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1. Introduction

Fractional calculus gained a great interest in view of its applications in a variety of disciplines such
as mathematical sciences, dynamical systems, engineering, finance, control theory, etc.; for details and
explanation, see [1-4] and the references cited therein. Examples of fractional differential systems
include distributed-order dynamical systems [5], quantum evolution of complex systems [6], Chua
circuit [7], Lorenz system [8], Duffing system [9], synchronization of coupled fractional-order chaotic
systems [10-12], systems of nonlocal thermoelasticity [13, 14], anomalous diffusion [15, 16], etc.

There has also been witnessed a great surge in developing the theoretical aspects (existence,
uniqueness and stability of solutions) of fractional order boundary value problems. In [17], the authors
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studied a coupled Riemann-Stieltjes type integro-multipoint boundary value problem of Caputo-type
sequential fractional differential equations by using the standard fixed point theorems. The existence of
solutions for a nonlinear fractional system involving both Caputo and Riemann-Liouville generalized
fractional derivatives with coupled integral boundary conditions was investigated in [18]. One can find
some more interesting results on the topic in the articles [19-27] and the references cited therein. In a
recent work [28], the authors studied a system of generalized coupled fractional differential equations
equipped with uncoupled Riemann-Stieltjes and generalized fractional integral boundary conditions.

Keeping in mind that the concept of the coupled boundary data is more general and important,
we introduce a class of nonlocal coupled multipoint integral boundary conditions containing
Riemann-Stieltjes and generalized fractional integrals and solve the system considered in [28]
with these boundary conditions. In precise terms, we apply the fixed point approach to develop
the existence criteria for solutions to the following system of nonlinear generalized coupled
fractional differential equations complemented with nonlocal coupled multipoint Riemann-Stieltjes
and generalized fractional integral boundary conditions:

PDEu(t) = f(t,u(t), V1), Dliv()),  t€[0,T],
PDEV(E) = g(t, u(t),” Dl u(), v(t)),  te[0,T],
u)=v(0)=0

T m
[ wox) = g+ Y. e (a-b
p=1

T m
f V(S)AH,(5) = o PILuE) + ) by un,), & € (0,7),
0 P

where ?Dg, and pr; are the generalized fractional derivative operators of order 1 < a,8 < 2,

respectively, 0 < y;,y, < 1, plgi and plgi are the generalized fractional integral operators of order
01,02 > 0, respectively, fOT u(s)dH;(s) (i = 1,2) are the Riemann-Stieltjes integrals with respect to the
functions H; : [0,T] = R, f,g € C([0,T] x R}, R), A, A2,a,,b, e Randn, € (0,T),p=1,2,...,m.

Here, we emphasize that the system of fractional differential equations in (1.1) reduces to the one
with Hadamard and Riemann-Liouville fractional differential and integral operators, respectively, for
p — 07 and p = 1. Thus, the results obtained in this paper will correspond to the Hadamard and
Riemann-Liouville fractional differential systems equipped with coupled multipoint Riemann-Stieltjes
and Hadamard/Riemann-Liouville fractional integral boundary conditions as special cases.

We arrange the rest of the article as follows. Some preliminary concepts related to our work
are outlined in Section 2. The main results for the given problem will be derived in Section 3. An
illustrative example is also included in Section 3. Section 4 contains some concluding remarks.

2. Preliminaries

Here, we recall some basic concepts of fractional calculus related to our work. For 1 < p < oo,
¢ € R, define

XP(a,b) ={¢: (a,b) > R; ¢ is Lebesgue measurable function, ||¢|[xr < oo},
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where

b d 3
Il = ( f Ix“'¢(x)|”—x) .
a X

Definition 2.1. [29] The generalized fractional integral of order a > 0 of function f € X!(a,b) is
defined as

[jl—a t sp—l
10 =15 [ G

where p > 0, —o0o < a <t <b < ooandI()is the Gamma function.

Definition 2.2. [30] The generalized fractional derivative of order a > 0 associated with the
generalized fractional integral is defined for 0 < a < x < b < 0o as

’Dg. f(1)

d n
(tl‘pa) PINYf(2)

a—n+1

p 14 " IL
B I'n—-a) (t pdt)L(tp_sp)a—n+1f(S)dS’

where n = [a] + 1, [a] denotes the integer part of real number «.

For example, we have
(@)
INa+1-7v)

Lemma 2.3. [31] The equality * D§,” I, g(t) = g(t), p > 0 holds for g € X’(a,b), a > 0.
Lemma24. [30] Letq,,q €C, 1 <p<ooand0<a<b < o, then, for f € X!(a,b), p > 0,

q1p 7192 £ _ q1+q2 q1 92 r _ q1t+q2
PINPIEf = PII 2 f and PDIPDE f = DI £,

ngJp(a—l) = o (o — y)tp(a—l—y)‘

Let C([0, T],R) denote the set of all continuous functions from [0, T] to R. Set
X={®| ® e C(0,T],R) and ngi(D € C([0,T],R)},
endowed with the norm

Dl = sup |@() + sup DD := ||| + |V D Dl.
t€[0,T] 1€[0,T1]

As argued in [32], (X, ]| - |lx) is a Banach space. Also, we define
Y={¥I¥YeC(0,T],R) and ngi‘I’ e C(0,T],R)}
endowed with the norm

I¥lly = sup [¥()] + sup PDRLY ()| = [¥]l + [PDJL I,
1€[0,T] 1€[0,T1]

Likewise, (Y, ]| - |ly) is a Banach space.

We know from [32] that the space (X X Y, || - |[xxy) with the norm ||(®, '¥)|[xxy = ||D||x + |['P'||y for any
(®,¥) € X x Y is a Banach space.

Let AC[0, T'] denote the space of absolutely continuous functions on [0, T'].

AIMS Mathematics Volume 9, Issue 1, 1576-1594.



1579

Lemma2.5. [3]]Letp>0,1<a<2 ueX!(0,T)and plgjdu € ACz[O, T], where

AC[0,T] = {g [0,T] > R: (tl_p%)g(t) € ACIO0, T]},
then the solution of the equation * D, u(t) = 0 is
u(t) = 177V 4 P72,
where c; € R, i = 1,2 are constants. Moreover,
PI.P Dy u(t) = u(t) + 179V 4 @2,

In the following lemma, we solve the linear variant of the system (1.1), which facilitates the
conversion of the given nonlinear problem into an equivalent fixed point problem.

Lemma 2.6. Assume that ©,0, € C([0, T1,R) with *I;°u,?I;.Fv € AC2[0,T] and A # 0. Then, the
following system

PDgu() = O(1),  t€[0,T],
PDLv() = Oy(),  1€0,T],
u(0)=v0)=0
T m
[ w0+ Y avin) &€ O.1)
0 =1

T m
f v(s$)dHo(s) = A "I u(&y) + Z b,u(m,). & €(0,T),
0 o

2.1

has a solution (u,v) given by

(a—1) T m
W) = PI5.00(0) + ——|Aaf i P15 Oa(E) - f P13.01(s)dH(5) + Y a, I}, ©x(1,))
0 p=1
T m
+B1{ 4 7152 01(&) - f P13, ©x(s)dHy(s) + D b, 13,01}, (2.2)
0 p=1
p B D o 7B+61 Tp « N pB
D) = PIO0) + ——|Baf i PEOxE) — | PI5OW(dH(s) + ) a, 1), On(my))
0 [
T m
s 10~ [ PO + b, 15,0 23)
0 =1
where

A = AAy - BBy,
T T

f s VdH,(s), Azzf s"CVdH,(s),
0 0

A,
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['(B) (B+61-1) S —1
B = 44— 1 N P,
1 ]pé‘l(ﬁ_'_él) 1 ; pP'lp

3

(@) a+5r- a-
By = h s ALY (2.4)

Proof. Solving the system of fractional differential equations in (1.1), we get

u(t)y = Pngr () + Cltp(a—l) + Cztp(af—Z)’
W) = P2 Oy(t) + e3P 4 ey, 05

Making use of the condition u(0) = v(0) = 0 in (2.5), we get c; = ¢4 = 0, and then applying the
generalized integral operators plg . and PI{j, to the first and second equations in (2.5), respectively, we
obtain

@ I'(@) s
plgiu(t) = P]gi+ 0, + clﬁwtp( +65—1)

b

a +07)
') .
P70 _ por1tp (B+61—1)
I3 v(t) =P1,,7" 0 (1) + C3p51F(ﬁ m 61)lp . (2.6)
Using (2.5) and (2.6) in the conditions:
T m T m
f u(s)dH(s) = 4 P vED + ) ap v(ny), f V()dHA(s) = b PI3u(E) + ) by ulny),
0 p=1 0 p=1
we obtain a system of equations in the unknown constants c¢; and c3 given by
0 ’ S
= sy = 4P TOE) ~ [ PLOHI) + Y 0, 1 0t )
0 P
T m
- CIBZ + C3A2 = /7.2 p[g:(sl@l(fz) - f plg+®2(s)dH2(s) + Z bp plg+®1(ﬂp), (28)
0

p=1
where Ay, A,, By and B, are defined in (2.4). Solving the systems (2.7) and (2.8) for ¢; and c3, we find
that

| ., r N
a = +|B{wree - f 15, Ox()dHx(s) + ) by "5, ©1(1,)}
0 p=1

T m
+A{ I PO - f P131®1(s>dH1<s>+Za,,f’1§+®2(np>}],
0

p=1
1 ’ S
= slBluEree - [ et Y a8 0xm,)
0 ol
T m
+A 4 PI5T0(6) - f P13, ©x(s)dHy(s) + ) b, I3, 01(m)}],
0 o1
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where A is given in (2.4). Inserting the above values and ¢, = ¢4 = 0in (2.5), we get the solutions (2.2)
and (2.3), respectively. The converse of the lemma can be established by direct computation. The proof

is finished. |

Relative to the problem (1.1), in view of Lemma 2.6, we define an operator G: X XY — X X Y as

Guv)(®) = (G1(wv), Gow, V), (2.9)
where
G1(u, v)(0)
pa—1)
=PI, Fla a0, V(D)7 DY) + ——[Aa{ A 21 g, u(€). P D (€, &)
T m
- fo oI5, f(s,u(s), v(5)! Dy v(sNAH(s) + > a, I, g1y, u(ny) Dyu(ny), v(ry,)]
p=1
T
+B1 {4 IS f (6, u&r), (&) D v(&r) fo P15, 8(s, u(s),” Dy u(s), v(s))dHa(s)
+ > b IG, F (0 uny), v, P DY)}, £ € 10,71,
p=1
and

Ga(u, v)(1)
B

= 710,80 u(t). "D u(n). v) + ——[Bof i 15" 861, ué). "D u(€). v(E)

T m
- fo I, f(s,u(s), V(). Dy v()dH(5) + Y @, P15, gy, uCr,), D uCr,), vin,))

p=1

T
+A D IS f (60, w(E), V(&) DY (&) - f P15.,.8(s, u(s), P Dy u(s), v(s))dHa(s)
0

£ 3 by I3, f@1pu(ny), vn,), DY v, 1€ 10, T1.

p=1

Lemma 2.7. [31]If9:[0,T] — R is a continuous function, w : [0, T] — R is a function of bounded
variation on [0, T] and M = max,ejo ) |[0?)|, then

T
f I(s)dw(s)
0

where V] w denotes the variation of function w defined by

< MVyw,

VoTW = sup E lw(s) —w(si-l,
P~
J=0

and P:0 =5y < s <...<s, =T isan arbitrary partition of [0, T].

Recall that w is called a bounded variation function on [0, 7] if VOT w < oo.
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3. Main results

Before proceeding for our main results, we set our notation as follows:

Tre TPe=D
M, = + [lAz il
pT(a+1) |A]

égp(ﬁ+5l) Tra
+ A, V H,

PTG+ 01 + 1) p°T(a + 1)

e g 708
+A E — 2 1|BA VIH,
42| 4 “Ppﬁr(ﬁ+1) 1B12: Pl (@16, + 1) 1|pﬁr(ﬁ+1) 072

)(Z

+|BI|Z ar(a+ 1)]

Tpﬁ TPB-1) gp(ﬁﬂm Tra ,
M = + B +|B VIH
! PrB+1) Al [1B: 1|p5+51F(ﬁ Si+1) * 2|p“l"(a/+1) 0
B P(£Y+52)
TPB
+|B +1]A4 VIH
| 2|Zappﬁr(ﬂ |A1 2, “+521"( +62+1) llpBF(B+1) o H>
m nga
HA DY b, — 2],
| 1'; f’par(a+1)]
M2 _ Tp((l—72) + r(a) p72(a _ fyz)Tp(a_yz_l)
P (@ -y,+1) |Al(@+1~-17y,)
ARl Tra i’ m e
x[14,2 + A ———VIH, +|A —r
[| 2 1|p5+511"(ﬁ 5+ 1) + | 2'p“l"(a+1) o Hi+1 2|Zap FTET )
o(a+62) o4
TPB ;7/
+|B 1 2 +|B VIH, +|B b, ————
1B1 2lpw+62r(a+52+1) | 1lpﬁr(ﬁ+ 2+ llz "F(a/+1)]
TPB=Y) I'(B)
M, = + Yi(B =, )TPE71-D
2 T TG - D ARG L) P
é_‘ﬂ(ﬂ"’ﬁl) Tre . m n;;ﬁ
x[1B,1 +|Bol————VIH, + |B —r
[1: llpﬁ+5r(ﬂ s BT e it 2|Zappﬁr(ﬂ+l)
62(a+62) Tpﬁ . npa
+A;2 VIH, + A Y b, ———— 3.1
Al Ml Vi e+ 1|Z T +1)] (3.1)

In our first result, we show the existence of at least one solution to the system (1.1) by applying the
Leray-Schauder alternative [33].

Theorem 3.1. Suppose that f,g € C ([O, T] % R3, R) and there exist constants bys, bo, > 0 and b;s, big >
0,i = 1,2, 3 such that the following condition holds:

3 3
(H) If (t, @1, @2, @3)| < bos + ) biglwil,and 18 (6, @1, @, @) < bog + ) big i,
i=1 i=1

forallwm;, e R,i=1,2,3.
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If[M] + M, + M{ + Mé](b]f + max{blg,bzg}) <1and [M] + M, + M; + Mé](max{bzf,by} + l’)3g) < 1,
then the system (1.1) has at least one solution on [0, T].

Proof. We complete the proof in three steps.

Step 1. We claim that G is uniformly bounded. Observe that continuity of f and g implies that G is a
continuous operator. Assume that B, = {(u,v) € X XY : ||(&, V)llxxy < g} is a bounded subset of X X Y.
By (H1), for any ({,0) € B,, we have

IA

|f (2, £(0), o(t),” Dy, o (1)) bos + bifl| + byslo| + b3’ D), o
bos + bililllx + max{byy, byslllolly
boy + [ b1y + maxibyy, ba} 12, )y

bof + [blf + max{bzf, b3f}]q = Tf.

IAIA

IA

Similarly, we obtain

\g(t, f(t),ngi{(t),cr(t))\ < bog + | max{bi, byg} + bag|q =T,

Hence, for any ({, o) € B,, one can get

1G1({, o)(@)]
o a— (B+01) "
SO N L Gk PP 1 Aol VI H,
PP e+ 1) T A PP (B + 6, + 1) o T(a + 1)
m (a+62)
7 > ™
+A — L 4|BA +|Bj|——V'H
| 2';“”pﬁr(ﬁ+1) 1B 2|p“+52F(a+62+1) | llpﬁf(,B+l) 072
m 77[)(1’
+B| Y by———
: ; ”pwr(a+1)”
< (Tf+Tg)M1
and
FDy:Gi(L, o)D)
Trla=y2) (@)
< (Y++ 7 + Y2(ry — Tp(a—yz—l)
< | e T D @ =y @
g e r N i’
x{|A4,1 + Al ———VIH, + A —r
{142 ]lpﬂ+5lr(ﬂ+51+l) | 2|p“F(a+l) o f1 +] 2';“”pﬂr(ﬁ+1)
p(a+62) m
TPk npw
+|B 1 2 +|B)|———V!H, +|B b,————
1B1 2|p"+52F(a+52+1) | 1|p3F(,8+1) off2 +] 1'; pp"F(a+l)}]
< (Tf+Tg)M2.
Thus, we have
1G1(, Dllx < Ty + )My + Mp). (3.2)
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Similarly, one can obtain that
IG2(L, DIy < (T + T )M + M)). (3.3)

Consequently, it follows from (3.2) and (3.3) that [|G({, O)llxxy < (T + T)[(M, + My) + (M} + M})],
which implies that G is a uniformly bounded operator.
Step 2. We claim that G is completely continuous. For that, let 0 < 7 < 7, < T, then we have

1G1({,0)(12) — Gi({, o) (7))

71 Hl—a p-1 — a-l _ - a-l
| f R (O O G ) 5,20, 050, PDg.o(s))ds

0 ['(@)
7 l-a -1 TP _ oa-1
* f — r((fw D 5,209, (), DY)
|T§(clv—l) _ T?(a—l)|

A 1A P 1 (&1, £E0), P DL (€), ()

T
+|As| f LIS\ (s, L(s), 0°(s),” Dy o (s)ldH, (s)

+|A2|Zap 12 (np, £ (np) P D32 (1) o (mp)

+|Bl/12|p 1?1 f (&2, {(&), o), DY (£)]
+|B1|f P15 18(5, £(5), P DL (s), o(s)dHa(s)

HBi Y b IS (00 £ (1)) () Do () ]
p=1

IA

T2 e =

(0 + Tl =]
IA]

étp(ﬁ‘ﬂs 1) oa

A>1 — V!
[142 1|pﬁ+61r(ﬁ Si+1) + 4 o T(a+1) °

v p(a+2) op

m 77P 5
+ A —L—— +|BiA + Bl
| ﬂZappﬁr(ﬁ“) Bl a5 D T BT e D

+|BI|Z ar(a+ 1)

Ve H,

and

FD):G1(¢, 0)(12) =D Gi(L, o)(Ty)
'f‘rl pl—(t+72sp—1[(1.f2) _ Sp)a—yz—l _ (Tll? _ sp)a—yz—l]

< f(s,4(5),0(s),” D} o(s))ds
I'(a - y»)
T2 Hl—at+yr p-1 _ a—y2—1
+ f PTG F(5.4(5).0°(5), " DY or(5))ds
7 I'(a —y>)
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N I'la)
IAIl(e + 1 = y2)

X[ P I g1, L&), P D L), o))

pyz(a, _ yz)[Tg(a—n—l) _ 7./13(0—72—1)]

+|Az|f PI5.\f (s, £(s), (), ” Dl o (s))dH, ()

+|A2'Z“p 12 (15 ¢ (1) D¢ (1) - )|
+|Blaz|Pzgf‘52|f<fz, (&), 0(€).PDlio(£))
1B f 1 lg(5,(5), DI L(S), (s IdHL(s)

HBIl ) b, I (1 (my) o (my) DY 1) |

p=1
(Tf n ‘rg)

< : U — Y7 4 TP(Q—)’Z) _ TP((Y—VZ)

Pl =y + 1>[ SR i

IAIF(a 72) ! PP (B+0;+1)
Tp m T]pﬁ g(oﬁdz)
A ——VIH, +|A I —) 3}
| 2|par(a Ty ot 2';a”pﬂr(ﬁ T B 2|p”+52F(cx +6,+ 1)

/s ]
PpeT(a + DI

TPB m
|Bi|——=————V{H,+|Bj| » b
PPT(B+ 1) ;

In consequence, we have that ||G({, 0)(12) — G1({, 0)(T1)llx — 0 as 7, — 74, independent of ({,0) €
B,. Similarly, we can find that [|G»({, 0)(12) — G2({, o)(T)lly — 0 as 7, — 7, independent of ({,0) €
B,. Thus, the operator G is equicontinuous. Hence, by the Arzeld-Ascoli Theorem, G is completely
continuous.

Step 3. We define & = {(u,v) € X X Y|(u,v) = uG(u,v),0 < u < 1} and show that it is bounded. Let
(u,v) € &, then (u,v) = uG(u,v) and u(t) = uG(u,v), v(t) = uG-(u,v), vt € [0, T]. Hence, we get

pla=1)

Al

+A,| f PI\f (s, va”v)|dH1(s>+|Az|Zap g (-1 (1) "D u () - v(0,)) |

() < PIS| f(t,u,v,” DYv)| +

2P I 981, ué)), P DY u(€), v(ED)

+BI LI f (&, (&), V(§2)apD%+V(§2))+|Bl|f P10.1g(s, u,* DY, v)|dHy(s)

HB11 Y- b1 (1 (1) v (mn) - Dy 1)) |

p=1

< (bos + baglullx + max{bay, bap}vlly) + (bog + max {big, bag} llullx + baglVily)
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TP TPl=1) §p(ﬁ+6‘) TP
x| — + {14221 — + |Agl———— VI H,
pT(a+1) IA] PPOT(B+6+1) pT(a+1)
B o(a@+62) fp(a+52)
2

+IA — L 4B +|B A 1
| 2|;a”pﬂr<ﬁ+1> Bl T ar o+ D TP T a5, 1)

TrB n e
Bil———VIH, + B\ Y by———
Bl Gy o 1'; T D)

= |oy + byfllully + max{bay, bspvlly) + (bog + max {brg. bog}lully + bsglvily) | M1,

and

D G (u, v)(0)

< PICf (nu, v,ngiv)‘ + |A|F(c1;(f)1 — yz)py2 (@ —y,) @D
x| Mo 157 |g (61,4 €D, "Dl €) v (€)| + 14 f 15 |F (5, v, Dipv)| dH (5)
+A| Z a, 10,18 (np u (ny) . * Dyt (1) v (my)) |
+ |Bm|P I3 f (£.u(6) v (&) P DYy ()]
+|B| f s u,ngiu,v)‘de(s) + |By| Z”I“ np,u(np),v(r]p),ngiv(np))q
<

| (bos + b1l + max b, b} 1) + (Bog + max {brg, bac) . + baglvly) |

{ Tra=y2) (@)

+ V2 _ TP((Y—Vz—l)
T —yt D) AT @+ =y @77

é;/)(ﬂ+f5 1) Tre . m npﬁ
x| |42 — VIH, +A S —
42 ‘lpﬂ+6r(ﬁ 5 T g o 2';"ppﬁr(ﬁ+1)
p(a+dz) m
TPB e
+|B;A 2 +|B)|—VIH, +|B by————
Bl ey B Vo e 1|Z=; f’par(a+1>}

= | (s + bl -+ max {Bag, s ily) + (bog + max (b b il + bsolbil) [ M
In view of the foregoing inequalities, we obtain

lully < (boy + byfllully + max {byy, b Ily + bog + max {by, bag} llully

+|b3gIIIVI|y) (M, + M,). (3.4)
Similarly, we can find that

Mly < (bos + billullx + max {bay, by} Vlly + bog + max {big. b} llullx
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+haellly) (M + M) (3.5)
Therefore, from (3.4) and (3.5), we have
llly + IMly < (bos + bog)(My + My + M} + M5) + | b fllullx + max {big, bag} lullx
+max {bag, bag Wy + baglVlly |(M1 + Mo + M; + M),

By choosing

My = min{l = (b +max {by,, by (M) + My + M + M),

1= (max {bas, by + bsg)(My + My + M} + Mp)),

we obtain the inequality

(b()f + bOg)(Ml + M, + Mi + Mé)

u,v < .
[1Cet, )Ixxy M

Thus, & is bounded and the conclusion of the Leray-Schauder alternative applies, and, hence, the
operator G has at least one fixed point, which corresponds to at least one solution of system (1.1). O

In our next result, we establish the existence of a unique solution to the system (1.1) by means of
the Banach’s fixed point theorem.

Theorem 3.2. Suppose that the following conditions hold:

(H2) H; : [0,T] xR — R (i = 1,2) are functions of bounded variations on [0, T].
(H3) For f,g : [0,T] xR® — R, there exist constants Ly > 0and Ly > 0 such that, for any t € [0,T]
and w;,0; € R,i=1,2,3, we have

|f(t, @1, @2, @3) — f(1,01,02,03) < Li(|w) — 01| + |@2 — 02 + |3 — 03),

and
lg(t, @, @2, @3) — g(,01,02,03)| < Ly(|w) — 01 + |@2 — 02| + |3 — 03)).

If
(Ly+ Ly)(My + M, + M} + M}) < 1, (3.6)

then the system (1.1) has a unique solution on [0, T], where My, M,, M| and M} are given in (3.1).

Proof. Set max,eor; f(£,0,0,0) = fi < oo, maxe 7 &(¢,0,0,0) = gy < oo and define B, = {(u,v) €
X XY |l(u,v)|xxy < r} with
(fo + go)(My + M, + M} + M)
1 —(Ly+Ly)(My + My + M} + M)

: (3.7)

In the first step, it will be shown that GB, C B,. In view of the assumptions (H2) and (H3), for
(u,v) € X X Y, we have

(2, u(®), v(2),” D, v)| < 1f(2,0,0,0)] + £z, u(®), v(t),” Dy, v(1) — £(2,0,0,0)|
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< fo+ Ly(lul + [v| + D} v])

< Jo+ L(llullx +[Vlly) = fo + Lell(, V)llxxy
< f() + Lfr.

Similarly, one can find that
18(t, u(®),” D u(®), V(D) < o + Lyll(u, V)llxxy < go + Ly

Using the foregoing estimates, we obtain

G (, v)(0)
p(a—1)
< I u@), v DYV + = AP I 18(E 1, ué)), P D uté ), v(ED)
T
fo P15, £(s, u(s), v(s)? Dy, v<s>>|dH1(s>+Za,, 1518 (np-u () .* D () v (m,)) 1}

p=1

T
+|Bll{l/lzlp 15721 f (&, u(é2), (&) Dy vé)l + f P15, 1g(s, u(s),* Dy u(s), v(s))ldHa(s)

+Zb V151 Gt (). () D3t () ]

pa
< [(Ler+ fo) + (Ler + —_—
< [(Lgr+ fo) + (Ler + 80)]| @D
TPla=1) gp(ﬁ“s] ) TP m nﬂﬁ
+—{A + A — VIH +1A —
A e s W o
p(a+02) @
TeB 7]'0
+|B, A 2 VIH, +|B —r
1B12: (@t o, 4 1) 1|pﬁr(ﬁ+ 2+ 1|Z "F(a+1)}]

< [(Ly+ Lyr + (fo + go)IM;.
In view of the relation: #D):PI. = PDPIPILT =PI for y, < a, we get
P DG (u, v)(0)|

2 p(a@—y2—1)
< IV (o) V)P DY ()] + R

IAT(a = 2)
X[|A2|{|/11|p1§:61|g(§1, u(&)),” D u(ér), v(&)))|

T
f PIS | f (s, u(s), v(s)S D} v<s>)|dH1(s>+Zap p
0

JUICARE ICARICA) )
T
HB{IP 15T f (&, (), W€, DY v(EN)] + f P15 1g(s, u(s),* Diu(s), v(s))dHa(s)

+Zb 1| (1o e (1) v (1) D ()| ]
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Tr—y2)
< [(Lgr+ fo) + (Lgr +
< [Lyr+ fo) + (Lgr gO)][pa—sz(a -v2+1)
r L(B+51) TP
+prz T"("‘Vz‘l)“Az/l] | g + |A| VOTHl
IAIC(a - 72) pPFOTB+61+1) pT(a+ 1)
m 5 pla+d2) B

T}p 2 T
HA T LB —  _V'H
| 2|Zappﬂr(ﬁ+l B T et o+ D) Bl o
+|81|Z ar(a+1)
< [(Ly +L)l”+(f0+go)]Mz
Thus, we have

G 1@, v)lix

1G1(u, VIl + DG G (u, )|
((Ly + Lo)r + (fo + 8o)My + (Ly + L)r + (fo + 80)M-
[(Ly + Lo)r + (fo + g0)I(M, + M>). (3.8)

IA A

In a similar manner, we can obtain that

G2, Wlly = G20 V)| + I D Gau, )
< Ly + Lr + (fo + g0) (M7 + M}). 3.9)

In view of (3.7), it follows from (3.8) and (3.9) that

G lxxyr = G, V)lx + [1G2(u, V)lly
< [(Ly+ Lr+ (fo+ 80)I(My + My + M| + M) <.

In the second step, we show that the operator G is a contraction. To this end, let {;,{, € X and
S1,$ € Y, then we have

1G1 ({1,610 (1) — G1 ({2, 62) (D)

< 713 £ (660,610, Ditei ) - £ (1,60, 60, "Dt )|
pla—1)
L (AP I o (1,40 €0 DG €D 161 €)) - 8 (61,6 ) P DL (€, 5 @)

T
+ fo P15, f(s G1(5), 6109, " Dit1(9)) = £ (5, 2(5), 62(5),* Dita(s))|dH (5)

m

2

+|Bl|{mz|p1;;:‘52
T

+ f /
0
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m
pra
+ Z b, I,
p=1

{(Ls+L) (||§1 = &l + lis1 - all )+Lf PDysi - Dy 6ol + Lo [P D0 7D |}

TP Tp(a— 1) é;lf(ﬂ‘“sl ) pa

1101 (1) 1 () D31 (1)) = 1 (€2 (1) 52 (1) 52 ()|

IA

T
X + ArA +|A)|——VIH
[pwr(a+1) IA| {| 2 1',oﬂ+61r(5+51+1) | 2',oar(a+1) 01
m (a+62)
" 5
+A — 4+ |BA
| 2';a”pﬁnml) B T a v 6, + 1)
TPB m
+|Bj|———V!H, + |B b,————
Bl srgey o 1'; pp“F(a+l)}]

[(Lf + L1651 = &l + st — 62ll) + LelP Dy st =P Dyisall + Lol DY: &y —pD33§2||]M1
(L + L)1t = &llIx + lls1 = s2lly)My, YVt e€[0,T].

IA A

Also, we obtain

Dy G151, s0)(1) = D G1(L2, €2)(0)]
[(a)pr2 @2~

< IGO0 D (0) - f. 60,00 DO + = e
XAl P g6, £1(E). DR GED, 61(E)) = 861, L), DR G (E, 62(E)
+ fo 15,41, 51(5),* Dy 51(5)) = £(5, £2(5), 62(5),* Dy 6(s)IdH (5)
+ Zm; ap I, |2 (- &1 (1) D363 (1) 51 (1)) = & (100 &2 (1) D22 (1) 2 ()|}
p
+HBU{ILP I f (6, L&), 160, DY 61 (62)) = f(€2, La(E2), §2(62), " Dy 62(62)
+ fo ' P15,18(s, £1(), P D £1(9), 61(5)) = 8(5, £a(5), P D £a(5), 6(s))IdHo(s)
0|7 ()51 (00) 7051 (3) = £ )2 ) 2 )] )
-
< |@s + L)WUEG = 2l + st = ©2ll) + LelP D6y = *DYall + Lol D2y = "D 4ol
a-y2 P(B+61)
X[pa-wriz _7;2 B e T e s
+|A2|}ﬁpa+l)v§ H, + A, Z a,,p% + 'B‘/b'pwézrf;j; oy
+|Bllp%V5H2 +|B| Z bp[$}]
< [@s + Ll = Gl + llsi = all) + LyAP Dy = "D sall + Lol D&y =P D &oll| My
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< (Ly + LIS — Lllx + st — s2lly) M.
Consequently, we have

1G1(&1,61) — Gi1(&2, 2)lIx
P D} G1(1561) = DG &y )Nl + 11G1(E1s 61) — Gi (L, )]
(Ly + L)1 = Lllx + M1 — s2lly)(My + My). (3.10)

IA

Using a similar procedure, one can obtain

G2 ({1,61) — G2 (L2, )y
P D}.G2 (41,41) =D} G (&2, 62)|| +11G2 (L1 61) = G2 (L. )]

(Ly + Le) (11 = Llly +lig1 = ally) (M + M3). (3.11)
From (3.10) and (3.11), we deduce that
IG (£1.61) = G (2. )iy < [My + My + Mj + M5 (Ly + L) (161 = Ll + It = sally)

which, by the conditions (3.6), implies that the operator G is a contraction. Thus, by Banach’s fixed
point theorem, G has a unique fixed point. Therefore, the system (1.1) has a unique solution on [0, T']

IA

and, hence, we have the conclusion. O
Example
Consider the following fractional differential system:
EDgu) = f(LuveDpy),  1€[0,2],
1 7
iDsw(r) = g(tLw Dpuv),  t€[0,2],
T 33 i
w =0, [ w3 K+ Z ava). (3.12)
T 3 1 4
w(0) = 0, f VdH(s) = > L&)+ Z bu(y)-
0 o

HCI'C,T—2§1 52:%/1:dzzg’p:i’a,:g’ﬁ:%,’y]:%’YZZ%,(SI:%7 52:§’m:
2m=%. m=5a=5a4m=3b= =3
b 8 b , 4 , 2’
1
f(tu,v. Dy - sin(u(r)) + e cos((1)) + cos(§0)|1 D, (1) + e") and
( )= 18\/900+t2 201" Xox
1

ol 3Dz, u(t)| N
16

t,u,’D”u,v 7
g( 0 ) 2(1 + l'4) 2+ |V(t)| 4 + 4|%Dg+u(l‘)|

t -1
> vm [ an (o) +

1
Letting H,(t) = 2 + 3t and H»(f) = 5 + 41> and using the given values, we find that Ly = 340" L, =

1

20" M, =29.930973, M| = 26.5686, M, = 16.023896 and M’ = 19.637255. Moreover,

(L + Lg) (M) + My + M + Mj) ~ 0938673948 < 1.
Clearly, the hypotheses of Theorem 3.2 are satisfied and, hence, we deduce from its conclusion that the

problem (3.12) has a unique solution on [0, 2].
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4. Conclusions

We have presented the criteria ensuring the existence and uniqueness of solutions for a coupled
system of nonlinear generalized fractional differential equations equipped with nonlocal coupled
multipoint boundary conditions involving Riemann-Stieltjes and generalized fractional integrals. The
nonlinearities in the given system were assumed to be dependent on the unknown functions together
with their lower order generalized fractional derivatives. We made use of the standard tools of the
fixed point theory to accomplish the desired work. Our results were new in the given configuration
and produced some new results by specializing the parameters involved in the problem at hand. For
example, our results relate to the given coupled system of nonlinear generalized fractional differential
equations supplemented with nonlocal multipoint and Riemann-Stieltjes type integral boundary
conditions for 4; = 0 = A,. In case we take p — 0* and p = 1, the results established in this paper
correspond to the Hadamard and Riemann-Liouville fractional differential systems equipped with
coupled multipoint Riemann-Stieltjes and Hadamard/Riemann-Liouville fractional integral boundary
conditions, respectively.
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