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Abstract: In this article, we propose two numerical schemes for solving the time-fractional heat
equation (TFHE). The proposed methods are based on applying the collocation and tau spectral
methods. We introduce and employ a new set of basis functions: The unified Chebyshev polynomials
(UCPs) of the first and second kinds. We establish some new theoretical results regarding the new
UCPs. We employ these results to derive the proposed algorithms and analyze the convergence of the
proposed double expansion. Furthermore, we compute specific integer and fractional derivatives of the
UCPs in terms of their original UCPs. The derivation of these derivatives will be the fundamental key to
deriving the proposed algorithms. We present some examples to verify the efficiency and applicability
of the proposed algorithms.
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1. Introduction

Many different areas of mathematics and applied sciences can benefit from Chebyshev polynomials
(CPs). For example, the area of approximation theory frequently employs CPs. Moreover, they are
very helpful in numerical analysis. Spectral methods can utilize CPs and their various combinations
as basis functions to obtain numerical solutions for various differential equations. These methods have
the potential to achieve both rapid convergence and highly efficient solutions. For some articles that
employ different types of CPs, see, for example, [1-5].

Fractional differential equations (FDEs) are crucial in different disciplines of the applied sciences.
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In fact, they describe many phenomena that cannot be described by ordinary differential equations.
This is due to their ability to model complex phenomena involving memory and hereditary properties.
For example, they model several biological and physiological processes, such as tumor growth and the
behavior of neurons (see [6]). These equations are also used to simulate anomalous diffusion, wave
propagation in complex media and electromagnetic phenomena (see [7]). In addition, the complicated
mechanical reaction of viscoelastic materials under stress or strain has been frequently modeled using
FDEs (see [8]). The use of fractional calculus has been seen in the domain of signal processing, namely
in the areas of denoising, filtering and feature extraction; see, for example, [9].

Due to the importance of partial FDEs and the non-availability of solving them analytically in
most cases, a lot of effort has been put into creating trustworthy numerical and analytical methods for
treating these types of equations. Researchers have presented various methods, such as the Adomian
decomposition method [10], the operational matrix methods [11, 12] and the splines method [13], to
solve different partial FDEs.

The various types of time-FDEs have been studied by many researchers. For example, the authors
in [14] employed a finite difference method for treating the time-fractional diffusion equation. In [15],
the authors followed an approach for treating the time-fractional Fisher’s equations. The authors
in [16] followed another approach for treating some types of time-fractional PDE. An integral method
was followed in [17] for treating some time-FDEs. In [18], the authors treated other space-time
FDEs. The authors in [19] combined the dual reciprocity method and the Laplace transformation
approach with the singular boundary method to obtain solutions to anomalous heat conduction issues
in functionally graded materials. In [20], the authors introduced a novel localized collocation method
utilizing fundamental solutions to analyze long-term anomalous heat conduction in functionally graded
materials. In [21], the authors followed a quadratic spline collocation method for the time fractional
subdiffusion equation. Another approach is followed in [22] to handle the fractional-diffusion equation.
In [23], the authors followed a certain collocation method for the time tempered fractional diffusion
equation.

Among the important time-FDEs is TFHE. Researchers have utilized different numerical algorithms
to solve this equation. For instance, the authors in [24] utilized an implicit difference scheme to handle
the TFHE. The authors of [25] followed an approach for treating the TFHE. In [26], the authors
employed another collocation algorithm to treat the same equation. Because the Caputo derivative
is not local, solving TFHE is notoriously hard and takes a long time. For this reason, fast and parallel
numerical solutions for these kinds of TFHEs are desirable [27,28].

Various types of DEs, including PDEs, can be treated numerically using different versions of
spectral methods due to their high accuracy and versatility., When compared to other numerical
approaches used to solve PDEs, spectral methods have many benefits. They provide high precision and
efficient solutions since the error drops exponentially as you add more terms to the proposed expansion.
In these methods, the numerical solution is expressed as combinations of different special functions,
which are called basis functions. The choice of suitable basis functions depends on the spectral method
that will be applied. For some books regarding the different spectral methods and their applications, one
can be referred to [29-33]. There are three celebrated spectral approaches. The Galerkin method has
some restrictions on choosing the basis functions; see, for example, [34—38], where such restrictions
do not exist when collocation and tau methods are applied; see, for example, [39—43].

In this paper, we will introduce a new type of polynomial that generalizes the first and second kinds
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of CPs. These polynomials are new and differ from the existing generalizing polynomials of CPs, such
as Gegenbauer and Jacobi polynomials. This motivates us to study and employ such polynomials.
Furthermore, we have two advantages to using these polynomials:

e Several solutions can be obtained if these polynomials are used as basis functions due to the
presence of two parameters.

o If these polynomials are used to treat TFHE, it will be shown that the Chebyshev first and
second kinds of approximations are not always the best among the other approximations. This
demonstrates the benefit of introducing such polynomials.

The article’s primary aims can be summed up as follows:

(i) We introduce a new type of polynomials, named unified Chebyshev polynomials (UCPs), that unify
CPs of the first and second kinds.

(i1) We implement some new formulas related to the UCPs and the shifted ones that are essential for
our suggested algorithms.

(111) We utilize the introduced polynomials along with the collocation and tau spectral methods to treat
the TFHE.

The rest of the paper is organized as follows: The next section gives an overview of CPs and a new
set of UCPs, as well as some definitions of fractional calculus. In Section 3, we present new formulas
for the UCPs and the shifted ones that are necessary for our proposed algorithms. In Section 4.1, we
employ the spectral tau method to treat the TFHE. In Section 4.2, we employ another collocation
procedure to solve the same type of equation. In Section 5, we deeply discuss convergence and
error analysis. In Section 6, we present several numerical examples that involve tables, figures and
comparisons. Finally, Section 7 reports some conclusions.

2. Some fundamentals and preliminaries

In this section, the fractional differential operator in the Caputo sense is presented, and some
useful properties are utilized throughout the paper. In addition, some essentials regarding the CPs
are presented.

2.1. Some definitions of fractional calculus

Definition 2.1. /6, 8] The fractional differential operator in Caputo sense is defined as

——L—l[U—TYWJﬂWﬂdﬁ v>0,1>0,
I'(n-v)Jo
(D P)(0) = =0

f™(), v=n,
where n—1<v<n,neN.
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Here are some properties that are satisfied by D” forn — 1 <v < n,

DY(u1 f(1) + uag(t)) = g D" f(2) + pp D" g(2),
(2.2)

I'k+1-v) (2.3)

Tk + 1
s TR D e ek o,
0, k<[vl,

where [v] denotes the smallest integer greater than or equal to v. For more properties of fractional
derivatives, see, for example, [44].

2.2. An overview on CPs as a type of new UCPs

It is well known that the well-known four kinds of CPs are all particular types of Jacobi polynomials
(see, [45]). All of these polynomials satisfy the following recurrence relation:

$(0) =20¢11(0) — i 2(0), k=2, 6e[-1,1], (2.4)
but with the following different initial values:
To(0) =1, Ti(0) =6, Up0) =1, Ui(0) = 20,

Vo@) =1, Vi(6) =20—-1, Wy() =1, Wi(0) =26+ 1,

where T;(6), U;(0), Vi(6) and W;(0) denote, respectively, the four kinds of CPs, each of degree i.
Among the important properties of CPs is that ¢_;(0), j > 0 can be expressed in terms of ¢;(0). In

fact, we have
T_(0)=T0), U_;(0)=-U;0),

Voi(0) = Vi (9),  W_i(6) = ~Wi1(6).

In this paper, we will introduce a new type of polynomials that unify the first- and second-kinds of CPs.
These polynomials will be referred to as “Unified Chebsyhev polynomials (UCPs)”. The sequence of
UCP, Gf’B (6), A, B > 0, may be constructed using the recurrence relation:

G2 0) =20G0) - GO, GYP6)=A, GO =B, k> 1. (2.5)

The first few UCPs G{%(0), k = 2,3,...,7, are:

G,%(6) = 2B6* - A,

G%(6) =4B6 — (2A + B) 6,

G,%() =8B — 4(A + B)6* + A,

G2P(0) = 16B6° —4(2A + 3B)6° + (4A + B) 6,

G4(0) = 32B6° - 8(2A + 4B) 0" + 3(4A + 2B) 6” — A,

G>%(0) = 64B6” — 16(2A + 5B) 6 + 8(4A + 3B) &° — (6A + B) 6.
Remark 2.1. It is evident that the UCPs are generalizations of both the first- and second-kind CPs.

We have
TO) = G.'(0), Uw®) =Gr'(0).
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3. Some new formulas concerned with UCPs

In this section, we will establish some new formulas concerned with UCPs and their shifted
polynomials on [0, £] that will be employed in the next section to derive our proposed algorithms.

3.1. Some new results for the UCPs

We are going to state and prove a basic theorem regarding the UCPs. The UCPs can be expressed as
a combination of two terms of CPs of the second kind, as we will demonstrate. The following theorem
exhibits this important result.

Theorem 3.1. The following expression for the UCPs is valid
AB 1 B
G,"(0) = E(B -2A)U,-»(0) + 5 U,0), n>0. (3.1)
Proof. Consider the polynomial:
1 B
&u(0) = 5(B = 24)Un2(0) + 5 Un()-

It is easy to see that &(0) = GS’B (0) and &,(0) = Gf’B (6). Now, we are going to prove that &,(6) =
G45(6), ¥ n > 2. We will prove that they have the same recursive formula. That is, we will prove that

Eni2(60) = 208,41(0) + £4(0) = 0.
We have
1 1
Env2(0) = 20851 (0) + £,(6) =7(B = 24)Un(0) + 7 BUn2(6)
- 29(%(3 —2A)U,-1(0) + %BUM(@))
1 B
+ E(B -2A)U,»(0) + > U,(0).
Using the well-known formula
1
6 U (0) = 3 (Up-1(0) + Up11(6))

we see that
En2(0) —20£,,1(0) + £,(0) = 0.

Theorem 3.1 is now proved. O

Theorem 3.2. The analytic form of G4%(6) is:

G196 - % (=121 (B(i - 2;2 '+ 2AN(L+i=20)1 gip (3.2)
r=0 ’
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Proof. Formula (3.2) can be obtained directly from the expression in (3.1) along with the analytic form

of U;(0) given by
5]
Ui =
r=0

(127 (i =)
(i—2r)!r!

(3.3)

O

The following theorem gives the connection formula between the second-kind CPs U,,(6) and the UCPs.

Theorem 3.3. For every non-negative integer j, the following expression for U j(0) holds

U/6) = 226’ 222D 6,0,

Br+1
where
B
) = 09
24" !
C;i =
1 i>1.

Proof. The proof can be easily accomplished by induction on ;.

Now, we will give the inversion formula to G*5(6) in the following theorem.

Theorem 3.4. For every non-negative integer m, the following formula holds

E

| M—

Cm-— 21 im GAB (9)

/1
o m—2i
i=0

where

i A,'_‘/'Bj—i—121—m—j+i(m — J - l)(m -1+ l)j_l

Si,m :AiB—i—lzl—mﬂ' + :
J!

J=1

Proof. The proof is based on making use of the inversion formula of U;(6) given by

4] . .
S (1+j-2m) !
) — J .
#=2 Z_O G—ma Dt O ©

along with the connection formula that is given by (3.4).
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3.2. Some formulas of the shifted UCPs
In this paper, it is useful to define the so-called shifted UCPs on [0, £] as

2x

G, () = Gﬁ’B( -

—1), n>1,0<x<C

According to this definition, it is easy to see from (3.1) that Gi’f (x) can be expressed in terms of the
shifted second-kind CPs as in the following corollary:

Corollary 3.1. For every positive integer n, one has
1 B
Gt () = 5(B = 240U, 2,() + 5 Upe(x), n 2 0, (3.9)

where U, (x) = U, (2—;‘ - 1) is the shifted CPs of second kind.
Proof. Formula (3.9) is a direct consequence of (3.1) by replacing x by (27" - 1). O

The following two corollaries are of interest hereafter. They are regarding the analytic and inversion
formulas of the shifted polynomials Gﬁ’f (x).

Theorem 3.5. Let n be a positive integer. Gi’f(x) has the following analytic formula

Gyl = ) dwe™ s, (3.10)
m=0
where
(—1)"(A + (B - A)n), m=0,
dyy = 14" (=1""(m + n = D)1 ((B = A) (m? + m + n?) + AQ2m + 1)n) (3.11)
m=1,2,...,n.

Cm+ D! (n—m)! ’

Proof. Using the analytical expansion of U, ¢(x):

z (AT Qn-i+ 1)
U,. = -1 = " n >0, 3.12
#%) ;( ) (5) nen—2i+ D1 " (312)
together with (3.9), formula (3.10) can be obtained. m]

In the following theorem, we give the inversion formula of Gﬁf (x) which will play a pivotal role in
investigating the convergence analysis of the proposed expansion.

Theorem 3.6. For every positive integer m, the following inversion formula holds

X = Fypn GAP (), (3.13)
p=0
where L=
21 4l-mB-1(2A — B2k + p + 1)
Fpm=c,2m+ 1" 14
pn = &pm+ DI ) m—p—201Ck+m+p+2)! (3-14)

k=0

and c,, is as defined in (3.5).
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Proof. The proof is based on making use of the inversion formula of the shifted second kind of CPs
U,¢(x) on [0, {] given by

N (p+1)
= (2m+ Dlem 2t Upe(%), 3.15
(em +1) ;(m—p)!(m+p+2)! pe) (3-15)
along with the connection formula
Cj-2r (2A - BY
Uje(x) = 2 Z e G, (3.16)
which can be obtained form (3.4) only if (27)‘ — 1) is substituted instead of x. O

Remark 3.1. It is worth mentioning here that when B = 2A, we get
Gy (x) =AU, GyAx) = AUL(),
while when B = A, we get
GyA () = AT,(x), Gy (x) = AT, ().

The following two theorems are pivotal in deriving our proposed numerical algorithms. They consist
of the integer and fractional derivatives of G?;,B (x).

Theorem 3.7. The qth derivative of Gﬁ’[B (x) can be expressed as:

DIGE(x) = Z WO G0, n> g > 1, (3.17)
where
(q) (r + CI) (n)
h Z rl frta r+q F
Proof. The proof is a direct consequence of Theorems 3.5 and 3.6. O

Theorem 3.8. Let a be a positive real number. We have

DG (x) = x7° Zh(")GA[(x) n>a>0, (3.18)
where
4 !
R = L _4"F,, 3.19
e Tr(r+1-a) " (3-19)

r=max(m,[a])

Proof. The proof of (3.18) can be obtained by applying the fractional derivative D to (3.10) and
using (2.2), relation (3.13) leads to (3.18) and the proof of theorem is complete. O
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3.3. Some useful integral formulas involve the UCPs

In this part, we will develop some useful formulas that will be utilized in the derivation of our
proposed algorithms.

Lemma 3.1. For every real positive real number 3, and positive integers n and m, the following integral
Jormula holds:

f W)U, (x)dx = I(n,B,0), n=0,1,2,..., (3.20)
0
with
VA + DRI (B+3) T+ 1)
0B 0= — s g+ TEr 1= (32D
and in general ,
f a)g(x)xﬁ U e(X)Upe(x)dx = I(n,m, B, {), (3.22)
0
where o
wi(x) = X (C= ), In,m,B,0) = > I(n—ml+2kB,0).
k=0

Proof. First, we prove (3.20) by induction. It is easy to see that this formula holds for n = 0. Now,
suppose that (3.20) holds for all n < m, and we need to show that it holds at n = m. Making use of the
recurrence relation

Upi1.6(x) = 22 x/€ = DU, (%) = Uy (),

we get
{ { 4
f We(X)XP U, f(x) dx = f we(X)x" (Ex Up-1,6(x) = 2U,—1 (x) — Un—z,f(x)) dx. (3.23)
0 0

By using the induction hypothesis, we obtain

¢
f (x)g(X).XﬂUn’g(X) dx = %I(n -1,p+1,0)-2In—-1,6,0) —I(n—-2,B,7). (3.24)
0

Substitution of (3.21) into (3.24) and performing some calculations lead to (3.20). Now, to
prove (3.22), we make use of the well-known linearization formula

Up()Un() = D Unsai), m 2 m,

k=0
along with (3.20). O

Corollary 3.2. For every real positive real number B, and positive integers n and m, the following
integral formula holds:

¢
f we(x) ¥ GL7(X) Upe(x) dx = J(n,m,B,6), n,m=0,1,2,..., (3.25)
0
where . B
J(l’l, maﬁ’ f) = E(B - 2A)I(l’l - 25 m’ﬁ’ f) + 5 I(l’l, maﬁ’ f) (326)
Proof. Formula (3.25) is a direct result of Lemma 3.1 along with the expression in (3.9). O
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4. Tau and collocation solutions for TFHE

This section is concerned with analyzing two numerical algorithms for handling TFHE, providing
a detailed explanation of the proposed algorithms, namely, the unified shifted Chebyshev tau method
(USCTM) and the unified shifted Chebyshev collocation method (USCCM) that will be used for the
following TFHE (see [24,26,46]):

o"y(x,1) 0%*y(x, 1)
arr ox?

+z(x, 1), 0<a <1, “4.1)
governed by the nonlocal conditions
yx,0) —y(x, &) = f(x), 0<x<{, (4.2)

and
v(0,1) =y, 1) =0, 0<t<0,. 4.3)

In this instance, the known functions are z(x, ) and f(x), whereas the unknown function is given by
y(x, t). Now, consider the space:

Q = span{G, 7 (x) Gy (1) :nom = 0,1,..., N},
and suppose that y(x, #) € Q may be approximately represented as

N N
WD = DY Ghp () Gl (). (4.4)

n=0 m=0

To be able to apply both tau and collocation methods, we sholud first get the residual of Eq (4.1). This
residual may be obtained using the following formula:

6a/yN(x7 t) _ 32)’N(x, t)
o0 0 x?

Ry(x,t) = - z(x, 7). 4.5)

4.1. Tau approach for treating TFHE
This section provides a detailed explanation of the algorithm (USCTM) that will be used to handle
TFHE (4.1) using tau spectral method. The tau method’s main goal is to identify yy(x, ) such that

(" Ry, 1), Ui, () Ujr,(D)oxpy =0, 0<i<N-2, 0<j<N-1, (4.6)

where @(x, 1) = we, (x) we, (1).

Now, to be able to compute the integral in the left-hand side of (4.6), use the explicit representation
of the fractional derivatives D* Gi’f (x) in (3.18) to obtain the following two important integrals for a
positive integer ¢ and a positive real number «

m,j

£
f W) x* D GHEO Uty dt = d©(0), m, j=0,1,2,..., (4.7)
; ,

AIMS Mathematics Volume 9, Issue 1, 2137-2166.



2147

with
a?(0) = Zh(“) J(k, j,0,0),
and ,
f we(x) x* DIGH (U o(x) dt = b, €), n,i=0,1,2,..., (4.8)
with 0 g
B, 6) = > I J(k,i,a, 0),
k=0

where 71,((“,:1 and J(k, J,0,¢) can be computed from (3.19) and (3.26), respectively.
The nonlocal conditions (4.2) and (4.3) give

yv(xi, 0) = yn(xi, 62) = f(x), O0<i<N, 4.9)
yw(0,)=0, 0<j<N-1I, (4.10)

and
ww(,t;) =0, 0<j<N-1, (4.11)

where x;and ¢, i, j = 0,..., M, are the zeros of Gﬁ’g (x) and GQ’Z(Z), respectively. The integrals in (4.7)
and (4.8) enable one to write (4.6)—(4.11) as follows:

N N
D> comHmij =25 0<i<N-2, 0<j<N-1, (4.12)
n=0 m=0
and
N N
D2 comKnmi = fir 0Zi<N,
n=0 m=0
N N
D Cambnm;=0, 0<j<N-1, (4.13)
n=0 m=0
N N
> CumMum;=0, 0<j<N-1,
n=0 m=0
where

Hypmij = J(n,1,0,0) @l (62) = J(m, j,a, &) b3)(0,6), 0<i<N-2, 0<j<N-1, (414)

and
Kumi = Gy (x)(G5 (0) = Gt (L)), 0<i<N,
Ly, —GAf<0) A 0<j<N-1, s
Mn,m,j f(gl) ?(t) OS]SN—I,
fi :f(xi)'

The system (4.12) and (4.13) consists of (N + 1) equations in (N + 1)* unknowns,

C()’(), ,CO’N, ey CN’(), e ’CN,N-
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4.2. The collocation approach for treating TFHE

This section provides a detailed explanation of the algorithm (USCCM) that will be used to handle
TFHE (4.1) using collocation spectral method as follows:

Suppose that y(x,7) € Q may be approximately represented as (4.4). The Collocation method’s
main goal is to identify yy(x, f) such that

Ry(x;,t)=0, 0<i<N-2, 0<j<N-1I, (4.16)
which gives
N N
D Comblumij =z 0SiSN-2, 0<jsN-1, (4.17)
n=0 m=0
where
D A.B a~AB A.B 2 ~AB . .
Hypmij =G, (x) DG, (1) = G, (1) D°Gry (x), 0<i<N-2, 0<j<N-1, 4.18)
Zij = 2(Xi, 1)),
i+ 1
and x;, 1;(0 < i < N) are choosen to be either the zeros of G/A;,’f]’[(x) or x;, t; = ]il+ 5 O <

i < N), in addition to Eq (4.15) which provide us (N + 1)? equations in the (N + 1)> unknowns,

C()’(), ,CO’N, ey CN’(), e ’CN,N-

Remark 4.1. Artempting to demonstrate how to use the two algorithms—USCTM and
USCCM—presented. While the stages for solving the TFHE using Algorithm I are expressed using the
USCTM notation, Algorithm 2 uses the USCCM notation. The Mathematica application, version 13.1,
is used to do the necessary computations.

Algorithm 1 USCTM Algorithm

Step 1. Given A, B, {;, {,, aand N

Step 2. Find G2/ (x), DYG7 (x) and DVGA? (1)

Step 3. Evaluate Ry(x, ¢) defined in (4.5)

Step 4. Evaluate the used collocation points x; and ¢;,, i =0, 1,... ,N

Step 5. Evaluate H,,,; j, Kumi» Ly, j> Mnmj, f; as defined in (4.14) and (4.15)
Step 6. List the equations system as defined in (4.12) and (4.13)

Step 7. Join [Output 6]

Step 8. Solve [Output 7]

5. Investigation of convergence and error analysis
In this part, we extensively examine the suggested expansion’s convergence and error analysis (4.4).
The following lemmas are necessary to continue with our investigation.

Lemma 5.1. The polynomials GA’f(x) satisfy the following inequality

n,

G (Ol < puy X €10,2], (5.1)
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Algorithm 2 USCCM Algorithm

Step 1. Given A, B, {, {,, aand N

Step 2. Find G2/ (x), DPG2P (x) and DIVGAY (¢, 62)

Step 3. Evaluate Ry(x, t) defined in (4.5)

Step 4. Evaluate the used collocation points x; and #;,, i = 0,1,... ,N

Step 5. Evaluate Fln,m,i, i» Knmis Lum.j» My j, fjas defined in (4.15) and (4.18)
Step 6. List the equations system as defined in (4.13) and (4.17)

Step 7. Join [Output 6]

Step 8. Solve [Output 7]

where
A, B =A,
Pn=3An+ 1), B =2A, (5.2)
T, otherwise,
such that r, is defined as
A, =0,
m =B, n=1, (5.3)
pon, n>?2,
where p = max{|B — 2A|, B}.
Proof. According to Remark 3.1 and formula (3.1), it is easy to prove (5.1). O

Lemma 5.2. The coefficients F,,, that appear in the inversion formula (3.13) satisfy the following

inequality e
pcp,(2m)!

Fym . 54
Fp| < B2?m=1(m — p)!(m + p)! (5-4)

Proof. Formula (3.14) leads to the following inequality:
IFpml <pc,B~'2m+ 1)14'7""S ., (5.5)

where

L Qk+p+1)
Zi Gn—p—-20012k+m+p+2)!

Som=

By using computer algebra algorithms, especially Zeilberger’s algorithm (see, [47]), S ,,, are able to
meet the first-order recurrence relation shown below:

m+p+DS,im—m=p)S,n=0, Sou= >om +11)(m!)2. (5.6)
The exact solution to this recurrence relation has the form
Spm = ! . (5.7
22m + 1)(m — p)!(m + p)!
Inserting (5.7) into (5.5) yields (5.4). The lemma’s proof is now complete. |
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Theorem 5.1. Let y(x,t) be an infinitely differentiable function at the origin with

Then it has the following expansion
Y0 =3, ) ¥ Gl G,

where

o) o] 1 8i+jy
Yi,j = Z Zyi+p,j+q Fi,p+i Fj,q+j, Yij = ﬁ(’)xiaﬂ'

These expansion coefficients satisfy the following inequalities

M 2
1Yo,0l < A,D elle”,

2
8Mp2 0> f] gl] )
Yol < 1B i!4.l" i>1,
8Mp2 {1 672 gé )
1Yo,;1 < 1B 4 j=1,
64 Mp e L163
1Yi I < pe 12 i,j>1.

B i1 44l

The inequalities in (5.9) can be combined to give the following expression

i pJ

172 .o
Vil S wiaige Y0720

) ) deel
where < means that a generic constant d exists such that |V ;| <

uniformly to y(x, t).

Proof. First, we expand y(x, ) as

y(x,t) = iiyi’jx"tj.

i=0 j=0

This expansion can be written in the form:
Y060 = ) b0,
i=0

where .
bi(t) = Zyi,j t
=0

Inserting (3.13) into (5.12) enables one to write
YD) = D hi0) ) FpiGap (1),
i=0 p=0

AIMS Mathematics

ijrai4it

Bfﬁﬂ

D), 0)| <M.

(5.8)

(0,0).

(5.9)

(5.10)

The series in (5.8) converges

(5.11)

(5.12)

(5.13)

(5.14)
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Expanding the right hand side of (5.14), and rearranging the similar terms, the following expansion is

obtained
Y0 = Z[Z bypsi(t) Fipas| G152 0. (5.15)
i=0 \ p=0

i,01

Now, we have
Z bpsi() Fipyi = Z [Z Yp+i.j fj] Fipii= Z (Z Yp+i,j Fi,p+iJ t. (5.16)
p=0 p=0 \ j=0 Jj=0 \p=0

Inserting (3.13) into (5.16) and following the same procedures enables one to write

S byot) Py = 2[2 Vsasea Fovs Faoe

p=0 =0 \p=0 ¢=0

1 GAB(1). (5.17)

Jit2

Substituting (5.17) for (5.15) immediately proves (5.8). The first part of Theorem is now proved.
Now, we need to prove (5.9). Using Lemma 5.2, one can write

1
1Yl < MZ Z m| FipillF g4,

0 (5.18)
Mp? cic;ti ) i i Qp+i\aq+ G '
SRR Ll (1+P)'(J+CI)'22(”+”)P gp+20g+2jr "I
Using (2n)! = 2*'n!(1/2),, we obtain
4 Mp? c,cjf’fé o (1/2)p4i(1/2)44 671
Y < i,j>0. (5.19)
g quZ q\(p + 20l + 2)0 7
Usine (/22 .
sing — = < 1, p >0, it is easy to see that
M 2
Yool < A—’z’e‘“ e, (5.20)
2Mp* e & (1/2),0 87
Yool < =2 Z( Phrift =y, (5.21)
’ AB pl(p + 2i)!
and i
2Mp* et & (1/2),,,80
ol < 20 2 L (5.22)
’ AB = q!(q+2])!
Usmg < ef, p > 0, the three relations (5.19), (5.21) and (5.22) take respectively the forms
4M €’€Je€'e€2 o (172),0:(1/2) g4
¥ < —2 > Uil P s, (5.23)
el (p+2)!(g+2))!
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2Mp*Liee & (1/2))4

Yol < = (p+20)’
p=0 P '

> 1, (5.24)

and .
2Mp*tiele”™ N (1/2)44;

AB L4 (q+2))!

1Yol < ji>1. (5.25)

Then by using (a),.x = (a)i(a + k), and Chu-V Gauss formula [48], one can get

Z"’: (1/2)pi (1/2)5’1 (1/2+0),(1),  (1/2), e ( 1/2+i, 1 ‘1) ~ F(%(zi— 1)) (5.26)
Ci(p 20! (D & pl+2),  (Dy ' 142 VATQi)
Again, using (2n)! = 2*"n!(1/2),, leads to
1/2),.; 2il(3@2i-1) 1 1
Z(/)zpf'z ( — ). T S e (2L (5.27)
= (p +20)] V7 (20)! (i—D!Q2i-1) i!
Hence the three relations (5.23)—(5.25) take respectively the forms
64 Mp> (i tlele> 1 1 o
Vil < = mamg biEh (5.28)
y oo SMpPGetet 1 5.29
Vil < ——t—— 77 P21 (5.29)
and .
v 8 Mp* ljete™ | o1 530
osl < =55 Iz (5.30)
At this point, the second part of the theorem is now proved.
Now, in view of Lemma 5.1, we can see that
NN A.B A.B Sheid j
Y1 074 0)4
ZZY GNP (x) G (’)|<dZZ4z, T ‘p,p,<Ce‘ 2/, (5.31)

i=0 j=0 i=0 j=0

where C is a constant depending on the two constants A and B. This shows that the series in (5.8)
converges uniformly to y(x, ). The theorem’s proof is complete. O

Theorem 5.2. If y(x, t) satisfies the hypothesis of Theorem 5.1, and if

N N
Y0 = >3 Y G G, (5.32)

i=0 j=0

then the following error estimate is satisfied:

1
=< 5 (5.33)
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Proof. The truncation error may be written as:

N
ZY GRP) G

J=0

RN ATAL OICOR

i=0 j=0 i

N )
< ZO DG NG 0] + Z ZIYUIIGAB(JC)I GE2 )

J=N+1 i=N+1 j=0

NS 8l >
< dZ Z il 1414:’0"0] Z Z,v v4z41pipf’

i=0 j:N+1 i=N+1 j=0

- f’fj 1 o > [igj
4N+1 Z Z il ,4,/0!/7/ m Z Z Z,J,4],szj,

i=0 j=N+1 i=N+1 j=0

N
=0

(5.34)

we have p; has the forms A, 4i or A(i + 1), where A is a constant. So, we have three cases:

Case l: p; =4

e SRR
ly—ynl < d 4N+1 Z ;4; 4N+1 Z Z j14i

im0 joN+1 ! i=N+1 j=0 (5.35)

A A 1
1/4 0 /4
Sd4N+1e e +d4N+1e e <4N+1.

Case 2: p; = Ai

N-1 o i pi o i pi
ff /152 ff
ly—ynl < 4N+2Z Z |4z 4N+2 Z Z 14
P i=N+1 j=0 (5.36)
At 01/4 ¢ At /4 1
d4_N+2e1 e2+d4N+2ele2 S4N+1'

Case 3: p; = A(i + 1) By the same way, it can be proven that

1
b=l S (5.37)

O

Error stability is further emphasized in the following theorem through an estimation of error
propagation.

Theorem 5.3. For any two successive approximations of y(x, t), we get:

1
lynve1 —ynl S AN (5.38)
Proof. In view of (5.33), it is not difficult to obtain (5.38). O
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6. Numerical examples

To demonstrate the effectiveness, high accuracy and application of the two suggested algorithms,
this part focuses on the presentation of some numerical results followed by comparisons with certain
numerical findings from the literature. The error is measured using the maximum absolute error (MAE)
in the tests that follow, namely:

EN = (rn?')gEN(x’ t)’ I= [07 1] X [0’ 1]’ (61)
X,1)E
where
EN(X, t) = |y(X, t) - yN(xa t)'a (x9 t) el (62)

Example 6.1. Consider the following fractional initial value problem:

0.5 2 _
0 y(x,t)zay(x,t)+2t_2\ﬁ(x 1)x’ O<xi<l

6t0.5 6)(2 \/7_1. 63
y(x,0) —y(x,1) = =x(1 — x), O<x<l1, 6.3)
¥(0,7) = y(1,1) =0, 0<t<1.

If USCTM or USCCM are applied with N = 2, then the following nine coefficients are obtained:

A-2B 1 1

= = e = a—— = . = = = = = 0’ 6.4
Co0 = Co,1 6A8° = “Teag e’ 02 =C0=CLi=C2 =02 (6.4)

and consequently y,(x,t) = x(1 — x) t, which is the exact solution.

If USCTM and USCCM are applied to the following three TFHEs (6.5)—(6.7) using some different
values of N, then the obtained numerical results are presented in Tables 1-12 and they affirm that
compared to other approaches, the suggested methods provide more accurate findings. Additionally,
Figures1-10 show that the exact and approximate solutions to the given problems agree very well.
They also show how error depends on N and how the solutions to Examples 6.2-6.5 converge when
USCTM and USCCM are used. Furthermore, the stability of solutions is demonstrated.

Example 6.2. Consider the following TFHE:

aa ,t (92 7t t‘“ 3
Yo _ Oy >+2t2( +2ﬂz)sm(zﬂx), 0<x<1,0<r<l,

g 9x? G- a)
y(x,0) — y(x, 1) = —sin(2 7 x), 0<x<l, (6.5)
y(0,1) =y(1,1) =0, 0<r<l,

where the exact solution is y(x,t) = t* sin(2  x). Table 1 presents MAE for Example 6.2 for different
N, A, B and a = 0.5 using the two proposed numerical methods, while Table 2 presents a comparison
with some other methods. The results of this table show that our methods are more accurate.
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Table 1. Maximum absolute error Ey for Example 6.2 (o = 0.5).

A

B Method

N=4

N=38

N=12

N =16

N=19

N =20

1

1 USCTM
USCCM

14.
2.8.

1.5.107
1.3.

3.1.107°
1.2.1077

2.7.1078
1.3.1071°

23.1075
29.1071

1.1.1075
6.9.10713

09 09

USCTM
USCCM

LS.
23.

1.7.
14.

3.5.107°
1.3.1077

24.107"2
2.3.1071°

4.1.107™
6.9.1071

1.2.107™
5.1.107™

0.9

1.1

USCTM
USCCM

24.
23.

33.
LS.

8.0.107°
1.4.1077

6.0.1071
4.6.1071°

4.0.1071
4.9.10713

2.9.1075
2.1.1071

0.6 0.8

USCTM
USCCM

1.8.
24.

33.
I.1.

5.1.107°
1.5.1077

8.0.1071
2.3.1071°

4.1.107
6.9.1071

3.8.1071
1.5.107

Table 2. Comparison between different methods of Example 6.2 (A = 0.6, B = 0.8, a = 0.5).

USCTM USCCM [46] [24](N = M) [26] [25]
N MAE |N MAE |N MAE | N MAE |N MAE |N MAE
4 18.107 | 4 24.10%2 |6 25.10%| 4 23.10"| 4 36.107" | 4 3.0.107
8 33.10° | 8 11.10* |8 88.10%| 8 54.102| 6 59.100|6 29.107
1251.10° |12 1.5.107 |10 2.1.10°| 16 14.10%| 8 50.10°| 8 1.6.10°
16 80.107"% |16 23.107"° | 12 1.8.10°| 32 38.107 |10 27.10*| 10 6.4.10°°
19 41.10% |19 69.10% |16 1.0.107 | 64 12.107 |12 9.6.10° | 12 1.7.107
20 3.8.107° |20 1.5.107 |18 44.107 | 256 1.4.107 14 3.6.107

Example 6.3. Consider the following TFHE:

%y(x, 1) _ 0%y(x, 1)

rg+1) .
ot 0 x? #

rg-—a+1)

(1 = x) sin(x) + (2 cos(x) + (1 — x) sin(x)),

O0<x<1,0< <1,

¥(x,0) — y(x, 1) = (x = 1) sin(x),

¥(0.0) = y(1,1) =0,

where the exact solution is y(x,t) = #* (1 — x) sin x.

O<x<l1,

0<t<1,

Table 3. Maximum absolute error Ey for Example 6.3(8=2,A=1, B=1).

(6.6)

a=0.1 a=0.5 a = 0.95
N USCITM N USCCM N USCTM N USCCM N USCTM N USCCM
458.100% 451.10% 415.10™ 551.100% 4 1.1.10*" 520.107%
8 1.1.10° 8 15.10°%® 83.1.10°° 812.10°%® 822.10°° 10 1.5.107!

11 22.107% 12 1.1.107*
15 6.1.107"° 13 8.1.107'°

11 62.1075 13 1.1.107%
15 5.2.1071¢ 14 7.2.107'

11 3.1.10°% 13 1.2.10°5
12 1.9.107'° 15 8.1.107°!6
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Table 4. Maximum absolute error Ey for Example 6.3(8=2,A=1, B=2).

a=0.1 a=0.5 a =0.95
N USCTM N USCCM N USCTM N USCCM N USCTM N USCCM

410.10° 46.1.10% 420.10* 460.10% 415.10*% 46.0.10%
83.0.10° 816.10% §80.107"° 815.10% 8 4.0.107"° 8 1.5.107%
11 1.5.107% 12 22.107%* 11 1.5.107"% 12 2.0.107"%* 11 1.5.107 11 1.4.107"2
13 1.0.107"%* 13 1.3.10°% 12 2.0.107% 13 2.0.10°" 12 8.0.107'¢ 12 2.0.107*
15 6.0.10°% 14 1.4.107" 15 6.0.107'° 14 1.5.107"® 15 8.3.107'° 13 1.0.107%

Table 5. Maximum absolute error Ey for Example 6.3 (8 =2, A =0.5, B =0.6).

a=0.1 a =0.45 a=09
N USCTM N USCCM N USCTM N USCCM N USCTM N USCCM

413.10% 42310 421.10*% 45110 416.10% 5 18.10%
832.10° 912.100% 881.100"° 91.0.100° 84.0.100° 9 1.1.107%
12 31.107% 12 1.5.107% 12 22.107"% 12 1.4.100% 12 2.4.107% 12 1.5.107%
13 40.10°% 13 55.107 13 7.1.107'® 13 1.1.107'® 13 3.1.107!® 13 1.4.107'
15 3.1.107'° 14 1.2.107!® 14 58.107'° 14 6.3.107'® 14 2.3.107'° 14 4.1.107'°

Table 6. Maximum absolute error Ey for Example 6.3 (a =0.5, A =0.9, B=1.9).
B =0.1 B=0.5 B =095
N USCTM N USCCM N USCTM N USCCM N USCTM N USCCM
412.102 443.10% 4 1.1.10% 420.100% 4 14.10% 4 1.8.107%
822.10% 925.10% 820.100° 91.7.100° 622.10 6 1.2.10™
12 72.1008 12 22.10°8 12 3.0.100* 12 1.5.100% 8 5.0.1071* 8 3.3.10°1°

13 50.100"% 13 44.107* 13 5.0.107" 13 22.107" 12 2.0.107" 12 1.2.107
14 3.1.107% 14 32.107% 15 4.0.107'% 14 2.4.107'°® 14 1.7.107'¢ 14 2.5.107'¢

Table 7. Comparison between different methods of Example 6.3(8 = 2, A = 0.7, B =
1.5, @ = 0.95).

USCTM USCCM [26] [25]
N MAE N MAE N MAE N MAE
6 13.107 7 7.4.107 4 1.7.10 4 85.1077
8 2.0.1071° 10 2.1.107" 6 9.9.10° 6 1.1.107
10 1.1.107% 12 20.107% 8§ 7.7.107° 8 1.8.10712
11 3.0.1075 13 3.1.1070 10 6.0.10°¢ 10 1.4.1078
12 1.7.107'° 14 29.1070 12 44.10° 12 23.107"2
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Remark 6.1. It is known that the exact solution of TFHE has a weak singularity near the initial time
point, i.e., the exact solution is nonsmooth near the initial time t = O (see [49] ). Table 6 presents
the numerical solutions obtained for the TFHE Eq (6.6) (for « = 0.5), whose exact solution is a
nonsmooth solution for values of B, 0 < B < 1. These results show that our algorithm still provides
accurate solutions.

Example 6.4. Consider the following TFHE:

%y(x,t)  0*y(x, 1) 2 , 2x2-2x+3
= =% In(1 ) A — 0 1,0< <1,
3 52 G- n(l+x—x7)+ Z—x- 17 <x< <
y(x,0) = y(x, 1) = = In(1 + x — x?), O0<x<l,
(0,1 =y(1,1) =0, 0<t<l,

(6.7)
where the exact solution is y(x,t) = t* In(1 + x — x?).

Table 8. Maximum absolute error Ey for Example 6.4 (A = 0.8, B = 1.2).

a=0.1 a=0.5 a=0.9
N USCTM N USCCM N USCTM N USCCM N USCTM N USCCM

440.10% 421.107 41.0.10% 46.0.107 480.10% 4 13.107
8 1.0.100% 9 1.0.1073 8 3.0.100% 9 2.6.1073 8 2.0.100% 9 2.0.1073
11 40.100% 12 3.1.107 14 4.0.107° 12 5.1.107 12 6.0.107” 12 4.1.1077
15 1.5.107"° 15 43.10° 18 42.107"? 16 43.10° 14 3.0.107'° 16 53.107
18 6.0.107 20 1.3.10°'" 20 2.1.107* 20 2.4.107"" 18 3.0.107" 20 1.1.107""
22 6.0.1075 22 43.100® 22 1.5.107% 22 43.107® 22 3.0.1075 22 53.1071

Table 9. Maximum absolute error Ey for Example 6.4 (A = 1.6, B = 2.2).

a=0.1 a =05 a=0.9
N USCTM N USCCM N USCTM N USCCM N USCTM N USCCM

440.10% 43.0.107 41.0.10% 4 13.1073 480.10% 4 15.107
8 7.0.100% 9 1.1.10°¢ 8 2.0.100% 9 25.1073 8 2.0.100% 9 4.0.1073
11 20.100% 12 3.1.107 12 6.0.100% 12 54.107 12 4.0.107” 12 6.0.1077
15 1.0.107% 16 25.10° 16 2.0.107'"" 16 43.10° 14 3.0.107'° 16 4.0.107
19 40.107" 20 1.5.107"" 19 4.0.107" 20 43.107"" 18 6.0.107" 19 53.107"
21 2.0.107% 24 1.5.10°® 20 4.0.107* 24 2.3.107® 20 3.0.107'* 24 3.5.10713
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Table 10. Comparison between different methods of Example 6.4 (A = 04, B = 0.6, a =

0.95).
USCTM USCCM [46] [24](M=16) [26] [25]
N MAE N MAE N MAE N MAE N MAE N MAE
4 8.0.10™ 5 6.0.107% 4 1.1.1073 4 75.107° 4 13.107% 4 6.8.107%
8 2.0.10°¢ 9 51.10% 8 59.107 8 2.3.1073 6 1.1.107% 6 1.8.107%
12 6.0.107° 16 1.2.100% 12 5.1.1077 16 1.4.1073 8 1.0.10™% 8 1.3.107%
16 1.5.10°"" 19 1.5.107"% 14 2.8.1077 32 96.10* 10 1.3.10% 10 1.2.107"
20 4.0.100% 20 2.0.10°" 16 1.7.1077 64 73.107* 12 1.1.100% 12 1.2.10™
22 1.7.100% 22 1.5.100% 18 1.7.107 256 5.6.107* 16 4.1.107%

Table 11. Comparison between different methods of Example 6.4(A = 14, B = 1.6, a =

0.45).
USCTM USCCM [46] [24] [26]
N MAE N MAE N MAE M(N =16) MAE N MAE
4 1.0.1073 4 8.0.107% 4 1.1.1073 4 9.5.1073 4 1.4.107%
8 2.0.10°° 7 7.1.107% 8 6.3.107° 8 3.7.1073 6 1.2.107%
12 4.0.107° 10 52.107% 12 9.0.1077 16 2.3.1073 8 1.1.107%
15 8.0.10°"" 12 6.1.100Y 14 5.1.1077 32 1.9.10° 10 4.1.107%
18 6.1.10°% 16 3.2.100% 16 3.1.1077 64 1.8.10° 12 3.3.107%
20 29.107% 20 4.0.1072 18 1.9.1077 256 1.8.1073
23 1.9.100% 24 3.1.1078

Example 6.5. Consider the following TFHE:

Py 1) _ Py

0103
y(x,0) —y(x, 1) = —exz(l —erf(x))+(e(1—erf(1))—Dx+1,

0 x2

(0,0 =y(1,1) =0,

+ z2(x, 1),

where the function z(x, t) is chosen such that the exact solution is

yx, ) =Ei, (—x\/;) +)C(—E%’1 (— \/;)) +x-1,

where the functions

2 X
erf(x) = ﬁf e’ dt, and E,g(x)
0

0<x<1,0< 1<,

0<x<l,
O<r<1,

_ i o
£ T(ka +B)’

are the Gaussian error function and the generalized Mitta-Leffler function, respectively.
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Table 12. Maximum absolute error Ey for Example 6.5.

A B  Method N=2 N=4 N=6 N=10 | N=15 | N=20
1 1 USCTM 22.107%|1.8.107 |3.4.10* | 3.2.10 | 44.107° | 4.0.1078
USCCM 3.1.1072|23.107% [ 4.2.10* | 1.5.107 | 2.7.107% | 4.9.1077

1 2 USCTM 1.5.102|1.7.107% |[35.10™%* [ 2.4.107 | 41.10°%| 1.2.107®
USCCM 3.3.1072 |2.1.107%|3.3.10%* |2.8.107 | 4.2.107° | 55.1078

0.8 1.8 USCTM 1.4.1072|2.1.107%[50.10%[22.10°|3.1.1077 [ 29.107®
USCCM 2.2.1072|25.107% | 1.7.10* | 1.5.107° | 1.3.1077 | 1.9.107®

0.5 06 USCTM 22.1072|35.10° |55.10*{4.2.107° [ 22.10° | 3.7.1078
USCCM 1.2.1072 | 13.107% | 1.7.10™* | 2.0.107 | 5.8.1077 | 2.5.1077

1.5 1.5 USCTM 3.2.1072[4.6.1073[25.10% | 1.2.107 | 2.7.1077 | 45.1078
USCCM 3.2.1072 | 1.1.107% | 1.4.10™* | 1.3.107 | 5.1.1077 | 2.6.1077

Remark 6.2. The results of Table 1 show that the first and second kinds of Chebyshev approximations
are not always the best, along with other approximations for the UCPs. This, of course, clarifies the
importance of our generalization to the CPs in this paper.

s

Exact Solution

(a) Exact solution of Example 6.2 for @ = 0.5.

Approximate Solution

b
pd

1.0 & f
F— |
0.5 It_' /?l 1.0
0.0} &7 7
b
X
=0.5 I'i i
-0/
D_D -
T
0.5 7
X | o
s ) /
s -
1.0 0.0

(b) y19(x, ) with A = 0.6 and B = 0.8 using USCTM.

Figure 1. Figures of exact and approximate solutions for Example 6.2.
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(a) Exo(x,t) using USCTM (A = 0.6 and B = (b) Ex(x,t) using USCCM (A = 0.6 and B =
0.8). 0.8).
Figure 2. Obtained Errors for Example 6.2 at @ = 0.5.
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Figure 3. Errors results using USCTM and USCCM (A = 0.6 and B = 0.8) for Example 6.2.

Appn_:ximate Solution

xact Solution

(b) yi2(x, 1) using USCTM with A =
(a) Exact solution. 0.7, B=1.5.

Figure 4. Figures of exact and approximate solutions for Example 6.3 at @ = 0.95.
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(a) Ejp(x,1) using USCTM (A = 0.7,B = (b) E13(x,1) using USCCM (A = 0.5, B =
1.5) ata =0.95. 0.6)at @ =0.1.

Figure 5. Obtained errors for Example 6.3 using USCTM and USCCM.
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(a) Using USCTM (A = 0.7,B = 1.5) at (b) Using USCCM (A = 0.5,B = 0.6) at
a =0.95. a=0.1.

Figure 6. The behavior of exact solution and approximate solution for Example 6.3 using
USCTM and USCCM.
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(a) Es(x, 1) using USCTM (A = 1.4,B = (b) E»(x, 1) using USCCM (A = 0.4,B =
1.6) at @ = 0.45. 0.6)at @ = 0.95.

Figure 7. Obtained errors for Example 6.4 using USCTM and USCCM.
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Figure 8. Obtained errors for Example 6.4 using USCTM and USCCM.

1.0

(a) Ex(x,t) using USCTM (A = 0.8, B = 1.8). (b) Ex(x, t) using USCCM (A = 0.8, B = 1.8).
Figure 9. Obtained errors for Example 6.5 using USCTM and USCCM.
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Figure 10. Obtained errors for Example 6.5 using USCTM and USCCM.
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7. Conclusions

In order to solve TFHE in non-local conditions, this work developed spectral tau and collocation

methods. To choose appropriate sets of basis functions, UCPs, and their shifted polynomials were
employed. An approximate solution can be obtained by solving the given system of algebraic equations
using an appropriate solver. We emphasize the benefit of using the properties of second-kind CPs,
which help us calculate some of the computational formulas. In Section 6, we illustrated the accuracy
and usefulness of our methods by comparing them to other methodologies in the literature. To the
best of our knowledge, this is the first time that this type of polynomial has been utilized in numerical
analysis. It is shown that the first- and second-kinds are not always the best among other Chebyshev
approximations. In addition, in future work, we aim to employ these polynomials to treat other types
of differential equations.
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