 1
1 − α

[
1 − e−

(
1−α
α

)
t
])

Iα0,tz(t)w(t).

13. Grüss-type fractional inequalities for Saigo fractional integral operator

In this section, Grüss-type fractional integral inequalities are presented via Saigo fractional
integer operator.

Definition 13.1. [38] Assume that α > 0, β, η ∈ R. The Saigo fractional integral Iα,β,η0,x [Ω(x)] of order
α for a real-valued continuous function Ω is defined by

Iα,β,η0,x [Ω(x)] =
x−α−β

Γ(α)

∫ x

0
(x − t)α−1

2F1

(
α + β,−η;α; 1 −

t
x

)
Ω(t)dt,

where 2F1 is the Gaussian hypergeometric function defined by

2F1(a, b; c; x) =

∞∑
n=0

(a)n(b)nxn

(c)nn!
,
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and (a)n is the Pochhammer symbol

(a)0 = 1, (a)n = a(a + 1) · · · (a + n − 1) =
Γ(a + n)

Γ(a)
.

Theorem 13.1. [39] Assume that Ω,Π : [0,∞) → R are two integrable functions satisfying (H1) and
(H2). Then for all x > 0, α > max{0,−β}, β < 1, β − 1 < η < 0, one has∣∣∣∣ Γ(1 − β + η)

Γ(1 − β)Γ(1 + α + η)xβ
Iα,β,η0,x [Ω(x)Π(x)] − Iα,β,η0,x [Ω(x)]Iα,β,η0,x [Π(x)]

∣∣∣∣
≤

√
T (Ω,Q1(x),Q2(x))T (Π,R1(x),R2(x)),

where

T (a, b, c) = (Iα,β,η0,x [c(x)] − Iα,β,η0,x [a(x)])(Iα,β,η0,x [a(x)] − Iα,β,η0,x [b(x)])

+
Γ(1 − β + η)

Γ(1 − β)Γ(1 + α + η)xβ
Iα,β,η0,x [b(x)a(x)] − Iα,β,η0,x [b(x)]Iα,β,η0,x [a(x)]

+
Γ(1 − β + η)

Γ(1 − β)Γ(1 + α + η)xβ
Iα,β,η0,x [c(x)a(x)] − Iα,β,η0,x [c(x)]Iα,β,η0,x [a(x)]

+Iα,β,η0,x [b(x)]Iα,β,η0,x [c(x)] +
Γ(1 − β + η)

Γ(1 − β)Γ(1 + α + η)xβ
Iα,β,η0,x [b(x)c(x)].

Theorem 13.2. [39] Suppose that Ω,Π : [0,∞)→ R are two integrable functions satisfying (H1) and
(H2). Then for all x > 0, α > max{0,−β}, ψ > max{0 − φ}, β < 1, β − 1 < η < 0, φ < 1, φ − 1 < ζ < 0,
we have:

(a) Iψ,φ,ζ0,x [Q1(x)]Iα,β,η0,x [Ω(x)] + Iα,β,η0,x [Q2(x)]Iψ,φ,ζ0,x [Ω(x)]

≥ Iψ,φ,ζ0,x [Q2(x)]Iα,β,η0,x [Q1(x)] + Iα,β,η0,x [Ω(x)]Iψ,φ,ζ0,x [Ω(x)].

(b) Iψ,φ,ζ0,x [R1(x)]Iα,β,η0,x [Ω(x)] + Iα,β,η0,x [Q2(x)]Iψ,φ,ζ0,x [Π(x)]

≥ Iψ,φ,ζ0,x [R1(x)]Iα,β,η0,x [Q2(x)] + Iα,β,η0,x [Ω(x)]Iψ,φ,ζ0,x [Π(x)].

(c) Iψ,φ,ζ0,x [Q1(x)]Iα,β,η0,x [Π(x)] + Iα,β,η0,x [R2(x)]Iψ,φ,ζ0,x [Ω(x)]

≥ Iψ,φ,ζ0,x [Q1(x)]Iα,β,η0,x [R2(x)] + Iψ,φ,ζ0,x [uΩ(x)]Iα,β,η0,x [Π(x)].

(d) Iα,β,η0,x [Q2(x)]Iψ,φ,ζ0,x [R2(x)] + Iα,β,η0,x [Ω(x)]Iψ,φ,ζ0,x [Π(x)]

≥ Iα,β,η0,x [Q2(x)]Iψ,φ,ζ0,x [Π(x)] + Iψ,φ,ζ0,x [R2(x)]Iα,β,η0,x [Ω(x)].

(e) Iα,β,η0,x [Q1(x)]Iψ,φ,ζ0,x [R1(x)] + Iα,β,η0,x [Ω(x)]Iψ,φ,ζ0,x [Π(x)]

≥ Iα,β,η0,x [Q1(x)]Iψ,φ,ζ0,x [Π(x)] + Iψ,φ,ζ0,x [R1(x)]Iα,β,η0,x [Ω(x)].

We define a fractional integral Kα,β,η associated with the Gauss hypergeometric function as follows:

Definition 13.2. [40] Let Ω ∈ Cµ. For α > max{0,−(η + 1)}, η − β > −1, β < 1, we define a fractional
integral Kα,β,η f as follows:

Kα,β,ηΩ(t) =
Γ(1 − β)Γ(α + η + 1)

Γ(η − β + 1)
tβIα,β,η0+

Ω(t),
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where Iα,β,η0+
f is the right-hand sided Gauss hypergeometric fractional integral of order α defined in

Definition 13.1.

We present integral inequalities of Grüss type for the above defined hypergeometric
fractional integral.

Theorem 13.3. [40] Let Ω,Π ∈ Cµ satisfying the condition (H) on [0,∞). Then for all t > 0, α >

max{0,−(η + 1)}, η − β > −1, β < 1, we have

|Kα,β,ηΩ(t)Π(t) − Kα,β,ηΩ(t)Kα,β,ηΠ(t)| ≤
1
4

(M −m)(P − p).

Theorem 13.4. [40] Let Ω and Π be two synchronous functions on [0,∞). Then the following
inequality holds:

Kα,β,ηΩ(t)Π(t) ≥ Kα,β,ηΩ(t)Kα,β,ηΠ(t).

Another fractional integral operator Kα,β,η,δ associated with the Gauss hypergeometric function is
defined as follows.

Definition 13.3. [41] Let Ω ∈ Cµ. For α > max{0,−(δ + η + 1)}, η − β > −1, β < 1, δ > −1 we define
a fractional integral Kα,β,η,δΩ as follows:

Kα,β,η,δΩ(t) =
Γ(1 − β)Γ(α + δ + η + 1)

Γ(η − β + 1)Γ(δ + 1)
tβ+βIα,β,η,δ0+

Ω(t),

where Iα,β,η,δ0+
Ω is the right-hand sided Gauss hypergeometric fractional integral of order α defined by

Iα,β,η,δ0,x [Ω(x)] =
x−α−β−2δ

Γ(α)

∫ x

0
tδ(x − t)α−1

2F1

(
α + β + δ,−η;α; 1 −

t
x

)
Ω(t)dt,

and 2F1 is the Gaussian hypergeometric function defined in Definition 13.1.

We establish two Grüss-type fractional integral inequalities involving the Gauss
hypergeometric function.

Theorem 13.5. [41] Assume that Ω,Π : [x1, x2] → R are two integrable functions satisfying the
condition (H) on [0,∞). Then, for all x ∈ [0,∞), α > 0, δ > −1, and β, η ∈ R with α + β + δ ≥ 0 and
η ≤ 0, we have:

|Kα,β,η;δΩ(t)Π(t) − Kα,β,η,δΩ(t)Kα,β,η,δΠ(t)| ≤
1
4

(M −m)(P − p).

Theorem 13.6. [41] Suppose that Ω,Π : [0,∞) → R are two synchronous functions (i.e (Ω(t) −
Ω(s))(Π(t) − Π(s)) ≥ 0, t, s ∈ [0,∞)). Then, for all x ∈ [0,∞), α > 0, δ > −1, and β, η ∈ R with
α + β + δ ≥ 0 and η ≤ 0, we have:

Kα,β,η,δΩ(t)Π(t) ≥ Kα,β,η,δΩ(t)Kα,β,η,δΠ(t).

Now we give some Grüss-type inequalities for generalized hypergeometric function fractional order
integral operators. We start with the following definitions.
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Definition 13.4. [42] Let α, α′, β, β′, γ ∈ R and γ > 0. Then the Saigo and Maeda fractional integral
operator Iα,α

′,β,β′,γ
t [Ω(x)] of order α for a real-valued continuous function Ω is defined by

Iα,α
′,β,β′,γ

t [Ω(x)] =
x−α

Γ(γ)

∫ x

0
(x − t)γ−1t−α

′

F3

(
α, α′, β, β′, γ, 1 −

t
x
, 1 −

x
t

)
Ω(t)dt,

where F3 is the Appell hypergeometric function defined by

F3(α, α′, β, β′, γ, x, y) =

∞∑
n=0

∞∑
n=0

(α)n(α′)n(β)n(β′)nxmyn

(γ)m+nm!n!
, max{|x|, |y|} < 1,

and (a)n is the Pochhammer symbol.

Definition 13.5. [43] Assume that α, α′, β, β′, γ ∈ R such that

γ > max{0, α + α′ + β − 1, α + α′ − 1, α′ + β − 1} and β′ > max{−1, α′ − 1}.

Then we define a fractional integral operator

(S α,α′,β,β′,γ
t Ω)(x) =

Γ(1 + γ − α − α′)Γ(1 + γ − α′ − β)Γ(1 + β′)
Γ(1 + γ − α − α′ − β)Γ(1 + β′ − α′)

xα+α′−γ(Iα,α
′,β,β′,γ

t Ω)(x),

where Iα,α
′,β,β′,γ

t is the Saigo-Maeda fractional integral of order γ.

The main results for Grüss inequalities are given now.

Theorem 13.7. [43] Assume that h : [0,∞) → R is an integrable function satisfying the condition
m1 ≤ h(x) ≤ M1 for all x ∈ [0,∞). Then for α, α′, β, β′, γ ∈ R we have:∣∣∣∣(S α,α′,β,β′,γ

t h2)(x) −
(
(S α,α′,β,β′,γ

t h)(x)
)2

=
(
M1 − (S α,α′,β,β′,γ

t h)(x)
)(

(S α,α′,β,β′,γ
t h)(x) − m

)
(M1 − h)(h − m1)(x),

provided α, α′, β, β′, γ > 0.

Theorem 13.8. [43] Assume that (H) holds on [0,∞). In addition, let Ω,Π ∈ Cµ. Then for
α, α′, β, β′, γ ∈ R and α, α′, β, β′, γ > 0 we have:∣∣∣∣(S α,α′,β,β′,γΩ(x)Π(x) − (S α,α′,β,β′,γΩ)(x)(S α,α′,β,β′,γΠ)(x)

∣∣∣∣ ≤ 1
4

(M −m)(P − p), ∀x ∈ [0,∞).

Theorem 13.9. [43] Let Ω and Π be two synchronous functions on [0,∞) and let v,w : [0,∞) →
[0,∞). Then for all t > 0,(

S α,α′,β,β′,γ
t vΩΠ

)
(x)

(
S α,α′,β,β′,γ

t w
)
(x) +

(
S α,α′,β,β′,γ

t wΩΠ
)
(x)

(
S α,α′,β,β′,γ

t v
)
(x)

≥
(
S α,α′,β,β′,γ

t wΠ
)
(x)

(
S α,α′,β,β′,γ

t vΩ
)
(x) +

(
S α,α′,β,β′,γ

t wΩ
)
(x)

(
S α,α′,β,β′,γ

t vΠ
)
(x).

14. Quantum Grüss-type integral inequalities

In this section we present Grüss-type integral inequalities via quantum calculus.
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14.1. q-Grüss inequality involving the Riemann-Liouville fractional q-integrals

Definition 14.1. [44] The Jakson’s q-derivarive and q-integral of a function Ω defined on J are,
respectively, given by

DqΩ(t) =
Ω(t) −Ω(tq)

t(1 − q)
, t , 0, q , 1,∫ t

0
Ω(s)dqs = t(1 − q)

∞∑
k=0

qkΩ(tqk).

Definition 14.2. [45] The Riemann-Liouville fractional q-integral operator of a function Ω of order
α is given by

Iαq Ω(t) =
tα−1

Γq(α)

∫ t

0

(qs
t
, q

)
α−1

Ω(s)dqs, α > 0, 0 < q < 1,

where
(a, q)α =

(a; q)∞
(aqα; q)∞

, α ∈ R

and

(α, q)∞ =

∞∏
j=0

(1 − αq j).

Now, we present some q-Grüss integral inequalities.

Theorem 14.1. [46] Assume that Ω,Π : [0,∞)→ R are two integrable functions satisfyingt (H1) and
(H2). Then, for t > 0 and α > 0, we have:∣∣∣∣ tα

Γq(α + 1)
Iαq Ω(t)Π(t) − Iαq Ω(t)Iαq Π(t)

∣∣∣∣ ≤ √
Tq(Ω,Q1.Q2)Tq(Π,R1,R2),

where

Tq(u, v,w) = (Iαq w(t) − Iαq u(t))(Iαq u(t) − Iαq v(t)) +
tα

Γq(α + 1)
Iαq v(t)u(t) − Iαq v(t)Iαq u(t)

+Iαq v(t)Iαq w(t) −
tα

Γq(α + 1)
Iαq v(t)w(t).

14.2. Quantum Grüss-type integral inequalities on finite intervals

Definition 14.3. [47] Assume Ω : J → R is a continuous function and let x ∈ J. Then the expression

x1 DqΩ(x) =
Ω(x) −Ω(qx + (1 − q)x1)

(1 − q)(x − x1)
, t , x1, x1 DqΩ(x1) = lim

x→x1
x1 DqΩ(x),

is called the q-derivative on J of function Ω at x.

Definition 14.4. [47] Assume Ω : J → R is a continuous function. Then the q-integral on J is defined
by ∫ x

x1

Ω(t)x1dqt = (1 − q)(x − x1)
∞∑

n=0

qnΩ(qnx + (1 − qn)x1)
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for x ∈ J. Moreover, if c ∈ (a, x) then the definite q-integral on J is defined by∫ x

c
Ω(t)x1dqt =

∫ x

x1

Ω(t)x1dqt −
∫ c

x1

Ω(t)x1dqt

= (1 − q)(x − x1)
∞∑

n=0

qnΩ(qnx + (1 − qn)x1)

−(1 − q)(c − x1)
∞∑

n=0

qnΩ(qnc + (1 − qn)x1).

Theorem 14.2. [47] Assume Ω,Π : J → R are continuous functions on J satisfying the vondition
(H). Then we have the inequality∣∣∣∣∣∣ 1

x2 − x1

∫ x2

x1

Ω(x)Π(x)x1dqx −
(

1
x2 − x1

∫ x2

x1

Ω(x)x1dqx
) (

1
x2 − x1

∫ x2

x1

Π(x)x1dqx
)∣∣∣∣∣∣

≤
1
4

(M −m)(P − p).

Now, we are going to present the q-Grüss-Čebyšev integral inequality on interval [x1, x2].

Theorem 14.3. [47] Let Ω,Π : J → R be L1, L2-Lipschitzian continuous functions on [x1, x2], so that

|Ω(u) −Ω(v)| ≤ L1|u − v|, |Π(u) − Π(v)| ≤ L2|u − v|,

for all u, v ∈ [x1, x2]. Then we have:∣∣∣∣∣∣ 1
x2 − x1

∫ x2

x1

Ω(x)Π(x)x1dqx −
(

1
x2 − x1

∫ x2

x1

Ω(x)x1dqx
) (

1
x2 − x1

∫ x2

x1

Π(x)x1dqx
)∣∣∣∣∣∣

≤
qL1L2

(1 + q + q2)(1 + q)2 (x2 − x1)2.

14.3. Quantum symmetric analogue of Grüss inequality

Let q ∈ (0, 1) and let I be any interval of R containing 0, and denote by Iq the set

Iq = qI = {qX : X ∈ I}; Iq ⊆ I.

Definition 14.5. [44] Let Ω : I → R. The q-symmetric difference operator of Ω is defined by

(D̃qΩ)(t) =
Ω(qt) −Ω(q−1t)

(q − q−1)t
; t ∈ Iq \ {0},

and
(D̃qΩ)(t) = Ω′(0), t = 0.

Definition 14.6. [44] Suppose that x1, x2 ∈ I and x1 < x2. For Ω : I → R and for q ∈ (0, 1), the
q-symmetric integral of Ω is given by∫ x2

x1

Ω(t)d̃qt =

∫ x2

0
Ω(t)d̃qt −

∫ x1

0
Ω(t)d̃qt,
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where ∫ x

0
Ω(t)d̃qt = x(1 − q2)

∞∑
n=0

q2nΩ(q2n+1x), x ∈ I,

provided that the series converges at x = x1 and x = x2.

Now, the concepts of q-symmetric derivative and q-symmetric integral are extended on finite
intervals. We fix s ∈ N ∪ {0}. Let Js = [ts, ts+1] ⊂ R be an interval containing 0 and 0 < qs < 1 be a
constant. For a function Ω : Is → R, we define the qs-symmetric derivative at a point t ∈ Is as follows:

Definition 14.7. [48] Assume that Ω : Is → R is continuous and t ∈ Is. The qs-symmetric derivative
of Ω at t is defined as

(DqsΩ)(t) =
Ω(q−1

s t + (1 − q−1
s )ts) −Ω(qst + (1 − qs)ts)

(q−1
s − qs)(t − ts)

; t , ts,

(DqsΩ)(ts) lim
t→ts

(DqsΩ)(t).

Definition 14.8. [48] Assume that Ω : Is → R is a continuous function. The qs-symmetric integral is
defined as ∫ t

ts

Ω(s)dqst = (t − ts)(1 − q2
s)
∞∑

n=0

q2n
s Ω(q2n+1

s t + (1 − q2n+1
s )ts).

Now, we present qs-symmetric analogue of Grüss-Chebyshev integral inequality.

Theorem 14.4. [48] Let Ω and Π : J = [x1, x2] → R be L1, L2-Lipschitzian continuous functions on
[x1, x2] so that

|Ω(u) −Ω(v)| ≤ L1|u − v|, |Π(u) − Π(v)| ≤ L2|u − v|,

for all u, v ∈ [x1, x2]. Then:∣∣∣∣ 1
x2 − x1

∫ x2

x1

Ω(x)Π(x)dqs x −
( 1

x2 − x1

∫ x2

x1

Ω(x)dqs x
)( 1

x2 − x1

∫ x2

x1

Π(x)dqs x
)∣∣∣∣

≤
L1L2q4

s(x2 − x1)2

(1 + q2
s + q4

s)(1 + q2
s)2 .

14.4. Grüss-type fractional integral inequalities via fractional quantum calculus

The following concepts are adapted by Ref. ( [49]). We state a q-shifting operator as

x1Φq(m) = qm + (1 − q)x1, 0 < q < 1, m, x1 ∈ R.

The q-analog is stated by

(m; q)0 = 1, (m; q)k =

k−1∏
i=1

(1 − qim), k ∈ N ∪ {∞}.

The q number is stated by

[m]q =
1 − qm

1 − q
, m ∈ R.
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The q-Gamma function is stated by

Γq(t) =
0(1 − 0Φq(1))(t−1)

q

(1 − q)t−1) , t ∈ R \ {0,−1,−2, . . .}.

Here, we add some definitions regarding fractional q-calculus, namely the Riemann-Liouville
fractional q-integral.

Definition 14.9. [49] Let α ≥ 0 and function Ω be a continuous stated on [x1, x2]. Then (x1 I0
qΩ)(t) =

Ω(t) is given by

(x1 Iαq Ω)(t) =
1

Γq(α)

∫ t

x1

x1(t − x1Φq(s))α−1
q Ω(s) x1dqs

=
(1 − q)(t − x1)

Γq(α)

∞∑
i=0

qi
x1(t − x1Φ

i+1
q (t))α−1

q Ω(x1Φ
i
q(t)).

Now, we present the fractional q-Grüss integral inequality on the interval [x1, x2].

Theorem 14.5. [50] Let Ω,Π : [x1, x2] → R be continuous functions satisfying (H). For 0 < q < 1
and α > 0, we have the inequality∣∣∣∣ Γq(α + 1)

(x2 − x1)α
(x1 Iαq Ω(s)Π(s))(b) −

( Γq(α + 1)
(x2 − x1)α

(x1 Iαq Ω(s))(b)
)( Γq(α + 1)

(x2 − x1)α
(x1 Iαq Π(s))(b)

)∣∣∣∣
≤

1
4

(M −m)(P − p).

Next, we give the fractional q-Grüss-Čebyšev integral inequality on the interval [x1, x2].

Theorem 14.6. [50] Let Ω,Π : [x1, x2]→ R be L1-, L2-Lipschitzian continuous functions, so that

|Ω(u) −Ω(v)| ≤ L1|u − v|, |Π(u) − Π(v)| ≤ L2|u − v|,

for all u, v ∈ [x1, x2], 0 < q < 1, L1, L2 > 0, and α > 0. Then we have the inequality∣∣∣∣ (x2 − x1)α

Γq(α + 1)
(x1 Iαq Ω(s)Π(s))(x2) − (x1 Iαq Ω(s))(x2)(x1 Iαq Π(s))(x2)

∣∣∣∣
≤

L1L2(x2 − x1)2α+2

Γq(α + 2)Γq(α + 3)

(
(1 + q)[α + 1]q − [α + 2]q

)
.

15. Grüss-type inequalities via fractional Hilfer derivative

In this section we give Grüss-type integral inequalities via fractional Hilfer derivative operators.

15.1. Grüss-type integral inequalities via k-Hilfer fractional derivative operator

In this section we present several integral inequalities for the k-Hilfer fractional derivative operator.
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Definition 15.1. [51] Let Ω ∈ L1[x1, x2], Ω?K(1−η)(η−ξ) ∈ ACn[x1, x2], n−1 < ξ < n, 0 < η ≤ 1, n ∈ N.
Then the following

(kDξ,η
x1+Ω)(x) = Iη(n−ξ)

x1+,k

dn

dxn (I(1−η)(n−ξ)
x1+,k Ω(x)),

is called the Hiler k-fractional derivative.

Theorem 15.1. [51] Let k > 0 and (Dξ+η(n−ξ)
x1+,k Π) be a positive function on [0,∞), and let (kDξ,η

x1+Ω)
denote the Hilfer k-fractional derivative of order ξ, 0 < ξ < 1, and type 0 < η ≤ 1. Suppose that:

There exist (Dξ+η(n−ξ)
x1+,k R1), (Dξ+η(n−ξ)

x1+,k R2) such that

(Dξ+η(n−ξ)
x1+,k R1)(ξ) ≤ (Dξ+η(n−ξ)

x1+,k Π)(ξ) ≤ (Dξ+η(n−ξ)
x1+,k R2)(ξ),

for all ξ ∈ [0,∞).

Then

(kDξ,η
x1+R1)(ξ)(kDξ,η

x1+Π)(ξ) + (kDξ,η
x1+R2)(ξ)(kDξ,η

x1+Π)(ξ)
≥ (kDξ,η

x1+R1)(ξ)(kDξ,η
x1+R2)(ξ) + (kDξ,η

x1+Π)(ξ)(kDξ,η
x1+Π)(ξ).

15.2. Grüss-type inequalities via generalized k-fractional Hilfer-Katugampola derivative

In this section, we present inequalities of the Grüss-type via k-fractional Hilfer-Katugampola
generalized derivative.

Definition 15.2. [52] Let n − 1 < α ≤ n, 0 ≤ β ≤ 1, n ∈ N, ρ > 0, k > 0 and Ω ∈ Mq[x1, x2] ={
Ω : ‖Ωq‖ =

( ∫ x2

x1

|Ω(t)|qdt
)1/q

< ∞
}
, 1 < q < ∞. The generalized k-fractional Hilfer-Katugampola

derivatives (left-sided and right-sided) are defined as

D
α,γ,ρ
x1,k

Ω(t) =
ρ1− γ−αk

kΓk(γ − α)

∫ t

x1

(tρ − yρ)
γ−α

k −1yρ−1Ω(γ)(y)dy, t > x1,

D
α,γ,ρ
x2,k

Ω(t) =
ρ1− γ−αk

kΓk(γ − α)

∫ x2

t
(yρ − tρ)

γ−α
k −1yρ−1Ω(γ)(y)dy, t < x2,

where γ = α + β(kn − α), α > 0.

Theorem 15.2. [52] Let ρ, δ, α, γ, k, a > 0 and Ω ∈ Mq[x1, x2] be positive integrable function on
[x1, x2] satisfying (H1). Then we have:

D
δ,γ,ρ
x1,k

Ω(t)Dα,γ,ρ
x1,k

Q2(t) +D
δ,γ,ρ
x1,k

Q1(t)Dα,γ,ρ
x1,k

Ω(t)

≥ D
δ,γ,ρ
x1,k

Q1(t)Dα,γ,ρ
x1,k

Q2(t) +D
δ,γ,ρ
x1,k

Ω(t)Dα,γ,ρ
x1,k

Ω(t).

Theorem 15.3. [52] Let ρ, δ, α, γ, k, a > 0 and Ω,Π ∈ Mq[x1, x2] be positive integrable functions on
[x1, x2] satisfying (H1) and (H2). Then we have:

(a) D
δ,γ,ρ
x1,k

R1(t)Dα,γ,ρ
x1,k

Ω(t) +D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Q2(t)
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≥ D
δ,γ,ρ
x1,k

R1(t)Dα,γ,ρ
x1,k

Q2(t) +D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Ω(t).

(b) D
δ,γ,ρ
x1,k

Q1(t)Dα,γ,ρ
x1,k

Π(t) +D
δ,γ,ρ
x1,k

Ω(t)Dα,γ,ρ
x1,k

R2(t)

≥ D
δ,γ,ρ
x1,k

Q1(t)Dα,γ,ρ
x1,k

R2(t) +D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Ω(t).

(c) D
δ,γ,ρ
x1,k

R2(t)Dα,γ,ρ
x1,k

Q2(t) +D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Ω(t)

≥ D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Q2(t) +D
δ,γ,ρ
x1,k

R2(t)Dα,γ,ρ
x1,k

Ω(t).

(d) D
δ,γ,ρ
x1,k

R1(t)Dα,γ,ρ
x1,k

Q1(t) +D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Ω(t)

≥ D
δ,γ,ρ
x1,k

Π(t)Dα,γ,ρ
x1,k

Q1(t) +D
δ,γ,ρ
x1,k

R1(t)Dα,γ,ρ
x1,k

Ω(t).

Theorem 15.4. [52] Let ρ, δ, α, γ, k, a > 0 and Ω,Π ∈ Mq[x1, x2] be positive integrable functions on

[x1, x2] satisfying (H1) and (H2). If p, q > 1 and
1
p

+
1
q

= 1, then we have:

(a)
1
p
D

δ,γ,ρ
x1,k

(Π(t))p D
α,γ,ρ
x1,k

(Ω(t))p +
1
q
D

δ,γ,ρ
x1,k

(Ω(t))q D
α,γ,ρ
x1,k

(Π(t))q

≥ D
δ,γ,ρ
x1,k

Ω(t)Π(t)Dα,γ,ρ
x1,k

Ω(t)Π(t).

(b)
1
p
D

δ,γ,ρ
x1,k

(Π(t))p D
α,γ,ρ
x1,k

(Ω(t))p +
1
q
D

δ,γ,ρ
x1,k

(Ω(t))q D
α,γ,ρ
x1,k

(Π(t))q

≥ D
δ,γ,ρ
x1,k

Ωp−1(t)Πq−1(t)Dα,γ,ρ
x1,k

Ω(t)Π(t).

(c)
1
p
D

δ,γ,ρ
x1,k

(Π(t))p D
α,γ,ρ
x1,k

(Ω(t))2 +
1
q
D

δ,γ,ρ
x1,k

(Ω(t))q D
α,γ,ρ
x1,k

(Π(t))2

≥ D
δ,γ,ρ
x1,k

Ω2/p(t)Π2/q(t)Dα,γ,ρ
x1,k

Ω(t)Π(t).

(d)
1
p
D

δ,γ,ρ
x1,k

(Π(t))q D
α,γ,ρ
x1,k

(Ω(t))2 +
1
q
D

δ,γ,ρ
x1,k

(Ω(t))p D
α,γ,ρ
x1,k

(Π(t))2

≥ D
δ,γ,ρ
x1,k

Ωp−1(t)Πq−1(t)Dα,γ,ρ
x1,k

Ω2/p(t)Π2/q(t).

Theorem 15.5. [52] Let ρ, δ, α, γ, k, a > 0 and Ω,Π ∈ Mq[x1, x2] be positive integrable functions on
[x1, x2]. Let

µ = min
0≤y≤t

Ω(y)
Π(y)

, M = max
0≤y≤t

Ω(y)
Π(y)

.

Then we have:

(i)
(µ +M)2

4µM
D

α,γ,ρ
x1,k

[Ω(t)Π(t)]2 ≥ D
α,γ,ρ
x1,k

[Π(t)]2 D
α,γ,ρ
x1,k

[Ω(t)]2.

(ii)
√
µ −
√
M

2
√
µM

D
α,γ,ρ
x1,k

[Ω(t)Π(t)] ≥
√
D

α,γ,ρ
x1,k

[Π(t)]2 D
α,γ,ρ
x1,k

[Ω(t)]2 −D
α,γ,ρ
x1,k

[Ω(t)Π(t)] ≥ 0.

(iii)
µ −M

4µM
D

α,γ,ρ
x1,k

[Ω(t)Π(t)]2 ≥ D
α,γ,ρ
x1,k

[Π(t)]2 D
α,γ,ρ
x1,k

[Ω(t)]2 − [Dα,γ,ρ
x1,k

[Ω(t)Π(t)]]2 ≥ 0.
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16. Conclusions

Our objective in this paper was to present a comprehensive and up-to-date review on Grüss-type
inequalities for fractional differential operators. We presented results including inequalities of the
Grüss-type for different kinds of fractional integral and differential operators. Grüss-type inequalities
for fractional integrals of Riemann-Liouville, Katugampola, Hadamard’s, Raina’s, tempered,
conformable, proportional, Caputo-Fabrizio, Saigo’s are included. Moreover Grüss-type inequalities
concerning Hilfer fractional differential operators and quantum Grüss-type integral inequalities are
also presented. We believe that the present survey will provide a platform for the researchers working
on Grüss-type inequalities to learn about the available work on the topic before developing the new
results. Future research regarding this review paper is fascinating. Our review paper might inspire a
good number of additional studies.
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8. N. Mehmood, S. I. Butt, D. Pečarić, J. Pečarić, Generalizations of cyclic refinements of Jensen’s
inequality by Lidstone’s polynomial with applications in information theory, J. Math. Inequal., 14
(2019), 249–271. https://doi.org/10.7153/jmi-2020-14-17

9. M. Tariq, S. K. Ntouyas, A. A. Shaikh, A comprehensive review of the Hermite-
Hadamard inequality pertaining to fractional integral operators, Mathematics, 11 (2023), 1953.
https://doi.org/10.3390/math11081953
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Proportional fractional integral Pólya-Szegö and Grüss-type inequalities, Fractal Fract., 5 (2021),
172. https://doi.org/10.3390/fractalfract5040172

33. M. Z. Sarikaya, Z. Dahmani, M. E. Kiris, F. Ahmad, (k, s)-Riemann-Liouville fractional integral
and applications, Hacet. J. Math. Stat., 45 (2016), 77–89.

34. E. Kacar, H. Yildirim, Grüss-type integrals inequalities for generalized Riemann-Liouville
fractional integrals, Int. J. Pure. Appl. Math., 101 (2015), 55–70.

35. S. Mubeen, S. Iqbal, Grüss type integral inequalities for generalized Riemann-Liouville k-
fractional integrals, J. Inequal. Appl., 109 (2016). https://doi.org/10.1186/s13660-016-1052-x

36. M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Prog.
Fract. Differ. Appl., 1 (2015), 73–85. https://dx.doi.org/10.12785/pfda/010201

37. A. B. Nale, S. K. Panchal, V. L. Chinchane, Grüss-type fractional inequality via Caputo-Fabrizio
integral operator, Acta Univ. Sapien. Math., 14 (2022), 262–277. https://doi.org/10.2478/ausm-
2022-0018

38. M. Saigo, A remark on integral operators involving the Grüss hypergeometric functions, Kyushu
Univ., 11 (1978), 135–143.

39. V. L. Chinchane, D. B. Pachpatte, On some Grüss-type fractional inequalities using Saigo fractional
integral operator, J. Math., 2014 (2014), 1–9. https://doi.org/10.1155/2014/527910

40. S. L. Kalla, A. Rao, On Grüss type inequality for a hypergeometric fractional integral, Le Mat., 66
(2011), 57–64. https://doi.org/10.4418/2011.66.1.5

AIMS Mathematics Volume 9, Issue 1, 2244–2281.

http://dx.doi.org/https://doi.org/10.3934/dcdsb.2019022
http://dx.doi.org/https://doi.org/10.1007/s00009-021-01783-9
http://dx.doi.org/https://doi.org/10.1186/s13660-020-02420-x
http://dx.doi.org/https://doi.org/10.22075/IJNAA.2021.4836
http://dx.doi.org/https://doi.org/10.3934/Math.2018.4.575
http://dx.doi.org/https://doi.org/10.3390/fractalfract5040172
http://dx.doi.org/https://doi.org/10.1186/s13660-016-1052-x
http://dx.doi.org/https://dx.doi.org/10.12785/pfda/010201
http://dx.doi.org/https://doi.org/10.2478/ausm-2022-0018
http://dx.doi.org/https://doi.org/10.2478/ausm-2022-0018
http://dx.doi.org/https://doi.org/10.1155/2014/527910
http://dx.doi.org/https://doi.org/10.4418/2011.66.1.5


2281

41. G. Wang, P. Agarwal, M. Chand, Certain Grüss type inequalities involving the generalized
fractional integral operator, J. Inequal. Appl., 147 (2014). https://doi.org/10.1186/1029-242X-
2014-147

42. M. Saigo, N. Maeda, More generalization of fractional calculus, transform methods and special
functions, Sci. Sofia, 1996, 386–400.

43. S. Joshi, E. Mittal, R. M. Pandey, S. D. Purohit, Some Grüss type inequalities involving generalized
fractional integral operator, Math. Inform. Phys., 12 (2019), 41–52.

44. V. Kac, P. Cheung, Quantum calculus, New York: Springer, 2002.

45. R. P. Agarwal, Certain fractional q-integrals and q-derivatives, Math. Proc. Cambridge Philos.
Soc., 66 (1969) 365–370.

46. A. Secer, S. D. Purohit, K. A. Selvakumaran, M. Bayram, A generalized q-Grüss inequality
involving the Riemann-Liouville fractional q-integrals, J. Appl. Math., 2014 (2014), 1–6.
https://doi.org/10.1155/2014/914320

47. J. Tariboon, S. K. Ntouyas, Quantum integral inequalities on finite intervals, J. Ineq. Appl., 121
(2014). https://doi.org/10.1186/1029-242X-2014-121

48. M. Bilal, A. Iqbal, S. Rastogi, Quantum symmetric analogue of various integral inequalities over
finite intervals, J. Math. Inequal., 17 (2023), 615–627. https://doi.org/10.7153/jmi-2023-17-40

49. J. Tariboon, S. K. Ntouyas, P. Agarwal, New concepts of fractional quantum calculus and
applications to impulsive fractional q-Difference equations, Adv. Differ. Equ., 18 (2015).
https://doi.org/10.1186/s13662-014-0348-8

50. W. Sudsutad, S. K. Ntouyas, J. Tariboon, Integral inequalities via fractional quantum calculus, J.
Ineq. Appl., 81 (2016). https://doi.org/10.1186/s13660-016-1024-1

51. S. Iqbal, M. Samraiz, G. Rahman, K. S. Nisar, T. Abdeljawad, Some new Grüss
inequalities associated with generalized fractional derivative, AIMS Math., 8 (2022), 213–227.
https://doi.org/10.3934/math.2023010

52. S. Naz, M. N. Naeem, Y. M. Chu, Some k-fractional extension of Grüss-type
inequalities via generalized Hilfer-Katugampola derivative, Adv. Differ. Equ., 29 (2021).
https://doi.org/10.1186/s13662-020-03187-7

© 2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 1, 2244–2281.

http://dx.doi.org/https://doi.org/10.1186/1029-242X-2014-147
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2014-147
http://dx.doi.org/https://doi.org/10.1155/2014/914320
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2014-121
http://dx.doi.org/https://doi.org/10.7153/jmi-2023-17-40
http://dx.doi.org/https://doi.org/10.1186/s13662-014-0348-8
http://dx.doi.org/https://doi.org/10.1186/s13660-016-1024-1
http://dx.doi.org/https://doi.org/10.3934/math.2023010
http://dx.doi.org/https://doi.org/10.1186/s13662-020-03187-7
http://creativecommons.org/licenses/by/4.0

	Introduction
	Grüss-type integral inequalities via Riemann-Liouville fractional integral
	Grüss-type integral inequalities for Riemann-Liouville fractional integrals of a function with respect to another function
	Grüss-type fractional inequalities for Katugampola fractional integral operator
	Grüss-type fractional integral inequalities via Hadamard’s fractional integral operator
	Grüss-type fractional integral inequalities via k-fractional integral operators
	k-fractional integral
	k-fractional integrals of a function with respect to another function

	Grüss-type integral inequalities via Raina's fractional integral operators
	Grüss-type inequalities via tempered fractional integrals concerning another function
	Grüss type integral inequalities for conformable fractional integrals
	Grüss type integral inequalities for generalized -conformable fractional integrals
	Grüss type integral inequalities for (k,s)-fractional conformable integrals

	Grüss-type integrals inequalities via generalized proportional gractional operators
	Grüss type integral inequalities for generalized Riemann-Liouville fractional integral operators
	Grüss-type fractional inequalities via Caputo-Fabrizio integral operator
	Grüss-type fractional inequalities for Saigo fractional integral operator
	Quantum Grüss-type integral inequalities
	q-Grüss inequality involving the Riemann-Liouville fractional q-integrals
	Quantum Grüss-type integral inequalities on finite intervals
	Quantum symmetric analogue of Grüss inequality
	Grüss-type fractional integral inequalities via fractional quantum calculus

	Grüss-type inequalities via fractional Hilfer derivative
	Grüss-type integral inequalities via k-Hilfer fractional derivative operator
	Grüss-type inequalities via generalized k-fractional Hilfer-Katugampola derivative

	Conclusions

