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Abstract: Recently, delayed dynamical model has witnessed a great interest from many scholars
in biological and mathematical areas due to its potential application in describing the interaction
of different biological populations. In this article, relying the previous studies, we set up two new
predator-prey systems incorporating delay. By virtue of fixed point theory, inequality tactics and an
appropriate function, we explore well-posedness (includes existence and uniqueness, boundedness
and non-negativeness) of the solution of the two formulated delayed predator-prey systems. With
the aid of bifurcation theorem and stability theory of delayed differential equations, we gain the
parameter conditions on the emergence of stability and bifurcation phenomenon of the two formulated
delayed predator-prey systems. By applying two controllers (hybrid controller and extended delayed
feedback controller) we can efficaciously regulate the region of stability and the time of occurrence of
bifurcation phenomenon for the two delayed predator-prey systems. The effect of delay on stabilizing
the system and adjusting bifurcation is investigated. Computer simulation plots are provided to sustain
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the acquired prime outcomes. The conclusions of this article are completely new and can provide some
momentous instructions in dominating and balancing the densities of predator and prey.

Keywords: predator-prey system; well-posedness; Hopf bifurcation; stability; hybrid controller; delay
Mathematics Subject Classification: 34C23, 34K 18, 37GK15, 39A11, 92B20

1. Introduction

As is known to us, predator-prey models play a vital role in describing the interaction between
predator population and prey population in real natural world. In order to expose the internal change
process and development law of predator population and prey population, a great deal of predator-
prey models have been established. Through the discussion on predator-prey models, we can find the
impact of parameters on the biological population densities in some specific environment. During the
past decades, a lot of work on predator-prey models has been carried out and abundant fruits have
been resulted. For example, Balc [1] explored the stability, well-posedness, and bifurcation issue of
a fractional prey-predator model. Pandey et al. [2] explored the rich dynamics (e.g., transcritical,
saddle-node, Hopf-bifurcation, etc.) of a delayed predator-prey model. Rao and Kang [3] established
the conditions for the existence of a unique ergodic stationary distribution and the extinction conditions
of predator species and prey species for a stochastic predator-prey model. Sarkar and Khajanchi [4]
dealt with the spatiotemporal dynamical trait of a prey-predator model involving the fear effect. For
more concrete examples, one can see [5-8].

In 2020, Sen et al. [9] formulated the following predator-prey system:

D — s = ) - DD,

t 1+ buy(1) (L.D)

duy(t) (D) — arua(1)] + ddyuy (H)uy(1) '
de TR 1+bu(t)

where u,(¢) stands for the density of prey at time ¢ and u,(¢) stands for the density of predator at time
t, hy 1s the intrinsic growth rate of prey and 4, is the intrinsic growth rate of predator, a; denotes the
intra-species competition of prey and a, denotes the intra-species competition of predator, b denotes
the handling parameter, which is the product of the handling time and the searching efficiency, d > 0 is
the conversion efficiency and d, represents the searching efficiency by an individual predator per unit
time. All other parameters are positive real numbers. In details, one can see [9-12].

In many cases, the densities of prey and predator are affected due to the time delay of population
development, then it is necessary to introduce the delay into the predator-prey models. Based on this
viewpoint, we can establish more suitable delayed predator-prey models. Assume that the density of
prey is affected by the self feedback time from u; to u;, then we can modify model (1.1) as follows:

d d
U0 )~ a0 - %
dus(0) dduy (1)us(0) (1.2)

= ur(D[hy — arur(t — )] +

dt 1+ bu(t) ’
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where ¢ > 0 is a time delay. All other parameters are positive real numbers. Assume that the density
of prey is affected by the self feedback time from u; to #; and the density of predator is affected by the
self feedback time from u, to u,, then we can modify model (1.1) as follows:

T — o) = g~ o) - DD,

‘ 1+ buy (1) (13)

dux(®) _ Ol = aoins(t — 6)] + dd,u, (Dux(7) '
de R 1+ bu(t) °

where ¢ > 0 is a time delay. All other parameters are positive real numbers.

Many studies show that delay is often a vital factor that affects the dynamical behavior of the
delayed dynamical model. In many instances, delay will make the system lose its stability, produce
periodic vibration, generate chaotic behavior and so on [13-22]. In particular, delay-induced Hopf
bifurcation is an important dynamical peculiarity. Biologically, delay-induced Hopf bifurcation plays
a vital role in describing the balanced relationship among the concentrations of numerous biological
populations. In the light of this viewpoint, we argue that exploring the delay-induced Hopf bifurcation
in abundant predator-prey models has very important theoretical significance. Inspired by the above
idea, we are going to investigate the delay-induced Hopf bifurcation and control of bifurcation for
models (1.2) and (1.3). Specifically, we are to deal with the following three core points: (1) Study
the well-posedness (e.g., non-negativeness, boundedness, existence and uniqueness) of solution to
models (1.2) and (1.3). (2) Explore the emergence of Hopf bifurcation and stability of models (1.2)
and (1.3). (3) Construct two different controllers to control the region of stability and the time of
generation of bifurcation behavior of models (1.2) and (1.3).

The key highlights of this study are stated as follows: (I) Depending on the previous studies, a new
bifurcation and stability criterion without relying on time delay for model (1.2) is built. (II) By virtue
of two different controllers, the domain of stability and the time of generation of Hopf bifurcation of
models (1.2) and (1.3) are effectively under control. (III) The impact of time delay on dominating Hopf
bifurcation phenomenon and stabilizing the densities of predators and preys of models (1.2) and (1.3)
is presented.

This structure of this article is presented as follows: The well-posedness involving existence
and uniqueness, non-negativeness and boundedness of the solution of system (1.2) is discussed
in Section 2. Section 3 explores the bifurcation phenomenon and stability nature of system (1.2).
Section 4 focuses on the control problem of bifurcation phenomenon for system (1.2) by virtue of a
reasonable hybrid controller incorporating state feedback and parameter perturbation involving delay.
Section 5 handles the control problem of bifurcation phenomenon and stability for system (1.3).
Section 6 handles the control problem of bifurcation phenomenon for system (1.3) by virtue of a
reasonable hybrid controller incorporating state feedback and parameter perturbation involving delay.
Section 7 carries out numerical experiments to verify the rationality of the acquired key outcomes. A
brief conclusion is included to finish this work in Section 8.

2. Well-posedness
In this part, we are going to explore the well-posedness of solutions to model (1.2) and model (1.3)
(include boundedness, existence and uniqueness, non-negativeness) via making use of fixed point

theory, inequality technique and construction of a reasonable function.
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Theorem 2.1. Denote ¥ = {u;,u, € R* : max{|u)|, |uz]} < U}, where U > 0 denotes a constant.

For each (uyg,uy) € ¥, system (1.2) under the initial state (ug, uy)) owns a unique solution U =
(ur,up) € .

Proof. Define the following mapping:
F) = (1), L)), 2.1)

where

fO) = u(®)(hy — aui (1) - diui (Dua(1)

1 +bu(t)’
AU) = 1x0lh: = et = 0)] + 0D -
For every U, U € P, we can get

IA(U) = FQO)
= |ui(hy —ayuy) — ff};;zl - [ﬁl(hl —ajiy) — flft}?f;zl

ity — (s = 0)] + {20 [ﬁz[hz - (- 9) + T
= |uh; — alu% - ldl-lft})b:: —uhy + alﬁ% + ldft;f;zl

+ |ushy — asur(B)us(t - 6) + ‘idi”[;l’:f — fighy + @ity (Dt - 6) - ‘fdfl;glz

= |h — 7)) — 22— 4a Uy Uiy
ll(ul = (uf = ) 1(1+bu1 T+ biy

+ —
1+ buy 1+ by

hy (uy — it2) — a; [ua(Dua(t — 6) — wa(Dity(t — 6)] + dd, (
< hyluy — ]+ 2Uay [uy — iy
+d /ARZ5) (1 + bﬁ]) — Uity (1 + bl/ll)
! (1 + buy) (1 + bigy)
+ ho luy — ito| + 2Uas |uy — it
dd, uiuy (1 + bity) — s (1 + buy)
(1 + buy) (1 + bity)
< (h1 + 27/((11) |I/t1 - ﬁll + d1 |lxt1bl2 (1 + bﬁl) — Uiy (l + bul)l

+ (hy + 2Uay) luy — iy| + ddy luyus (1 + bity) — iyt (1 + buy)|
= (hy +2Uay) uy — tay| + (hy + 2Uas) |uy —

+d; (1 +d)|uyuy (1 + bity) — tduy + il uy — iy ily + buyity (uy — i)
< (hy +2Uay) luy — | + (hy + 2Ua5) luy — o]

+di (1 +d) U (uy — i)

+di (1 +d) U (uy - i)

+d, (1 +d) [bU* (uy — )|

Uiy Uiy )
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= [h] +2(Lla1 +d1 (1 +d)(LI] |I/t1 —l/_tll
n [h2 +2Uay + d, (1 +d) (fu + b(uz)] |ty — it
<pllU - U],

where

p =max {hy + 2Uay +dy (1 + d) U, hy + 2Uay + dy (1 + d) (U + bU)}.

(2.3)

(2.4)

Thus f(U) obeys the Lipschitz condition for U. Using fixed point theorem, one can conclude that

Theorem 2.1 is right.
Theorem 2.2. Every solution of system (1.2) starting with R> is non-negative.

Proof. In view of the first equation of system (1.2), we can get

du, dyuyuy

= ui(h - _

dr ui(hy —ajuy) 1+bu1’
then

d d

i =\h —aju - 1 dt,

U 1+ bu1

which leads to

“duy (" dyuy (s)
fo W fo [hl —ajuy () — T+ bu () (S)]ds,
u(t) ! B B diu; ()
00) = exp {fo [hl aju; (s) T2 ha (5) b (s)] ds}.

() = ur(0) exp {f [hl —au, (s) - m] ds} > 0.
0

and then one gets

Thus,

1 + bu; (s)

In a same way, we know

u (1) = up(0) exp {f [hz — (s —0) + M] ds} > 0.
0

1 + buy (s)

Thus, Theorem 2.2 is correct.
Theorem 2.3. The solutions of system (1.2) are uniformly bounded.
Proof. We consider two cases: d > 1and 0 <d < 1.

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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1627

Case 1. If d > 1, let W(¢) = u(t) + up(t). Then

dw
dt

[+ = (1 - )]

du, N du,
dt dt
dluluz ddluluz
hy — — h, — t—90
uy(hy —ajuy) T+ bur + us[hy — axus( )] + T+ by
d
ui(hy —ajuy) + us[hy — axus(t — 6)] — 1 (1-4d)
1 + bu,
d
iy = ayuy) + (s — apun) — S2(1 — )

bul
2 » din
uhy — apuj + urh, — aruy — 7(1 - d)

d
h1 + ]’12 — Zl(l - d)] - azug

—hl(ul + uz) + 2I/t1h1 - Clll/t% + Uy

d 2
R [+ -4 -d)]
—hl(ul + l/lz) + — + ,
aq 4612

= max {2u1h1 - alu%} ,

teR*

<
where

i

ap
Let
Then,

d
o = max {az hy + hy — 31(1 = d)] - azug} .

B |1+ hy = 2(1 - d)|

2
L= .

a 4612

dW< hWW+L
ar — '

According to the differential inequality theorem, we get

then

L
0 W) < —(1—-e™)+ W)™,
hy

L
OSW(I)Sh—, t — oo,
1

Case 2. If 0 < d < 1, let W(#) = u;(?) + up(¢). Then,

aw
dt

AIMS Mathematics

du1 du2
_+_
dt dt
d1u1u2 ddluluz
= hy — - + up[h, — t—0)]+
ui(hy —ajuy) T+ bu, uz[hy — asus( )] T+ bu,
d
= (i = aruy) + tohy — aritr(t = 6)] + 2 (d — 1)
1+ bu,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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< ui(hy — ayuy) + ua(hy — asuy)
= uh — (1114% + urhy — (1214%
= —hl(ul + Mz) + 2M1h1 + I/lz(l’ll + hz) - aluf - azl/t%
o (hy + h)?
< by 4L P (2.16)
a 4612
where
h2
L = max {2M1h1 - Cl]bt%} ,
al teER*
(hi + hy)* 2
T = max {us(hy + o) = ay3).
Let ) )
h hi+h
L=—1+( 1 2), (2.17)
aq 4612
SO W
— < -hW+L. 2.18
7 1 (2.13)
According to the differential inequality theorem, one gets
L —hit —hit
()SW(t)Sh—(l—e ‘)+W(O)e 18 (2.19)
1
which results in L
0< W@ < R t — oo. (2.20)
1

Based on these two cases, we can conclude that Theorem 2.3 is correct.

3. Exploration of bifurcation of model (1.2)

In this section, we are going to explore the bifurcation and stability issue of model (1.2). Firstly,
we assume that E(u4, ) is the equilibrium point of model (1.2), then u;,, s, obey the following

condition: y
Ui (hy —ajury) — M =0,
1 + bl/l]* (31)

ddiuy sy
Ury(hy — actry) + ————— =

Let

{ (1) = uy(t) — U, 3.2)

(1) = up(t) — .
Substitute system (3.2) into system (1.2), we gain the linear system of model (1.2) at E(u;, Uy ):
dii
i byity — byity,
d‘fﬂ (3.3)

E = bsily + baliy — bsity(t — 0),

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.
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where
dyus bduyurs

1+bupe (1 +bu)*

b] = h] — 26111/!1* -

b, = diu, ’
_ diuy, 4 bdduy sy (3.4)
YT At buyy (1 + bujy )2’
Ulx
by =h, — + ! ,
4 2~ AalUnx 1+ buy,

bs = arur,.

The characteristic equation of system (3.3) owns the following expression:

det| 0 |0 (3.5)
which leads to
A%+ (=by — by)A + (bsA — bybs)e™ + byby + bybs = 0. (3.6)
If 6 = 0, then Eq (3.6) becomes
A2+ (bs — by — by)A + biby + bybs — bibs = 0. (3.7)
If
(ﬂ‘){ Zjb; [jrlb_zzi4—> b?’bs > 0, 38)

is fulfilled, then the two roots 4;, 4, of Eq (3.7) have negative real parts. Thus the equilibrium point
E(u), uzy) of system (1.2) with 6 = 0 is locally asymptotically stable.

Assume that A = ie is the root of Eq (3.6), then Eq (3.6) becomes
— &+ (=by — by)ie + (bsic — bybs)e™™ + byby + byby = 0. (3.9)

It follows from (3.9) that

bsesin&d — bibs cos &6 = & — bby — babs, (3.10)
b58COS &0 + b1b5 sin&d = (b] + b4)8. '
Then
&' + (b7 + b] — b — 2byb3)e” + (b1by + byb3)* — (b1bs)* = 0. (3.11)
Let
I1,(8) = &' + (b} + b — b2 — 2byb3)* + (b1by + byb3)* — (b1bs)*. (3.12)

Assume that
(Az) |bi1by + bybs| < |bybs|.

By virtue of (A,), we know I1,(0) = (b1bs + b2b3)* — (b1bs)* < 0, since lim,_,., I1;(g) > 0, then we will
know Eq (3.11) has at least one positive real root. Therefore Eq (3.6) has at least one pair of purely
imaginary roots. Without loss of generality, we can assume that Eq (3.11) has four positive real roots
(say j, j = 1,2,3,4). Relying on (3.10), we know

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.
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1 8; + (b% - b2b3)8j
6! = — |arcsin — +2nn|, (3.13)
Ej b58j + b1b5
where j = 1,2,3,4;n = 0,1,2,---. Assume 6y = min{.,-z1,2,3,4;,;0,1,2,...}{63”)} and suppose that when
0 = 0y, Eq (3.6) has a pair of imaginary roots +ig.
Next we present the following assumption:
(A3) GirGor + G1/Gor > 0,
where
GIR = b5 COS 8050 - b1 - b4,
Gy = 2&y — bs sin gy, (3.14)

G2R = —8(2)b5 Ccos 80(50 - b1b580 sin 8050,
G21 = 8%[)5 COS 8()(5() - b1b58() COS 8()(5().

Lemma 3.1. Suppose that A(0) = €,(0) + i€, () is the root of Eq (3.6) at § = 6, such that €,(6y) = 0,

= da
&6) = &0, then Re (%) '5=50,g=80 > 0.
Proof. By Eq (3.6), we can get
da _sdA da _
QA-b, - b4)£ + bse M@ —(O A)(bsA — bybs)e™ = 0. (3.15)
It means that 1
dl\ ~ Gy 6
1 = -, 3.16
(a’5 ) G A ( )
where y
Gi1(A) =24 —by — by + bse™,
{ G(A) = A(bsAd — bibs)e®. 3.17)
Hence B
Re [(@) l ~ Re [Gl(/l)] _ G1rGor + G1;Gy (3.18)
dé 0=00,£=¢&p Gz(/l) 6=060,£=&0 G%R + G%I
By the assumption (Aj3), we get
-1
Re Q >0, (3.19)
d6 0=00,£=&0

which ends the proof. According to the above discussion, the following outcome is easily derived.

Theorem 3.1. Suppose that (A,)—(Aj3) hold, then the equilibrium point E(u,4, us,) of model (1.2)
holds a locally asymptotically stable state if 6 € [0,0y) and model (1.2) generates a cluster of Hopf
bifurcations around the equilibrium point E(uy, Uss) when 6 = 9.

4. Control of bifurcation for model (1.2) using hybrid controller
In this section, we are to study the Hopf bifurcation issue of system (1.2) by using a reasonable
hybrid controller consisting of parameter perturbation with delay and state feedback. By virtue of the

idea in [19,20], we formulate the following controlled predator-prey model:

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.
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d d

T = iy = ayuy) = kg (- 6) — wn (0],

du, h (t 5)] + ddiuju, '
— = U —ar u - .

dar v TR 1 + bu,

System (4.1) owns the same equilibrium point E(u;4, U4 ) as that in system (1.2). Let

{ Ui = ui(t) — (1),

Upye = Up(t) — Uip(1).

(4.2)

The linear system of system (4.1) near E(u,4, 4»,) can be expressed as follows:
dii

= ciliy — Crlp + kﬁ](l - 6),

3% 4.3)

= C3lly + c4ily — cs5ilr(t — 0),
7 (t-9)

where
dyurs bduy Uz

Cc1 = CY]h] — k- 26111/!1*&1 -

¢y = diug
1 + bul*’
es = diurx 4 bdduyxurx 4.4)
1 +bu1* (1 +bu1*)2’
¢y = hy — axutpy + ik )
1+ buy,

C5 = AU .

The characteristic equation of system (4.3) owns the following expression:

-6
det| * ﬁﬁ“ A_Qf%(M =0, (4.5)
which leads to
(cs — k)A + key — cic5 + [ + (—=¢1 — ca)Ad + cacs + c1c4]€® — kese™ = 0. 4.6)
If 6 = 0, then Eq (4.6) reads as:
2+ (cs —k—cy—cy)d +kcy + crc3 — ci1c5 + ¢1c4 — kes = 0. “4.7)
If
(ﬂ4){ IC<5c4_+kc;cc31 —_ ccl4c5> +0’clc4 —kes > 0, 4.8)

is fulfilled, there are two roots 4; and A, of Eq (4.6) that have negative real parts. Thus the equilibrium
point E(uy, Uy, ) of system (4.1) with 6 = 0 holds a locally asymptotically stable state. Suppose that
A = ig* is the root of Eq (4.6), then Eq (4.6) becomes:

(c5 — k)ie" + kcy — c1c5 + [-&"% + (=1 = Ca)ie" + cac3 + c1c4]€ — kese 70 = 0. 4.9)

It follows from (4.9) that

{ (=& + cac3 + €104 — kes) cOs 8'6 — £*(=c1 — ¢4) SINE'S = ¢1¢5 — ke, (4.10)

£ (—c1 — €4) COSE™S + (=& + o053 + 104 + kes) sing™s = (k — ¢5)e™.

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.
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By (4.10), we can get

E, cos(e"0) — E, sin(e%0) = E3, @10
E, cos(e*6) + E4 sin(e*0) = Es, ’
where
E, = —8*2 + Ccrc3 +C1Cq4 — kC5,
E, = 8*(—6’1 — C4),
E3 = C1C5 — kC4, (412)
E, = —8*2 + Ccrc3 +C1C4 + kC5,
Es = (k — c5)e™.
So there is
.. EIEEs+ E\E3E,
cose’o = 5 5
E\(E5 + E(Ey) 413
. EXE;-EEE, (4.13)
sing’o = .
El(E§ + E\Ey)
Because of cos® £*6 + sin” °6 = 1, we can get
E\EEs + E\BSE, [ [ EEs — E\EsEs | 1
E\(E3 + E\Ey) E(E}+E\Es) | '
So
ETEJE: + 2E{E)E5E\Es + ESESE; + E;ESE3
—2E E,E;Es + E{EZ - E{E; — 2E;E;E, — E\E; = 0. (4.15)
According to Eq (4.12), one gets
E =-£7+ &1,
E, = 828*,
E3 =C1C5 — kC4, (416)
Ey=-£7+ g,
Es = gq&’,
where
g1 = ¢2¢3 + cjcy — ks,
82 = —C1 — (4,
4.1
g3 = CC3 +C1Cq + kC5, ( 7)
g4 =k—cs.
Using (4.15) and (4.16), we know
- 8*12 + Dls*lo + D28*8 + D38*6 + D48*4 + D58*2 + D¢ = 0, (418)
therefore, the results can be obtained as follows:
12— D% — D™ — D3&™ — D™ — Dse™ — Dg = 0, (4.19)

AIMS Mathematics
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where
Dy = g7 —2g; +2g3 + 4g,
D, = E3 —28:E384 + 8585 — 48185 +282E384 — 85 + 68185 + 2855
— 687 — 82183 — &3,
D; = —281E5 — 2¢3E3 + 4818:F384 + 28:83E384 — 2818585 + 68183
— 68182E384 + §3E; + 28185 — 68785 — 6818583 + 48] + 128783 + 48183,
Dy = g1E3 + 4g183E5 + g3E3; — 28782E384 — 4818283E384 (4.20)
+gigags — 48185 + 68382 E384 — 26185E7 — 8785
+2g785 + 68718383 — &1 — 88183 — 68183,
Ds = —2g3g:E2 — 28183 E2 + 2820283 Exgu + 8187
—28182E384 + 818E3 — 2818383 + 28183 + 48183,
Ds = 1835 - 8185
Let

I, (g") = 2 = D1£"1° — D™ — D3e™® — Dye™ — Dse™ — D 4.21)
We can make the following assumption:
(As) 18183 E3 > |g1g3|-

If (As) holds, then I1, (0) = —Dg < 0. Since lim_,, 1, (¢*) = +00 > 0, then Eq (4.19) has at least
one pair of positive real roots, and Eq (4.6) has at least one pair of pure roots. So we can assume that
Eq (4.19) has 12 positive solid roots (say 3j,j =1,2,3,...,12). It is available according to Eq (4.11),

5 = (4.22)

&

1 [arccos [E1<s;)Ez(e;>Es<s;> +ENE)EE) | 2k”)] |
J

& Eve;) (EXe)) + Ei(e)Eue))

where j = 1,2,3,---,12; k=0,1,2,---. Let 9, = min{j:172,3,...,12;,(:0,1,2,...}{(5;]‘)}, and assume that when
0 = 0., Eq (4.6) has at least one pair of pure real roots +igj.

Next the following assumption is given:

(As) HigHyg + HiHy > 0,

where

Hig = cs — k — 2g;singyd. — (c1 + ¢4) COS €40,

H; = 2¢g,cos g50. — (c1 + c4) Singy0.,

_ %3 * I * %2 * (423)

Hog = | + (cac3 + c1Ca)E) — kC580] singy0, — (1 + c4)€"; COS 40+,

Hyy = —8*(3) — (ca03 + ciea)Ey — kc5s(’;] cos g50, — (c1 + c4)8*(2) sin g,0..
Lemma 4.1. Suppose that A(0) = €(0) + i&(0) is the root of Eq (4.6) at 6 = 0. such that €(9.) = 0,
€(0.) = &, then Re (fl—g)' > 0.

5:5*,8:86

Proof. By Eq (4.6), one gets

da da
(cs5 — k)£ +2A—c| - c4)eﬂ‘5£ + [/12 + (—c1 —cp)d + cre3 + c1c4]
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da _ da
xev (/l + 65) + kese™© (/1 + 65) =0,

which implies

(cu)‘l CHQ) S

5] T HQ) X
where
Hi(AD) =cs —k+(Q2A—c; —ca)e,
Hr(A) = [—/12 + (—c1 — ¢c)Ad + cre3 + clc4] 2% — kesde™.
Hence B
Re [(ﬂ) } ~ Re [7’{1(/1) _ HigHor + HiHo
dé 0=0.,8=£; 7’{2(/1) 0=0.,8=¢; 7-(22R + 7‘{221

According to (Ag), one gets
da\™
Re || — > 0,
dé 0=0:,6=¢,

Depending on the analysis above, the following conclusion is acquired:

which completes the proof.

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Theorem 4.1. Suppose that (A4)—(Ag) hold, then the equilibrium point E(uy ., uyy) of model (4.1) is
locally asymptotically stable if 6 € [0,06.) and model (4.1) generates a cluster of Hopf bifurcations

near the equilibrium point E(uy, Uzs) when 6 = 9..

5. Exploration of bifurcation for model (1.3)

In this section, we are going to explore the Hopf bifurcation phenomenon of system (1.3).

System (1.3) owns the same equilibrium point E(u, 4>, ) as that in system (1.2). Let

{ Ui = ui(t) — (1),

Ups = Up(1) — Up(2).
The linear system of system (1.3) near E(u,4, 4»4) can be expressed as follows:
dl/tl

jl_t = eyl — eyiiy — e3it (1 — 0),
up _ _ _
d_ = eqUy + esuy — eﬁuz(t — 5),
where

diur bduyu,

er=h —aju, —

o) = diuys
2 - B
€3 = d1Uyx,
ddur bddu sy
€4 = - s
1+bu, (1+bu,)?
U1
es = hy — arltpy + * ,

€6 = AoUpx.

5.1

(5.2)

(5.3)

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.
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The characteristic equation of system (5.2) owns the following expression:

-0,

A—e| +ee® e
det[ 1 +e3 2 a]

—ey A—es+ege™”
which leads to:
2 -8 -218 _
A"+ (—e; —es)Ad + (e3d + egd + ejeg — ezes)e” ™ + ezege +ejes + eyey =0,

that 1s,
(e3 + eg)d + e1e6 — e3e5 + [/12 + (—ey —es)d + ejes + 6264] e + eseqe™ = 0.

If 6 = 0, then Eq (5.6) reads as:
/12 +(e3+eq—e —es5)l+ejeq — ezes + e1es5 + eres + ezeq = 0.
If

e3+eg—e; —es >0,
e1e6 — e3e5 + e1es5 + ereq + e3eq > 0,

(A7) {

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

is fulfilled, there are two roots A;, A, of Eq (5.7) that have negative real parts. Thus the equilibrium

point E(u4, ) of system (1.3) with 6 = 0 is locally asymptotically stable.
Suppose that A = ie" is the root of Eq (5.6), then Eq (5.6) becomes:

ol ol
ie'o 185:0.

(e3 + eg)ic” + e1eq — e3e5 + [—8’2 + (—e; — es5)ie" + eje5 + 6264] e’ + esece”
By (5.9), we have

(—STZ + ejes + erey + e3¢6) COSE0 + £ (e) + e5)SIing’d = ezes — e ¢,
—&"(e; + e5)cose™0 + (—8T2 + ejes + ereq — e3e6)Sing’d = —(e3 + eg)e”,
which means
Y, cose™§ + Y,sing’d = Y,
—Y,cosg"0 + Y,8ine’d = Ys,

where
Y, = —872 + ees + ereq + ezeq,
Yy = &'(er +e5),
Y3 = eses — ejeq,
Y, = —STZ + ee5 + ereq — e3éq,

Ys = —(e3 + e6)€".

So, we can get
_NYsY, -1 Y,Ys

COsS &0 = > ,
Yi(Y; + YY)

Y12Y5 + Y Y)Y,

Y](Y22+ Y1Yy)

sing’d =

Because of cos? €76 + sin® €76 = 1, then

V\YsY, - Y YYs | N Y25+ VYY)t
Yi(Y2 +Y,Yy) Vi(Y2+ YY) |

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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It follows from (5.14) that

YIYIY: = 2V Yo Y3V, Ys + YIYIY) + YV, Y5 + 2Y; V) Y5 Ys

+Y Y2 - YIY, - 2YiY3Y, - YiY: = 0.

By (5.12), one gets
Yi = -7 +yi,

Y, = ye’,
Y4 = —8T2 + ys3,
Ys = yu,

where

Y1 = e1es + exeq + e3eg,
=e; t+e;5,
Y3 = ejes + exeq — €3é,
y4 = —(e3 + ¢g).

<
N
|

Using (5.15) and (5.16), we know

- 8712 + N18T10 + NQSTS + N38T6 + N4ST4 + ]V5<"3T2 + Ng = 0.

Therefore, the results can be obtained as follows

12 10 8 6 4 2
&’ —leT —NQST —N38T —]\/'48‘r —N58T —N6:O,

where
Ni = 2y3 + 4y, — 2y; + 4y3,
Ny = Y5 +2y:Y3ys + y3y5 — 49155 — 22 Ysya
— ¥} + 6y1y3 + 2y3Y3 — 6y7 — 8y1y3 — ¥3,
N; = =2y, Y5 = 2y3Y5 — 41y, Y3ys — 2233y
+ 2y1y5y5 + 6y1Y; + 6y1y2Y3y4
+Yy3Y3 + 2y1y5 — 6y1y3
— 6y1y5y3 + 4y, + 12y7ys + 4y1y3,
Ny = y%Y32 + 4y1y3Y32 + y§Y32
+ 2529, Y3y + 41923 Y3ys + 2932
—4yly; — 6yiyaY3ys — 2y1y5Y;
— Y15 + 291y5 + 6y1Y3y3
— ] — 8yjys — 6y7y3,
Ns = =2y1y;Y; — 2y1y3Y3
— 2y1y2y3Ysys + Yiyv: + 2932 Y3ys
+y1yY; — 2yiy3ys + 2y1ys + 4y1y3,
Ne = y1y3Y3 = y1y3.
Let

12 10 8 6 4 2
H3 (ST) =g - N18T - stT — N38T - N48T - N58T - N6.

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

AIMS Mathematics Volume 9, Issue 1, 1622—-1651.



1637

We can make the following assumptions:

(As) Iy1ys Y3l > |yfy3|.

If (Ag) holds, then I15(0) = —Ng < 0, since limg [I3(€7) = +00 > 0, then Eq (5.19) has at least
one pair of positive real roots, and Eq (5.6) has at least one pair of pure roots. So we can assume that
Eq (5.19) has 12 positive real roots (say sj,j =1,2,3,...,12).

By Eq (5.11), one gets

o _ 1 {arecos(n(s,-)nn(s;)— Y (e)Ya(e)Y5(T) WH 5.22)

b Yi(8) (YD) + Yi(e)Ya(e))

where j=1,2,3,---,12;,m=0,1,2,---.

Let 6, = min, j:],zg’...,12;m:0,],2’...,}{6§.m)}, and assume that when ¢ = d,, Eq (5.6) has at least one pair
of pure of real roots +ig.

Next the following assumption is needed:

(Ag) FirFap + FyF2 >0,

where
Fir = e3+ es — 2g;singy0, — (€1 + €5) coS g0,
Fl = 280 cos g0« — (e1 + es) singydy,
For = 30 + (e1e5 + ereq + 6386)80] singyo, — (e1 + e5)e; cos €10, (5.23)
For = —80 + (e3¢5 — €15 — 6264)80] Cos €0« — (€1 + es5)g( sin &40 .

Lemma 5.1. Suppose that A(6) = £,(0) + i&(6) is the root of Eq (5.6) at 6 = 6, such that £,(5,) = 0
&(6,) = €], then Re (%)‘ > 0.

0=0x ,8:86

Proof. By Eq (5.6), one gets

da
(e3 + e6)£ +(2A—¢ — e5)e’15£ + [/12 +(—e; —e5)Ad + exeq + eles]
da _ da
xew(ﬂ—kédé)——ey%e‘w(ﬂ—kédé) 0, (5.24)

which implies

d\" @) s
(d_d) RZOS 2
where
Fi(D) = e3 + e+ (21 — e; — e5)e”, 596
TQ(/D = - [/12 + (—e; — 85)1 + ereq + 8165] /le/hS + 6366/16_/16. . )
Hence 1
day 7:1(/1)] 7:1137"21? + F1F
Re|l— = Re = . 5.27
el(d(s) L§ gg [%(/1) 0=0x sa (f’~22R+(fy~221 ( )
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By (Ay), we have

da\”!
Re|l— 0, 5.28
© l( dd) ]6:6*,8:‘9’ g ( )

0
which ends the proof.
Depending on the discussion above, the following results is obtained:

Theorem 5.1. Suppose that (A;)—(Aq) are fulfilled, then the equilibrium point E(uiy,uzs) of
model (5.1) is locally asymptotically stable if 6 € [0,06,) and model (5.1) generates a cluster of Hopf
bifurcations near the equilibrium point E(uy4, Uz«) when 6 = 0.

Remark 5.1. In model (1.3), there is only one delay. If there are two different delays in model (1.3),
we can deal with the effect of two delays on the stability and bifurcation. We leave it for future work.

6. Control of bifurcation for model (1.3) using extended delayed feedback controller
In this section, we are to study the Hopf bifurcation issue of system (1.3) by using a reasonable

extended delayed feedback controller consisting of parameter perturbation with delay. By virtue of the
idea in [23-25], we formulate the following controlled predator-prey model:

du diuu

—L = [k - ayuy(t = 6)] = ——— + ky [y (¢ — 8) — uy ()],
u uu :
2 = [l — ayur(t — 6)] + ——— + ky[un(t — ) — ur(1)].

E 1+bM1

System (6.1) owns the same equilibrium point E (i, U4 ) as that of system (1.3). Let

{ Ui = ui(t) — iy (1), (6.2)

Ups = Up(1) — Up(1).
The linear system of system (6.1) around E(u;, u,) takes the following expression:

dii;
— =Tl — Tailp + T30 (2 = 0),

fﬁt (6.3)

— = T4l + T5ilp + TGIth(l - 5),

dt
where
dluz* bdlul*MZ*
=h -k — - +
o O T iy (L + bur, 2
= diux
2 1+bu1*’
T3 =ki —aju,
ddyuy, bddu,usy (64)
Ty = - ,
T lwbuy, (14 bupy)?
Uix
= hy - +
Ts 2 — AalUpx 1+ buy, 2

Te = ky — arip,.
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The characteristic equation of system (6.3) owns the following expression:

A—T) + 13 T,
26

=0
—Ty4 A—Ts—Tge” ’

det [

which leads to:
2 Y 215 _
A"+ (=11 = T5)A + (=T34 = Tgd + T 1Tg + T3Ts5)e”"° + T3Tge +T1T5 + ToT4 = 0,

that is
(T3 + T6)A — (11T + T3T5) + [/12 + (-7 = T5)A+ 1175 + T2T4] v — ‘r3T6e—A(S =0.

If 6 = 0, then Eq (6.7) reads as:
/12 - (Tl + 713+ 75 + Tﬁ)/l + T1Tg + T3T5 + T1T5 + T2T4 + T3Tg = 0.

If
—(T1+ T3+ 75+ 76) >0,
T1Te + T3T5 + T T5 + ToTy + T3Te > O,

(Aio) {

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

is fulfilled, then the two roots A;, A, of Eq (6.7) have negative real parts. Thus the equilibrium point

E(u)4, upy) of system (6.1) with 6 = 0 is locally asymptotically stable.
Suppose that A = ie* is the root of Eq (6.7), then Eq (6.7) becomes:

) ighd _ 0

(13 + T6)ie" — (1176 + T3T5) — [8”2 + (=71 — T5)ig" + 7175 + 7274] e — 1316e”

By (6.10), we have

(8”2 —T1T5 — T2T4 — T3T6) cos o — & (Tl + T5) sin g = T1Te + T37T5,
8#(‘1'1 +T5)COSSH5+ (8’“2 —T1T5 —TT4 +T3T6) sin &0 = —(T3 +T6)8ﬁ,

which means
T cos&ed — Trsing'o = T,
T,cos&"d + Tysing'o = Ts,

where
Ty = —&" — 1175 — ToT4 — T3Ts,
Ty = (11 + 15)€",
T5 = 1375 + 717,
T, = —8’“2 —T1T5 — TT4 + T3Te,
T5 = —(T3 + T())Sﬂ.

So, we can get

T\T5T, + T\T,T5

Tl(T22 +T,Ty) ,
T12T5 —T1T,T;

T\(T? + T Ty)

cos o =

sin&'o =

AIMS Mathematics Volume 9, Issue 1,
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Because of cos? &5 + sin® &6 = 1,

T\T3Ty + T T,T; 2+ T12T5 = T1,T; ? (6 15)
Ti(T5 + T1Ty) Ti(T5 + T1Ty) .
It follows from (6.15) that
TIT3T? + 2T T, T3 Ty Ts + TiTiT; + TETiT; — 2T T, T5Ts
+T{T: = T{T3 - 2T;T3T, - T} T7 = 0. (6.16)
By (6.13), one gets
T] = _8,u2 + X1,
T2 = XQSH,
6.17
T, = —8’“2 + X3, ( )
T5 = X48#,
where
X1 = —T1T5 — T2T4 — T3T6,
=1+
X2 =T TTs, (6.18)
X3 = —T1T5 — T2T4 + T37Tg,
x4 = —(T3 + 7).
Using (6.16) and (6.17), we know
— 2+ X6+ X6 + Xaeh + Xyt + X568 + X = 0, (6.19)
therefore, the results can be obtained as follows:
g1 - X80 — Xpe — X5t — Xyt — X568 — X = 0, (6.20)
where
X = xi — 2x§ —2x3 + 4x,
X, = T32 + 2X2T3X4 + x%xi + 4X1X42l - 2X2T3X4
— X5 = 6x15 — 2x3T5 — 6x7 — 8x1x3 — X3,
X5 = 2x T32 + 2X3T32 + 4X1X2T3X4 + 2X2X3T3X4
+ 2x1x§)cf1 + 6xfxf1 —6x1x:T3x4 + )C§T32
= 2x1X5 — 6X7X5 — 6x10x3 — 4x] — 12x7x3 — 4x113,
X, = XT3 + 4x,x3T5 + X3T3 + 2x3 0, T3x4
2.2.2 2 _ (6.21)

22 2.4 _H 32 .22
+ 2x1x5T5 — x7x; — 2x7x5 — 6X7X5X3
—x* = 8x3x; — 6x%x2,

2! 23 n 2
Xs = x7x3T5 + 2x1 515 + 2x7x2x3T3%4
4.2 3 2 272
+ x1)3c42— 2x1x2{3x4 + )c13x%T3
—22);1x22x3 —422)61)63 — 4xix3,
Xo = x1x35T5 — x[x3.

AIMS Mathematics
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Let
I, (&) = &' — X610 — X, — X360 — X ' — Xs6'% — X (6.22)

We can make the following assumption:
(A [x1x3T3] > |xfx3|.

If (Ayy) holds, then I14 (0) = —Xs < 0. Notice that limg._, [14 () = +00 > 0, then Eq (6.20) has at
least one pair of positive real roots, and Eq (6.7) has at least one pair of purely real roots. So we can
assume that Eq (6.20) has 12 positive real roots (say 8’;] =1,2,3,---,12).

By Eq (6.14), one gets

1
55.9) = ? [arccos

J

(6.23)

Xi(€)XaXa()) = Xi(e)Xa(e))X5(5) \ 0 ]]
T s
X,(&4) (XA + X1 () Xu(e"))

where j =1,2,3,---,12;0=0,1,2,---.

Let 6. = mingj=123,....12:6=0,12,.- }{65.9)}, and assume that when 6 = 6., Eq (6.7) has at least one pair
of pure real roots +&{.

Next the following assumption is needed:

(An) MigMog + M My, > 0,

where
Mig = T3 + T + 2&; sin g,00. + (1 + Ts) €08 &,00s,
My = =2&{ cos (6o, + (11 + Ts) sin £0y., 64
Mg = & — (1175 + Ta14 + 737'6)86‘] sin g560. + (T1 + T5)€y COS £0s, 624)
MZI = _6163 + (TITS + TrTy4 — T3T6)(‘,Jé] CcoS «‘,JS(SO* + (T] + T5)8€ sin 8’650*
Lemma 6.1. Suppose that A(0) = &,(6) + i&(0) is the root of Eq (6.7) at 6 = 8y, such that & (5p.) = 0,
& - da
&(60.) = &), then Re(d6) ’(5:60*,8:8#0 > 0.
Proof. By Eq (6.7), one gets
da da
(13 + 76)5 -Q2A—-1 - T5)€/16$ - [/12 + (=71 = T5)A + T4 + T1T5]
da da
xe' (/1 + 55) — ety (/1 + 6%) =0, (6.25)
which implies
M@ o (6.26)
as] M@ X '
where
M) =13+ 76 — 21— 11 — T5)e”, 6.7
My(Q) = [/12 + (=71 = T5)A + ToT4 + TlTS] 2% — 1316167, 6.27)
Hence B
Re [(d_/l) ] — Re [7:1(/1)] _ MipMog + MMy, (6.28)
do 6=00.,5=¢h F2(D) 6=00:.6=¢) M%R + M%I
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1642

By (A\»), we have

da\™!
Re [(—) ] >0, (6.29)
do 5=60x,6=¢h

0

which completes the proof.
Depending on the study above, the following conclusion is acquired:

Theorem 6.1. Suppose that (Ay9)—(Ayz) hold, then the equilibrium point E(uy4, Uy, ) of model (6.1) is
locally asymptotically stable if 6 € [0, 6p.) and model (6.1) generates a cluster of Hopf bifurcations at
the equilibrium point E(uy4, Uz«) when 6 = ..

Remark 6.1. In this paper, some mathematical formulas and assumptions are very complicated (for
example, (Ag), (Ayy), etc.), but we can check their correctness using computerized calculations.

Remark 6.2. The control methods in this paper can be applied to control the bifurcation or chaos of
fractional-order dynamical system.

7. Simulation outcomes

In this section, to verify the obtained key outcomes of this paper, we give some computer
simulations.

Example 7.1. Consider the following predator-prey system incorporating delay:

d d
0 = (0 - an (o) - LD,
dus(t) ddy i, (1) (1) (7.1)

= ur(D[hy — arur(t — 6)] +

dt 1+ buy(t) ’

where h; = 0.5,h, = 0.5,a; = 2,a, = 2,d; = 0.4,b = 0.1,d = 0.45. Clearly, model (7.1) admits a
unique positive equilibrium point £(0.1975,0.2674). One can easily derive that the conditions (A;)—
(Aj3) of Theorem 3.1 hold. Making use of computer software, one can obtain that §) = 2.9. To verify
the correctness of the gained outcomes of Theorem 3.1, we choose two nonidentical values of delay.
One is 6 = 2.8 and the other is 6 = 2.97. If 6 = 2.8 < 9y = 2.9, we gain computer simulation diagrams
that are given in Figure 1. From Figure 1, we can easily understand that u; — 0.1975,u, — 0.2674
when t — +00. Namely, unique positive equilibrium point £(0.1975,0.2674) of model (7.1) maintains
locally asymptotically stable status. If 6 = 2.97 > ¢y = 2.9, we gain computer simulation diagrams that
are given in Figure 2. From Figure 2, we are able to see that u; is to keep a periodic quavering level
around the value 0.1975, u, is to keep a periodic quavering level around the value 0.2674. In other

words, a cluster of periodic solutions (namely, Hopf bifurcations) arise near the positive equilibrium
point £(0.1975,0.2674).
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Figure 1. Computer experiment results of model (7.1) including the delay 6 = 2.8 < §y =
2.9. The positive equilibrium point E(0.1975,0.2674) keeps locally asymptotically stable
status.
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Figure 2. Computer experiment results of model (7.1) including the delay 6 = 2.97 > ¢y =
2.9. A cluster of periodic solutions (i.e., Hopf bifurcations) arise near the positive equilibrium
point £(0.1975,0.2674).
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Example 7.2. Consider the following controlled predator-prey system incorporating delay:

di}m = (O — ary (1)) — LD 8y — o,

t 1 + buy(t) (7.2)

duy(t) (O — aattat — )] + ddyu (Huy() :
dr Mmoo 1+ buy(t)

where h; = 0.5,h, = 0.5,a;, = 2,a;, = 2,d; = 04,b = 0.1,d = 0.45. Let a; = 0.6,k = 0.5. Clearly,
model (7.2) admits a unique positive equilibrium point £(0.1975,0.2674). One can easily derive that
the conditions (As)—(A7) of Theorem 4.1 hold. Making use of computer software, one can obtain
that 6, =~ 2.85. To verify the correctness of the gained outcomes of Theorem 4.1, we choose two
nonidentical values of delay. One is 6 = 2.83 and the other is 6 = 3.0. If 6 = 2.83 < 9, =~ 2.85,
we gain computer simulation diagrams that are given in Figure 3. From Figure 3, we can easily
understand that u; — 0.1975,u, — 0.2674 when t — +co. Namely, unique positive equilibrium point
E(0.1975,0.2674) of model (7.2) maintains locally asymptotically stable status. If 6 = 3.0 > ¢, =~ 2.85,
we gain computer simulation diagrams that are given in Figure 4. From Figure 4, we are able to see that
u; is to keep a periodic quavering level around the value 0.1975, u; is to keep a periodic quavering level
around the value 0.2674. In other words, a cluster of periodic solutions (namely, Hopf bifurcations)
arise near the positive equilibrium point £(0.1975, 0.2674).
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Figure 3. Computer experiment results of model (7.2) including the delay 6 = 2.83 < 9, =
2.85. The positive equilibrium point E£(0.1975,0.2674) keeps locally asymptotically stable
status.
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Figure 4. Computer experiment results of model (7.2) including the delay 6 = 3.0 >
0. = 2.85. A cluster of periodic solutions (i.e., Hopf bifurcations) arise near the positive
equilibrium point E£(0.1975,0.2674).

Example 7.3. Consider the following predator-prey system incorporating delay:

d d
L;f’) = (D = @y (i — 0)) - %
dur(r) ddyuy (1)is(0) (7.3)

= ur(D[hy — arur(t — 6)] +

dt 1+ bu(t) ’

where h; = 0.5,h, = 0.5,a; = 2,a, = 2,d, = 04,b = 0.1,d = 0.45. Clearly, model (7.3) admits
a unique positive equilibrium point £(0.1975,0.2674). One can easily derive that the conditions (Ag)—
(Ajp) of Theorem 5.1 hold. Making use of computer software, one can obtain that 6, =~ 2.8. To verify
the correctness of the gained outcomes of Theorem 5.1, we choose two nonidentical values of delay.
One is 0 = 2.7 and the other is 6 = 2.88. If 6 = 2.7 < §, = 2.8, we gain computer simulation diagrams
that are given in Figure 5. From Figure 5, we can easily understand that u; — 0.1975,u, — 0.2674
when ¢ — +00. Namely, unique positive equilibrium point £(0.1975,0.2674) of model (7.3) maintains
locally asymptotically stable status. If 6 = 2.88 > ¢, ~ 2.8, we gain computer simulation diagrams
that are given in Figure 6. From Figure 6, we are able to see that u; is to keep a periodic quavering
level around the value 0.1975, u, is to keep a periodic quavering level around the value 0.2674. In other
words, a cluster of periodic solutions (namely, Hopf bifurcations) arise near the positive equilibrium
point £(0.1975,0.2674).
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Figure 5. Computer experiment results of model (7.3) including the delay ¢ = 2.7 < 6, =
2.8. The positive equilibrium point E(0.1975,0.2674) keeps locally asymptotically stable
status.
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Figure 6. Computer experiment results of model (7.3) including the delay 6 = 2.7 > §, =
2.8. A cluster of periodic solutions (i.e., Hopf bifurcations) arise near the positive equilibrium
point £(0.1975,0.2674).
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Example 7.4. Consider the following controlled predator-prey system incorporating delay:

duy(t) dyuy (Dux(7)

) 7 u () (hy — ayuy (t = 6)) - W + ki [ui(t = 0) —ui (1)1, a4
DZI(I) = ur(D)[hy — arus(t — 0)] + % + ko[us(t = 6) — ux (1)1,

where h;y = 05,h, = 05,41 = 2,a, = 2,d; = 04,b = 0.1,d = 045. Let k; = 03,k, = 0O.1.
Clearly, model (7.4) admits a unique positive equilibrium point £(0.1975,0.2674). One can easily
derive that the conditions (Ag)—(A;o) of Theorem 6.1 hold. Making use of computer software, one can
obtain that 6p. ~ 4.1. To verify the correctness of the gained outcomes of Theorem 6.1, we choose
two nonidentical values of delay. One is 6 = 3.8 and the other is 6 = 4.4. If 6 = 3.8 < dp. = 4.1,
we gain computer simulation diagrams that are given in Figure 7. From Figure 7, we can easily
understand that u; — 0.1975,u, — 0.2674 when t — +co. Namely, unique positive equilibrium point
E(0.1975,0.2674) of model (7.4) maintains locally asymptotically stable status. If 6 = 4.4 > 6y, = 4.1,
we gain computer simulation diagrams that are given in Figure 8. From Figure 8, we are able to see that
u; is to keep a periodic quavering level around the value 0.1975, u; is to keep a periodic quavering level
around the value 0.2674. In other words, a cluster of periodic solutions (namely, Hopf bifurcations)
arise near the positive equilibrium point £(0.1975,0.2674).
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Figure 7. Computer experiment results of model (7.4) including the delay 6 = 3.8 < d¢p. =
4.1. The positive equilibrium point E£(0.1975,0.2674) keeps locally asymptotically stable
status.
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Figure 8. Computer experiment results of model (7.4) including the delay 6 = 4.4 > 6y, =
4.1. A cluster of periodic solutions (i.e., Hopf bifurcations) arise near positive equilibrium
point E£(0.1975,0.2674).

Remark 7.1. Based on the computer simulation figures in Examples 7.1 and 7.2, one can easily know
that the bifurcation values of model (7.1) and model (7.2) are 6y ~ 2.9 and 6. = 2.85, which implies that
we can reduce the domain of stability and shorten the time of emergence of bifurcation of model (7.1)
via the designed hybrid controller. Based on the computer simulation figures in Examples 7.3 and 7.4,
one can easily know that the bifurcation values of model (7.3) and model (7.3) are 6, ~ 2.8 and
0o« ~ 4.1, which implies that we can enlarge the domain of stability and delay the time of emergence
of bifurcation of model (7.3) via the designed extended delayed feedback controller.

8. Conclusions

Nowadays, the investigation of predator-prey models has attracted much interest from mathematical
and biological circles. From a mathematical point of view, revealing the effect of time delay on the
many dynamical peculiarities of predator-prey models is a very significant topic. In this article, two
new delayed predator-prey models are formulated. The non-negativeness, existence and uniqueness,
and boundedness of solution of the established delayed predator-prey models are detailedly analyzed.
By regarding the delay as the parameter of bifurcation, we gain two delay-independent criteria to
guarantee the emergence of bifurcation and stability of the established two delayed predator-prey
models. Making use of two different controllers, we have availably adjusted the region of stability and
the time of onset of the bifurcation phenomenon of the two delayed predator-prey models. The fruits of
this article have immense theoretical significance in taking control of the balance of the concentrations
of predator and prey. Furthermore, the exploration idea can be applied to explore the control problem
of bifurcation in many other differential models. In the near future, we will adopt other controllers
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to deal with the bifurcation control of these two delayed predator-prey models. Recently, there have
many studies on Hopf bifurcation of fractional-order dynamical models [26-31]. We will also focus
on Hopf bifurcation of fractional-order predator-prey models in the near future.
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