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1. Introduction

Symmetry methods for differential equations were introduced by Lie towards the end of the
nineteenth century. Lie was looking for transformations that would change a differential equation to a
simpler version, so that it might, for example, become separable and then easy to solve. Lie noticed
that the ordinary differential equations (ODE’s) are invariant under certain transformations, which
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later came to be known as Lie groups. The use of symmetry methods has become an increasingly
important part of the study of differential equations. For example, we can obtain solutions of
differential equations if we know their symmetries; we can also use symmetries to reduce the order of
the ODE, and determine whether or not the ODE or partial differential equations (PDE) can be
linearized. We can also classify differential equations based on their symmetry Lie algebras. For more
information on the history of symmetry Lie algebras and their applications, we refer the reader
to [1-4]. Another very accessible reference is [5].

In this paper, we consider special systems of second order ordinary differential equations, known
as geodesic equations. The geodesic equation is a second order differential equation, where the
independent variable is ¢, which represents time, and the equation itself represents the motion of a
particle moving in a curved space. In Riemannian geometry, a geodesic curve gives the shortest path
between two points in that space. In general relativity, geodesic equations describe the motion in
spacetime. In the case of a differentiable manifold with a connection, geodesic curves provide a
generalization of straight lines in Euclidean space. On a smooth manifold, where (x') are a system of
local coordinates, and Fi.k are the connection components or Christoffel symbols, the geodesic
equation is given by

d’x  _; dxldxt 0
ar R ar ar T

A significant amount of work has been done on analyzing the symmetry Lie algebras of the geodesic
equations of the canonical connection on Lie groups. See [6-9] for further details about this connection.
In [8], the main geometrical properties of this connection have been listed and proofs supplied. Ghanam
and Thompson have considered the problem in dimensions two, three and four [10]. They have also
considered the problem for six-dimensional nilpotent Lie algebras [11]. They have followed the list
of algebras classified by Patera et al. [12] for indecomposable Lie algebras in dimension up to six. In
recent articles, Almusawa et al. have considered the problem of classifying the symmetry Lie algebra
of the geodesic equations for indecomposable nilpotent Lie algebras in dimension five [13], and they
considered the problem for indecomposable five-dimensional solvable Lie algebras [14]. Finally, they
considered the problem for a general n-dimensional Lie algebra with co-dimension one, and general
results have been obtained [15]. In [16], the symmetry Lie algebras of the geodesic equations of the
canonical connection on Lie groups whose Lie algebras have a co-dimension two abelian nilradical in
dimensions four and five, were identified.

In this paper, we continue our investigation of the Lie symmetries of the geodesic system of the
canonical connection on a Lie group. The present article extends the investigation to indecomposable
Lie algebras in dimensions six, that have a co-dimension two abelian nilradical, together with an
abelian complement. The six-dimensional solvable real Lie algebras were classified into isomorphism
classes by Turkowski [17] and comprise forty cases, some of which contain up to four parameters. Of
these forty classes, the first nineteen, denoted by A¢ ;—Ag 19, have co-dimension two abelian nilradical
and abelian complement. Since most of these algebras have parameters, we need to consider
sub-cases based on the values of these parameters: Symmetry may be broken in the sense that, for
exceptional values of the parameters, the symmetry algebra may have a higher dimension.

The outline of the paper is as follows: In Section 2, we give the definition of the of the canonical
connection V on Lie groups and we review the main properties of V. We also show how the definition
is used to calculate the geodesic equations of the connection. In Section 3, we review the symmetries of

(1.1)
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differential equations and the Lie invariance condition. We also show how the Lie invariance condition
leads to a system of partial differential equations. The solution of that PDE system gives the Lie
symmetry of the geodesic equations. In Section 4, for each algebra Ag;—Ag 19 in Turkowski’s list, we
give the geodesic equations, a basis for the symmetry algebra in terms of vector fields is given and
finally we identify and describe the symmetry algebra, which in all cases is a solvable Lie algebra,
in terms of its nilradical and its complement. Regarding our notation, we use > for the semi-direct
product and @ for the direct sum of algebras.

2. The canonical Lie group connection

On left invariant vector fields, X and Y the canonical symmetric connection V on a Lie group G is
defined by

VXY: % [X7 Y]9 (21)

and then extended to arbitrary vector fields using linearity and the Leibnitz rule. V is left-invariant.
One could just as well use right-invariant vector fields to define V, but one must check that V is well
defined, a fact that we will prove next.

Proposition 1. In the definition of V we can equally assume that X and Y are right-invariant vector
fields and hence V is also left-invariant and hence bi-invariant. Moreover V is symmetric, that is, its
torsion is zero.

Proof. The fact that V is symmetric is obvious from Eq (2.1). Now we choose a fixed basis in the
tangent space at the identity 7;G. We shall denote its left and right invariant extensions by
{X1, X5, ,X,} and {Y1,Y,,---,Y,}, respectively. Then there must exist a non-singular matrix A of

functions on G such that ¥; = a{X ;. We shall suppose that

[Xi, X;] = C X, (2.2)
Changing from the left-invariant basis to the right gives

Cha) = did]Cy,. (2.3)
Next, we use the fact that left and right vector fields commute to deduce that

diCii + X;d = 0, (2.4)

where the second term in (2.4) denotes directional derivative. We note that necessarily

[Y;, Y;] = =C}Yr. (2.5)
Now we compute
V.Y + %Cng = %aj.‘a'fcfm + aj(Xal) + %Cl’.‘jaf. (2.6)
Next we use (2.4) to replace the second term on the right hand side of (2.6) so as to obtain
L Lo mew komep . Lok p
Vy’.Yj+§Cink: Eaiajckm—aiajckm+icijak. 2.7)
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However, the right hand side of (2.7) is seen to be zero by virtue of (2.3). Thus
1
VXy = E[X, Y], (28)

whenever X and Y are right invariant vector fields. O

An alternative proof of Proposition 1 uses the inversion map ¢ defined by, for § € G,
w(s)=5". 2.9)

As such, one checks that i, maps a left-invariant vector field evaluated at / to minus its right-invariant
counterpart evaluated at /. Then y,, is an isomorphism and there is no change of sign in the structure
constants, as compared with Eq (2.5). Since there are two minus signs in Eq (2.1) the same condition
Eq (2.1) applies also to right-invariant vector fields.

Proposition 2. (i) An element in the center of g engenders a bi-invariant vector field.
(ii) A vector field in the center of g is parallel.

(iii) A bi-invariant differential k-form 0 is closed and so defines an element of the cohomology group
HY(M,R).

Proof. (1) Suppose that Z € T;G is in the center of g and let exp(¢Z) be the associated one-parameter
subgroup of G so that Z corresponds to the equivalence class of curves [exp(zZ)] based at [. Let S € G;
then Lg . Z corresponds to the equivalence class of curves [S exp(#Z)] based at S. Since Z is in the center
of g then exp(zZ) will be in the center of G and hence

[S exp(t2)] = [exp(tZ)S].

It follows that any element in the center of g engenders a bi-invariant vector field.
(i1) Obvious from Eq (2.1).
(ii1) A proof can be found in [18]. Spivak shows that

() = (=1)6,
whereas d6f, which is also bi-invariant, changes by
W (dO) = (-1)*1de.
It follows that d6 = 0. O
Proposition 3. (i) The curvature tensor, which is also bi-invariant, on vector fields X, Y, Z is given by
RXVZ = 7 [X,¥1.2], 2.10)

(ii) The connection V is flat if and only if the Lie algebra g of G is two-step nilpotent.

(iii) The tensor R is parallel in the sense that VywR(X,Y)Z = 0, where W is a fourth right invariant
vector field, so that G is in a sense a symmetric space.

AIMS Mathematics Volume 9, Issue 1, 1969-1996.



1973

(iv) The Ricci tensor R;j of V is given by

1
Rij=7 ct.Ci (2.11)

and is symmetric and bi-invariant and is obtained by translating to the left or right one quarter of the
Killing form. It engenders a bi-invariant pseudo-Riemannian metric if and only if the Lie algebra g is
semi-simple.
Proof. (1) Is obvious and applies to arbitrary vector fields since it is a tensorial object.
(i1) Is obvious.
(iii) This fact follows from a series of implications:
AVwR(X,Y)Z + 4R(Vy X, Y)Z + 4R(X,VywY)Z + 4R(X,Y)VwZ = Vy[[X, Y], Z],
4VyR(X, Y)Z + 2R(W, X1, Y)Z + 2R(X, [W, YZ + 2R(X, Y)[W, Z] - L[W,[[X, Y1,Z] = 0,
4VyR(X, V)Z + 5[[W, X1, Y], Z] + 5[X, W, Y1), Z] + 5[[X, Y], [W, Z]] - 5[W, [[X,Y].Z] =0,  (2.12)
4VyR(X,Y)Z + 5[[W. X1, Y], Z] + 3[X. [W, Y]], Z] - 3[Z. [[X. Y], W] = 0,
VwR(X,Y)Z = 0.
(iv) The formula Eq (2.11) is obvious from Egs (2.1) and (2.10). The last remark follows from Cartan’s
criterion. O
Proposition 4. (i) Any left or right-invariant vector field is geodesic.
(ii) Any geodesic curve emanating from the identity is a one-parameter subgroup.

(iii) An arbitrary geodesic curve is a translation, to the left or right, of a one-parameter subgroup.

Proof. (i) Is obvious because of the skew-symmetry in Eq (2.1).
(i1) By definition the curve ¢ — [S exp(zX)] integrates a geodesic field X.

(111) If the geodesic curve at ¢ = O starts at S, translate the curve to / by multiplying on the left or right
by S~! and apply (ii). o

Proposition 5. (i) A left or right-invariant vector field is a symmetry, a.k.a. affine collineation, of V.
(ii) Any left or right-invariant one-form engenders a first integral of the geodesic system of V.

Proof. (1) The following condition for vector fields X and Y says that vector field W is a symmetry or,
affine collineation, of a symmetric linear connection:

VxVyW = Vg yW - R(W,X)Y = 0. (2.13)

In the case at hand of the canonical connection, this condition just reduces to the Jacobi identity when
W, X and Y are all left or right-invariant.

(i1) A one-form « is a Killing one-form, if the following condition holds:
(Vxa,Y) + (X, Vya) = 0. (2.14)

In the case of the canonical connection, if X and Y are right-invariant and « is right-invariant then
Eq (2.1) gives

1
(X, Vya) = §<[X’ Y], @). (2.15)
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Clearly, (2.15) implies (2.14) so that every left or right-invariant one-form engenders a first integral
of the geodesics: if the one-form is given in a coordinate system as a;dx’ on G, the first integral is a;u’
viewed as a function on the tangent bundle 7'G that is linear in the fibers. O

Proposition 6. Any left or right-invariant one-form « is closed if and only if (g, g], @) = 0, that is, «
annihilates the derived algebra of g.

Proof. Consider the identity

If « is left-invariant and we take X and Y left-invariant, then the first and second terms in Eq (2.16)
are zero. Now the conclusion of the proposition is obvious. The proof for right-invariant one-forms is
similar. O

Proposition 7. Consider the following conditions for a one-form a on G:
(i) a is bi-invariant.

(ii) a is right-invariant and closed.

(iii) a is left-invariant and closed.

(iv) a is parallel.

Then we have the following implications: (i)—(iii) are equivalent and any one of them implies (iv).

Proof. The fact that (1) implies (i1) and (ii1) follows from Proposition 2 part (iii). Now, suppose that
(ii1) holds and let X and Y be right and left-invariant vector fields, respectively. Then, consider again
the identity

da(X,Y) = XY, a) - Y(X,a) - ([X, Y], @). (2.17)

Assuming that « is closed, then either because [X, Y] = 0 or by using Proposition 6, we find that
Eq (2.17) reduces to
XY, a) =YX a). (2.18)

Now, the left hand side of Eq (2.18) is zero, since Y and « are left-invariant. Hence, (X, @) is constant,
which implies that « is right-invariant and hence bi-invariant. Thus, (iii) implies (i). The proof that (i)
implies (i) is similar. Finally, supposing that (ii) or (iii) holds we show that (iv) holds. Then as with
any symmetric connection, the closure condition may be written, for arbitrary vector fields X and Y, as

(Vxa,Y) = (X, Vya) =0. (2.19)

Clearly Eq (2.14) and Eq (2.19)imply that « is parallel. So a closed, invariant one-form is parallel. O

Of course, it may well be the case that there are no bi-invariant one-forms on G, for example if G is
semi-simple so that [g, g] = g. However, there must be at least one such one-form if G is solvable and
at least two if G is nilpotent.

If we choose a basis of dimension dim g-dim [g, g] for the bi-invariant one-forms on G, it may
be used to obtain a partial coordinate system on G, since each such form is closed. Such a partial
coordinate system is significant in terms of the geodesic system, in that it gives rise to second order
differential equations that resemble the system in Euclidean space.

AIMS Mathematics Volume 9, Issue 1, 1969-1996.
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Proposition 8. Each of the bi-invariant one-forms on G projects to a one-form on the quotient space
G/1G,G], assuming that the commutator subgroup |G, G| is closed topologically in G. Furthermore,
the canonical connection V on G projects to a flat connection on G /|G, G] and the induced system of
one-forms on G /|G, G] comprises a “flat” coordinate system.

Proof. The fact that a bi-invariant one-form on G projects to a one-form on G/[G, G] follows because
each such form annihilates the vertical distribution of the principal right [G, G]-bundle G — G/[G, G]
and furthermore the equivariance, or Lie-derivative condition along the fibers, is trivially satisfied since
the one-form is closed. The fact that V projects to G/[G, G] follows because [G, G] < G, as was noted
in [19]. O

3. Lie invariance condition and symmetries of the geodesic equations

In this section, we explain the algorithm of finding the Lie symmetry of the geodesic equations.
Consider the system of the geodesic equations given by

& o
d—;:f’(t,xl), i=1,2,--- .6, G.1)

where in in this case

1 .2 .3 4 .5 _6
x,x,x,x,x,x)=(p,q, X, y,2, W)

and 7 is the independant variable and x"’s are the dependant variables. We now consider a symmetry
vector field I' of the form:

o 0 o 8 o 0
r=72+p% 0% x% v2 72 32
ot ap+Q Xt e e Ve 3-2)

where T, P, 0, X, Y, Z and W are unknown functions of (¢, p, ¢, x, y, z, w). The first prolongation I'' and
second prolongation I'? of T are give by

6 0 0 0

I F+P, +Q, (9 +Y’6y+z’6 +W’6w’ 3.3)
0 0 0 0
F Fl + Ptl‘ + Qtl‘ + Xtta + Y”ay + Zna + Wﬂaw (3.4)
where

P, = Dt(P) - th(T)’ Py = Dt(Pt) - th(T)’

Qt = DI(Q) - th(T)’ Qtt = Dt(Qt) - th(T),
Xt = Dt(X) - XDt(T), Xtt = Dt(Xt) - jéDt(T), (3 5)

Y, = Dt(Y) - yDt(T)a Y, = Dt(Yt) - j}Dt(T),
Z, = D(Z) - zD(T), Zy = D(Z;) = ZD(T),
W, = D(W) —=wD(T), W, =DW,)—wD(T),

where D, is given by

D—2+ £+ 2+xa+ 2+ £+w(9 + i+ £+x£+ 2+ 2+wi (3.6)
o P T8 T o Py o T Vaw T Pap T T e ey Tra  aw O
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Finally, I is said to be a Lie symmetry of the system the geodesic equations if
(AP e, = 0, (3.7)
where

d? o
A('Z):d_tf_fl(l,x’), i=1,2- 6. 3-8)

Equation (3.7) is called the Lie invariance condition. We equate the coeflicients of the linearly
independent derivation terms to zero and this yields to an overdetermined system of PDEs.

4. Classification of the symmetry Lie algebras

In this section, we consider the nineteen six-dimensional Lie algebra with co-dimension two abelian
nilradical. For each Lie algebra, we will list the non-zero brackets, the system of the geodesic equations
and the symmetry vector fields. Finally, we analyze the symmetry Lie algebra in terms of its nilradical
and identify it.

4.1. Algebra A% (abed : ab # 0, ¢ + d* # 0)

abced

The non-zero brackets for the algebra Ag’

are given by
le1, es] = aes, e, es] = ces, [e1,€6] = e,
le2, €3] = Des,  [ez,e4] = des, [ea, e5] = es. (4.1)
The geodesic equations are given by
p=pw, G=4qz, X=x(dz+cw), y=ybi+aw), =0, w=0. 4.2)

A‘gﬁo’bqto’”to’d#o, the symmetry Lie algebra is spanned by

For the general case
€ = Dq9 € = Dt’ €3 = DX9 €4 = Dy’ €5 = Dp’ €6 = WDI, €7 = ZDt9

es =D, e9=e"D,, en=e"""D,, e, =e""D,, e =D,,

es=D, eu=1tD, es=xD,, ee=qD, e7=yD, eg=pD,. 4.3)
The non-zero brackets of the symmetry algebra are given by
le1, e16] = €1, [ex,es] = €2, [es,e15] = €3, [es,e17] = e, [es,e5] = es,
les, e12] = —ez,  [es, €14l = €6, le7,e13] = —ez, [e7,e14] = €7, [es,e13] = —es,
les,e16] = es,  [eo, e1n] = —e9, [eg, 18] = €9, [e10,€15] = €10, [e11,e17] = ey,
leio, e13] = —dero, [ei1,e1n] = —aerr, [eir,ei3] = —beyr, [eno, e12] = —ce. 4.4)

In this case, based on the Lie invariance condition, we have to consider eight subcases based on the

values of the parameters to see if taking certain values will generate new solutions to the system of
. . ra=1,b#0 a=c,a#0 b=1,a#0 b=d,b+0 ¢=0,d+0 c=1 d=0,c#0 d=1

PDE. The cases we consider are: A(,),1 , AG’1 , A6’1 , A6’1 , Aé,1 , Aﬁ,1 , Aé,1 and Aé,1 .

In the generic and sub-cases, we find that the structure of the symmetry Lie algberas are the same. We

summarize the results in the following proposition.

Proposition 9. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of eleven-dimensional abelian nilradical spanned by e;—e;; and a
seven-dimensional abelian complement spanned by e|,—e 3. Hence, it can be described as RM <R
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4.2. Algebra Ag’bf (@*+b* #0)

The non-zero brackets for the algebra Agf’; are given by
ler,eq] = es, [e1,es] = €6, [er,e5] = €5, [ea,e6] = e,
[e2, e3] = be3,  [ex,ea] = ces, [e1, €3] = aes. (4.5)
The geodesic equations are given by
p=pz, §G=pw+qz, X=x(cz+w), y=ybz+aw), 7=0, w=0. (4.6)

For the general case A"

, the symmetry Lie algebra is spanned by
ey =¢D,, e=D;, e3=eD,+we'D,, es=D, es=pD, es=D,
e7=D:, es=Dy, e9=xD, e=xD, ey=zD, epw" Dy,
e;3 = eaw+thy, ewy=D,, es=D, ege=tD, e7=yD,, es=pD,=qgD,. 4.7)

The non-zero brackets of the symmetry algebra are given by

ler,eis] =e1, [er,es] = e, [es,e16] = €3, [es,e17] =es, [es,e10] = —eo,
les,eis] = es, [es,e13]l = —e1, les,e15] = es, ler,e14] = —e1,  [e7,e15] = e7,
les,es] = €2, [eo,e14] = —€9, [e9,e18] = €9, [e12,€17] = €1n, [e11,e16] = €11,
le10, e18] = €10, [er1,e13] = —enr,  [eio, e13] = —eo,  [e10, €14] = —e10,
le12, e13] = —aern, [enn,els] = —bern, [e1n,e1a] = —cey. (4.8)

In this case, based on the Lie invariance condition, we have to consider seven sub-cases based on

the values of the parameters to see if taking certain values will generate new solutions to the system of
: . a=0,b#0 =1 b=0,a#0 b=1 a#0,b=c =0 =1 .

PDE. The cases we consider are: A6’2 , A(é,z , Ae,z , A6’2 , Aé’2 , Ag,z and Ag’z . In the generic

and sub-cases, we find that the structure of the symmetry Lie algebras are the same. We summarize the

results in the following proposition.

Proposition 10. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of twelve-dimensional decomposable nilradical spanned by e\—e, and a six-
dimensional abelian complement spanned by e\,—e;s. In fact, the nilradical is a direct sum of As in
Winternitz list and R’. Hence, symmetry algebra can be can be described as (As; ®R") =< R® where the
non-zero brackets of As, are given by

[es, es] = ey, [es, e5] = es. 4.9)

4.3. Algebra A ,

The non-zero brackets for the algebra Ag ; are given by

ler,es] =e3, [er,es]l =es, [er,es]=es, [er,e5]=es5,
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[er,e3] = aez +es, [er,e4] = aes, [ez,e6] = es. (4.10)

The geodesic equations are given by

p=pi+qw, §=qz, X=x(az+w)+yz, y=y@az+w), Z=0,w=0. (4.11)
For the general case A?;O, the symmetry Lie algebra is spanned by
ee=D, e=D, e=D, e=D,, es=D;, e =wD, e =2zD,
eweaZDx
es =yD,, ey=¢qD,, ego=¢eD, e =weD,+eD, eH=——,
a
az — 1)e™*™ D,
€13 = ( £ ) + eweaZD}” e =D,, es= DZ’
a

e =tD;,, ey =xD,+yD,, ey=pD,+qD,. 4.12)

The non-zero brackets of the symmetry algebra are given by

ler,eic]l = e, [er,e17] =ex, [e3,ei3] =e3, [ei3,e15] = —aep, — aeys,

les,eo] = €3, [es,eis] =es, [es,e14] = —e1, [e7,e15] = —ey,
le7, e16] = €7, [eo,e11] = —e10,  [e10,€15] = —e10,  [e10, €18] = €10,
leir, eld] = —er0, len,eis] = —enr, [en,eis] = e, [es,e17] = ey,
les, es] = ez, [eq,e16] = €6, les,e13] = —aenn, [en,en] = —en,
ler2, e17] = enn,  [es, elq] = —es, e, e1s] = —aen, [ens, e17] = ens. (4.13)

In this case, based on the Lie invariance condition, we have to consider two sub-cases based on the
values of the parameters to see if taking certain values will generate new solutions to the system of
PDE. The cases we consider are Ag:3° and Ag:;. In the generic and sub-cases, we find that the structure

of the symmetry Lie algebras are the same. We summarize the results in the following proposition.

Proposition 11. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e;—e 3 and five-dimensional abelian complement spanned
by ej4—eis. In fact, the nilradical is a direct sum of two copies of As, and R®. Hence, the symmetry
algebra is (As; ® As; @ R?) = R>, where As is given by Eq (4.9).

4.4. Algebra Agﬁl (a #0)
The non-zero brackets for the algebra Agfj1 are given by
ler,es] = es, [er,es] =es, [er,es] =es, [e2, €3] = ey,
e, eq] = —e3, ez, e5] = aes + beg, [e,€6] = aes. (4.14)

The geodesic equations are given by

p=ap+by)+qw, §=aqz, ¥=iw-yz y=ixz+yw, =0, w=0. (4.15)
For the general case Agio’bio, the symmetry Lie algebra is spanned by
el = Dx’ 62 = DY’ e3 = DP’ e4 = D(Z’ 65 = Dt9 e6 = qu,
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az
er=wD,, es=2zD; eg= ¢ aDp, eip = €" cos(z)D, + €" sin(z) Dy,
. w ((bz + w)a — b)e“D,, ;
e = e"sin(z)D, — e" cos(z)Dy, e = p +e“D,, e3=D,,
euw=D, es=tD, es=pD,+qD, e;=xD.+yD,, e =yD,—xD,. 4.16)
The non-zero brackets of the symmetry algebra are given by
ler,err] = e1, [er,es] = —ex, [er,e17] = €2, [er,e5] = €1, [es,e16] = e3,
les, ec] = €3, [es,e16] = es, [e1s,e15]1 =es, [ei,er7] = e, [e7,e13] = —es,
le7,e15] = €7, [es,e1s] = —es, les,e1s] =es, [ero,e1s]l = €11, e, e16] = e,
leir,e3] = —en, len, el =—e, len,e] =en, [enr,es] = —eo,
leio, e18] = e11,  [er0, e13] = —e10, e, €12] = —aey, [eq, €14] = —aeo,
len, e13] = —aeq, [enr,e1s] = —abeg — aery, [e1r, e16] = enn. 4.17)

In this case, based on the Lie invariance condition, we have to consider one sub-case based on the
values of the parameters to see if taking certain values will generate new solutions to the system of

PDE. The only case we consider is Agjo. In the generic and sub-cases, we find that the structure of the
symmetry Lie algebras are the same. We summarize the results in the following proposition.

Proposition 12. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of twelve-dimensional decomposable nilradical spanned by e\—e, and a six-
dimensional abelian complement spanned by e\,—e1s. In fact, the nilradical is a direct sum of As in
Winternitz list and R'. Hence, symmetry algebra can be can be described as (As; ® R7) = RS, where
As is given by Eq (4.9).

4.5. Algebra Ag’b5 (ab # 0)

The non-zero brackets for the algebra Agf’s are given by

le1,e3] = aes, [er,es] =es+es, [e1,e6] = €5, [e2,e3] = bes, [ea, es] = ey. (4.18)
The geodesic equations are given by
p=wp+q, §g=qw, X=x(bz+aw), jy=yz, 2=0, w=0. (4.19)

For the general case , the symmetry Lie algebra is spanned by

Azzo,b;eo
er =D, e=D) e=Dy es=Dy, es=D; e =wD, e=2zDy,
es =qD,, ey =e"D,, eqg=eD, e;=w-1)e"D,+e"D, epn=e"e"D,,
es=D, euy=D,, es=tD, ee=xD, e7=yD, eyg=pD,+qD,. (4.20)
The non-zero brackets of the symmetry algebra are given by

[es,eic] = €3, [es,er7] = es, [es,es] =ex, [enr,e1s] = —eq — ey,

AIMS Mathematics Volume 9, Issue 1, 1969-1996.



1980

les,e1s] = es, [es,e1q] = —e1,  les, e15] = €5,  [e7,e13] = —ey,
les, en1] = —eo, [eg, e14] = —e9, [eg,e18] = €9, [e10,e13] = —e0,
leio, e17] = €10, [er,e15] = €7, [en,e3] = —ben, [err,ei3] = e,
le,eis] = e, lex,eig] = e, e, e1q] = —aepn, [enn,eis] = enn. (4.21)

In this case, based on the Lie invariance condition, we have to consider two sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system

of PDE. The cases we consider are A‘6‘:51’b #0 and A?;O’bzl. In the generic and sub-cases, we find that
the structure of the symmetry Lie algebras are the same. We summarize the results in the following
proposition.

Proposition 13. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of twelve-dimensional decomposable nilradical spanned by e;—e, and a six-
dimensional abelian complement spanned by e\,—eg. In fact, the nilradical is a direct sum of As in
Winternitz list and R’. Hence, symmetry algebra can be can be described as (As; ® R") = R®, where
As is given by Eq (4.9).

4.6. Algebra Agf’6 (@ +b* £0)

The non-zero brackets for the algebra Agfg are given by

[ei,e3] = aes, [er,eq] =aes, [er,es] =e4, [e1,e6] = eg,
[el,es] =es+es, [er,e3] =e3+es, [er,es] = bes. (4.22)

The geodesic equations are given by
P=w(p+q) +bgz §=qu, I=xG+aw)+yz, Y=3E+aw), Z=0,W=0. (4.23)

For the general case A2

, the symmetry Lie algebra is spanned by

er=D;, e=D,, es=D, e=D, e=D, e =wD,
e;=zD,, eg=yD,, ey =qD, eqg=¢e"D, e =ee"D,,
en =(bz+w—-1)e"D, +¢e"D,, e3=(z—1)e"" D, +ee"D,,
ew=D, es=D,, egec=tD, e7=xD,+yD,, eg=pD,+qD,. 4.24)

The non-zero brackets of the symmetry algebra are given by

ler,ei6] = e1, ez, e17] = e, ez, eig] =e3, [es,e5] =er, [es,e17] = ey,
les,eis] = es, [es,e1s] = —e1, [es,e16] = €6, les,e0] = €3, [e7,e16] = €7,
le19, e12] = —e10,  [er0,€15] = —e10,  [ero, e8] = €10, le1r, e1s] = —aeyy,
leir, elq] = —err, len,er] = e, [es,es] =—en, [en,es] = en,
len, e15] = —e10 —e1n,  [e7,e14] = —e1,  [enn, e1s] = —beyo,
le1s, e1a] = —e1r —e13,  [ens,e1s] = —aes, [e1s, er7] = ens. (4.25)
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In this case, based on the Lie invariance condition, we have to consider three sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system of

PDE. The cases we consider are A‘gzo’bio, Ag=61 and Agzo’bzo. In the generic and sub-cases, we find that

the structure of the symmetry Lie algebras are the same. We summarize the results in the following
proposition.

Proposition 14. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e|—e 3 and five-dimensional abelian complement spanned
by ejy—eis. In fact, the nilradical is a direct sum of two copies of As, and R®. Hence, the symmetry
algebra is (As; ® A5 @ R?) < R>, where Asy is given by Eq (4.9).

4.7. Algebra Ag?c (a*+b* #0)
The non-zero brackets for the algebra Azb; are given by
le1,e3] = aes, e, es] = aes, [er,e5] = bes, [e1, 6] = e6,
e1,es] = es+eq, [er,e3] =ces+ey, [e,e4] =—e3+ cey. (4.26)
The geodesic equations are given by
p=plcz+aw)+qz, §=2(-p+cq) +agw, X=3xw, y=x(bz+w)+yw, 2=0, w=0. (4.27)

For the general case Agﬁo’bio’cﬂ, the symmetry Lie algebra is spanned by

ei=D,, e=D, e3=D, e =D, e5=D,
es = xDy, e;=wD,, es=2zD, e9=¢e"D,,
eio=€"Dy+ (bz+w—1)e"Dy, e =sin(2)e™ D, + e“ cos(z)e™ Dy,
ein = —cos(2)e™ D, + e“sin(z)e™D,, e3 =D, eu=D,, e5s=tD,
e = xDy+yD,, ey;=pD,+qD,, eyg=-gD,+ pD,. (4.28)

The non-zero brackets of the symmetry algebra are given by

ler,enr]l = er, [er,eis] = —ex, e, e17] = €2, [eg,e14] = —e9, [e3,€16] = €3,
les, e16] = €4, [es,e1s] = es, [es,e10] = —e9, [e7,e14] = —es, [e7,e15] = e7,
les,e15] = e, [ea,e13] = €1, [eo,e16] = €9, [er1,e17] = €11, [er0,€16] = €10,
lei1, e14] = —aerr, lei, e13] = —beo, [enn,e13] = —e11,  [enr,es] = en,
le11, e13] = —ceny +enn,  [en,e17] = e, [es,e6] = €3, [es,e13] = —es,
[e12, e13] = —cern —en1,  lenn, en] = —aenn, [er, e14] = —e1p — eo. (4.29)

In this case, based on the Lie invariance condition, we have to consider four sub-cases based on the

values of the parameters to see if taking certain values will generate new solutions to the system of
PDE. The cases we consider are A2:70,b¢0’ Ag=71 , A’:;O’b =0 and Ag=70. In the generic and sub-cases, we find
that the structure of the symmetry Lie algebras are the same. We summarize the results in the following

proposition.
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Proposition 15. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of twelve-dimensional decomposable nilradical spanned by e\—e, and a six-
dimensional abelian complement spanned by e\,—e1s. In fact, the nilradical is a direct sum of As in
Winternitz list and R’. Hence, symmetry algebra can be can be described as (As; ® R") = R®, where
As is given by Eq (4.9).

4.8. Algebra Asg

The non-zero brackets for the algebra Ag g are given by
ler,es] =e3, [er,es] =6, lex,es]=es5+e6, [e2,66] =€, [€2,€4] = e4. (4.30)

The geodesic equations are given by

p=up+y)+gqw, g=qz, i=xw, y=yz, 2=0, w=0. (4.31)
The symmetry Lie algebra is spanned by

er=D;, e=D, es=D, e=D,;, es=D, e =wD,
e;=zD;,, eg=qD,, ey=yD, eqgo=¢eD, e;=¢e"D,,

e =we'D, +e*D,, e3=(z—1)eD,+e*D,, ey =D,

eis=tD,, ee=D,, e7=xD, eg=pD,+qgD,+yD,. (4.32)
The non-zero brackets of the symmetry algebra are given by

ler,eis] =€, [ex,eis]l =ex, [e3,er7]l =e3, [es,es] =er, [es,ez] = ey,

les,eo] = €z, [es,eis] =es, [es,e1s] =es, les,e16] = —e1, [e,e15] = e7,
le7,e14] = —e1, [es,enn]l = —eio,  [eo, €131 = —eo,  [e10, €14] = —e10,
[eio, e1s] = €10,  [err,eis] = —er, e, er] = enn, [en,en] = —e,
le1a, e16] = —€10,  [enn, e8] = enn,  [e1s, e1a]l = —e10 — €13, [e13, e13] = eys. (4.33)

Proposition 16. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e\—e 3, which is a direct sum of an eight-dimensional
indecomposable solvable Lie algebra Bgy-o) and a five-dimensional abelian Lie algebra. The
complement of the nilradical is a another five-dimensional abelian Lie algebra spanned by ej,—e;s.
Therefore, the symmetry algebra can be identified as: (Bg(=0) ® R3) > R>, where the non-zero brackets
of Bg, are given by Eq (4.38).
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4.9. Algebra Ag,

The non-zero brackets for the algebra Ag , are given by
le1,es] = e3, [er,eq]l = e, [er,ea]l =es+es, [er,e5] =es+aes, [er,e6] = €. (4.34)
The geodesic equations are given by
p=up+ay)+gw, G§=qz, ¥i=3xw, y=2q+y), Z2=0, w=0. (4.35)

For the general case A?:;O , the symmetry Lie algebra is spanned by

er=D, e=Dy, e3=D, e4=D, e=D; e=wD,

e;=2D,, eyg=¢gD,, ey=¢€eD, eg=e"Dy, e =ayD,+qD,

2-27+2
e =(z—1)ae’D, +e*D,, e3= [% +wle*D, + e*D, + (z — 1)e*Dy,
eu=D,, es=D, egs=tD, e7=xD,, eg= pr + qu +yDy. (436)

The non-zero brackets of the symmetry algebra are given by

ler,ei6] = €1, [ex,e13] = e, [es,eis] =e3, [eq,e17] = ey,
les,en] = ex, [es,eis]l =es, [es,e1s] = —e1, [es,e16] = es,
le7,e15] = —e1, [es,e13] = —eq, [eq,e15] = —€9, [e9, 18] = €9,
le1o, e1a] = —e10,  lerr,enn] = —aeq, ez, e11] = ae3, [e11,e13] = —enn,
lerz, e18] = enn, [es,es] = e3, [enn,e15] = —aeg —e1z,  [e7,e16] = €7,
leio, e17] = €10,  [e13,€14] = —eg, [e13,e15] = —e1n —e13,  [e13,e13] = eys. (4.37)

In this case, based on the Lie invariance condition, we have to consider one sub-case based on the
values of the parameters to see if taking certain values will generate new solutions to the system of
PDE. The only case we consider is A‘g:90. In the generic and sub-cases, we find that the structure of the

symmetry Lie algebras are the same. We summarize the results in the following proposition.

Proposition 17. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e\—e 3, which is a direct sum of an eight-dimensional
indecomposable solvable Lie algebra Bg and a five-dimensional abelian Lie algebra. The complement
of the nilradical is a another five-dimensional abelian Lie algebra spanned by e4—e 3. Therefore, the
symmetry algebra can be identified as (Bs ® R’) = R, where By is the following solvable
indecomposable eight-dimensional Lie algebra given by the non-zero brackets

les, es]l =€z, les, es]l =e;, les, es] = —es, [es, e;] =—aes, [es, es] =—e;. (4.38)
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4.10. Algebra Agf’lo

The non-zero brackets for the algebra Agblo are given by
ler,e3] = aes, [er,eq] = es +bes, e, e5] = es,

ler,es]l = es, [ex,e3]l =e3, [er,es] =es, [er,e5] = es. (4.39)

The geodesic equations are given by
p=wp+bx)+qz, Gg=gv+xz, ¥x=xw, y=yZ+aw), 2=0, w=0. (4.40)

For the general case Agﬁ%’bio, the symmetry Lie algebra is spanned by

er=D,, e=D; e3=D, e=D, es=D, e =wD,

e;=2zD,, eg=xD,, ey=qgD,+xD, eo=e"D, e;=2z"D,+e"D,

2w —2)b 2
e =e"e'D,, e;3= [% + %]eWDp +2¢"Dy + €"D,,
euw=D, es=D,, eg¢c=tD, e7;=yD,, eyg=pD,+qD,+xD,. “4.41)

The non-zero brackets of the symmetry algebra are given by

ler,eis] = e, [er,e9] =e3, [er, ezl =er, [es,ei3] =e3, [es,e17] = ey,

les,es] = e3, [es,eo] = e, [es,eig] =es, [es,e15] = —e1, [es, e16] = e,
le7,e1a] = —e1, [er,e16] = €7, [eg,es] = —ei, [ers,e1s] = —bejg — ey,
leo, e13] = —e11,  [ern, e15] = —e10,  [e10,€18] = €10,  [e11,€14] = —eqo,
le11, e1s] = err, [ern,eis] = —enr, e, enn] = —enn, e, e15] = —ae,
leiz, e17] = ern, ez, eq] = —enr,  [eo,en] = —e, [e1s, es] = ens. (4.42)

In this case, based on the Lie invariance condition, we have to consider three sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system

of PDE. The cases we consider are A%5%, A%51 and A2, In the generic and sub-cases, we find that
the structure of the symmetry Lie algebras are the same. We summarize the results in the following

proposition.

Proposition 18. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e\—e 3, which is a direct sum of an eight-dimensional
indecomposable solvable Lie algebra Bgy-1y and a five-dimensional abelian Lie algebra. The
complement of the nilradical is a another five-dimensional abelian Lie algebra spanned by ej,—e;s.
Therefore, the symmetry algebra can be identified as (Bg=1) ® R”) = R°, where the non-zero brackets
of Bg, are given by Eq (4.38).
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4.11. Algebra Ag ||

a

The non-zero brackets for the algebra Ag ||

are given by

lei,e3] =es, ler,es] =es, ler,e6] =€, [e2,e3] =e3,
lei,es] = es +es, [er,es] =aes, [e,eq] = aes.

The geodesic equations are given by
p=plaz+w)+qgw, §g=qglaz+w), i=xz, y=xw+2zy, 2=0, w=0.

For the general case Agj(i, the symmetry Lie algebra is spanned by

e1=Dt, e2:D e3:D

R €4 = Dq’ €5 = Dxa €6 = WDta

P
e;=2D,, eg=¢qD,, ey9=xD,, e=eD,, e =eD,+weD,,
e =e"e“D,, e;3=we"e“D,+e"e“D,, eus=D,, es=D,

el =tD,, e;7= pr + (]Dq, eig = xD, + yDy

The non-zero brackets of the symmetry algebra are given by

ler, el = e, [ex,ei7] =ex, [es,ei3] =e3, [es,es] =er, [es,e17] = ey,

les, e14] = —e1,  [es,e16] = €6, les,e1s] = —aeis, [er,e15] = —ey,
les, e13] = —e1n,  [eg, e11] = —e10,  [e10,e15] = —e10,  [e10,€18] = €10,
leir, eis] = —enr,  len,es] = e, [en,enn]l = —enn, [es,e9] = es,
le12, e15] = —aern, [ei1,e14] = —e0, [e13,e14] = —ep —ey3,

[ein,er7] = ern, les,eis]l =es, [er,ei6]l =e7, [ei3,e17] = eys.

(4.43)

(4.44)

(4.45)

(4.46)

In this case, based on the Lie invariance condition, we have to consider two sub-cases based on the
values of the parameters to see if taking certain values will generate new solutions to the system of
PDE. The cases we consider are A%~ and A%%!. In the generic and sub-cases, we find that the structure

6,11 6,11°

of the symmetry Lie algebras are the same. We summarize the results in the following proposition.

Proposition 19. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e|—e 3 and five-dimensional abelian complement spanned
by ejy—eis. In fact, the nilradical is a direct sum of two copies of As, and R®. Hence, the symmetry

algebra is (As; ® As 1 @ R?) < R>, where As is given by Eq (4.9).
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4.12. Algebra Ag,blz

The non-zero brackets for the algebra Agf’lz are given by

ler,esl = es, [er,es]=es+es,  ler,ec]l = es,  [er,e3] = aeq + es — beg,
ler,es] = ez +es, [er,es]l =6, ler,e5]1 = —e3 + bey + aes, [e2,e6] = —es.
The geodesic equations are given by
p=up++war+by—q), §=2uqg+y)+wlay—>bx+p),
¥=xz—yw, y=yz+nh, 7=0, w=0.

For the general case Ag’ig’bio, the symmetry Lie algebra is spanned by

er=D,, e=D, e=D;, e =D, es=D,,
ec =wD,, e;=2zD,, e3=xD,+yD,, ey=yD,—xD,,
eip = cos(w)e‘D,, + sin(w)e*D,, e = sin(w)e°D, — cos(w)e*D,,,
ein = ((aw + b +z—1) cos(w) + bw sin(w)) eD,, + ((aw + b + z — 1) sin(w)
—w cos(w)b) e*D, + cos(w) e°D, + sin(w) e*D,
e13 = ((=bw + a) cos(w) + sin(w)(aw + z— 1)) ‘D, + (—cos(w)(aw + z— 1)
—(bw — a) sin(w)) e°D, + sin(w) e*D, — cos(w) e°D,
ey =tD;,, es=D, egec=D,,
ey7 = pD, +qDy + xD, +yD,, ey =qD,—pD,+yD,— xD,.

The non-zero brackets of the symmetry algebra are given by

ler,es] = e3, ler,e9]l =er, ler,er7]l =e1, [eis,eis] = —e —ens,

[e1s, ei6] = 2bejp — €12, les,er7] = e3, [es,eis] =ex, [es,e1a] = ey,

les,eo] = —e3, [es,err] =es, [es,eis] = —e1, [es, €14] = es,
le7,e1a] = €7, [er,e15] = —es, [eg,en] = —er, [es, e3] = —e,
leg, e1n] = —e11,  [eo, e13] = €10, [er0, €151 = —e10,  [er0, €16] = €1,
leo, e17] = €10, [er0,e18] = e11, [enr,eis] = —en,  [err,es] = —eio,
lei1,er7] = e, [eir,es] = —ew, [es,es] = ex, [enn,e17] = enn,
leis,er7] = e13,  [enn, e1s] = —aeig + beyy + e13,  [er, e13] = es,
len2, e16] = —2aeig + ez, [ez,e17] = ez, [en,e1s] = —ep— e,
lez, e18] = —e3, [es,e16] = —es, [e13,e18] = aeyy + bejg — eqn.

(4.47)

(4.48)

(4.49)

(4.50)

In this case, based on the Lie invariance condition, we have to consider two sub-cases based on the
values of the parameters to see if taking certain values will generate new solutions to the system of
PDE. The cases we consider are Agzlg and A?=0. In the generic and sub-cases, we find that the structure

6,12°

of the symmetry Lie algebras are the same. We summarize the results in the following proposition.

AIMS Mathematics Volume 9, Issue 1, 1969-1996.



1987

Proposition 20. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra with
thirteen-dimensional nilradical spanned by e;—e 3 and five-dimensional abelian complement spanned
by eiy—eys. In fact, the nilradical is a direct sum of ten-dimensional solvable Lie algebra Cyy and R3.
Hence, the symmetry algebra is (Cyy @ R*) = R>, where Cyy is an indecoposable ten-dimensional
solvable Lie algebra given by the non-zero brackets

[er,es] =e3, [er,ec]l = e, [es,es] =€y, [es,e6] = —e3,

les,e9]l = —e7, [es,en] = —es, [es,e9] = —eg, [eq,€10] = e7. (4.51)

4.13. Algebra ALY (abcd : a* + b* # 0, ¢ + d* # 0)

The non-zero brackets for the algebra A%? are given by

6,13
ler,e3] = aes, [er,es] = ces, ler,es]=es, [e,e6] = —es,
[er, e3] = bes, [ey,eq] =des, [er,e6] =e6, [e2,e5] = es. (4.52)

The geodesic equations are given by
p=pz—gw, §=pw+qz, ¥=x(dz+cw), y=ybz+aw), 7=0, w=0. (4.53)

a#0,b#0,¢#0,d+0

For the general case A;7;

, the symmetry Lie algebra is spanned by

er=D,, e;=D,, e3=D,, es=D, e=D, e=wD, e =2zD,

es = ee“D., ey = ™D

\, el = cos(w)e'D,, + sin(w)e*D,,

eyr = sin(w)e*D,, — cos(wyeD,, e =D, e3=D, eu=tD,
eis =xDy, eg=yD,, e7=pD,+qD, e3=qD,—pD,. (4.54)

The non-zero brackets of the symmetry algebra are given by

le1,erq]l = €1, [er,er7] = e, [er,e18] = —e3, [es,err] =e3, [es,e1s] = e,
les, e15] = es,  es,e12] = —e1,  [eo,e1n] = —aey, [eg, €14] = e,
le7,e1a] = €7, [es,e1n] = —ces, [es,e3] = —deg, [es, e15] = e,
leg, e16] = €9, [e10,€12] = €11,  [er0,€13] = —er0,  [e10, €17] = ey,
leir, ei3] = —enr,  [eo,e13] = —bey, [ero, e8] = enn, [er,e13] = —ey,
les,ei6] = s,  [er,e1n] = —e1o, e, e17] = enn, [err,es] = —eqo. (4.55)

In this case, based on the Lie invariance condition, we have to consider eight sub-cases based on

the values of the parameters to see if taking certain values will generate new solutions to the system of

a=0,b#0 ja=c,a#0 4b=0,a#0 4b=1 b=d,b#0 4c=0,d#0 4d=1 d=0,c#0
6,13 ? A6,13 ’ A6,13 ’ A6,13’ A6,13 ’ A6,13 ’ A6,13 A6,13

In the generic and sub-cases, we find that the structure of the symmetry Lie algebras are the same. We
summarize the results in the following proposition.

PDE. The cases we consider are: A and

Proposition 21. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which
is the semidirect product of eleven-dimensional abelian nilradical spanned by e;—e,; and a seven-
dimensional abelian complement spanned by e|,—e 3. Hence, it can be described as RM <R
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4.14. Algebra Agfﬁ (ab # 0)

The non-zero brackets for the algebra A%Zf)f;x are given by
ler,e3] = aes, [er,es] =ces+es, [e1,ec] =es+ces, [er,e3] =bes, [ea, es] = eq. (4.56)

The geodesic equations are given by

B=Wep+a), §=(—p+cd), k=x5 §=ybiraw), $=0, =0 (4.57)
For the general case Agja’bio’”&o, the symmetry Lie algebra is spanned by

er=D,, e=D,, es=D, e=D, es=D, e =wD,
e;=2zD,, eg=¢€D,, eg= e“WebZDy, ey = e sin(w)D,, + e cos(w)D,,,
ey = —e cos(w)D, + e sinw)D,, e, =D, e3=D,, ey=tD,
eis=yD,, eg=xD,, ey;=pD,+qD,, e=-gD,+pD,. (4.58)

The non-zero brackets of the symmetry algebra are given by

ler,enn] =1, [er,e17]l =ex, [er,enn]l =e7, les,ei7]l =e3, [es,es] = e,

les, e15] = es, [es,ers] = es, [eg,e13] = —e1, les,e14] = €6, [es,e16] = e,
lei1, e13] = —ceny — e, e, en7] = enn,  [ern,eis] = —ei, [er,e12] = —ey,
leg, e15] = €9,  [e10,€13] = —ceip + e11,  [e10,€17] = €10,  [e10, €18] = e,
[e2,e18] = —e3, [es,enn] = —es, [eo, e13] = —aey, [eg, e12] = —Dbey. (4.59)

In this case, based on the Lie invariance condition, we have to consider two sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system

b=1,a#0 a=c,a#0
Agy and A

the structure of the symmetry Lie algebras are the same. We summarize the results in the following
proposition.

of PDE. The cases we consider are: . In the generic and sub-cases, we find that

Proposition 22. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which
is the semidirect product of eleven-dimensional abelian nilradical spanned by e;—e;, and a seven-
dimensional abelian complement spanned by e,—es. Hence, it can be described as R < R.

4.15. Algebra AY(d (abcd : b # 0)

The non-zero brackets for the algebra A%¢ are given by

6,15
ler,e3] =e3, lei,es]l =es, [e1,es] =aes+bes, [er,es] = —bes + aes,
[er,e3] = ces +es, [er,ea]l = —e3+ceq, [er,e6] =des, [e2,e5] = des. (4.60)

The geodesic equations are given by
Pp=plez+w)—qz, §g=zp+cq)+qw, =0,
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¥ = 2(d2 + aw) — byw, § = biw + 9(dz + qw), W = 0. 4.61)
For the general case Agﬁg’bio’”&()’dio, the symmetry Lie algebra is spanned by

es=D,, e=D, e=D,, e=D, es=D, e =D,

e;=wD,, e3=2zD;,, ey=1tD; e =xD,+yD,. (4.62)

The non-zero brackets of the symmetry algebra are given by
[e2,e0] = €2, [es,e7] = €2, [eq,e5] = €2, [es,e10] = es,

les, €10l = €5, [e7,e9] = €7, [eg,e9] = eg. (4.63)

In this case, based on the Lie invariance condition, we have to consider five sub-cases based on the
values of the parameters to see if taking certain values will generate new solutions to the system of

PDE. The cases we consider are A%52, A%5L, A%, A%SY and AS=%. In the generic and sub-cases, we find
that the structure of the symmetry Lie algebras are the same. We summarize the results in the following

proposition.

Proposition 23. The symmetry Lie algebra is a ten-dimensional solvable Lie algebra with eight
-dimensional not abelian nilradical spanned by e|—eg and two-dimensional abelian complement
spanned by eq and e . In fact, The nilradical is a direct sum of As4 and R®. Hence, the symmetry Lie
algebra can be identified as (As4 ® R*) = R?, where the non-zero brackets of As4 are given by

[e2, es] = €1, [e3,e5] = e;. (4.64)

4.16. Algebra Agf’lé

ab

The non-zero brackets for the algebra Ag’,

are given by
ler,e3] = es, [er,es]l =es, [er,es]=aes+es, [er,e3]=e3,
[e1,e6] = —es +aes, ez, es] = bes, [er,e6] = beg. (4.65)

The geodesic equations are given by

p=pbz+aw)—qgw, §=pw+qgbi+aw), X=xz, y=yz, 7=0, w=0. (4.66)
For the general case Agi%’bio, the symmetry Lie algebra is spanned by

er=D;,, e=D, e=D, e =D, es=D, e =wD,
e;=z2D,, eg=eD,, ey =eD,, eyq=e"cos(w)e™D,+sin(w)e™ <D,
ey = e sin(w)e™ D, — cos(w)e"w”’ZDq, ep=D, e3=tD, ey4=D,,
eis =xDy, eg=yDy, ey7=xDy, eg=yD,, ey9=pD,+qD, ex=qD,—pD,. 4.67)

The non-zero brackets of the symmetry algebra are given by
ler,eis] = e, [ex,e19] =e€r, ez, e10] = €3, [e10, e14] = —aeip + enn,
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les, e15] = eq, les,e17] = es, les,ei6] = eq, [er1,e14] = —aer — ey,
les, e1a] = —e1,  [er,e13] = €7, [es,e1s] =es, [ers,€17] = —e15 + e,
leis,e17] = e17,  [es, e8] = —e1s, [e7,€12] = —e1,  [err,ei3] = ey,
le2, e20] = —e3, [e10,€19] = €10,  [e10,€20] = €11, [e1r, enn] = —beyy,
leir, ero] = e1r,  [es,eis] = es, [er,exn] = —e1, [e10, €12] = —beyo,
les, ex0] = €2, [es,e13] = €5, [eg,en] = —eg, [e1s, e16] = —eie,
les,e17] = €9, [eg,e12] = —e9, [eg,e16] = €5, [e9, €18] = eo. (4.68)

In this case, based on the Lie invariance condition, we have to consider three sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system

of PDE. The cases we consider are A7%, A?S% and AZ7L. In the generic and sub-cases, we find that
the structure of the symmetry Lie algebras are the same. We summarize the results in the following

proposition.

Proposition 24. The symmetry Lie algebra is a twenty-dimensional semi direct product of seventeen
solvable Lie algebra and three -dimensional semi-simple sl(2,R). Furthermore, the symmetry Lie
algebra has eleven dimensional abelian nilradical and nine-dimensional complement. Therefore, the
symmetry Lie algebra can be identified as (R'" = R®) = si(2, R).

4.17. Algebra Ag |,

a

The non-zero brackets for the algebra Ag |,

are given by

ler, e3] = aes + es, [e1,e4] = aey, [ey,e5] = e,
ler, ec] = —es, [ex,es] =es5,  [er,e6] = e6. (4.69)
The geodesic equations are given by
p=pz—¢qw, §=pw+qgz, ¥=wax+y), y=apw, 7=0, w=0. (4.70)

Based on the system of PDE’s obtained from the Lie Invarince Condition we consider the following
subcases of certain values of the parameters.

4.17.1. Case 1: Agi(;

The symmetry Lie algebra is spanned by

er=D,, e=D, e=D, e=D, e=D, e =yD,,
e; =wD,, e3=2D, ey= eawa’ e10 = cos (w)e*D, + sin (w)e*D,,
ey = sin(w)e‘D, — cos(w)e’D,, e = M +e™D,, e;3=D,
ey =D,, es=tD;, ee=xD,+yD,, ey;=pD,+qD,, es=9gD,—pD,. “4.71)
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The non-zero brackets of the symmetry algebra are given by

le1,ei] = €1, ez, e17] = e, [e3,e18] = —e3, [es,err] =e3, [es,e1s] = e,
les, e16] = es, [es,eis] =es, [es,ern] = —aey, [e7,e14] = —es, [e7,e15] = e7,
les,e13] = —es, [es,e1s] = es, [eo, e14] = —aeq, [e10,€13] = —eio,

[ei0, e14] = €11, [ewn,e17] = e, [eio,eis] = e, len,enn]l = —en,
lei,err] = e, les,esl = e, leg,ei5] = €9, [er1,e14] = —er0,

[ei1,eig] = —eio, [en, eis] = —aen —aeq, [er2,e16] = €.

(4.72)

Proposition 25. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which is
the semidirect product of twelve-dimensional decomposable nilradical spanned by e;—e, and a six-
dimensional abelian complement spanned by e\,—eys. In fact, the nilradical is a direct sum of As in
Winternitz list and R'. Hence, symmetry algebra can be can be described as (As; ® R7) = RS, where

As is given by Eq (4.9).
4.17.2. Case 2: AL

The symmetry Lie algebra is spanned by

61:D,, ezsz, 63:D e4:D eS:D

v, €6 =wDy;, e7 =2zD,,

p> 9
I, 1
es =zD,, ey=wD,, eyn= 3 w'Dy+wD,, e = 2 wzD, + zD,,
ep = cos(w)e'D, + sin(w)e*D,, ez = sin(w)e*D,, — cos (w)e*Dy,

eu=tD,, es=D, eec=D, e7=tD, eg=yD, ej=yD,,

1
ex = pD,+qD,, ey =¢gD,—pD,;, exn= 3 twD, + 1Dy, ey = (wy—2x)D;,

1 1
€ = 5 wyD, +yD,, ey = (x— %)Dx, € = (5 yw? —wx)D, + (wy — 2x)D.

The non-zero brackets of the symmetry algebra are given by

€9

ler,eis]l = ex, e, el =er, e, en]=es+ 5 [e2, €3] = —2ey,
= s = — — = [

[e2,e25] = €2 [e2, ex] 2es —eq, [e3,exn] =e3, [e3,ex]=—eq,

les, ex0] = €4, [es,en1] =e3, [es,eis] =er, les,en] =er, [es,en] = e,
€9 €9
[es,exs] = €5 + E’ [es, exs] = 3, les,exs] = €10, [ero,e16] = —e5 — €9,

les, e16] = —e1, les,e17] = es, [es,en] = €19, [e7,€e14] = es,
le7,e15] = —e1, [e7,er7]l =e7, [er,en] =enr, [es,eis] = —ey,

leg, ex3] = —2e7, [es,exs] = es, [es,exs] = —2e11, [eg,e16] = —e2,

[eg, e23] = —2eq, [e9,e€25] = €9, [e9,e26] = —2e19, [es,€14] = €9,

(4.73)
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€9
[eio, €3] = es, [ei0,e19] = €9, [e10,€4] =e€19, [e1,e15] = —es— 5
€s
[e11,ei6] = —3, lei,eis]l = e7, [enr,en]l =es, [err,en] =ei,
[ein, e15] = —enn, e, eis] = €13, lenn,exn] =enn, [en, el = e,
[eis,eis] = —ei3,  [es,eis]l = —ern, [eis,exn] =e13, [es, ex] = —ern,
€14
[e1s, ex5] = €1a,  [e1s,e26] = —2e22, [er6,€22] = - [e17,ei3] = —eis,
leis, €26] = €24 — €25, [e1s,e13] = —erg, [e1s,e23] = —2e17 + 2eys,
€19
[eis, €23] = €13, [eis, €24] = > [e1g, e25] = €19, [e17,e23] = —ens,
€19
[e16, €25] = 5 les,er7] = —ews, [er7,en] =exn, [elg,exn] =—eu,
lero, ex3] = —2e13, [eis, €] = —e1s3,  [e1s,€26] = —€23, e, €3] = —exg,
[e1s, exn] = —e17 + e, [erg,e] = —erg, [en9, ex6] = —2e34 + 2evs,
[€22,€24] = €2, [e23,e05] = —e23, [en,e6] = —€26, [e25,€26] = €26. 4.74)

Proposition 26. The symmetry Lie algebra is a twenty six-dimensional semi direct product of
eighteen solvable Lie algebra and eight-dimensional semi-simple sl(3,R). Furthermore, the symmetry

Lie algebra has thirteen-dimensional complement. Therefore, the symmetry algebra can be identified
as (RP = R) = sl(3,R).

4.18. Algebra Agf’fg b +0)

The non-zero brackets for the algebra A%, are given by

6,18
ler,e3] = es, [er,eq]l = —e3, [e1,es] =aes+bes, [er,e3] =e3,
ler,es] = —bes + aes, [er,es] = es, [er,e5] =ces, [er,e6] = ces. (4.75)

The geodesic equations are given by

P=pi+aw, §=—-pw+gz ¥ =x(ci—aw)+byw, §=—biw+y(ci—aw), 1=0,w=0. (4.76)

a#0,b#0,c£0

For the general case Ay , the symmetry Lie algebra is spanned by

er=D,, e=D;,, e3s=D,, e=D, es=D, e =wD, e =zD,
eg = sin(w)e*D, + cos (w)e*D,, ey = —cos(w)e*D,, + sin(w)e*Dy,
ep = €< sin(bw)e ™D, + cos (bw)e ™ D, e = €% cos (bw)e ™D, — sin (bw)e D,
ep=D, e3=tD, ey4=D,, es=pD,+qD,,
el = xD,+yD,, ey;=-gD,+ pD,, eg=yD,—xD,. “4.77)

The non-zero brackets of the symmetry algebra are given by
ler,ec] = €1, [er,eis] =es, [er,e1s] =€, [er,e17] = —e3,  [ern, e1s] = enn,
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les,ei7] = ex, [es, ezl =eq, [es,e16] = es, [es,es] = —ey,
les, e1a] = —eq, [e7,e12] = —es, [e7,e13] = €7, [eg,en] = —es,
leg, e12] = —e9, [eg,e14] = —es, [eg,e17] = —e5,  [e10, €12] = —ceyo,
leg, e15] = €9, [es,e14] = €9, [e11,e18] = —e1o, [e11,e12] = —ceyy,
les,e1s] = es, [es,e17] = €9,  [er0, €14] = aero — bery,  [ero, e16] = €0,
les,e1s] = e3, [ei1,e1a] = aery + beyy, [er, e16] = €11, [es, e13] = €. (4.73)

In this case, based on the Lie invariance condition, we have to consider three sub-cases based on
the values of the parameters to see if taking certain values will generate new solutions to the system

of PDE. The cases we consider are A%5%, A5} and AS ;. In the generic and sub-cases, we find that

the structure of the symmetry Lie algebras are the same. We summarize the results in the following
proposition.

Proposition 27. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which
is the semidirect product of eleven-dimensional abelian nilradical spanned by e;—e;, and a seven-
dimensional abelian complement spanned by e ,—e 5. Hence, it can be described as R'' = R’.

4.19. Algebra Ag 19

The non-zero brackets for the algebra Ag 19 are given by

ler,es] =es+es, [er,es] =es le1,e6] =—es5, [er,e3] =es,
ler,es] = —e3 +es, ler,eq]l = €4, [er,es]=es, [ea,e6] = es. 4.79)

The geodesic equations are given by
p=pz+wix—-q), Gg=wQ-p)+qz, X=xz—yw, y=yz+xw, 7=0, w=0. (4.80)
The symmetry Lie algebra is spanned by

ey=Dy, e=D,, es=D,;, e =D, es=D, es=wD,
e7=2D,, eg=¢€"D,—e""D,, e =¢ee"D,+e "D,
eip = sin(w)e‘D,, + cos (w)e*D, + sin (w)e* Dy,
ey = —cos(w)e*D,, + sin(w)e*D, — cos (w)e*D,, e = D,
ez =1tD;, ey4=D,, es=pD,+qD,+xD,+yD,,
e =qD,+(=y+p)D,, ey =-xD,+yD,—xD,, eg=(y-p)D,-qD,. (4.81)

The non-zero brackets of the symmetry algebra are given by

ler,eis] = e, [er,eis] =—e3, [er,er7] =es, [e,eis] =er, [er,e15] = e,
[ex,e16] = €3, [ex,e13] = —€2, les,eis]=e3, les,eis]l =er, [e3,e15] = —es,
les, e13] = e4, [es,eis] =es, [es,er7] = —e;—ex, [es,e13] =e6, [es,e14] = —eq,
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le7,e12] = —es, [er,e13] = €7, [es,enn] = —es, [es,es] = es, [es,er15] = es,
les, e16] = es, [es, e8] = —eg, [eg,e1n] = —e9, [eg,e14] = —€9, [e9,e15] = e,
leg, e16] = —e9, [eq, 18] = —e9, [e10,€12] = —€10, [e10,€14] = €11,  [e10, €15] = €0,
leo, e17] = err,  [enr,enn] = —enn,  [eir,e1a] = —ero, [en,e1s] = e, [enn,er] = —ejp. (4.82)

Proposition 28. The symmetry Lie algebra is an eighteen-dimensional solvable Lie algebra which
is the semidirect product of eleven-dimensional abelian nilradical spanned by e;—e,; and a seven-
dimensional abelian complement spanned by ei,—es. Hence, it can be described as R < R.

5. Conclusions and future work

n this work, we have investigated the symmetry Lie algebra of the geodesic equations of the
canonical connection on a Lie group. More precisely, we have considered six-dimensional
indecomposable solvable Lie algebras with co-dimension two abelian nilradical and abelian
complement. In dimension six, there are nineteen such algebras, namely, Ag;—A¢ 19 in [17]. In each
case, we list the non-zero brackets of the Lie algebra, the geodesic equations and a basis for the
symmetry Lie algebra in terms of vector fields. We also analyze the nilradical of the symmetry Lie

algebra. In every case, we identify the symmetry Lie algebra, and a summary of our results is given in
Table 1.

Table 1. Six-dimensional Lie algebras and identification of the symmetry algebra.

Six-dimensional Lie algebras Dimension Identification
AgiO,b#O,c#O,d#O 18 R“ > R7

Agzo,b;:o,c;eo 18 (AS,I ® R7) 4 R()

A 18 (As) ®As) ®R’) xR’
AZP 18 (As; ®R") xRS
AZP 18 (As; ®R7) = R®
AZP 18 (As) ®As; ®R3) =R’
AGHIP0e0 18 (As) ®R7) = R®

Agg 18 (Bg(azo) ® R%) = R
Ag?;o 18 (Bs ® R%) xR’
AT 18 (Bg(u=1) ® R7) = R>
Agjj({ 18 (As) ® A5 ®R?) = R>
Agig,wo 18 (Cio®RY) =R
Agﬁ%b#O,c#O,d#O 18 Rll 5q R7

Agi?{b#l#o 18 R” q R7
AGRIFOeR0470 10 (As4 ®R) = R?
AT 20 R < R%) = sl(2,R)
Agj‘; 18 (As; ®R7) = R®

ALY 26 (R"? % R) = sl(3,R)
Agﬁ%h;to,mto 18 R“ 1 R7

As.19 18 R xR’
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In future work, we intend to consider the problem in dimension n. For an n dimensional solvable
Lie algebra with co-dimension two abelian nilrdical and abelian complement, we plan to construct
the system of geodesic equations in general, the Lie invariance conditions, and try to integrate, to the
extent possible, the system of partial differential equations and obtain general results.
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