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Abstract: Let F, be the finite field of order ¢ where ¢ = p, k is a positive integer and p is an

odd prime. Let FZ represent the nonzero elements of F,. For f(xi,---,x,) € Fylxi,---,x,], we
used N(f(xy,---,x,) = 0) to denote the number of F,-rational points of the affine hypersurface
f(xi,-++,x,) = 0. In 2020, Zhao et al. obtained the explicit formulae for N(x} + x = o),

N(x{+x3+x5 = ¢) and N(x] + x5+ x3 + x; = ¢) over F,, with ¢ € F;. In this paper, by using Jacobi sums
and an analog of the Hasse-Davenport theorem, we arrived at explicit formulae for N(a; x| + axx; = ¢)
and N(bix] + byxj + bsx; = ¢) with a;,b; € Fi(1 < i < 2,1 < j < 3)and ¢ € F,. Furthermore,
by using the reduction formula for Jacobi sums, the number of rational points of the quartic diagonal
hypersurface a;x} + ayx3 + -+ + a,x; = ¢ of n > 4 variables with a; € F; (1 < i < n), c € F, and
p = 1(mod 4), can also be deduced. These extended and improved earlier results.
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1. Introduction and main results

Let F, be the finite field of order ¢ where ¢ = p*, k is a positive integer and p is an odd prime. Let
F*q represent the nonzero elements of F,. For f(x,---,x,) € Fy[x1, -, x,], we use N,(f;n) to denote
the number of F,-rational points of the affine hypersurface f(xi,--- , x,) = 0, namely,

Nq(f;n) :N(f(xl"" X)) = 0) = #{(x1, -+, x,) €FZ|f(X1,"' » Xp) = O}

To evaluate the values of N,(f;n) is a fundamental problem in algebra, number theory and arithmetic
geometry. Generally speaking, it is difficult to give explicit formulae for N,(f;n). An explicit formula
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for Ny(f;n) is known when deg(f) < 2 (see [13]). Finding the explicit formula for N,(f;n) under
certain conditions has attracted many researchers for many years (see, for instance, [2—-11, 14-21]).
A special diagonal hypersurface over FF, is given by an equation of the type

a)x] +axx5 + - +ayx;, =c,

with e being a positive integer, coefficients a;, as,- - ,a, € FZ and c € F,. It s clear that

N(a\x1 + ayx, + -+ a,x, =c¢) = q"_l.

For e = 2, there is an explicit formula for N(a;x? + -+ + a,x2 = ¢) in [13]. When ¢ = p* with
p" = —1(mod e) for a divisor r of t and e | (¢ — 1), Wolfmann [17] gave an explicit formula of the
number of rational points of the hypersurface

a\x]+axs+---+ayx, =c

over F, in 1992.
For the special case where a; = a, = --- = a, = 1, we denote by

M9(c) = N(xX$ + x5+ -+ + x° = 0).

n

In 1977, Chowla et al. [5] got the generating function f M,(,3)(0)x” over F, with p = 1(mod 3). In 1979,
n=1

Myerson [14] extended the result in [5] to the field FF,, and also showed that the generating function
D MD(0)x" over IF, with p = 1(mod 4) is a rational function in x.
n=1

In 2020, Zhao et al. [19,20] investigated the number of rational points of the hypersurfaces
Xi+x=c, x{+x;+x3=cand x{+x;+x3+x;=c
over F,, with ¢ € F,. For any ¢ € F,, in 2022, by using the cyclotomic theory and exponential sums,
Zhao et al. [21] showed that the generating function f“ Mff”(c)x” is a rational function in x.

n=1

In this paper, we consider the problem of finding the explicit formula for the number of rational
points of the diagonal quartic hypersurface

f(x1, x0, - ,xn)=a1x?+a2x§+---+anxi—c:0

over F,, where g = p*, ai, a5, ,a, € F, and c € F,.
If p = 3(mod 4) and k& is an odd integer, then gcd(4, g — 1) = 2. It follows that (see [12])

N(aix{ + a5+ -+ + a,x} = ¢) = N(a1x3 + a5 + - - - + a,x2 = ¢).
Throughout this paper, we let n be the quadratic multiplicative character of F,. Then from

Theorems 6.26 and 6.27 in [13], the following result is deduced.

Theorem 1.1. Let g = p* with p = 3(mod 4) and k be an odd integer. Let y(c) = —1 for ¢ € F, and
W(0) = g — 1. Then the number of rational points of the hypersurface

J(x1, X2, 5 Xxn) :alx‘l‘+a2x§+---+a,,xi—c
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over F, is
_ n=2 n
q" + (o) ﬂ((—l)zalaz'”an)

if nis even, and is
g+ an((—l)Tcalaz - -an)
if nis odd.
If p = 3(mod 4) and £ is an even integer, the following result can be derived from [17, Theorem 1].

Theorem 1.2. Let p = 3(mod 4) be a prime, k an even integer, g = p*, s = %, n>2andc €F, Let
« be a primitive element of F,. Denote by N the number of rational points of the hypersurface

X} +ayxs + -+ a,x) =

over F,, then
R DV S
N =g+ D" g = 1) ) (=3
j=0

ifc=0, and

3

— n n/2— c 1 7(j

N = qn 1 (_1)k( +1)/2q /2-1 (_3)9( )q1/2 _ Z (ql/Z _ (_1)k/2)2(_3) ()
j=0

if c # 0, where v(j) is the number of i, 1 <i < n, such that
(@')a} = (—1) 7,

6(c) is the number of i, 1 < i < n, such that a} = (—c)* and ©(j) is the number of i, 1 < i < n, such that
al = (o))"

However, the explicit formula for N(a;x{+ayx3+- - -+a,x, = ¢) is still unknown when p = 1(mod 4).
In this paper, we solve this problem by using the Jacobi sums and an analog of the Hasse-Davenport
theorem. We give an explicit formula for the number of rational points of diagonal quartic hypersurface

filx1, %) = a1x{ + axx3 —c =0 (1.1)

and

fz(xl, X2, X3) = b])CAlL + b2x§ + b3)€31 -c=0 (12)

over F,, with ay,a, by, by, b3 € IF’;;, c € F, and the characteristic p = 1(mod 4). The case with arbitrary
n > 4 variables can be deduced from the reduction formula for Jacobi sums, but we omit the tedious
details here.

For a generator @ of F, we define the index of 8 € I, with respect to @, denoted by ind,f, to be
the unique integer r € [1,g — 1] such that 8 = @ (see, for instance, [13]). For any nonzero integer n
and prime number p, we define v,(n) as the greatest integer ¢ such that p’ divides n. Then v,(n) is a
nonnegative integer, and v,(n) > 1 if and only if p divides n.

To give the main results, we need two concepts as follows.
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Definition 1.1. Let A be a multiplicative character of F,. Associated to A, we define the function S ,
over F, as follows

SA(B) := AB) + A(BY).
Clearly, if A is the multiplicative character of order 4 of F, with A(a) = i = V-1, then we have
2, if ind,8 = 0(mod 4),

S.B) =4 0, if ind, = 1(mod 4) or ind,S = 3(mod 4),
-2, if ind,B = 2(mod 4).

Definition 1.2. Let r, s and k be positive integers, and we define

Sk Yk
E(r,s,k) = r* — Z ( )rk_msm + Z ( )rk_msm
m m

m=1 m=1
vp(m)=1 vp (m)=2

and

- k k—m m : k k—m m
o(r, s, k) = Z (mr s - Z (m)r s

m=1 m=1
vp(m+1)=1 vp(m+1)=2

Moreover, let a be a primitive element of F, and 8 € F. Then associated to r, s and k, we define

2E(r, s, k), if ind,B = O(mod 4),

W | =20@,5,k), if ind,B = 1(mod 4),
s (B) = —2E(r, s, k), if ind,B = 2(mod 4),
20(r, s, k),  if ind,B = 3(mod 4).

Now we can state the main results of this paper as follows.

Theorem 1.3. Let k be a positive integer and q = p* with p = 4t + 1. Let a be a primitive element of
IF,, 1 be the quadratic multiplicative character of F, and A be a multiplicative character of order 4 of
F, such that A(a) = i. Let N, denote the number of rational points of the hypersurface over F, defined
by (1.1). Then

Ny =g+ (g = D (D" (@a3) + n(arar))

ifc=0, and

3
Ny = g = (~1)*S s(@1ad) = nlaraz) + (=D [(—1)’“W<u,_v,k)<a1> + D Wornp(@)
i=2

ifc # 0, with ) = ayas, a, = ca%az, a3 = cam% and the integers u and v being defined uniquely by
242 2 (q-1)/4
u"+v: =p,u=—-|—|(mod4) and v = ua'""""(mod p),
p

where (2) is the Legendre symbol.

p
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Theorem 1.4. Let k be a positive integer and q = p* with p = 4t + 1. Let a be a primitive element of
F,, n be the quadratic multiplicative character of F, and A be a multiplicative character of order 4 of
IF, such that A(a) = i. Let N, denote the number of rational points of the hypersurface over F, defined
by (1.2). Then

3
Ny = g* = (g = DD Wi (8)

i=1

ifc=0, and

3

Na =g + (=1 Wi (B) + (=1 W2 auwi(chibabs)
i=1
6 9
Fq[(=DF Y Sar) + D Sa(y) +n(chibabs)
j=1 =7

if c # 0, with

B = bibab3, B = bibibs, Bs = bibabs, yi = chibybs,
¥y = bbby, y3 = chibyb, y4 = bibybs, ys = Cbibabs,
¥e = *bib3bs, y7 = cbib3b3, vy = Cbibyb3, Yo = chib3b
and the integers u and v being defined as in Theorem 1.3.
This paper is organized as follows. In Section 2, we recall some useful known lemmas that will be

needed later. Subsequently, in Section 3, we prove Theorems 1.3 and 1.4. Finally, in Section 4, we
supply two examples to illustrate the validity of our results.

2. Preliminary lemmas

In this section, we present some useful lemmas that are needed in the proof of Theorems 1.3 and 1.4.
Let ¢ = p*, where k is a positive integer and p is a prime. For any element8 € E = F, and F = F,,
the norm of g relative to IF,, is defined by (see, for example, [1, 13])

Ner(B) 1= BB" B = B,

For the simplicity, we write N(8) for Ng,(8). It is clear that if « is a primitive element of F,, then N(a)
is a primitive element of F,. Let y be a multiplicative character of F,. For any a € F,, if y(a) = 1,
then we call the character y is trivial. Let y be a multiplicative character of IF,. Then y can be lifted
to a multiplicative character A of F, by setting A(8) = y(N(B8)). Any characters of I, can be lifted
to characters of F,, but not all the characters of F, can be obtained by lifting a character of F,. The
following lemma characterizes all the characters of I, that can be obtained by lifting a character of F,,.

Lemma 2.1. [1] Let F,, be a finite field and IF, be an extension of F,. A multiplicative character A of F,
can be lifted by a multiplicative character x of F, if and only if A7~ is trivial.
Let Ay, - - ,4, be n multiplicative characters of F,. The Jacobi sum J(A;,--- , 4,) is defined by

JQu )= DT ) ),

Yittya=1
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where the summation is taken over all n-tuples (yi,--- ,7v,) of elements of F, withy; +---+7y, = 1. It
is clear that if o is a permutation of {1, --- , n}, then
JAo1ys s Adowy) = J(A1, -+ 5 Ay)-

The readers are referred to [1, 13] for the basic facts on the Jacobi sum.
The following lemma is an analog of the Hasse-Davenport theorem which establishes an important
relationship between the Jacobi sums in F, and the Jacobi sums in F,,.

Lemma 2.2. [13] Let 1, - - - , xn be multiplicative characters of F,, not all of which are trivial. Suppose
X1, > Xn are lifted to characters A, -+ , A, respectively, of the extension field F, of F, with degree
[F, : F,]1 = k. Then

T, ) = DTG )
Lemma 2.3. (Reduction formula for the Jacobi sums) [1] Let Ay, ---,A,_1,Ad; be s nontrivial
multiplicative characters of F,. If s > 2, then

—qJ(Ay, -+, A-1), if Ay, , A, 1S trivial,

K Ao, ) :{ JQi, -+ A, ATy, -+, A,y),  if Ay, -+, A,y is nontrivial.

Lemma 2.4. [1] Let p = 1(mod 4) be a prime, q a power of p, « be a generator of E:, and let y be a
multiplicative character of order 4 of F,, with x(N(«)) = i. Then

JO, X = u+iv,

where the integers u and v are uniquely determined by

2
W+Vvi=p, u=-— (—) (mod 4) and v = ua'"*(mod p).
p

Lemma 2.5. [1] Let p = 4t + 1 be a prime number. Let g be a primitive element of F, and x be a
multiplicative character of order 4 over F, such that y(g) = i. Let the integers u and v be defined as in
Lemma 2.4. Then the values of the 16 Jacobi sums J(x",x") (m,n = 0,1,2,3) of order 4 are given in
Table 1.

Table 1. The values of the Jacobi sums J(y", x").

m\n 0 1 2 3

0 » 0 0 0

1 0 (=D (u + vi) u+ vi (-t

2 0 u+vi -1 u—vi

3 0 (=D u—vi (=1 (u - vi)

The following lemma gives a formula for the number of rational points of a diagonal hypersurface
in terms of the Jacobi sums.

Lemma 2.6. [1] Let ky, - - - , k, be positive integers. Let ay,--- ,a, € Ffl and c € F,. Set

dl' = ng(ki,q - 1),

AIMS Mathematics Volume 9, Issue 1, 2167-2180.
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and let A; be a multiplicative character of F, of order d;, for i = 1,--- ,n. Then the number N of
rational points of the equation
alxllc' +otaxit =

over F, is given by

di—-1 dy—1
N=qg""=(q=1) D, - > @) A V@A, Al
" :l/l{l m/l,é" ]’rlrz'ilal

ifc =0, and by
-1 dn_l

d
N=q" '+ DA earh)- - A(eaHIA] L AR)
J Jn=1

=1

ifc#0.
3. Proof of Theorems 1.3 and 1.4

In this section, we give the proofs of Theorems 1.3 and 1.4. First, we begin with a lemma.

Lemma 3.1. Let « be a primitive element of F, and A be a multiplicative character of order 4 of
Fy = Fyx such that A(a) = i. Then for any positive integers r, s and 3 € F;, we have

AB(r + s + AB)(r = 5i) = Wi (B),
where the function W, 1(B) is defined as in Definition 1.2.

Proof. If ind,B = O(mod 4), then
AB) =) = 1.

Thus, one has

AB)(r + siy + AB)(r — sk = (r + si) + (r — si)f

k
=> (k )rk-m[(si)m + (—si)"]
m

m=0
k

_ k k k—m N/ ey
=2/ ; (m)r [(si)™ + (=si)"]

S (kY S (kY
=2 -2 (m)rk "2y (m)rk "

m=1 m=1
v (m)=1 vy (m)=2

= 2E(r, s, k).

If ind,B = 1(mod 4), then
AP) =i and A(B) = —i.

AIMS Mathematics Volume 9, Issue 1, 2167-2180.
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Thus, one has

AB)(r + si)* + ABH(r = sk = (r + si)¥i — (r — si)¥i

k
Z( ) k— m[sm m+1 + Sm(_l-)m+1]

=0

5 Ly

m=1
m is odd

3 e e

m=1
vy (m+1)=1 vy (m+1)>2

—-20(r, s, k).

If ind,B = 2(mod 4), then
AB) = AP = -1,
and if ind,8 = 3(mod 4), then
APB) = —i and A(B°) = i.

The results in these two cases can be proved similarly. O

We can now give the proof of Theorem 1.3.

Proof of Theorem 1.3. Let a be a primitive element of F, and A be a multiplicative character of F, of
order 4 with A(@) = i. Since ¢ = 1(mod 4), then

gcd(4,g—-1)=4
Using Lemma 2.6, by setting 4; = A, = A, one can deduce that the number N, of rational points
alx‘l‘ + ag)é =c

in F, is given by

-(g- 1 Z Zaw a,M)IW, %) (3.1)
1=l ja=1
V1272 wivial
if ¢ = 0, and by
3 3 . )
Ni=q+ ) > A a a0, AP (3.2)
J1=1 jo=1
if ¢ #0.

Since p = 1(mod 4), it follows that AP~1is trivial. Thus, from Lemma 2.1, we know that the quartic
multiplicative character A can be lifted by a quartic multiplicative character y of F,,.

Using Lemmas 2.2, 2.5 and 3.1 and Definition 1.1, we have the following two cases, depending on
c=0orc#0.

AIMS Mathematics Volume 9, Issue 1, 2167-2180.
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If ¢ = 0, we derive that

3 3
—j1,—J2 j i
> A @I, A
X J'lv:l j2:1
A1 A2 trivial

= W@ ay)J (A, ) + Aata3)J (A%, A7) + Aaja3)J (AP, Q)

= (-1 (Aa}a) I 0. ) + Aaa) T )0k + Aatad) T x*Y)
= (-1)*(AUa}a) + Na1@)) - Aa}a3)

= (-1)"'S (@)ar) - n(aia).

Thus, from (3.1) and (3.3), the first part of Theorem 1.3 follows immediately.
If ¢ # 0, we obtain

3 3
Z Z /l(leJrjzanla;jz)J(/ljl , /lh)
J1=1j2

=1

=A@ a)J(A, 1) + Aata)J (A2, 1) + Aaya3)J (A3, )
+ ACaia)J(A, ) + Ac*aja)J (A, ) + Aalad) (4, A7)
+ Acaray)J (A, 22) + AP aiay) J(A, 1) + A(cajar)J (A%, A7)

= (-1)*'S (aja) - n(araz) + (=1} (AP ajad) T (¢ x)*
+ ACaa)I (3 ) + ﬂ(c%?a%)](,\/,)(z)k + /l(calag)J(,ﬁ,)(z)k
+ A aad) I (. N + Aceata) (o x°))

= (-D)"*'S(@ja) — nlaay) + (—1)“((—1)”‘(A(c2a?a§)(u + vi)t
+ Aara)(u — vik) + ﬂ(c%?a%)(u + i)k + /l(calag)(u — i)k
+ /l(c3afag)(u + i)k + /l(cafaz)(u - vi)k)

= (-D*'S W@iar) = n(ara) + (=1 (=1 Wi Paraz)

2 2
+ Wi —v(caray) + W(u,—v,k)(calaZ))-

Thus, from (3.2) and (3.4), the desired result follows immediately.
Now, we can turn our attention to prove Theorem 1.4.

(3.3)

(3.4)

Proof of Theorem 1.4. By the same argument as in the proof of Theorem 1.3, let @ be a primitive

element of IF, and A be the multiplicative character of F, of order 4 with A(a) = i. One has

3 3 3
No=g=(q-1), D D AT b bW A2, a7
=l =l J3=1
12273 rivial
if c =0, and
3 3 3 ' . .
N, = q2 + Z Z Z /l(CJl+12+]3b1_]1b;l2b;13)](/l“, A2 %)

J1=1 ja=1 j3=1

(3.5)

(3.6)
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ifc#0.
Clearly, the quartic multiplicative character A can be lifted by a quartic multiplicative character y of
F,. Thus, from Lemmas 2.2, 2.3, 2.5 and 3.1 and Definition 1.2, one gets that

3 3 3
DD D AB B I AR, A
J1=1 J2=1 Jj3=1

1272 473 trivial
= ABIDIBDIOC A T )k + ABTBIB IO ) T D
+ ABTIBbDIOC ) T x D + ABTbab3) T (x, ) TP ) )
+ Ab1b3b3)T O x VIO X + Ab1bab) IO X IO )
= (=D RABIBIL) (U + Vi)' + A(b1bab3)(w — vi)* + A(bIb3b3)(u + vi)k
+ A(b1b3b3)(u — vi)* + ABIB3D3)(u + vi) + A(bTbybs3)(u — vi)*]
= (—1)(Hl)k(W(u,—v,k)(hbzbg) + Wiy (b1b3b3) + W(u,—v,k)(b%beB))- 3.7

Then, from (3.5) and (3.7), the first part of Theorem 1.4 follows immediately.
We can now turn our attention to prove the second part of Theorem 1.4. Clearly,

3 3 3
Z Z Z/l(cjlﬂzﬂab Jlb sz J3)J(/1]1 /1]2 /1]3)

1=1 jo=1 jz=1
= (—1)(Hl)k(W(u,—v,k)(b1b2b§) + Wov(b1b3b3) + W(u,—v,k)(b%b2b3))
+ AR O ) T 0 + Achibabs) I 6, ) IO )
+ (=Yg (v, ) [A(ehIb3bs) + AP bibyb3) + AP bybs) + A(c*b b3b3)
+ A(chibyby) + ACb1b3b3) + A(c*bibyb3) + A(c*bibyb3)
+ A Bibyb3) + A(ch\b3b3) + A(C*bbibs) + A(c*bibyb3)]
+ (=1 g XD Achibsb3) + A(C b 1b3b3) + A(c*bibyb3) + A(cbibib3)
+ A(chib3b3) + A bibobs)] + (=D qJ (" x D) Ac*bibrb3). (3.8)

By Lemmas 2.5 and 3.1 and Definition 1.2, we derive that

ASBLIBIOC ) T 00" + Ackibab) I O x VT3 0N
= (=DMACEBIBIbY U — v + 2uvi)t + A(chibyby) (U — v — 2uvi)]
= (=D"Wieo2—aun(cbibrbs). (3.9)

Using Lemma 2.5, one has
DI ) = (=D g and (-D*qJ(* x> = ¢. (3.10)
Thus, from (3.6), (3.8)—(3.10) and Definition 1.1, the desired result of the second part of

Theorem 1.4 follows immediately. O

AIMS Mathematics Volume 9, Issue 1, 2167-2180.
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4. Examples

In this section, we present two examples to demonstrate the validity of Theorems 1.3 and 1.4. We
have validated these two examples by using the Magma which is a powerful algebraic computation
program package.

Example 4.1. Let p = 5 and k = 5. It can be checked easily that 2 is a primitive element of F5. Choose
a primitive element w of Fss with N(w) = 2. We consider the numbers of rational points (x;, x,) € ng

of the quartic hypersurfaces

X+ w5 =0 and x| +w’x; = w

over Fss.
Now, the Legendre symbol

2
(g) =1 and 0 * = N(w) = 2.

Thus, the integers u and v are determined by
w+v* =5, u=1(mod4) and v = 2u(mod 5).
Then, one has u = 1, v = 2. Thus, by Theorem 1.3, we obtain
N(x| + w*x; = 0) = 12497 and N(x| + w’x; = w) = 3040.

Example 4.2. Let p = 13 and k£ = 2. We know that 2 is a primitive element of FF;3. Choose a primitive
element w of F3: with N(w) = 2. We consider the numbers of rational points (xi, x;, x3) € F%z of the

quartic hypersurfaces

X} +wxy + w'x3 =0 and x] +wxi + W) = w

over [Fqz2.
Now, the Legendre symbol

2 132-1
(B) =—1 and w * =N(w)’ =

Thus, the integers u and v are determined by
u*+v* =13, u = 1(mod 4) and v = 2’u(mod 13).

Therefore,
u=-3,v=2.

By Theorem 1.4, we have
N(x| + wx; + w*x; = 0) = 26881 and N(x] + wx; + w’x; = w) = 28164.

AIMS Mathematics Volume 9, Issue 1, 2167-2180.
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5. Conlusions

Studying the number of rational points of the polynomial equation

f(xl’xz"” ’xn):()

over F, is a fundamental problem in algebra, number theory and arithmetic geometry. Generally
speaking, it is difficult to give an explicit formula for the number of solutions of the equation

f(X1,x2,"' ,xn) :O

There are many researchers who concentrated on finding the formula for the number of solutions of

fe,x0,-,x,) =0

under certain conditions. Exponential sums are important tools for solving problems involving the
number of solutions of the equation

f,x,-,x,) =0

over F,. In this paper, by using the Jacobi sums and an analog of the Hasse-Davenport theorem, we
arrived at explicit formulae for
N(a,x] + ax; = c)

and
N(byx] + byxy + b3x; = ¢),

with
Cll,bJEPZ(l <i<2,1 S]S?))

and c € F,. Furthermore, by using the reduction formula for Jacobi sums, the number of rational points
of the quartic diagonal hypersurface

axt +axs+ -+ a,xt =c

of n > 4 variables with
aiEFZ(l <i<n), ceF,

and p = 1(mod 4), can also be deduced.
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