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1. Introduction

Fractional calculus is like an extended version of regular calculus that allows us to deal with
numbers that are not whole, like 1.5 or 2.3. This might not sound like a big deal, but it is incredibly
useful in many fields. When we want to understand how things change or accumulate over time,
fractional calculus helps us do that more accurately, especially when things are complicated and do
not follow normal rules. These fractional calculations come in handy when we are dealing with stuff
like how liquids flow, how materials deform, or how we control things like robots or machines.
Inequalities, in the context of fractional calculus, are like special rules that help us understand when
things are bigger or smaller than each other, but with these non-whole numbers involved. These rules
are important because they help us figure out if systems with fractional calculus are stable and work
the way they should. Thus, in a nutshell, fractional calculus and inequalities help us make sense of the
world in a more precise and practical way. Thus, the term convexity and inequalities in the frame of
fractional calculus have been recommended as an engrossing area for researchers due to their vital
role and fruitful importance in numerous branches of science. Integral inequalities have remarkable
uses in probability, optimization theory, information technology, stochastic processes, statistics,
integral operator theory and numerical integration. For the applications, see references [1-8].

In [9], a comprehensive and up-to-date review on Hermite-Hadamard-type inequalities for different
kinds of convexities and different kinds of fractional integral operators is presented. In this review
paper, we aim to discuss and present the up-to-date review of the Griiss type inequality via different
fractional integral operators.

In [10] (see also [11]), the Griiss inequality is defined as the integral inequality that establishes a
connection between the integral of the product of two functions and the product of the integrals. The
inequality is as follows.

Theorem 1.1. If Q,I1 : [x;,x] — R are two continuous functions satisfying m < Q(t) < M and
p <II() <P, 1 € [x1, x2], m, M, p,"B € R, then

1 2 1 2 2 1
' f Q(HI(s)ds — —f Q(s)dsf H(s)ds‘ <=M -m(P —p).
Xy = X1 Jy (X2 — x1)? X1 X1 4

Our objective in this paper is to present a comprehensive and up-to-date review on Griiss-type
inequalities for different kinds of fractional integral operators. In each section and subsection, we first
introduce the basic definitions of fractional integral operators and then include the results on Griiss-
type inequalities. We believe that the collection of almost all existing in the literature Griiss-type
inequalities in one file will help new researchers in the field learn about the available work on the topic
before developing new results. We present the results without proof but instead provide a complete
reference for the details of each result elaborated in this survey for the convenience of the reader.

The remainder of this review paper is as follows. In Sections 2—-15, we summarize Griiss-type
integral inequalities and especially for Riemann-Liouville fractional integral operators in Section 2,
for Riemann-Liouville fractional integrals of a function with respect to another function in Section 3,
in Section 4 for Katugampola fractional integral operators, in Section 5 for Hadamard’s fractional
integral operators, in Section 6 for k-fractional integral operators, in Section 7 for Raina’s fractional
integral operators, in Section 8 for tempered fractional integral operators, in Section 9 for
conformable fractional integrals operators, in Section 10 for proportional fractional integrals
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operators, in Section 11 for generalized Riemann-Liouville fractional integral operators, in Section 12
for Caputo-Fabrizio fractional integrals operators, for Saigo fractional integral operators in
Section 13, in Section 14 for quantum integral operators and in Section 15 for Hilfer fractional
differential operators.

Throughout this survey the following assumptions are used:

(H) Assume that Q,IT : I — R are integrable functions on / for which there exist constants
m, ¢, p, B € R, such that

m<Q@) <M, p<Il(t) <P, rel.

(H;) There exist two integrable functions Q1, Q, : [0, c0) — R such that
0:1(t) < Q) < Oy(r) forall £e[0,00).

(H,) There exist two integrable functions Ry, R, : [0, c0) — R such that

Ri(t) <TI(¢) < Ry(¢) forall € [0, c0).
2. Griiss-type integral inequalities via Riemann-Liouville fractional integral

In this subsection we give generalizations for Griiss-type inequalities by using the
Riemann-Liouville fractional integrals. The first result deals with some inequalities using one
fractional parameter.

Definition 2.1. [12] A real valued function €(t),t > 0 is said to be in

(i) the space C,,u € R if there exists a real number p > p such that Q(t) = t?Q,(t), where (1) €
C([0, ), R),
(i) the space C",u € Rif Q™ € C,,.

Definition 2.2. [12] The Riemann-Liouville integral operator of fractional order a > 0, for an
integrable function Q is defined by

JQ>) = % f (t— ) 'Qs)ds, a>0,1t>0,
0

and J°Q(t) = Q(1).
Theorem 2.1. [12] Assume that (H) holds on [0, 00). Then for all t > 0 and a > 0 we have:

o2

T(a + 1)

102

t
2(a + 1))

JYQOII(r) - J“Q(t)J“H(t)' < ( 2(93? —m)(P —p).

In the next result two real positive parameters are used.

Theorem 2.2. [12] Assume that (H) holds on [0, o0). Then for all t > 0 and a > 0, > 0 we have:

2
JPQMOTI() + JYQNOII(r) — J*Q(1)JPTI(F) — JﬁQ(t)J"H(t))

(r(a+ 1) re+1)
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1 #
< [(imr(a T J°Q(0)(IPQ) - MG 1))

I - "+ 1))<9ﬁr(ﬁ T

- JﬁQ(z))]

><[(iBr(a +1)

- J“H(t))(]ﬁn(t) - pr(ﬁti 1))

a

! #
T(a + 1))($F(ﬁ+ 1)

+(JTI(r) — - JTI) ).

Next, we present some fractional integral inequalities of Griiss type by using the Riemann-Liouville
fractional integral. The constants appeared as bounds of the functions Q and I1, are replaced by four
integrable functions.

Theorem 2.3. [13] Assume that Q : [0, 00) — R is an integrable function satisfying (H;). Then, for
t>0, a,pB >0, we have:

JPOL(DTQ1) + T QD) JPQ>) = J* Q2 () JP 01 (1) + Q1) JPQU(D).

Theorem 2.4. [13] Suppose that Q,11 : [0, 0) — R are two integrable functions satisfying (H,) and
(H,). Then, fort > 0, a, B > 0, the fractional integral inequalities hold:

() JPR(D)JQE) + JCQ:(H)JPTI(t) = JPR,(1)J* Qx(2) + J*Q(1)JPTI(7).

(i) JPOL(OJTI(E) + JOR,()JPQ(r) = JPQ1(6)JR(1) + JPQU(1)JTI(r).
(i) J*Qa()JIPRy(t) + J QO JPTI(1) > J* Qr()JPTI(1) + JPRy ()T Q).
@) JO(OJPR\(t) + JQ)JPII(E) > J* Q1 ()JPTI(t) + JPR (1) JQ(2).

Theorem 2.5. [13] Assume that Q,I1 : [0,00) — R are two integrable functions satisfying (H,) and
(H3). Then for all t > 0, @ > 0, we have:

104

T(a+ 1)

JEQOTI(D) = J*QUNITI()| < VT(Q, 01, 0)T(IL Ry, Ry),

where T(y,z,w) is defined by

T(y,z,w) = (J'W(r) = J*y(®) (J*y(@) — J*=(1) + I JeZ(Oy(t) — J*2() Iy (1)
a+1)

@ 02

+F(af " 1)J"w(t)y(t) = JW()J () + JZ(t) T w(t) — Fat D

Jz(HOw(t).

In the next theorem we give an Ostrowski-Griiss type inequality of fractional type via Riemann-
Liouville fractional integral.

Theorem 2.6. [14] Let Q : [x1, x;] — R be a differentiable mapping on (x, x,) and |Q'(x)| < M for
all x € [x1,x5]. Then

(x —x)'

1
EQ(.X) —(a+ l)F(a)m

S0 Q%) + %J;’fl((Xz - )T (@)Q(x2))
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(X — x)*° (= 0"7(x - xp)
2(x2 — x1) 2(xp — x1)*@
M(x, — x)'™ [(xz —x)%(x = x1) + (2 — )" (x1 + x2 — ZX)]

X7 — X 2a ’

[(@)J ' Qx,) + Q(x1)

where x| < x < Xx».

3. Griiss-type integral inequalities for Riemann-Liouville fractional integrals of a function with
respect to another function

Definition 3.1. [15] Let  : [0, 00) — R be positive, increasing function and also its derivative ¥’ be
continuous on [0, 00) and Y(0) = 0. The fractional integral of Riemann-Liouville type of an integrable
Jfunction Q with respect to another function  is defined as

1

IQ"’DQ(Z') = @

f
f (1) = ()" (5)QUs)ds.
0
In the next we include Griiss type integral inequalities with the help of ¥-Riemann-Liouville
fractional integral.

Theorem 3.1. [16] Assume that  : [0,00) — R is a positive, increasing function and also its
derivative ' is continuous on [0, ) and y(0) = 0. Assume that Q : [0,00) — R is an integrable
Sfunction satisfying (Hy). Then the following inequality holds:

PYO (DI Q@) + 1Y Q,(DIPY Q1) = 1% Q,()IPY Q1 (1) + IPYQ()IPY Q(r).

Theorem 3.2. [16] Let  be as in Theorem 3.1 and Q, 11 be two integrable functions satisfying (H;)
and (H»). Then we have:

(a) IPYR (DI QUt) + 1Y Q,()IPYTL(1) > IPYR, ()% Qs (1) + IV Q) IPVTI(Y).
(b) IPY Qi (OIYTI(E) + IV Ry,()IPY Q1) > IPY Q (I Ry(t) + IPY Q) I*VTI(2).
(c) IV Qy(DIPY Ry (1) + IV QOIPYTI() > 1%V Qr()IPYTI(E) + IPY Ry (DI QU(2).
(d) IV Q1 (OIPYR (1) + I*™ QO IPYTI(E) > 1%V Q(H)IPYTL(1) + IPYR ()™ Q(1).

Theorem 3.3. [16] Let W be as in Theorem 3.1 and Q, 11 be two integrable functions satisfying (H;)
and (H3). Then the following inequality holds:

Yo (1)

oy _ oy oy
Tas ! OI® - QW10 < VT(Q, 01, 0)T(IL R, Ry),

where

T(,zw) = U™w(@®) = I"y@)Iy(t) = I"2(1))

YO s ey — 1 VO
DI 0) ~ YOI 0 + o D0
SO0 + I OIw0) — DIl

AIMS Mathematics Volume 9, Issue 1, 2244-2281.



2249

4. Griiss-type fractional inequalities for Katugampola fractional integral operator

Now we define the space X’ (xi, x,) in which Katugampola’s fractional integrals are defined.

Definition 4.1. [17] The space X! (x1,x,) (c € R,1 < p < o) consists of those complex-valued
Lebesgue measurable functions ¢ on (x1, x2) for which ||¢||x» < oo, with

X2 i d
lothe = ([ o) 1< p <o

X1

and
ll¢llx= = ess sup [x“|p(x)]].

X€(x1,X2)

Definition 4.2. [17] Let ¢ € X’ (x1,x,), @ > 0 and B,p,n,k € R. Then, the left- and right- sided
fractional integrals of a function ¢ are defined respectively by

l—ﬁxk X Tp(n+l)—1

pJﬁlﬁn,Kgb(x) . d(t)dr, 0 < x; <x<xp <00,

@ Jo v =)

and s p]—ﬁxpn X2 TK+p_l
JXZ‘JLK (‘x) = r(a/) £ (Tp _ xp)l_a¢(T)dT, 0 <X <x<XxpLo00,

if the integrals exist.
Now, we present several Griiss-type inequalities involving Katugampola’s fractional integral.

Theorem 4.1. [17] Assume that (H) holds on [0, 00). Then we have:
2
N, ) PTEEQUOTIC) = P QUy TefTI)| < (A, ) (9= )P = ),
forallB,k e R, x>0,a>0,p>0andn > 0, where

T T

-B xk+p(n+a).

Theorem 4.2. [17] Assume that (H) holds on [0, 00). Then for all B,k € R, x > 0, > 0,y > 0 and
n > 0, we have:

(Agf(a, ) P TEQOTI(x) + Ay, m) P T3P QoTI(x) — P TSEQ(x) P TP TI(x)
2

—TYEQ(x) P IRETI(x))

|(MALE (@ m) = P T2EQ() )P Q) — mALE (@, )

+HPIEEQ(x) — mALE (e, 1)) (MALECy. ) = T )|

x| (BALE (. ) = P I2ETI0)) (P ET(x) — pASECy, )

+(PT2ETI(x) — pALE () (B ALE (v, ) — P TV ETI() ).

IA
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1 1
Theorem 4.3. [17] Leta > 0,8,p,1,k € R, Q, 11 € X?(0,x) x > 0 and p,q > 1 such that — + — = 1.

Then we have:

(a)

(b)

(c)

(d)

(e)

(f)

&)

P q

1

1 In+a+1
Lo esarcey + Lo jeonage » L0122 g
p " g "

T(y + 1)xetrars

(PTEEQ(x) P IRETI() ).

1 1
—PJEBQP (x) PIPPTIP (x) + =P T8 Q0 (x) P T T1 x)
p ’ q " ’

2

\%

(P IzEoM(x)

1 1
_PJTO;fQP(x) PJT‘;fH‘I(x) + —pJ,(;qu(X) pJT(Ir,KBHp(x)
p ’ g " s

v

(rz@ny )P rt@n w)
PIEEQP(x) P IEATI(x) 2 (PIEEQOTI() (P Tef Q! ()T ().

1 1
_PJ;]’f,Q,P(x) pJ;]l,KﬂHZ(x) + _erc]Y,KBQ2(x) PJ;II,KﬂHq(x)
p v ’ q " -

\%

(T 2QMTI))(P T2 Q P ()P (x)).

1 1
—PJEBO () PTEETI(x) + =P T EQ(x) P TSI (x)
P , Pl ,

\%

(pJ;;fQZ/p(x)Hz/p(x))(pJ;;pr_l(x)l_[q_l(x)),

(), [,
q
(T2 (oTI(x)) (P I QM (0)TI(x)).

PIEQ(x) P IE

%

Theorem 4.4. [17] Assume that the assumptions of Theorem 4.3 are satisfied. In addition, let

Then we have:

AIMS Mathematics

20

(M + p)?
4uM

2

@ 0

IA

(TP (x) PIEEIP () < (PIrEQnI(x)

V@00 e - (sgpaenc)
(VM - )
2/uM

2
(i) 0 < PISEQA(x) ISP (x) = (P2 Q(0)TI(x)

@) 0

IA

(PIrEQ(II()).
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(M= p)?
- 4uM
Theorem 4.5. [18] Assume that Q : [0,00) — R is an integrable function satisfying (H,). Then
we have:

2

(@EAEN ()

LI Q) P10 + T IQN) PT 01 (1) 2 PR P Q0) + P 0 0a(0) P 01 (0),
forallt > 0,a,p,6 >0,8,n,k, A €R.
Theorem 4.6. [18] Suppose that Q,11 : [0,00) — R are two integrable functions satisfying (H;) and
(H3). Then for all t > 0 and a,p > 0, B,n,k € R we have:
Q. (o a, 2
| A28 ) PTEQTI) - (PT0EQ() P T2 | < T(Q, 01, Q)T (L Ry, Ry),
where
T(.zw) = CIw(t) =PIy O)E T,y =7, 72(1)
+ A (@, P T y(D2(t) = P Tey(0) P T 2(n)
AT @) P Ty Ow(n) = 2Ty P 0w
—APE ) T (w(t) + P T 2(0) T w(e).
Theorem 4.7. [18] Suppose that Q,11 : [0, 00) — R are two integrable functions satisfying (H;) and
(H3). Then for allt > 0 and a,6,p > 0, B, 4,1,k € R we have:
(@) PTRQUE) PTEQa(1) + P TR P T ETI() 2 2TV LR (1) P T Qa(0) + P T2Q1) P T TI(R).
(b) PTRQ1 (D) PTTEQ) + P TRy (1) 2T TI() 2 2T 01 (1) P TRy (0) + P T2 TI(0) T2 Q0).
() PI00 Q1) P T R(1) + P TTET() P TRQUE) 2 P T Qa0 T2 QUE) + P T2 Ry (1) T TI(2).
(d) PTSCQE) PIR (1) + P TOETI) P T 2 PTE Q1 (1) PISQUE) + P TR (1) P T TI(R).

5. Griiss-type fractional integral inequalities via Hadamard’s fractional integral operator

Definition 5.1. [15] The fractional integral of Hadamard type of order @« € R* of an integrable
Sfunction Q(t), for all t > 1 is defined as

1 -l g
W) = s fl (10g£) Q(s)?s, 5.1)

provided the integral exists. (Here log(-) = log,(-)).

We present, by using Hadamard’s fractional integral, some Griiss-type fractional
integral inequalities.

Theorem 5.1. [19] Assume that Q : [1,00) — R is an integrable function satisfying (H;). Then, for
t>1, a,B>0, we have

#I? Q1O I Q) + 1J* QoI = 5 Qo) J? Qi(1) + I QO I Q).
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Theorem 5.2. [19] Assume that Q : [1,00) — R is an integrable function satisfying (H,). Let 6;,6, > 0
satisfying 1/6, + 1/6, = 1. Then, fort > 1, a,8 > 0, we have

1 (ogr
0.TBE+1)

N 1 1 (logn)” X
nl" (02 - Q") (1) + s (@-00")®

+ gJ*Q(OuJP Q1(0) + g QO IPT)
> yJ* QoI QU + g J QU IP Q1 (D).

Theorem 5.3. [19] Assume that Q : [1,00) — R is an integrable function satisfying (H,). Let 61,6, > 0
satisfying 6, + 6, = 1. Then, fort > 1, a,8 > 0, we have

(logry (log)* 4
0 ———— TG+ HJ O,(1) + 92F(a+ 1)HJ Q(1)
1
> 1 JU0s — O (D JHQ - 0)2(0) + 6, r((;gf)f "0
(logn)®
+ 2F(a+ )HJ 0:1().

Theorem 5.4. [19] Assume that Q : [1,00) — R is an integrable function satisfying (H,). Let p > q >
0, p # 0. Then, we have the following two inequalities, for any k >0, t > 1, a, > 0,

o - log £)°
) "2 = @ + L7 700 < Ly gu + =L (log?)
p p I'la + 1)

o ra q o, o, 4 (logt)®
(i) 1" Q= 0P () + LKF 417 010) < LUF yrrary + P Las 228
p p p  T+1)
Theorem 5.5. [19] Suppose that Q,11 : [1,00) — R are two integrable functions satisfying (H;) and
(H3). Then, fort > 0, a, B > 0, we have:

(@) wJPRi(OpJ* Q) + yJ* QoD JPI(E) = yJPRi(t)nJ* Qa(t) + nJ* Q1) JPIL(2).
(b) wIP QORI TID) + g R JPQ(t) > nJP Q1(DuI Ry(t) + nJPQOnJ TL(2).
(©) wPRy(OnJ* Qa(0) + I QO JPII) > yJ* QoD JPIL(E) + 1P Ra(t) i J* Q).
(d) gJ* Q1O R(1) + gJ " QO HJIPTI(D) > gJ* Q1O JPINE) + 1 PR (1) Q).

Theorem 5.6. [19] Suppose that Q,11 : [1,00) — R are two integrable functions satisfying (H,) and
(H,). Let 61,60, > 0 such that 1/0,+1/6, = 1. Then, fort > 1, a, B > 0, the following inequalities hold:
1 (log t)ﬂ 0 1 (logt)”
— JUNO, =) (1) + —
O 5 pr (@~ "0+ gt
HJ“(Qz - Q)(I)HJ'B(RQ — ID(®).

1 1
(i1) _HJa(QZ ~ )" (O P (Ry — T (1) + —HJ“(Rz — D)%) J*(Q2 — Q) (1)
HJ (2 = QR ~ DI (Qs ~ Q)(Rz - ID(@).

1 da I ¢
(i) _(ngf,, "= 0 (0 + D (it - Ry

6: F(ﬁ 6, F(Q’ + 1)
> Q- Ql)(t)HJ'B(H — R)().

ndP(Ry = T (1)

AIMS Mathematics Volume 9, Issue 1, 2244-2281.
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1 1
(iv) 9—1HJ"(Q — 0" (O (I = R)* (1) + 9—2HJ“(H ~ R)*(0)u I (Q — 01)*(1)
> yJU(Q = 0T = RO (Q — 0T = R)(®).

Theorem 5.7. [19] Suppose that Q,11 : [1,00) — R are two integrable functions satisfying (H,) and
(H3). Let 6,,0, > 0 such that 6, + 6, = 1. Then, fort > 1, a, 8 > 0, we have:

(log 1y’ 0N + (log1)*

TB+1) Ta+1)
> 1J"(02 = )" (0 (R, = TN (1) + 64 r(ggf)f)f[mm sy
(b) 015" Qo) JPRy(t) + 601 g Q) 1 JPTI(2)
+ Oy J Ry () JP Qo (1) + 02 JTL(E)  JPQU(1)
> 5J (02 — D (R, — ID* () JP (R, — ID" (02 — (1)
+ 011" Qo (O JPII(E) + 011 J* Q) JP Ry (1)
+ O J Ro() g JPQ(1) + O I T I* Qo (D).

(logt  racyisy + 6,980 soren

TB+1) T(a +1)
> W I*(Q = 00 (O (T = RN(1) + 6, %HJ“QM +6, r(zgj)l)
(d) 615 Q) JPTI(E) + 0,5 J* Q1 (D JPR, (1)
+ Oy JTIO I U + 025 J "R (D P 01 (1)
> 1J7(Q - Q) (T = R)® (1) JP (T = RY™(Q - 01)™(2)
+ 0,7 J QO PR (1) + 6,501 (1) g JPTI()
+ O J T JP Q1 (1) + 020 J"R1 (1) JPQUD).

(@ 6 #JPRa (1)

wJPII(D).

(o) 0,

uJPR (D).

Theorem 5.8. [19] Suppose that Q,11 : [1,00) — R are two integrable functions satisfying (H,) and
(H,). Then for all t > 1, @ > 0, we have

(logt)”

- #J°QOTIE) — g QORI TI()| < IT(Q, O1, 017 IT(L Ry, Ry)|?
(a+1)

where T(y, z,w) is defined by

Ty,z,w) = (gJW@) = gJ*y(®) (aJ*y(t) — 5J2(1))

1 (04

+F((Zg +f)l)HJ“za)y(r) ORI YD)

, (ogoy’
T+ 1)

oI wOY(t) = gJ W) g J y(1)

(log 1)

+HJQZ(I)HJQW(I‘) - F(a’ " 1)

HJQZ(I)W(I).

6. Griiss-type fractional integral inequalities via k-fractional integral operators

In this section we present Griiss-type fractional integral inequalities concerning k-fractional
integral operators.

AIMS Mathematics Volume 9, Issue 1, 2244-2281.
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6.1. k-fractional integral

k-fractional integral inequalities of Griiss-type are included in this section.

Definition 6.1. [20] The k-fractional integral of the Riemann-Liouville type is defined as follows:

1 ' .
I Q) = @ f (x=9)'Qs)ds, a>0, 1> a.

Theorem 6.1. [21] Assume that Q : [0, 00) is an integrable function satisfying (H,). Then, fort > 0,
a,B>0, k>0, we have

WJPOIORI QD) + 1 Qo IPQUE) = (I Qo IP Q1 (D) + 1T QUOIPQ).

Theorem 6.2. [21] Assume that Q : [0, ) is an integrable function satisfying (H,). Let 6;,6, > 0
such that 1/6, + 1/6, = 1. Then, we have fort > 0, a,8 > 0 and k > 0,

=™

'3

1 t - _ 6, l—
st (@-9")0+ g

+ 1 J* Qo (O JP Q1 (1) + R QUOIPQUD)
> 1 JE Qa0 JPQU) + (" QI 01 ().

Q- 00") (@)

Theorem 6.3. [21] Assume that Q : [0, ) is an integrable function satisfying (H,). Let 6,6, > 0
such that 0, + 6, = 1. Then, fort > 0, o, > 0 and k > 0, we have

=™

1 ., it
Hlmkf 0s(1) + szkj Q(1)
5
@ _ 01 /4] _ 0> L @ L /¢]
> JUQDr — Q) (S (Q = Q1) (1) + 6, o k)k-] Q1) + 92rk(a n k)kJ O ().

Theorem 6.4. [21] Assume that Q,11 : [0,00) — R are two integrable functions satisfying (H,) and
(H3). Then, fort >0, a, B> 0, k > 0 we have:

(i) 1 JPRi(t) JQWD) + 1J*Qa(®) JPTI(E) = 1 JJPRI(1) 1 J*Oa(t) + 1 J* Q1) 1 JPTI(D).
(ii) WJP Q1) 1JTI() + (I Ry(1) (JPQU) > W JPQ1(0) 1 J R (D) + 1 JPQUD) 1 JOTL(D).
(iii) 1J*Qa(t) WJPRo() + 1 J*Qt) (JPIN(D) > (I Oa(0) 1JPII(D) + W JPRy(2) I QU0).
(iv) WJOQ1OTPRI(1) + J*Q) (JPTI() > (J*O1(0) (JPTI() + (JPRi(D) 1 J*QA0).

Theorem 6.5. [21] Assume that Q,11 : [0,00) — R are two integrable functions satisfying (H,) and
(H3). Then for allt > 0, @ > 0,k > 0, we have

a

Fa s Y Q0ON0 = Q0 T < NT(@Q, 01, 0T(L Ry Ro),

where
T(y,z,w) = (i JW@) — JY®) (R J (@) = 1S 2(1))
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+m W Z@)y(t) = J2(t) (S (1)
+mJ"w(t)y(t) —i JTw(t) ( JUy(1)
1720 W) — — T (OW(D).

Fk(a + k)

Theorem 6.6. [22] Assume that (H) holds on [x,, x,] and p be a positive function on [x,, x,]. Then for
allt >0,k > 0,a > 0, we have )
WJ2 p(0))
4

(w2, () (12, POROTID) = (2, PORD) (%, POTI)| < ( (@0 — M) — p).

Theorem 6.7. [22] Let the assumptions of Theorem 6.6 be satisfied. Then, forallt > 0,k > 0,a,8 > 0,
t he following inequality holds:

| (k75 P) (%, PORWOTW)) + (15, p)) (5, POQOTLD) ) = (5, PO )5 POTID))
(8 PR (% pOTIO)|

{([(a2 p) = (1% PO |[ (2, PR = W2 p(0))]

+{ (172 pOQ(D) = m( T2, p)|[M (5 p®) - (%, pQ))|}

x{[$ (2 p0)) = (2 pOTID)]| (5 POTID)) = p( T2 p(0))]

(w2 pOTI®) = p(T% pO)|[B(: p) = (2 pOT))] -

IA

6.2. k-fractional integrals of a function with respect to another function

Definition 6.2. [23] Let  be a positive and increasing function on [xi, x,]. Then the left-sided and
right-sided generalized Riemann—Liouville fractional integrals of a function Q with respect to another
function ¥ of order a > 0 are defined by

Q,'ﬁ —_— 1 ft _ %—1 ’

S0 = s | W0 = w o) s, 1> 0.
@, 1 2 a_ ,
T80 = s f W)~y )W ()Qs)s, 1 < x2.

Theorem 6.8. [23] Assume that Q : [0,00) — R is an integrable function satisfying (H;). Then, for
t>0 a,8>0, k>0, we have:

I 00T Q) + T3 0,05

o o 0LQ) > I 08, 000 + Tyl Q0T

0+,k +,k 0+,k 0+,k'Q(t)'

Theorem 6.9. [23] Suppose that Q,11 : [0, 00) — R are two integrable functions satisfying (H,) and
(H,). Assume that  is a positive and increasing function with y(0) = 0 and ' continuous on [0, o).
Then, fort >0, a, > 0, k > 0 we have:

Ri() ™ Q) + ™ 0,(1) IV

-\ By
(i) J; 0+.k 0+.k 04k

o () > I8 Ro(D) Ty Oa(t) + T30 Q0 J5Y

0+,k 0+,k O+,kH(t)‘
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(ii) Jo, Q10 T T + Tl Ra() Tl Q0 2 T 00(0) T Ro(t) + T Qo) TG TIG).
(iii) J3", 0a() kIt Ra(t) + T3 Q1) JoY TI() > Jg 0a(t) oV TI(0) + J6 Ro(0) T3 Q).

(iv) Jo QuOISL R0 + Jo Q) IV 10 > T30, 000 I T + T3V Ri(6) Jg Q).
Theorem 6.10. [23] Suppose that Q,11 : [0,00) — R are two integrable functions satisfying (H;)

and (H,). Assume that  is a positive and increasing function on [0, o) such that y(0) = 0 and ' is
continuous on [0, 00). Then for all t > 0, a > 0,k > 0, we have

ZGLII. . a,
T.(a + k) Jo QU = Jg! Q) Jo ()| < NT(Q, 01, 0)T(L R, Ry),

where

T(zw) = (Jolw® = JY0)(Joly® — Johz o)

% Jorr 2Oy (@) = 577 2(1) Jgfky(;)
YO ey w(t)y (@) = Jg . w(@) Tl ()

T(a + k) 0k
@y ay th @y
+JO+,kZ(t) JO+,kw(t) - m JO_'_,kZ(l')W(f).

7. Griiss-type integral inequalities via Raina’s fractional integral operators
Definition 7.1. [24] The function  is said to be L, ,[x,, x,] if

2 1/p
(f Qe)Prdr) " < oo, 1<p<oo, r>0.

X1

Definition 7.2. [24] The I'; (generalized gamma function) is defined by

(§A] Z-1
L) = lim RO,
n—0oo (Z)nk

Definition 7.3. [24] The function ¥ ‘;’lk is defined by
?;(T/,lk(z) — ?;53(0),0'(1),...,),/{

N o(m)
IR EEEN m’ ) /1 07 C’ R7
mZ:O okm v 0° - 4> 0 eeC k<

where R € R* and o = (o (1),...,0(m),...) is a bounded sequence of positive real numbers.

Definition 7.4. [24] Letk > 0,1 > 0, p > 0 and w € R. Assume that  : [x, x,] = R is an increasing
function for which ' is continuous on (x, x,). Then the left and right generalized k-fractional integrals
of the function Q with respect to ¥ on [xy, x,] are defined by

I Q) = fz v ~F 7 -y 1Q0dt, z>
p.Ad.a+;w (Z) Xl (l//(z)_lp(l,))l—Z o w(lﬁ(Z) w( ))P () > X
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and

gﬁ;w<@—f“(Mﬂwigyaﬁﬁ[omn—w@ﬂemw,z<m,

respectively.

Theorem 7.1. [24] Let p, 1,6 > 0, w € R, Q € L, ,[x;, x,], and (H,) holds. Then we have:

T QT Q(x) + JTa OV, Q)

p/10+w ,0,0+;0 A1,0+;w
o-kw ok ok oky
2 S 5040 @10 04, @2 (1) + U, 50+:052X X)) 0410, S2(X)-

Theorem 7.2. [24] Under the assumptions of Theorem 7.1, we have:

JT QI TRY Q) + ITh OV, Q)

p/10+w ,0,0+;0 ,0,0+;w ,A,0+;0

> 00 Q1IN 02(0) + I Q0T Q).

Theorem 7.3. [24] Letp, 4,6 > 0, w € R, Q,1I1 € L ,[xy, x] satifying (H,) and (H,) for all x € [0, o).
Then we have

‘J e QOOI(x)As(x) + J ko QO)II(x)A(x)

£,4,0+;0 £,4,0+;0

_Jo'kl,b Q( )JO'kl/l H( )_ o'kl,b Q( )JO'kl/l H(X)

£,4,0+;0 ,0,0+;w £,0,0+;w ,A,0+;w
< (PZY (0, - 0k, - ko),

where A, and As are defined as

A2) = WE)ITF, M(w(w(Z))p ) and As = W)IF, 5+1(w(t//(Z))p)
respectively.

Theorem 7.4. [24] Under the assumptions of Theorem 7.3, we have

0] T 00 @IS U + 7S RO, Q)

> I RIITNT, 020 + I IO Q0),

@) I R + I I 01)
> 0 IS0 Q) + I RIS 01 ),

i) I @I 1) + T Q00T R )
> I QOIS 1) + T RO, 0a(),

(iv) g @I I 50, JIG) + 70 QT R ()
> o QI ) + T 01T, R ().

Now we present certain other associated fractional integral inequalities.
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Theorem 7.5. [24] Leta,B> landa ' +B7' =1,and Q.11 € Ly ,[x1, x2]. Then we have:

(i) a” A (DI QN(x) + B AT TP (x)
PAUFS P40+
> T QT ().
i : 0-/]1(0+'w ?§0+'w } U/Il(0+~w T§O+'w
(i) A T QIO ) + BT JPTT QF(x)
> J QI Q(OT(x).
(iif) a I SIS TP + BT QP T (x)
> T QI (075 QTP (x).
(iv) a I QI P + BT TR0 Q% ()
> T QT I (07 QoTI(x).
) a I QU7 TR(x) + BTN TP (0T Q(x)
PV P00+ P40 P40+
> J SQOII TS, QP TT (x).
(vi) a ' I SIS TP + BT QM) T (%)
> T ORI T QT (oI (x).
(vii) a” ATy, QO () + B AT, TP ()Q(x)
> T SO (0T QT (x).

Theorem 7.6. [24] Assume that Q,11 : [0, 00) — R are two positive and integrable functions such that

Q1) Q1)
= min —=, = max —.
K= e Q1) o<t<x I1(¢)

Then we have

(@ 0 < Joyy Q@I ) < per M7 Y (70 QM)
(b) 0 < \JITH0 Q2ITEY TR() — J75 Q(oTI)
_ 2
< M- 2 J7R - O(x0)T(x)
) W 0,4,0+;0 ’
a, a, a, 2
(©) 0 < JIw QPIT TP = (J75, QTI(x))
(M_ )2 o, 2
R (ke Qol()

4uM
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8. Griiss-type inequalities via tempered fractional integrals concerning another function

In this section we define a generalized left sided tempered fractional integral with respect to another
function. Then we present Griiss-type integral inequalities.

Definition 8.1. [16] Suppose Q) € L,[0, oo) and the function s : [0, c0) — R is positive, and increasing
with continuous derivative and y(0) = 0. Then the Lebesgue real-valued measurable function Q defined
on [0, o) is said to be in the space X, (1 < p < o) for which

il = ([ 100w oa)” <. 1<p<o

X1

When p = oo, then
1Qllxs = ess sup [y (NQN].

0<t<oo

Definition 8.2. [25] Suppose that k,& € C with R(k) > 0 and R(€) > 0. The tempered fractional left
sided integral is defined by

1 [ ,
Gy JQ)(1) = o f et — o) 'Q(s)ds, t> x.
X1

Definition 8.3. [26] Let Q be an integrable function in the space Xl’;(O, o) and assume that  :
[0, 00) — R is positive, and increasing with continuous derivative and y(0) = 0. Then the generalized
left sided tempered fractional integral of a function Q with respect to another function  is defined by

(KPJK,EQ)(I) = % f e‘f(‘”(’)“”(”)(gb(t) — lﬁ(S))K_llﬁ/(S)Q(S)dS, >0,
0

where £ > 0, k € C with R(k) > 0.

Theorem 8.1. [27] Suppose that Q € Xf;(O, o) and assume that  : [0,00) — R is positive, and
increasing with continuous derivative and y(0) = 0. Moreover, we assume that (H) holds. Then for
t>0,k1>0, we have

YIEQ00(0) VIHEQ() + Y TEQUN VI 01 (1)
> VIO VTR (0) + T VI Q®).

Theorem 8.2. [27] Assume that Q,11 : [0,00) — R are two integrable functions satisfying (H;)
and (H,). In addition, we suppose that  : [0,00) — R is positive, and increasing with continuous
derivative and y(0) = 0. Then, for t > 0 and k, A > 0, the following inequalities hold:

(a) VIEQu(r) VI + Y IEQ() YT R (1)
VI 00() VIR (1) + Y IEQ() Y IHTLD).

\%

(b) VI 01(0) PTG + VTR (1) VT Q)
VI01(1) VIR (1) + Y IO VI,

\%
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(c)

(d)

VI 0(0) VIR (1) + Y T Q() Y T T
VI 00(t) VI + Y T Q() Y TR (D).

\%

VI01() VIR (1) + Y IEQ(n) VI
> VIS0 VIR + Y TQ@) VIR, (7).

We present in the next certain other types of inequalities for tempered fractional integral.

Theorem 8.3. [27] Assume that the assumptions on Theorem 8.2 hold. If p,q > 1 are such that

1 1
— + — =1, then, for t > 0 we have:

P q

(&)
>

(i)
>

(iif)
>

(iv)
>

1 1
=V JEQP (1) VIR (1) + =V JTI(e) Y I QA1)
p q

Y JEQUOTI(E) Y JTI(HQUE).

1 1

_'PJK"fQP(t) lﬁJ/l,pr(t) + —‘”JK’qu(t) lﬁJﬂ,&Qp(t)
p q

VYT (O)QP (1) YT TTO)Q().

1 1

—VJEQP () Y THETI (1) + =V THTI(r) Y T QA (r)
p q

v JREQHP(HITY (1) Y TS QUNOTI(Y).

1 1

=V JEQA() Y IMTIAE) + =V THETTA (1) Y I QP (1)
p q

VIEQPTH O (1) Y THEQT P (HITA(r).

Theorem 8.4. [27] Assume that the assumptions on Theorem 8.2 hold. If p,q > 1 are such that

1 1
—+ — =1, then, fort > 0 we have:

P 4
(@)

(b)

(c)

(d)

1
p

AIMS Mathematics

\%

\%

\%

>

JAASTORNAS VOB AN AL (GRNA ()
VISQP(OIT(E) Y THE QI ().

p Y IEQPT () YT QOITAE) + q VT (1) VI Q)T
VISTI(E) VT QP ().

p Y TEQ() VI (1) + q Y IETTn) Y T QA1)
Y JYQP(OII(E) Y JTIY(H)Q(¢).

p Y TEQAIP (I Y I (1) + ¢ VI (1) VI (TP (1)
VIYEQA (1) Y IHETIR (D).
Theorem 8.5. [27] Assume that the assumptions on Theorem 8.2 hold. Let p,q > 1 be such that

— 4+ — = 1. Suppose that
q
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Then, fort > 0 we have:

_ . . (K+H)?, 2
(i) Y Q1) Y THETIA®E) < W(M fQ(t)H(z)) ,
(i) 0 < WJHEQ0) VIHIT() — (Y TQMII())
VH - VK
< —— " (YJ“QMII()),
VT L)
(i) 0 < YJ¥QX) ””J""fl'lz(t)—(“’J’(’fQ(t)H(t))z
H-K v i 2
< TR ( J Q(t)H(t)).

9. Griiss type integral inequalities for conformable fractional integrals

In this section we deal with Griiss-type integral inequalities concerning conformable
fractional integrals.

9.1. Griiss type integral inequalities for generalized n-conformable fractional integrals

We now introduced the definition of the generalized mixed n-conformable fractional integral.

Definition 9.1. [28] Assume that Q : [x1,x;] —» Rand @ € C, R(a) > 0, p > 0, n is defined on
[x1, x2] X [x1, X2]. Then the mixed left n-conformable generalized fractional integral of Q) is defined by

X2

JQ(x) = L Q(s)((ﬂ(xz, $)Y — (o — x +n(xp, x1))° )“—1

((x2, $))~"ds,
r(a) x1+n(x,x1) P

and the mixed right n-conformable generalized fractional integral of Q is defined by
i) (x—b o ot
JHPQ(x) = Q(S)((TI(S, x))f = (x = b+ n(xa, x1)) )

-1
I J, ; 1(s, 30y~ ds.

Theorem 9.1. [28] Assume that Q : [0, 00) is an integrable function satisfying (H,) and t > 0,
a,fB,p > 0. Then, we have:

TP QLT Q) + T3P Qo) IEPQ(E) = T5° 0205 Q1) + TP QTP Q(1).

Theorem 9.2. [28] Assume that Q,I1 : [0,00) — R are two integrable function satisfying (H,) and
(Hy)andt > 0, a,B,p > 0. Then we have:

(i). TSPRI(DT QD) + J5* QoI TI(E) = JE Ry ()T Qa(0) + T3P QTS TI(D).
(ii). Jo2 QU O TI(E) + TS Ry ISP Qt) = J5° Q1 ()T  Ry(D) + o2 Q1) T P TI(D).
(iii). J3* QaOT Ro(0) + TP QI T = Ty ? Qa(t) o TI(E) + JEP Ro (DT Q).
(iv). J3? Q)T Ry (1) + Ty QOIPTIE) = Ty * Q1 (DT TI(E) + o Ry (6T (1),
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Theorem 9.3. [28] Assume that Q,11 : [0,00) — R are two integrable function satisfying (H,) and

(Hy)andt > 0, a,B,p > 0. Then:

Ja,pQ(t)H(l,){(n(XZ, X1+ x)) — (g =14+ 000, x))P)" (00, x1) — (X — 1+ 17(x, Xl))p)a}
g I+ 1)p~ I'a+ 1)p”

—JEPQO T

< T(©Q. 01, 0)T(L R, Ry),

where

T(u,v,w)
= (TP = TP )T ut) — JEOD) + TPv(eu()
X{(U(xz,xl + 0, 1)) — (0 =1+ 000, x))* (100, 1) = (0 — 1+ 1(x, X ))p)d}

I'a + 1)p® I'a+ 1)p®
IV ()
+J;]r,pw(t){(77(xz, X1+ 0t x)) — (= 14000, x)P)* (g, x1)° — (0 — 1 +n(x, xl))p)a}

I'(a + 1)p® I'a + 1)p®
—J3Pw(O) Iy u(t) + I () I3 w(r)
(1Ce2, X1 + (8, X)) — (X1 — 1+ (x, x)))* (702, 1) — (1 — 1+ 17(x2, xl))")"}

Iy vmo] T(a+ )p° T(a+ pe

9.2. Griiss type integral inequalities for (k, s)-fractional conformable integrals

The (k, s)-fractional conformable integral operator is defined as

Definition 9.2. [29] Let Q be an integrable function, a € C, R(a) > 0 and s > 0. The (k, s)-fractional
conformable integral operator is defined as

I7Q(1) =

7% ! a_
@ f [0 =2 = = x| =), 1€ [l

Here, we present Griiss type inequalities involving the (k, s)-fractional conformable integral 1,”°
defined in Definition 9.2.

Theorem 9.4. [29] Assume that Q : [0,00) — R is an integrable function satisfying (H,) and
k,s,a,B > 0. Then we have:

I Q1O Q1) + I QoD Q1) 2 I QoI Q1 (1) + I QDI Q(b).

Theorem 9.5. [29] Assume that Q,1I1 : [0, 00) — R are two integrable function satisfyingt (H,) and
(Hy) and k, s,a, 8 > 0. Then we have:

(i). B°Ri(OIPQ0) + I Q(OL " TI(t) > IRy (DI Q1) + [P QO TI(D).
(ii). I° QDI TI(E) + [P Ry(OI° Q) > I Oy (DI Ro(t) + I TLO I Qo).
(iii). I”* QO Ro(t) + I QO TI(E) > I Qo (0L *TI(E) + I Ro(DIT QD).
(iv). IO\ R (1) + I QO TI() > I O (O TI() + I Ri(DIT QD).
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Theorem 9.6. [29] Assume that Q,11 : [0, 00) — R are two integrable function satisfyingt (H,) and
(Hy) and k, s,a > 0. Then we have:

s‘%(t - xl)%

@+ b IZ’S<Q<I>H<0)—If’sf!(f)IZ’SH(r)\ > VTUQ, O1, 0T (11, Ry, Ry),

where
Ti(x,y,2) = (I7°z(t) = L x(O)I"* x(t) — I,"*y(1))
S_%(t - .X])% a,s a,s a,s
mlk (Ox(0)) = Ly x(1)
sTH(t—x)F
Ii(a+ k)
STR(t—x) T

_WIZ S()2(0) + 19O 7).

L7 @()x(@) — L 2(0)17 x(1)

Definition 9.3. [30] Let A € C,R(1) > 0. We define the left and right sided fractional conformable
integral operators as

1 1 o= xf ==\l Q)
WD = 1 fl( . ) o

A L a0 = (n -\ Q)
XZJ#Q(X) - (1) v[ ( )

H (xp = )lw
For the results in this section we consider x; = 0.

Theorem 9.7. [30] Suppose that Q : [0,00) — R is an integrable function satisfying (H;). Then for
x,a,B >0 we have:

BIHOL (1) CTHQ(t) + T Qx (1) PIHQUE) > “JF O1(H) PIF O, (F) + “JF Q1) PI*Q(1).

Theorem 9.8. [30] Assume that Q,I1 : [0,00) — R are two integrable functions satisfying (H,) and
(H,). Then for x,a, 3 > 0 we have:

(1) PJFR (1) “J*QUE) + “JFQy (1) BJFTI(E) > JF Oy (1) BJFR, (t) + “JHQ(2) PIFTI(?).
(2) BIFQ (1) CJFTI(E) + CJFR, (1) PIHQU(E) > Y JHQ (1) PIFRL (1) + JHQU(1) PIHTI(E).
(3) “THQ () PIFR (1) + *JFQUE) BJFTI(E) > T Qy() PJFTI(1) + PIFR,(2) @ JHQU2).
(4) “JHQ1 (1) PIFR (1) + *JFQ(1) BJFTI(E) > *JF Q4 (1) BJFTI(1) + 2 JHQU(t) PIFR, ().
Theorem 9.9. [30] Assume that Q,11 : [0,00) — R are two integrable functions satisfying (H,) and
(H3). Then for x,a,B > 0 we have:
U

ul'(a+1)

C QNI — “T*Q(t) *J'TI(D)| < T (Q, Q1, 02)T(IL, R Ry),

where
T(y,z,w) = (“Jw(t) = “Jy@0))(*Hy() — T z(1))
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e

_l_—
ul'(a+1)

g

T (O)y(t) = T () “ T (1)

S w(D)y () = T w(n) “ I (1)

e

+QJMZ(I) aJ#W(t) - maJ#Z(l’)W(I).

+—
wT(@+ 1)

10. Griiss-type integrals inequalities via generalized proportional gractional operators

Definition 10.1. /[31] The proportional fractional integrals, left- and right-sided, of a function Q of
order @ and o € (0, 1] are defined by

1 ! o-1
I(I,O'Q f) = T(t—s) f— a—IQ d
100 = — f TN~ 5y s)ds,
and .
)
1% Q(1) = %4(“_’) —¢ (z—IQ d ,
W00 = s f e’ (s — "' (s)ds

where a € C, R(a) > 0.

In what follows, we present Griiss-type inequality with the help of the proportional fractional
integral defined above.

Theorem 10.1. [31] Assume that Q : [0, 00) — R is an integrable function satisfying (H,). Then:
P7Qi(0IQ(t) + 177 Qo()IPTQ(1) > 17 Qo(DIP7 Q1 (1) + IP7 QN IP7Q(1).

Theorem 10.2. [31] Let o € (0, 1]. Suppose that Q, 11 : [0,00) — R are two integrable functions
satisfying (Hy) and (H,). Then the following inequalities hold:

(a) IPTR (DI Q) + 1% Qx(HIPTTI(E) > IPTR(HI* Qa(2) + [ Q) IPITI(2).
(b) IP7Q,(OI*TI(t) + I Ry () IP7Q(t) > IP7 Q1 ()" Ry(t) + IP7 Q)™ TI(2).
(c) 177 Qr(OIPT Ry () + 17 Q) IPTI(f) > 177 Qr()IPITI(1) + IP7 Ry (1) I*" Q).
(d) 1% Q (OIP R, (t) + I*"QOIPITI(E) > 1% Q(OIPTI(E) + IPTR (DI Q(2).
1 1
Theorem 10.3. [31] Let x > 0, a,8 > 0, and p, q > 1 satisfying —+ — = 1, and Q,I1 : [0,00) — R be
J 2}

two positive integrable functions. Then we have:

. 1 @,0 a 1 a,0 a
(i) I—)J0 TQP(x) JETTIP (x) + Z]JO; I19(x) J5:7 Q¥ (x)

\%

(757 Q)57 QEOTI(x)).

1 1
(if) ;J{;’fm(x) JETQP (x) + ngfﬂp(x) JSOT(x)

W%

(57 QI () (T QTI(X).
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(iif) I%Jgfl'lz(x) JEQP (x) + é]ﬁfgz(x) JEOTI (x)
> (JA7QYITP ()T QOTI()).
, l 5o 0o (2 [y "
(iv) ;Jo+ IT(x) Jy 7 Q°(x) + 5J0+ QP (x) Jo7TI7(x)
> (57Qr )Ie! (0)(J5 QP OITP ().

Theorem 10.4. [31] Let the assumptions of Theorem 10.1 be hold. In addition, let

_ ~ max 2O
=0 gy and M=maxgs
Then, we have:
a,0 a,o (M + ,U)2 a,0 2
(@ 0 < (J5rQ) J5 () < 4#—M(10+ Q) -

A

(0) 0 < \JTerQ2(x) Jo () - (J57 QT)
(VM -
2\/uM

(V57 Q).

2

(©) 0 < JETQ(x) JETIP(x) = (157 QoTI(x)
M=) oo 2
< 4M—M(Jo+ QI(x)) .

Definition 10.2. [32] Assume that Q is integrable and s is a strictly increasing continuous function
on [x1,x;]. For o € (0,1], « € C,R(a) > 0, k € R*, we define the left- and right-sided proportional
k-fractional integrals, respectively, as

o—

STQ(t) = m f "7 VOV (1) — () Y (9)Q(s)d s,
k k X1

and

WO = m f " VIO () — ()W (5)Us)d,
kKL g t

In what follows, we present Griiss-type inequality with the help of the generalized
k-fractional integral.

Theorem 10.5. [32] Let Q,11 : [0, 00) — R be positive integrable functions. satisfying (H;), (H;) with
positive integrable functions Q1, 0>, Ry, R, and  be a strictly increasing continuous function. Tthen
the following inequality also holds:

MUZOREI(O

_ k,lﬁ](l,(rQ(t)H(l) _ k,wlaf,a'Q(l) k,(//I(l,()'H(l,)
o(a)
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< NT(Q 01, 0)(OT(IL R, Ry) (1),
where
Lig(e) — Ot (171 + wiad0))
40 iT(@) kw [T Q(£)TI(1)

T (u, v, w)(t) = - (k"/’l"’”(u)(t))z.

11. Griiss type integral inequalities for generalized Riemann-Liouville fractional
integral operators

Definition 11.1. A function Q is said to be L, [x1, x,] if

2 1/p
(f Q(r)Pr'de) " < 0o, 1< p<oo, s20.
Definition 11.2. [33] Let Q € L, ([0, c0). The Riemann-Liouville generalized fractional integral of Q
of order a > 0 and s > 0 is defined by

(s + i@

IQ’SQ(I) = W

t
f(ts+l _ Ts+1)a—1TsQ(T)dT, re [_X,'I,XZ]-

1

In this section, we present some Griiss type inequalities via the fractional integral defined in
Definition 11.2.

Theorem 11.1. [34] Let Q € L, ([x, x;] satisfying (H,) and k > 0, s > 0, a,8 > 0. Then we have the
following inequality:

P30 (OIS Q1) + I Qr (OIS Q1) > I Q2 (DIP 01 (1) + I Q) IPSQ(1).

Theorem 11.2. [34] Assume that Q,11 : [0, 00) — R are two integrable functions satisfying (H,) and
(Hy) and k >0, s >0, a,B > 0. Then we have the following inequalities:

(i) PPSRU(DI™SQE) + 17 Qa(DIPTI() > IPSR ()% Qs (1) + 1% Q(O)IPTI().
(ii) IP5 Q1 (DI TI(1) + I Ro() IP* Q1) > IP* Q1 (DI Ry(£) + I TI(1) P+ QU(1).
(iii) 1% Qs(DIPSRy(1) + 19 QOIPSTI(E) > 175 Qs (DIPSTI(E) + PSRy (£) %S Q(1).
(iv) 1% Q,(OIFSR\ (1) + 1% QOIPSTI(E) > 1740, (HIFTI(2) + PSR (D)™ Q(¢).

Theorem 11.3. [35] Under the assumptions of Theorem 11.2 we have for all t € [xy, x;], s = 0 and
a>0

(S + 1)—al(s+1)a

Far D1 QOO - QW] < \T(@, 01, OOT LR, R),

where
T(x,y,z) = I"z(t) = 1" x(0))I* x(t) — I*"y(1))

(S+ 1)—at(s+1)a s s o
—————— [ y(O)x(@) = I ()" x(1)

[a+1)
—a4(s+Da
%’ UOx(O) = I ZDI x(0)
1)@ (s+1)e
O+ YOI
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Now we define (k, s)-Riemann-Liouville fractional integral.

Definition 11.3. [33] Let Q : [x1, xo] — R be a continuous function. Then (k, s)-Riemann-Liouville
fractional integral of Q of order a > 0 is defined by

@

,s (S+ 1)]_k ' s+1 s+H1NE-1__s
S0 = = ) @ T ramdr el ),

where k > 0,5 € R\ {—1}.

Now, for the generalized (k, s)-Riemann-Liouville fractional integral defined above, we give some
Griiss type inequalities.

Theorem 11.4. [35] Let Q € L, ([x1, x;] satisfying (H,) and k > 0, s > 0, @, > 0. Then we have the
following inequality:

T 01T Q1) + T2 0a(DQ0) = T2 Qa(8)5°,01(1) + T2 Q)T (1),

Theorem 11.5. [35] Assume that Q,11 : [0, 00) — Rare two integrable functions satisfying (H,) and
(Hy)and k >0, s >0, a,8 > 0. Then we have:

(i) T Ri O30 + T3, 0a(007 1) 2 TR (075,060 + 1152007 1160,
(ii) T2 Q10T TI(E) + TS Ra(DT2 Q) = T2, 01 (DTS Ra(0) + TE T T2, Q).
(iii) T QoD% Ro(t) + T QO TI(0) = T2 Qx(0)10" T1(@) + T2 Ro() 2 (1),

(iv) Jg;kaI(t)Jffle(t) + Jffl’ka(t)Jfka(t) > J;’kal(t)Jfka(t) + Jf;fle(t)Jg;ka(t).

Theorem 11.6. [35] Under the assumptions of Theorem 11.5 we have for all t € [x1,x;], s > 0
and a >0

(s + 1) E0%
—— L J QM) = J Q)T TI(¢
Tiat b o 1 S2OIE) = T Q0T ()

< (TiQ, 01, ONT{(IL Ry, Ro),
where

Tixy,2) = (20 — T xO)Ix0) — I 5(0)

(s+ D7EODE s o gas
S Ox(@) = Ty x(1)

(e + k)
(s + 1) koD% N -
TTarR akO¥0 = SO S
(s+ 1)7Fe60E o
e OO + IO,

12. Griiss-type fractional inequalities via Caputo-Fabrizio integral operator

In this section, we present the Griiss-type fractional integral inequalities involving the Caputo-
Fabrizio fractional integral.
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Definition 12.1. [36] Assume that € R such that 0 < a < 1. We define the Caputo-Fabrizio
fractional integral of a function Q of order a by

I5,0) = ~ f ()90(s)ds.
0

Theorem 12.1. [37] Assume that Q : [0, 00) — R is an integrable function satisfying (H,). Then, for
t>0 a,8>0, k>0, we have:

15, Q0I5 Q0 + 15,0015 Q1) = 15,0201, 01() + I, Q)1 Q).

Theorem 12.2. [37] Suppose that Q,11 : [0, c0) — R are two integrable functions satisfying (H,) and
(H3). Then, fort > 0, a, B > 0, k > 0 we have the inequalities:

(a) I tle 13O0 + 13,0:0 I 11(0) > I8 Ri(1) I3,0:(0) + 15,Q00) 12, 11(0).
(b) 15,0, 10 + IR0 I 20) 2 ,le T Rat) + Iﬁ Q) 3,100,
(c) Ithxr)k Ra(0) + Ig,m) () > IthZm 10 + 12 Ro(t) I3, 90).
(d) 13,0108 Ry + 13,00 1,110 = I5,0,(0) TI0) + 1 R1<r> 13, 90).

Theorem 12.3. [37] Assume that Q,11 : [0, 00) — R are two integrable functions satisfying (H,) and
(H,). Then for all t > 0, @ > 0, we have:

(=1 -t mowno - 1.em 10| < VT@ 6 0TIk Ko,

where
T(zw) = (5w — J0)(Isy® - I5,20)

1= i 00— 1,260 0

1= e g w0 ~ I w0 5,500

+I 20 I w() + (5 ! ~[1- eIz 20w,

13. Griiss-type fractional inequalities for Saigo fractional integral operator

In this section, Griiss-type fractional integral inequalities are presented via Saigo fractional
integer operator.

Definition 13.1. [38] Assume that a > 0,,n € R. The Saigo fractional integral I&’f”’[Q(x)] of order
a for a real-valued continuous function Q is defined by

—-a—8
Iﬂ( )
where ,F| is the Gaussian hypergeometric function defined by

O (@n(D),X"

|
- (O)n!

PO = f (x— D" ,F, (a +B,-na;l - —)Q(t)dt

2Fi(a,b;c; x) =
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and (a), is the Pochhammer symbol

I'(a+n)
[(a)
Theorem 13.1. [39] Assume that Q,11 : [0, 00) — R are two integrable functions satisfying (H,) and
(H3). Then for all x > 0, > max{0,-6},8< 1,8—-1 <n <0, one has
| F(l _B + 7]) Ia,ﬂ,n
(1 -8T +a+n)xk
< VT(Q, 1(0), Q2())T (L Ry (x), Ry(x)),

(ao=1, (@,=aa+1)---(a+n-1) =

[QOTI(x)] - I§ 27 [Q(0)11; 2 [T(x)]

where
T(a,b,c) = (]gfﬂ”[c(x)] - I&f’"[tl()é)])(l&f’"[a(x)] _ I&’f’"[b(x)])
I'a-pg+n B b vt
TABT( +a+ g o [b()a(0)] = 1, b)) [a(x)]

n F(l _ﬂ + '7) Iw,ﬁ,n
(1 -BT 1+ a+n)xB O

[e(x)a(x)] = Iy " [c(0)) g ¥ a(x)]
r(l - ﬁ + 77) Ia,,B,n
(1 =BT +a+n)xp 0

Theorem 13.2. [39] Suppose that Q,11 : [0, c0) — R are two integrable functions satisfying (H,) and
(H3). Then for all x > 0, @ > max{0, -8}, ¥ >max{0-¢},B< 1,86-1<n<0,p<1,0-1<<0,
we have:

P BN o] + 6]

(@) 154101 (01 27 Q)] + I Qo ()1 4 [Q(x)]
1741050 201 ()] + I 2T Q) P4 [Q()].

\%

(b) I IR NG Q)T + I "1 Q2(01 g 4 T1(x)]
IR ()1 102 (0] + I 2 1Q(0) ¢ [T(x).

W%

© QMG ] + I R0 g Q0]
1710 OGP R ()] + Iy P [uQ(0) g 7 [TI(x)].

2

@ QM [Ra(0] + I Q)M ()]
I Qa () P4 [TI(x)] + Iy P [Ry(0)1I 27 [Q()].

v

(e) 12O (M P4 TR ()] + I P IQ(o1 1) ¢ [T1(x)]
> PPN P MI)] + Iy TR (011 P Q()].

\

We define a fractional integral KA associated with the Gauss hypergeometric function as follows:

Definition 13.2. [40] Let Q € C,.. For a > max{0,—(n+ 1)}, n—B > -1, B < 1, we define a fractional
integral K*Pf as follows:
ra-pr@+n+1)

K00 = =5 =g )

LI,
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where Igf’” f is the right-hand sided Gauss hypergeometric fractional integral of order a defined in
Definition 13.1.

We present integral inequalities of Griiss type for the above defined hypergeometric
fractional integral.

Theorem 13.3. [40] Let Q,11 € C, satisfying the condition (H) on [0, o). Then for all t > 0, a >
max{0,—(n+ D}, n =B > —1,6 < 1, we have

|Wmmmw%Kmmmwmmms%%—mw—m

Theorem 13.4. [40] Let Q and Il be two synchronous functions on [0, ). Then the following

inequality holds:
K1) > K*P1Q(n) K“PT(D).

Another fractional integral operator K*#7° associated with the Gauss hypergeometric function is
defined as follows.

Definition 13.3. [41] Let Q € C,,.. For @ > max{0,-(0 +n+ D}, n -8 > -1,8< 1,6 > —1 we define
a fractional integral K%P°Q as follows:

T(1-AT(@+6+n+1)

K*5190)() =
T(p—B+DIGE+ 1)

PEIPO0),

where Igf’”’5Q is the right-hand sided Gauss hypergeometric fractional integral of order « defined by

—a—f-20 X

L1000 = =5
0

t

O = 0" 2F(a+B+ 6, -mai 1 - —)Q(dr,
X

and ,F is the Gaussian hypergeometric function defined in Definition 13.1.

We establish two Griiss-type fractional integral inequalities involving the Gauss
hypergeometric function.

Theorem 13.5. [41] Assume that Q11 : [x1,x;] — R are two integrable functions satisfying the
condition (H) on [0, ). Then, for all x € [0,0), @ > 0,6 > —1,and B,n € Rwitha + B+ 6 > 0 and
n <0, we have:

. 1
K QOIE) — K™ QOK M T(0)] < 200 = m)(H = )
Theorem 13.6. [41] Suppose that Q,I1 : [0,00) — R are two synchronous functions (i.e ((t) —
Q(s)I1(r) = II(s)) = 0, t,s € [0,00)). Then, for all x € [0,00), @ > 0,6 > —1, and B,n € R with
a+B+6=0andn <0, we have:

K‘Yﬁ’”"SQ(t)H(t) > K"’B’T]’(sQ(t)Ka’ﬁ’n"SH(t).

Now we give some Griiss-type inequalities for generalized hypergeometric function fractional order
integral operators. We start with the following definitions.
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Definition 13.4. [42] Let a,a’,3,5,y € R and y > 0. Then the Saigo and Maeda fractional integral
operator I PEY Q0] of order « for a real-valued continuous function € is defined by

x—(l’
I'(y)
where F5 is the Appell hypergeometric function defined by

= = n ’ n n ’ nx,n "
Fia pfyoxy) = 3 ) CMOEWEITY. iy < 1.

In!
n=0 n=0 (y)m+nm.n.

1) =

* ) t
f (=077 Py, BBy, 1 - =, 1 = 2 )Q(0dr,
0 X t

and (a), is the Pochhammer symbol.

Definition 13.5. [43] Assume that a,a’,,5’,y € R such that
y>max{0,a+a +B—1l,a+a -1, +B—-1} and B’ > max{-1,a’ — 1}.

Then we define a fractional integral operator

I['(l+y-a-a)NA+y-a -PI'(1+p)

aa BBy —
(St Q)(X) - F(l + ,y —a - Cl’/ _ﬁ)l“(] +ﬁ/ _ a,/)

xa+a' —y (1;1,(1’ BB ’YQ)(X),

where I™*#Y s the Saigo-Maeda fractional integral of ordery.

The main results for Griiss inequalities are given now.

Theorem 13.7. [43] Assume that h : [0,00) — R is an integrable function satisfying the condition
my < h(x) < M for all x € [0, 00). Then for a,a’,B,8',y € R we have:

[(SE B R x) — (5744 ) o))
= (M = STPET@) (ST ) — m)(My = k) = my)(),

provided a, o', 3,5,y > 0.

Theorem 13.8. [43] Assume that (H) holds on [0, c0). In addition, let Q,11 € C,. Then for
a, @ ,B,6,y e Rand a,a,B,5',y > 0 we have:

(ST HEIQUOTI(Y) = (S 47 Q)()($ "4 7)) < i(im —m)(P = p), Vx € [0, ).

Theorem 13.9. [43] Let Q and 11 be two synchronous functions on [0, o) and let v,w : [0, c0) —
[0, ). Then for all t > 0,

(S22 Qm) (ST T w) () + (ST P T wIT) (@) (S ) ()
> (S7UPETWIT) (ST NQ)() + (ST W) (S ATV ().

14. Quantum Griiss-type integral inequalities
In this section we present Griiss-type integral inequalities via quantum calculus.
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14.1. q-Griiss inequality involving the Riemann-Liouville fractional g-integrals

Definition 14.1. [44] The Jakson’s g-derivarive and q-integral of a function Q defined on J are,

respectively, given by
Q1) — Q(1q)

(1-q)

[ 2wy =11-0) Y 4,
0 k=0

D,Q(t) = t#0, g#1,

Definition 14.2. [45] The Riemann-Liouville fractional g-integral operator of a function Q of order

a is given by
a—1 !

15Q(0) = @ Jo (?,q)a_lﬂ(s)dqs, a>0, 0<g<l,
where
(a,q)e = M, aeR
(aq®; @)o
and

(@) = | |0 -ag)).
Jj=0

Now, we present some ¢-Griiss integral inequalities.

Theorem 14.1. [46] Assume that Q,11 : [0, c0) — R are two integrable functions satisfyingt (H,) and
(H3). Then, fort > 0 and a > 0, we have:

102

T TN - QMWITIO| < \Ty(Q 01.0)T,(IL Ry, Ry),
where

102

T,(u,v,w) = (I‘q’w(t) - I;’u(t))(lgu(t) - I;’v(t)) + ISv(tu(t) — I;’v(t)lgu(t)

F(ae+1)1

VIS WD) - W (Bw (D).

T a+1)9

14.2. Quantum Griiss-type integral inequalities on finite intervals

Definition 14.3. [47] Assume Q : J — R is a continuous function and let x € J. Then the expression

Q(x) = Q(gx + (1 — q@)x)
(1 -g)(x—x)

is called the g-derivative on J of function Q at x.

X|DqQ(-x) = , T#F Xy, x|DqQ(-x1) = }1_}1};11 xquQ()C),

Definition 14.4. [47] Assume Q : J — R is a continuous function. Then the g-integral on J is defined
by

[ audi=a-ae-2 ) s 1 =)
n=0

X1
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for x € J. Moreover, if ¢ € (a, x) then the definite g-integral on J is defined by

f Q1) dyt f Q1) dyt - f Q(t), dgt
c X1 X1

(1= g)x—x1) ) q"Qg"x + (1 - ¢")x1)
n=0

~(1=q)c=x) ), q'Qq"e + (1 = ¢")x).
n=0

Theorem 14.2. [47] Assume Q,1I1 : J — R are continuous functions on J satisfying the vondition
(H). Then we have the inequality

1 2 1 2 1 2
f QOT(x)y,dyx — ( f Q(x)xldqx) ( f H(x)xldqx)
X2 = X1 Jy X2 — X1 Uy X2 = X1 Iy

1
< Z(im —m)(P - p).

Now, we are going to present the ¢g-Griiss-Ceby3ev integral inequality on interval [x;, x,].

Theorem 14.3. [47] Let Q,11: J — R be Ly, L,-Lipschitzian continuous functions on [xy, x;], so that
Q) — Q)| < Ly|u — vl [T(w) — (V)| < Lofu — v,

forall u,v € [xy, x;]. Then we have:

1 2 1 2 1 2
f Q)I(x),, dyx — ( f Q(x),, dqx) ( f I(x),, dqx)
X2 = X1 Jy X2 = X1 Jx X2 — X1 Jy

qL,L,
(1+g+¢>)1+9q)?

(2 — x1).

14.3. Quantum symmetric analogue of Griiss inequality

Let g € (0, 1) and let I be any interval of R containing 0, and denote by /, the set
I,=ql={gX:Xel}, I,Cl
Definition 14.5. [44] Let Q : I — R. The g-symmetric difference operator of Q is defined by

Qg - Qq'1)
(g—qHr

(D)) = € I, \ {0},

and

(D,Q)(t) = Q(0), t = 0.

Definition 14.6. [44] Suppose that x;,x, € I and x; < x,. For Q : I — R and for g € (0, 1), the
q-symmetric integral of Q) is given by

f ; Q(t)d,t = f h Q(t)d,t - f i Q(t)d,t,
X1 0 0
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where .
f Q)d,t = x(1- ) ) " Qg™ %), x€l,
0 n=0
provided that the series converges at x = x| and x = x,.

Now, the concepts of g-symmetric derivative and g-symmetric integral are extended on finite
intervals. We fix s € N U {0}. Let J; = [#,%,,1] C R be an interval containing O and 0 < g; < 1 be a
constant. For a function Q : I; — R, we define the g,-symmetric derivative at a point ¢ € I as follows:

Definition 14.7. [48] Assume that Q : I, — R is continuous and t € I,. The gs-symmetric derivative
of Q at t is defined as

Q(g;'t + (1 = g7t = Qgut + (1 = gty
- NN
(qs - %)(f - ts)

(Dg, Q1) lim(Dg, (1)

(Dg, Q)(1) =

Definition 14.8. [48] Assume that Q : I; — R is a continuous function. The q,-symmetric integral is
defined as

t o0
[ === Y @ (1,
ts n=0

Now, we present gg-symmetric analogue of Griiss-Chebyshev integral inequality.

Theorem 14.4. [48] Let Q and 11 : J = [x1, x2] — R be Ly, L,-Lipschitzian continuous functions on
[x1, x2] s0 that
1Qu) — Q)| < Lilu—v|, () —TIW)| < Loju — v,

forallu,v € [x1, x2]. Then:

1 X 1 X2 1 X
‘Xz - X f AOOTCx)dy,x = (X2 - X L Q(x)dqsx)(m - X f H(x)dqxx)‘

X1 X1
LiLygt(xp — x1)?
(1+¢%+ghHd +¢>)?*

14.4. Griiss-type fractional integral inequalities via fractional quantum calculus

The following concepts are adapted by Ref. ( [49]). We state a g-shifting operator as
w@m)=gm+ A -qx;, 0<g<]l1, mx €R.

The g-analog is stated by

k-1
m:qo =1, (mgn =] |(1—g'm), keNU oo}
i=1

The g number is stated by

m

l-g

_ eR.
1-¢g "

[m]q =
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The g-Gamma function is stated by

o(1 = o@,(1)y"
(1-gb

Here, we add some definitions regarding fractional g-calculus, namely the Riemann-Liouville
fractional g-integral.

T, = teR\{0,—1,-2,...).

Definition 14.9. [49] Let a > 0 and function Q be a continuous stated on [x, x,]. Then (XIISQ)(t) =
Q(t) is given by

(1200

1 [ W
mjx‘lxl(t_xlq)q(s))q IQ(S) xldqs

(1 -t —x1) O Lo i
T ; q (=D l(t))q 'Q(,, D).

Now, we present the fractional ¢g-Grliss integral inequality on the interval [x;, x,].

Theorem 14.5. [50] Let Q,11 : [x1, x2] — R be continuous functions satisfying (H). For 0 < g < 1
and a > 0, we have the inequality

Fya+1)
(x2 = x)®

Fya+1)
(X2 — x1)*

[y(a+1)
(Xz —x1)?
< Z(im - m)(P - p).

L BQTB) - (e (L QNB)) A ( [eTH) D)

Next, we give the fractional g-Griiss-Cebysev integral inequality on the interval [x;, x,].

Theorem 14.6. [50] Let Q, 11 : [x1, x] — R be L,-, L,-Lipschitzian continuous functions, so that
1Q(u) — Q)| < Lilu—v|, [I(u) —TI(W)| < La|u — v,

forallu,v € [x1,x,],0<qg<1,L;,L, >0,and a > 0. Then we have the inequality

(X2(— xl)) (e Iy QHH($))(x2) = (e 15 Q) (x2) (s, I TI(8)) (x2)
L,

L L2(x2 - x1)20+2

s a1+ ola+ 1l —la+2,)

15. Griiss-type inequalities via fractional Hilfer derivative

In this section we give Griiss-type integral inequalities via fractional Hilfer derivative operators.

15.1. Griiss-type integral inequalities via k-Hilfer fractional derivative operator

In this section we present several integral inequalities for the k-Hilfer fractional derivative operator.
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Definition 15.1. [51] Let Q € L [x1, x2], Q*K(l—n)(n—f) € AC"[x1,x],n—1< g <n0< n< 1,neN.
Then the following

n— d" n
(D) = I —— (1 0000)),

is called the Hiler k-fractional derivative.

Theorem 15.1. [51] Let k > 0 and (D*""""®T1) be a positive function on [0, ), and let (*D%"

x1+,k

denote the Hilfer k-fractional derivative of order ¢€,0 < & < 1, and type 0 < n < 1. Suppose that:

Q)

X1+

There exist (D" OR)), (D*™"""9R,) such that

x1+,k x1+,k

(DETOR (@) < (DS OIE) < (D1 OR O,

x1+,k x1+,k x1+,k
forall ¢ € [0, ).
Then

( Difl DEEDTIDE) + (DL R)E)(FDE ()
> (DY R)EEDERy)(E) + CDELIDE)(* DL TD)(&).

15.2. Griiss-type inequalities via generalized k-fractional Hilfer-Katugampola derivative

In this section, we present inequalities of the Griiss-type via k-fractional Hilfer-Katugampola
generalized derivative.

Definition 15.2. [52] Letn -1 <a <n, 0<B <1, neN,p >0,k >0and Q € M,[x),x;] =
X2 1

{Q QN = (f |Q(t)|th) ! < oo},l < q < oo. The generalized k-fractional Hilfer-Katugampola

derivatives ( left—;;'ded and right-sided) are defined as

1-r<
k

Daie (’)‘Wf (=) TGy, > x,

DI = krk( )f 0 = )T Ly QY )y, 1< x,

wherey = a + Bkn — a), a > 0.

Theorem 15.2. [52] Let p,6,a,y,k,a > 0 and Q € M,[x, x;] be positive integrable function on
[x1, x2] satisfying (Hy). Then we have:

DUEQ(1) DIV 0x(1) + DY 01 (1) DIVt
DU 01(1) DIV 0a(1) + DT DIVFQ0).

- xlk

Theorem 15.3. [52] Let p,6,a,y,k,a > 0 and Q,11 € M,[x,, x,] be positive integrable functions on
[x1, x2] satisfying (Hy) and (H,). Then we have:

() ‘WR 1(1) DIVPQ®) + D“PH(;) DI O,(1)
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‘5”’R1(t) DI Oa(1) + z)‘wn(z) DIVFQ).

\%

(b) D 04 (F) DY) + z)‘”f’g(z) DI R (1)

x1k

DY Q1(1) DIV Ry(1) + DI DIV,

xlk

\%

(c) ‘WR A1) DIV O (1) + z)‘”f’n(z) D1
‘”PH(r) DI O,(1) + z)‘”PRz(t) DITLQ().

A%

(d) WR 1) D701 () + z)‘”f’n(t) DINFQ(1)
> Wn(z)zf”p 1(6) + DOER (1) DLTEQ(D).

Theorem 15.4. [52] Let p,6,a,y,k,a > 0 and Q,11 € M,[xy, x,] be positive integrable functions on

1 1
[x1, x2] satisfying (Hy) and (H,). If p,q > 1 and — + — = 1, then we have:
p

q

(@ ]l] Y D@ + ID‘W(QW Dy @y
> DN DL QOTI().

(b) 117 DLMDY DI QDY + z)‘”’m(t))" D¢ W@y
> DI (e () @“”Q@H(f)

©) ,19 LY DY) + @‘”P(Q(z))" D)’
> DéprZ/p(,)HZ/q(;) z)‘”pQ(t)H(t)

(d) ]1? DTN DO Q)Y + 1@‘”’)@@)" D @my

Dilylfgp 1(I)Hq l(l‘) Z)apr2/p(l‘)H2/q(l‘)

Theorem 15.5. [52] Let p,6,a,v,k,a > 0 and Q,11 € M,[x,, x,] be positive integrable functions on

[x1, x2]. Let
_ 00 Q)
0y=r TI(y)” osvzr I(y)”

Then we have:
(/J + M)2 oz yp
CauM D

iy M, DO 2 D IOPR D0 - DL IQ0N0)] 2

2 \uM

(iif) /44; M DIFIQOUOY = DY DI - DL 1T = 0.

x1,k

(@) QOO = DY IIOP DI
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16. Conclusions

Our objective in this paper was to present a comprehensive and up-to-date review on Griiss-type
inequalities for fractional differential operators. We presented results including inequalities of the
Griiss-type for different kinds of fractional integral and differential operators. Griiss-type inequalities
for fractional integrals of Riemann-Liouville, Katugampola, Hadamard’s, Raina’s, tempered,
conformable, proportional, Caputo-Fabrizio, Saigo’s are included. Moreover Griiss-type inequalities
concerning Hilfer fractional differential operators and quantum Griiss-type integral inequalities are
also presented. We believe that the present survey will provide a platform for the researchers working
on Griiss-type inequalities to learn about the available work on the topic before developing the new
results. Future research regarding this review paper is fascinating. Our review paper might inspire a
good number of additional studies.
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