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Abstract: A nonlinear model, which characterizes motions of shallow water waves and includes the
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1. Introduction

This work focuses on the investigation of the equation
Vi — Viey + MYV, = 3@V, Vi + @V, (1.1)

where constants @ > 0 and m > 0. Equation (1.1) describes the motion of shallow water waves in
certain sense [8]. In fact, the dydrodynamical equations derived in [8] includes Eq (1.1) as a special
model.

If m=4and @ =1, Eq (1.1) is turned into the Degasperis-Procesi (DP) model [12].

Vi = Vier + 40V = 3V, + Wi (1.2)

Degasperis et al. [13] construct a Lax pair to prove the integrability of DP model and obtain
two infinite sequences of conserved quantities. The global weak solutions, global strong solutions
and wave breaking conditions for (1.2) are studied within certain functional classes in [14, 22, 31].
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The well-posedness and large time asymptotic features of the periodic entropy (discontinuous)
solutions for Eq (1.2) is considered in [3]. Coclite and Karlsen [4] investigate entropy solutions
to the DP model in the spaces L'(R) N BV and L?*(R) N L*(R), respectively. The bounded
solutions in L'(R) N L*(R) and discontinuous solutions are discussed in [5]. As the DP and Camassa-
Holm (CH [2]) equations possess similar dynamical properties, here we mention several works about
the CH model. The wave breaking for nonlinear equations including the CH model is discovered
in Constantin [7,9]. Many dynamical results about the Camassa-Holm type models are derived and
summarized in [1, 10, 11, 15, 16, 23-25, 28, 33]. Guo et al. [17] consider the dynamical properties of
the CH type models with high order nonlinear terms (also see [18, 19,30,32]). Lai and Wu [21] study
the existence of local solutions for a nonlinear model including the CH and DP model if initial data
satisfy certain assumptions.
For model (1.1) endowed with initial value v(0, x) = vo(x) € L*(R), we derive that

cr llvo llzg) <l v, ) llize< 2 |l vo llzw)s (1.3)

in which ¢; > 0 and ¢, > 0 are constants.

The motivation of this work comes from the job in Coclite and Karlsen [5], in which the existence,
uniqueness, stability of entropy solutions of DP equation are proved in L'(R) N L*(R). Under the
condition vy(x) belonging to L'(R) N L™(R), we investigate the shallow water wave (or generalized DP)
equation (1.1) and prove its well-posedness of entropy (discontinuous) solutions. The novelty element
in our job is that we establish inequality (1.3), namely, the L*(R) uniform bound of solution v(¢, x). The
methods and ideas utilized in this work come from those presented in Coclite and Karlsen [4, 5].

The organization of our work is that section two provides several lemmas about the viscous
approximations of Eq (1.1) and section three gives our main result and its proof.

2. Viscous approximations

We define the smooth function A(x) such that A(x) > O for any x € R, A(x) = 0if [x| > 1 and
[ A(x)dx = 1. For0 < & < 1, let 2,(x) = i%/l(i%) and vo; = A; x vo = [, A,(x — 2, 2)vo(x)dz. Provided
that vg € H*(R) (s > 0), we conclude that vg,g € EC‘X’.

For conciseness, we employ c to represent arbitrary positive constants, which do not depend on &
andr. Let L? = LP(R),1 < p < o0.

Several properties of function v, are summarized in the following conclusion.

Lemma 2.1. [2]1] Assume 1 < p < co. Then

Vo, —=>vo in L7 (—>0), |[voelle==Ilvo llz,

1 voe ll<llvo lle, 1 voe lln< ¢l vo ller -

Provided that (7, x) € R, X R, the initial value problem for Eq (1.1) is written in the form

xx XxXx"? (2 1)

Oy —38> v+mvdy = 320,08 v + avd v
(0, x) = vo(x).

Consider the viscous approximations of system (2.1)

AIMS Mathematics Volume 9, Issue 1, 1772-1782.



1774

3
0ve — 0 Ve + Mv0,Ve

_ 2

= 3a0,v.0%,ve + av.0

ve(0, x) = vo ().

3

2 4
Ve + 807 Ve — €05,V

xxxx’ &2

Using the operator A= = (1 — %)‘1, we obtain that problem (2.2) becomes

Ove + $0,(v)) + 0.H, = €07,v,,
H (1, x) = 5EA2,
VE(O, X) = VO,e(x)’

in which

H,(t,x) = # f e 1, 0dy.
R

(2.2)

(2.3)

(2.4)

Lemma 2.2. Letvg € H'(R), s > 0and 0 < &€ < i. Then problem (2.3) has a unique global smooth

solution v(t, x) belonging to C([0, o0); H*(R)).

Proof. Utilizing the Theorem 2.3 in [6] completes the proof directly.

O

The following lemma, which illustrates the L?>(R) uniform bound of solutions for problem (2.3),
takes a key role to discuss the dynamical features of entropy solutions in L'(R) N L®(R) for Eq (1.1).

Lemma 2.3. Provided that vy € L*(R) and v, satisfies (2.3), « > 0 and m > 0, then

c1 Il vo ||L2(R)S|| ve(t,*) ||L2(R)S ¢ |l vo ||L2(R),

!
2 2
8f ” axv(ﬂ:(T’ ) ”LZ(R) dr < C3 ” Vo ”LZ(R)’
0

in which constants ¢, > 0, ¢; > 0 and c; > 0 does not depend on € and t.
Proof. Set h, = (2 - 9%)"'v,. We have
e
a
Utilizing (h, — 6 h,) to multiply the first equation in (2.3) arises

f Ove(hs — 0% hy)dx — & f 3 ve(h, — 0% he)dx
R R

= —a f V0 ve(hy — 0% hy)dx — f 0 Hy(t, x)(hs — 0% hy)dx.
R

R

From (2.8), we have

f Ove(hs — 0% hy)dx — & f 0 ve(hs — 0% he)dx

R R
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- f (ga,hg — &_ho)(h — 8% ho)dx

]

_e f ERh, - 0 h)(he — P he)dx
R o

= | Endh, - & by — 28,102 1, + P 1D h)dx
(07 (07

txx' "€ txx

5

XXXX

_e f Cnd? h, - L@ h)? - hdt he + PO h)dx
R (04 o

= | Cnone -+ Dhd he + P 10 h)dx
a

txx txx

—
Q|3

XXXX XXXX

—& f Cnd® he — (2 + Dhd* he + 810" h)dx
R @ 04
1xx

= f o, + (2 + 181020, + P 1D h)dx
R @ 04

3 hod. h)dx

XXX XXX

—& f(_@axhaaxha - (ﬂ + 1)6}2@(]’188/2”]’18 -0
R a

4 f (B8 + E + D@:ho)? + (0,1 )dx
R & a

+e f (T(axhg)2 My 1)(02 he)* + (aixxhg)z)dx,
R & 04

in which we have utilized integration by parts.
For the right side in (2.8), making use of (2.7) and integration by parts gives rise to

—a f V0 Ve(hy — 0% h)dx — f 0 Hy(t, x)(hs — 0% he)dx
R R

= —a f V0, Ve(he — 0% he)dx + f (H,s — 0% H,)(t, x)0h.dx
R R

= —a f VB velhy — O hp)dx + 2 f V20, hpdx
R 2 R

@

f 0,3 hdx + = f V20, h,dx
2 Jr 2 Jr

a o[ m 2
5 fR a,c(vg)[;hg—vg]d“E L V20, h.dx

% L vﬁc?xvgdx

0.

From (2.8)—(2.10), we derive that
m m
- Il e 117 +(E + D) 1| 0che 112, + 1| %0 |17

L om m
+26 fo (5 10 152 +C + D 1l ke I, + 1 9k I )

(2.9)

(2.10)

AIMS Mathematics Volume 9, Issue 1, 1772-1782.



1776

m m
= — [ he(0, ) 72 +(= + 1) 1| 8:he(0, ) 172 + 1| 93,500, ) 117, -
o (01

(2.11)
Utilizing (2.7) yields
2 _ 2 m. 2
[RXCOY . L( -0 h, + Ehs) dx
21 \2 2m 2 m’ 2
= | (0 he)"dx — — | ho0  hdx+ — h.dx
R @ Jr a” Jr
2 2
= f (8 h,Ydx + — f @.heYdx + = f Hdx
R a Jr a” Jr
m’ ) 2m 2 2 2
= — |l 7 I +— || Oshe I + || Oyl |7 (2.12)
1o 1%

We utilize the definition of the norm L*(R), the right side of (2.11) and the left side of (2.12).
From (2.11), (2.12) and Lemma 2.1, we derive that there exist constants ¢; > 0 and ¢, > 0 to guarantee
that

cr o lleee <l ve iz = el vo lleg) - (2.13)

From (2.11), we have

! ! m m
e [ 0ol e < e [ (20 0h 1 2+ 1) 10 G + 10 I

< ool 1l 1e(0,) [ + 11 8:1e(0,) I, + 1 2,00, %)
< cllvoe Iz
<cllvoli - (2.14)

Applying (2.13) and (2.14) directly derives (2.5) and (2.6). |
We give several estimates about the nonlocal term H.(z, x) by applying Lemma 2.3.

Lemma 2.4. If v, € L*(R), then
| Hy llzes 1 0:H llz=< ¢ Il vo II7 (2.15)

L2°

| He(t, ) s 11 0cHe(t, ) s 1103 He(t, ) l< e N vo 172 - (2.16)

Proof. Utilizing the expressions

H.(1,x) = # f e A1, )de,
R

O H (1, %) = — 2

f e Asign(z — VAL, )d¢

R
and Lemma 2.3, we complete the proof of (2.15). Noting that

f |H,(t, x)ldx, f 10, Ho(t, x)ldx < ¢ f ( f e dx)vids < c | vIg< el v I,
R R

R R
and 07, H, = H, — "5%vZ, we finish the proof of (2.16). O
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Lemma 2.5. Provided that vo € E'(R) N L*(R) and v, satisfies (2.3), Then the inequality

1 ve(t, ) lles<ll vo llzs +ct [l vo 7 (2.17)
holds for any t > 0.
Proof. From problem (2.3), we have

0V, + av.0,v, — 68§xv8 =-0,H.. (2.18)
Using Lemma 2.4 yields

| 0., =< c I vo 17 -

Considering the function A(#) =|| v ||z~®) +ct || vo ||i2 arises

dA ,
— =cllvoll-

dt

From Lemma 2.1, we acquire || vo, ||z~®< A(0). Utilizing the comparison principle for parabolic
equation (2.18) deduces that (2.17) holds. O
Employing Lemmas 2.3, 2.4 and the approaches utilized in [4, 5], we have the conclusion.

Lemma 2.6. Suppose t € [0, T] and vy € E'(R) N L(R). Then

2
” Ve ||L1(R)S” Vo ”Ll(R) +ct ” v ”LZ(R)’ (219)

1
@wm@s;+Mm (2.20)

in which the constant Mt depends on T.

Since the proofs to inequalities (2.19) and (2.20) are very analogous to those of Lemma 2.5 in
Coclite [4] and Lemma 6 in [5], respectively, we omit their proofs.

Let Q7 =[0,7T] X R and Q,, = [0, ) X R. According to the definitions of weak solutions in [4, 5],
we state the following concepts.

Definition 2.1. Provided that the following two assumptions hold,
(a)v € L*(Ry; L*(R)),
(b) 0,v + %8x(v2) + 0,H(t, x) = 0in D'(Q), namely, Vg(t, x) € C*(Qw),

2

ff (v@,g + %axg -0, H(t, x)g)dxdt + fvo(x)g(O, x)dx =0, (2.21)
R

Qoo

then function v is called a weak solution of system (2.1).
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Definition 2.2. Assume that the following three assumptions hold.

(a) v satisfies Definition 2.1,

(b) v belongs to L™ (Q7),

(c) Entropy 6(v) € C*(R) is a convex function with entropy flux q satisfying q'(v) = a@'(v)v and

0.0v) + 0. gqv)+ (VO H<0 in D'(Qu),
namely, Vg(t, x) € CZ(Q), (¢, x) 2 0

ff (001)3,g + g(v)dsg — 0/ ()3, Hg)dxdt + f B(vo(x))g(0, )dx > 0, (2.22)
R
Qoo

Then v is called an entropy weak solution of system (2.1).

Remark 1. Utilizing the arguments in [4, 5], for any constant k € R, we choose 6(v) = |v — £
and g(v) := Ssign(v — k)(v* — k?), which are the Kruzkov entropies/entrop fluxes to satisfy (2.22).
The assumptions (a) and (b) in Definition 2.2 guarantee that (2.22) makes sense (see Kruzkov [20]).
Based on the statement in [4, 20], we state that the entropy formulation (2.22) contains the weak
formulation (2.21).

3. Main results

The entropy weak solutions for Eq (2.1) are usually discontinuous. However, it possesses the
following L!(R) property, illustrating that the entropy solution for Eq (1.1) is unique.

Theorem 3.1. (L!-stability) For any T > 0, suppose that v(t,x) and v,(t, x) are two entropy weak
solutions of problem (2.5) with initial data vo,, vy, € L'(R) N L*(R), respectively. Then

1vi(, ) = va(t, ) [l < eCT’f vor(x) = voa(x)ldx, (3.1

in which Cr depends on vy;,vy, and T.

Utilizing the device of doubling the space variable in Kruzkov [20] or some statements in [4,5], we
can prove inequality (3.1). Here, we omit its proof.

We let v, denote any subsequence of v, (¢ — 0). The existence of v, is ensured by Lemma 2.2.
The compensated compactness methods in [27,29] shall be employed to handle with the problem of
strong convergence for v,, .

Lemma 3.1. [27] Suppose that a family of functions {v}.-o satisfy
| ve llz=< Cr.
For an arbitrary convex function 6 € C*(R) and for q(v) = pv# (v) (constant 3 > 0), let the sequence

{ate(va) + 8xq(vs)}8>0

be compact in Hl‘l((O, 00) X R). Then there exists v € L*((0,T) X R) to ensure that

oc

((0,00) X R),

. p
Ve, >V N LZ()C

where 1 < p < oo

AIMS Mathematics Volume 9, Issue 1, 1772-1782.
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[se]
n=1

Lemma 3.2. [26] Suppose a bounded open subset Q2 € R", n > 2. Let distribution sequence {K,}
be bounded in W="*(Q) and satisfy

K,= K"+ K,

in which {K,(,l)}oo belongs to a compact subset of H,, L(Q) and {K,(,z)};": | belongs to a bounded subset of

n=1 oc
L}OC(Q). Then {K,}, belongs to a compact subset of H,‘Oi(Q).

Lemma 3.3. Suppose vy € L'(R) N L*(R) and v, satisfies system (2.3). For a subsequence e, by of
{(Veleso, an arbitrary T > 0 and 1 < p < oo, then there has a limit function

ve LR, LA(R)) N LY((0,T); L™ n LY(R)) (3.2)
to ensure that
ve, = v in  LP((0,T] xR). (3.3)

Proof. Assume that 6 : R — R and ¢’(v) = @' (v)v are defined in Definition 2.2. We set

8,0(vs) + 0,q(ve) = KV + K@),

where

Kél) = g@ixg(vg),
KD = —e0" (v.)(0,v:)* + 0/ (v,)OxH,(t, x).

We require that

{ KD 50 in H'Y(Qp), (3.4)

K? is uniformly bounded in  L'(Q7).
Utilizing Lemmas 2.3, 2.4 and 2.6 yields

| €02.0(ve) llg-1z.xmy< Vee Il € M=l vo llz@— O,
| £0” (Ve)(@xve)* I ¢ 11 07 ol Vo llz2rys

1AL ||L1((0,T)xR)S clle ||L°°(R)|| Vo ||L2(R),

which leads to (3.4). Employing Remark 1, Lemmas 3.1 and 3.2, for 1 < p < oo, we deduce that there

must have a subsequence v, ,n = 1,2,3, - - - and v satisfying (3.2) to guarantee that
V,, o> voaein Qo v, —v oin L) (Qo). (3.5)
From Lemmas 2.5 and 2.6, combining (3.5), we obtain (3.3). O

Lemma 3.4. Assume vy € L'(R) N L*(R) and v, solves system (2.3). Let {€,)>, and v be stated in

n=1

Lemma 3.3. For an arbitrary T > 0 and 1 < p < oo, then there has a function H satisfying

H, — H in L’([0,T); W' (R)).

AIMS Mathematics Volume 9, Issue 1, 1772-1782.
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The procedures to prove Lemma 3.4 are analogous to that of Lemma 9 in [5]. Its proof is omitted
here.

Theorem 3.2. Suppose that vy € L'(R)NL*(R). Then system (2.1) has only one entropy weak solution.
Proof. Provided that g(z, x) € C°(R; X R), we deduce from (2.21) that

f f(vgatg + %vgaxg -0,H.g+ gvgaixg)dxdt + fvo,gg(O, x)dx = 0.
R, JR

R

We conclude that in the sense of Definition 2.1, v in Lemma 3.3 is a weak solution to system (2.1). It
needs to confirm that the weak function v obeys the entropy inequalities in the sense of Definition 2.2.
Let ¢'(v) = avd'(v). Provided that # € C*(R) is a convex function, we utilize the convexity of § and
system (2.3) to obtain

8,0(ve) + 0.q(ve) + 0 (V)0 Hys = 0> 0(vs) — 0 (v)(0,v,)* < €02 0(v,).

Therefore, from Lemmas 3.3 and 3.4 and the above the entropy inequality, we establish the existence
of entropy solutions. Utilizing Theorem 3.1, we have the uniqueness. The proof is finished. O

4. Conclusions

In this work, we investigate a nonlinear shallow water wave equation, which includes the famous
Degasperis-Procesi equation. Firstly, we derive that the viscous solutions are uniformly bounded in
L*(R) space. Secondly, several estimates about the viscous solutions are established under the condition
that the initial value belongs to space L>(R)NE®(R). Finally, we prove that the existence and uniqueness
of entropy weak solutions the nonlinear equation in the space L>(R) N E°(R).
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