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Abstract: Although the concept of connectedness may seem simple, it holds profound implications
for topology and its applications. The concept of connectedness serves as a fundamental component
in the Intermediate Value Theorem. Connectedness is significant in various applications, including
geographic information systems, population modeling and robotics motion planning. Furthermore,
connectedness plays a crucial role in distinguishing between different topological spaces. In this paper,
we define soft weakly connected sets as a new class of soft sets that strictly contains the class of soft
connected sets. We characterize this new class of sets by several methods. We explore various results
related to soft subsets, supersets, unions, intersections and subspaces within the context of soft weakly
connected sets. Additionally, we provide characterizations for soft weakly connected sets classified
as soft pre-open, semi-open or a-open sets. Furthermore, we introduce the concept of a soft weakly
connected component as follows: Given a soft point a, in a soft topological space (X, A, A), we define
the soft weakly component of (X, A, A) determined by a, as the largest soft weakly connected set,
with respect to the soft inclusion (C) relation, that contains a,. We demonstrate that the family of soft
weakly components within a soft topological space comprises soft closed sets, forming a soft partition
of the space. Lastly, we establish that soft weak connectedness is preserved under soft @-continuity.
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1. Introduction and preliminaries

Some mathematical concepts, such as the theory of fuzzy sets, the theory of intuitionistic fuzzy
sets, the theory of vague sets, the theory of rough sets and the theory of probability, might be regarded
as mathematical instruments for dealing with uncertainties. Some applications of these mathematical
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concepts appear in [17-19,39,40]. However, each of these theories has its own set of problems.
Molodtsov [36] invented the notion of soft sets in 1999 in order to deal with uncertainties while
modeling issues with inadequate information. He effectively utilized soft set theory in game theory,
smoothness of functions, operations research, Riemann integration, Perron integration, probability,
and theory of measurement in another study [37]. The properties and uses of soft sets have been
investigated in [25,27,30,31,33-35,37,42,47,48,51] and others. More information on the algebraic
structure of soft sets may be found in [1,3,21,26,28,29]. Shabir and Naz [43] began researching soft
topological spaces as a generalization of topological spaces in 2011. Many soft topological notions,
including soft separation axioms [8, 9, 20, 22, 41], soft covering properties [6,7,11,12,15,38], soft
connectedness [10,23,24,32,44,45,49], and different weak and strong types of soft continuity [13],
have been developed and investigated in recent years.

Connectedness is a key topic of topology that can provide numerous links between other scientific
fields and mathematical models. The concept of connectedness conveys the impression of picture
elements hanging together in an object by giving connectedness strength to every potential path
between every possible pair of image elements. It is a useful tool for creating picture segmentation
algorithms. In the present paper, we will introduce and investigate the concept of soft weak
connectedness in soft topological spaces. This research not only gives a theoretical basis for future
soft topology applications but can also contribute to the development of information systems.

This article is organized as follows:

In Section 1, after the introduction, we give some definitions which will be used in this paper.

Section 2 defines the concept of a soft weakly connected set, which is a weaker form of a soft
weakly connected set. We will obtain various characterizations of soft weakly connected sets. Within
the setting of soft weakly connected sets, we will investigate several results related to soft subsets,
supersets, unions, intersections, and subspaces.

Section 3 defines soft weakly connected components in a given soft topological space. We will
show that this class of soft sets consists of soft closed sets and forms a soft partition of the space. In
addition, we will discuss the behavior of soft weak connected sets under soft a-continuity.

Section 4 contains some findings and potential future studies.

We will now go over several significant concepts and terminologies that will be used in the sequel.

Let Y be an initial universe and A be a set of parameters. A soft set over Y relative to A is a function
G:A — PY), where P (Y) denotes the powerset of Y. SS (¥, A) denotes the family of all soft sets
over Y relative to A. Let G € §S (Y, A). If G (a) = 0 for every a € A, then G is called the null soft set
over Y relative to A and denoted by 04. If G (a) = Y for every a € A, then G is called the absolute soft
set over Y relative to A and denoted by 14. G is called a soft point over Y relative to A and denoted
by a, if there exist a € A and y € Y such that G (a) = {y} and G(b) = O forall b € A — {a}. SP(Y,A)
denotes the family of all soft points over Y relative to A. If forsomea € AandZ C Y, G(a) = Z
and G (b) = 0 for all b € A — {a}, then G will be denoted by a;. If for some Z C Y, G (a) = Z for all
a € A, then G will be denoted by Cz. If G € SS (Y, A) and a, € SP (Y, A), then a, is said to belong to
G (notation: a,€G) if y € G (a).
Definition 1.1. [43] Let Y be an initial universe and A be a set of parameters. Let ¥ € S S (Y, A). Then
Y is called a soft topology on Y relative to A if

(1) 04,14 € ¥,

(2) ¥ is closed under arbitrary soft union,
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(3) ¥ is closed under finite soft intersection.

The triplet (Y, 'V, A) is called a soft topological space. The members of ¥ are called soft open sets
in (¥;'¥, A) and their complements are called soft closed sets in (¥, ¥, A).

This study adheres to the terminology and concepts utilized in [4,5]. STS will be used in the present
research to refer to soft topological space. Let (R,'¥, M) be an STS and K € S S (R, M). The soft interior
of K in (R, ¥, M) and the soft closure of K in (R,¥, M), respectively, shall be referred to by the terms
Inty(K) and Cly(K), while ¥¢ and CO (R, ¥, M) stand for the family of the family of soft closed sets
on (R,¥, M) and the family of clopen sets on (R, ¥, M), respectively.

Definition 1.2. An STS (X, ¥, A) is called

(a) [32] soft connected if CO (X, W, A) = {04, 14}.

(b) [32] soft disconnected if it is not soft connected.

(c) [14] soft locally indiscrete if ¥ = Y°.

Definition 1.3. Let (X, ¥, A) be an STS and let G € S S (X, A). Then G is called.

(a) [46] soft pre-open if GClnty (Cly (G)).

(b) [16] soft semi-open if GCCly (Inty (G)).

(c) [2] soft a-open if GCInty (Cly (Inty (G))).

(d) [50] soft dense if Cly (G) = 14.

We will denote the family of soft a-open in (X, ¥, A) by W°. It is proved in [2] that ¥* forms a soft
topology that is finer than V.

Definition 1.4. [2] A soft function f,, : (R,'¥, M) — (L, ®, N) is called soft @-continuous if fp‘u1 (G) €
Y for all G € O.

2. Soft weak connectedness

In this section, we define the concept of a soft weakly connected set, which is a weaker form of a soft
weakly connected set. We obtain various characterizations of soft weakly connected sets. Within the
setting of soft weakly connected sets, we investigate several results related to soft subsets, supersets,
unions, intersections and subspaces.

Definition 2.1. Let (L, A,R) be a STS and let G € SS (L, R). Then

(a) G is called soft weakly connected in (L, A, R) if there are no K, H € CO (L, A, R) such that
1g = KUH, KNH = Og and KNG # O # GNH.

(b) G is called soft weakly disconnected in (L, A, R) if G is not soft weakly connected in (L, A, R).
Theorem 2.2. Let (L,A,R) be a STS and let Y be a non-empty subset of L. If Cy is soft weakly
disconnected in (L, A, R), then (Y, Ay, R) is soft disconnected.

Proof. Suppose that Cy is soft weakly disconnected in (L, A, R). Then there are K, H € CO (L, A, R)
such that 1z = KUH, KNH = Ok, and KNCy # Og # HNCy. Since K,H € CO(L,A,R), KNCy,
HNCy € CO(Y, Ay, R). Since 1z = KUH and KNH = O, Cy = (KUH)NCy = (KNCy) U (HNCy) and
(KHH) NCy = 0gxNCy = Og. Therefore, (¥, Ay, R) is soft disconnected.

Corollary 2.3. Let (L,A,R) be a STS and let Y be a non-empty subset of L. If (¥, Ay, R) is soft
connected, then Cy is soft weakly connected in (L, A, R).

Theorem 2.4. A STS (L, A, R) is soft connected if and only if G is soft weakly connected for every
G eSS(L,R) —{0g}.
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Proof. Necessity. Suppose that (L, A, R) is soft connected and suppose to the contrary that there exists
G € SS(L,R) — {Og} such that G is soft weakly disconnected. Then there are K, H € CO (L, A, R) such
that 1; = KUH, KNH = Og, and KNG # Oz # GNH. Since KNG # Oz # GNH, then K # Oy # H.
This shows that (L, A, R) is soft disconnected, a contradiction.

Sufficiency. Suppose that G is soft weakly connected for every G € SS (L, R) — {Og}, and suppose
to the contrary that (L, A, R) is soft disconnected. Then there are K, H € CO (L, A, R) — {Og} such that
1 = KUH, KNH = 0g. Since K = KNlg and H = HN1g, KNlg # Og # HNlg. Thus, we have
1z € SS(L,R) — {Og} while 1y is soft weakly disconnected, a contradiction.

The converse of Theorem 2.2 does not have to be true in general, as demonstrated by the following
two examples:

Example 2.5, Let L = {2,3,4}, R = {Cl}, and A = {OR, IR,az,a3,a{2.3}}. LetY = {2,3} Then AY =
{0, Cy, as,as}. Since ay, a3 € CO (Y, Ay, R) — {Og}, a;Uaz = Cy, and ayNaz = O, then (Y, Ay, R) is soft
disconnected. On the other hand, if Cy is soft weakly disconnected in (L, A, R), then by Theorem 2.4,
(L, A, R) is soft disconnected, but (L, A, R) is soft connected.

Example 2.6. Let L =R and A = {a, b, ¢}. Define K,G € SS(L,A) by K = {(a,{1}),(b,{1,2}),(c,N)}
and G = {(a,N—-{1}),(b,N —{1,2}),(c,0)}. Let A = {04,14,K,G,Cx} and Y = N. Then Ay =
{0z, Cy,G, K, Cy}. Since G,K € CO (Y,Ay,A) — {04}, GUK = Cy, and GNK = 0,4, then (Y, Ay, A) is
soft disconnected. On the other hand, if Cy is soft weakly disconnected in (L, A, A), then by Theorem
2.4, (L, A, A) is soft disconnected, but (L, A, A) is soft connected.

Theorem 2.7. Let (L, A, R) and (L, T, R) be soft disconnected STSs such that A C I'. If G is soft weakly
connected in (L, I', R), then G is soft weakly connected in (L, A, R).

Proof. Suppose that G is soft weakly connected in (L,I', R). Suppose to the contrary that G is soft
weakly disconnected in (L, A, R). Then there are K, H € CO (L, A, R) such that 1z = KUH, KNH = O,
and KNG # Ox # GNH. Since A C T, K,H € CO(L,T,R). This implies that G is soft weakly
disconnected in (L, A, R), a contradiction.

Theorem 2.8. Let (L, A, R) be soft disconnected and let G € S S (L, R). Then G is soft weakly connected
in (L,A,R) if and only if for any K, H € SS (L, R) such that IntA(A) = A = CIx(A), Inty(B) = B =
CIA(B), 1g = KUH, and KNH = Og; we have GCK or GCH.

Proof. Necessity. Suppose that G is soft weakly connected in (L,A,R). Let K,H € SS (L,R) such
that Inta(K) = K = CIa(K), Inta(H) = H = CIy(H), 1x = KUH, and KNH = Og. Since Intx(K) =
K = CIx(K) and Inta(H) = H = CIx(H), K,H € CO(L,A,R). Since G is soft weakly connected in
(L, A, R), then we have KNG = Og or GNH = Og. Since 1gx = KUH and KNH = O, then K = 1, — H
and H = 1z — K. Since we have KNG = Og or GNH = O, then we have GClz — KCH or GClz — HCK.

Sufficiency. Suppose to the contrary that G is soft weakly connected in (L, A, R). Then there are
K,H € CO(L,A,R) such that 1; = KUH, KNH = Og, and KNG # 0 # GNH. Since K,H €
CO(L,A,R), then Intx(K) = K = CIx(K) and Inty(H) = H = CI5(H). Thus, by assumption, we must
have GCK or GCH. Without loss of generality, we may assume that GCK. Since 1 = KUH and
KNH = Og, then K = 1 — H. Therefore, we have GClz — H and hence Og = GNH, a contradiction.
Theorem 2.9. Let (L,A,R) be soft disconnected and let G € SS(L,R). Then the following are
equivalent:

(a) G is soft weakly connected in (L, A, R).

(b) For each K € CO (L, A, R) — {Og}, we have GCK or GClg — K.

(c) For each K € SS (L, R) — {Og} with Bd, (K) = Oz, GCK or GClg — K.
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Proof. (a) — (b): Let K € CO (L, A, R) — {Og}. Then we have Intx(K) = K = CIx(K), Intpy(1g — K) =
1g—K =Cly(1g = K), 1z = KU(1g — K), and KN (1z — K) = Og. So, by (a) and Theorem 2.8, we have
GCK or GClg - K.

(b) — (c): Since Bd, (K) = O, K € CO (L, A, R). Thus, by (b), GCK or GClz — K.

(c) — (a): Suppose to the contrary that G is soft weakly disconnected in (L, A, R). Then there are
K,H € CO(L,A,R) such that 1; = KUH, KNH = Og, and KNG # O0f # GNH. Since 1z = KUH and
KNH = Og, then H = 1z — K. Since KNG # O, then K # Og. So, we have K € SS (L, R) — {0z} with
Bdy (K) = Cly (K)NCly (1g — K) = KN (1 — K) = Og and by (c), GCK or GClg — K. Thus, we have
GNH = (1x — K)NG = Og or KNG = 0. However, KNG # 0z # GNH, a contradiction.

Theorem 2.10. Let (L, A, R) be soft disconnected and let G € SS(L,R). Then the following are
equivalent:

(a) G i1s soft weakly connected in (L, A, R).

(b) For every pair K, H € §S (L, R) — {Og} of soft separated sets in (L, A, R) such that 1 = KUH we

have GCK or GCH.
Proof. (a) — (b): Suppose to the contrary that there are soft separated sets K, H € §S (L, R) — {Og} in
(L, A, R) such that 1z = KUH and (1 — K) NG # Og £ GN (1x — H). Since K and H are soft separated
sets in (L, A, R), KNH = O. Since 1z = KUH and KNH = O, K = 1 — H and H = 1z — K. Thus, we
have KNG # 0x # GNH. Since 1z = KUH, 1z = KUCI, (H) and 1z = HUCI, (K). Since K and H are
soft separated sets in (L, A, R), KNCl, (H) = O and Cl, (K) NH = Og. Thus, we have K = 1z —Cl, (H)
and H = 1z — Cl, (K) and hence K, H € A. Therefore by (a), A ¢ A°or B ¢ A°, say A ¢ A°. Then there
exists 7,€CIy (K) — K = Cly (K) N (1g — K) = Cl, (K) NH, a contradiction.

(b) — (a): Suppose to the contrary that G is soft weakly disconnected in (L, A, R). Then there are
K,H € CO(L,A,R) such that 1 = KUH, KNH = O, and KNG # 0z # GNH. Since K, H € A° and
KNH = 0z, KNCl, (B) = Og and Cl, (A)NH = Og. Thus, K, K are soft separated sets in (L, A, R).
Since KNG # 0z # GNH, K # Og # H. Since 1z = KUH, KNH = 0, K = Iz — Hand H = 1z - K.
Therefore, by (b), GCK or GCH and so, GNH = GN(1xg — K) = 0g or GNK = GN(1g — H) = O, a
contradiction.

Theorem 2.11. Let (L, A, R) be soft disconnected, ¥ a non-empty subset of L,and G € SS (Y,R). If G
is soft weakly connected in (Y, Ay, R), then G is soft weakly connected in (L, A, R).

Proof. Suppose that G is soft weakly connected in (Y, Ay, R). Suppose to the contrary that G is soft
weakly disconnected in (L, A, R). Then Then there are K,H € CO (L, A, R) such that 1 = KUH,
KNH = O, and KNG # 0 # GNH. Since K,H € CO(L,A,R), KNCy, HNCy € (Y,Ay,R). Since
lg = KUH, then CyRly = Cyn(KUH) = (CyNK)U(CyNH). Since KNH = Og, then
(CyOK)A(CyRH) = CyA (KNH) = Cy (Og) = Og. Since G € SS (Y, R), then GNCy = G. Therefore,
we have (CyNK) NG = (GNCy)NK = GNK # 0g and (CyNH) NG = (GNCy) NH = GNH # Og. This
shows that G is soft weakly disconnected in (Y, Ay, R), a contradiction.

The following question is natural:

Let (L, A,R) be a STS, Y a non-empty subset of L, and G € S§ (¥, R) such that G is soft weakly
connected in (L, A, R). Is it true that G is soft weakly connected in (Y, Ay, R).

Each of the following two examples gives a negative answer to the above question:

Example 2.12. Let L = {2, 3,4, 5}, R = {Cl}, A= {OR, IR, agpy, a3 4y, a{273,4}}, Y = {2, 3,4}, and G = ag 3y.
Then AY = {OR, Cy,a{z},a{3,4}}. Let K = agy and H = ags 4. Then K,H e CO (Y, Ay,R) such that
Cy = KUH, KNH = Og, KNG = K # Ok, and GNH = ap, # O. This shows that G is soft weakly
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disconnected in (¥, Ay,R). Since CO(L,A,R) = {Og, 1g}, then (L, A, R) is soft connected, and by
Theorem 2.4, G is soft weakly connected in (L, A, R).
Example 2.13. Let L = N and A = {a, b}. Define S,7 € SS(L,A) by S = {(a,{1,3}),(b,{1,2})} and
T ={(a,{2,4}),(b,{3,4})}. LetY = {1,2,3,4} and G € SS(Y,A) defined by G = {(a,{3}), (b,{4})}.
Let A = {04,14,5,7T,Cy}. Then Ay = {04,Cy,S,T}. Then we have S, T € CO (Y, Ay, A) such that
Cy = SUT, SNT = 04, SNG # 04, and TNG # 04. This shows that G is soft weakly disconnected
in (Y,Ay,A). Since CO (L, A, A) = {04, 14}, then (L, A, A) is soft connected, and by Theorem 2.4, G is
soft weakly connected in (L, A, A).
Theorem 2.14. Let (L, A, R) be soft locally indiscrete, Y a non-empty subset of L, and G € S S (¥, R).
If G is soft weakly connected in (L, A, R), then G is soft weakly connected in (Y, Ay, R).
Proof. Suppose to the contrary that G is soft weakly disconnected in (Y, Ay, R). Then there are S, T €
CO (Y, Ay,R) such that Cy = SUT, SNT = Ok, and SNG # O # GNT. Since S,T € Ay, there exist
K,H € Asuch that S = KNCy and T = HNCy. Put M = K — Hand N = HU (1 - (KUH)). Since
(L, A, R) is soft locally indiscrete, M, N € CO (L, A, R). Also, it is not difficult to see that 1z = MUN,
(MﬁN) = Og, and MNG # 0z # NNG. This shows that G is soft weakly disconnected in (L, A, R), a
contradiction.
Corollary 2.15. Let (L, A, R) be soft locally indiscrete, Y a non-empty subset of L, and G € SS (Y, R).
Then G is soft weakly connected in (L, A, R) if and only if G is soft weakly connected in (Y, Ay, R).
Proof. The proof follows from Theorems 2.11 and 2.14.
Theorem 2.16. Let (L,A,R) be soft disconnected, Y a non-empty subset of L such that
Cy € CO(L,A,R) and (Y, Ay, R) is soft disconnected, and G € §S (Y, R). If G is soft weakly connected
in (L, A, R), then G is soft weakly connected in (¥, Ay, R).
Proof. Suppose to the contrary that G is soft weakly disconnected in (Y, Ay, R). Then there are S, T €
CO (Y, Ay,R) such that Cy = SUT, SNT = O, and SNG # O # GNT. Since S,T € Ay, there
exist K,H € A such that S = KNCy and T = HNCy. Since Cy € A, S,T € A. Since Cy € A",
lg = Cy = Cry € A. PutN = TU(C,_y). Then we have SN € A, Iz = SUN, (SON) = O, and
SNG # 0 # NNG. Moreover, since S,N € A, 1z = SUN, and (SﬁN) =0p, then § = 1z — N € A€
and N = 1 —§ € A°and hence S, N € CO (L, A, R). This shows that G is soft weakly disconnected in
(L, A, R), a contradiction.
Theorem 2.17. Let (L, A, R) be soft disconnected and let K, H € S S (L, R) — {0} be soft separated sets
in (L, A, R) such that KUH = Cy for some Y C L. If GCCy such that G is soft weakly connected in
(Y, Ay, R), then GCK or GCH.
Proof. Since K and H are soft separated sets in (L, A, R), then KNCl, (H) = 0g and Clx (K) NH = O.
Thus, KNCly, (H) = KN(Cls (H)ACy) = (Cla(K)AH)ACy = 0xNCy = O and HNCly, (K) =
HN (CZA (K) ﬁCY) = (CZA (H) ﬁK) NCy = 0zNCy = Og. Hence, since K and H are soft separated sets
in (¥, Ay, R). Therefore, by Theorem 2.10, GCK or GCH.
Theorem 2.18. A STS (L,A,R) is soft connected if and only if for each a,,b, € SP(L,R) with
a, # b, there exists a soft weakly connected set G in (L, A, R) such that a,, byEG.
Proof. Necessity. Suppose to the contrary that (L, A, R) is soft connected. Take G = 1. Then by
Theorem 2.4, G is soft weakly connected in (L, A, R) such that a,, byEG.

Sufficiency. Suppose the sufficiency condition holds but (L, A, R) is soft disconnected. Then there
exist K, H € A — {Og} such that 1z = KUH, KNH = Og. Choose a,€K and b,€H. Then by assumption,

AIMS Mathematics Volume 9, Issue 1, 1562-1575.



1568

there exists a soft weakly connected set G in (L, A, R) such that a,, b,€G. Since 1z = KUH, KNH = O,
then K = 1 — H and H = 1z — K. Hence, K, H € CO (L, A, R). Since a,€GNK and b}EGﬁH, then we
have KNG # Ox # GNH. This implies that G soft weakly disconnected in (L, A, R), a contradiction.
Theorem 2.19. Let (L, A, R) be a STS. If there is G € S S (L, R) such that G is soft weakly connected
and soft dense in (L, A, R), then (L, A, R) is soft connected.

Proof. Suppose to the contrary that (L, A, R) is soft disconnected. Then there exist K, H € A — {Og}
such that 1z = KUH, KNH = Og. Since G is soft dense in (L, A, R), then KNG # O # GNH. Since
1gx = KUH, KNH = Og, then K = 1 — H and H = 1x — K. Hence, K, H € CO (L, A, R). This implies
that G soft weakly disconnected in (L, A, R), a contradiction.

Theorem 2.20. Let (L, A, R) be soft disconnected and let G, N € S S (L, R) such that GCN. If N is soft
weakly connected in (L, A, R), then G is soft weakly connected in (L, A, R).

Proof. Suppose to the contrary that G is soft weakly disconnected in (L, A, R). Then there are K, H €
CO(L,A,R) such that 1; = KUH, KNH = Og, and KNG # Oz # GNH. Since GCN, then 0 #
KNGCKNN and O # HNGCHNN. This shows that N is soft weakly disconnected in (L, A,R), a
contradiction.

Corollary 2.21. Let (L, A, R) be soft disconnected and let G, € SS (L, R) for all @ € F. If for some
B € F, Gg is soft weakly connected in (L, A, R), then NaerGo is soft weakly connected in (L, A, R).
Proof. Suppose that Gy is soft weakly connected in (L, A, R) for some 8 € F. Since ﬁ,eFG(,EGﬁ, then
by Theorem 2.20, Nacr G, is soft weakly connected in (L, A, R).

Corollary 2.22. Let (L, A, R) be soft disconnected and let S,7,G € SS (L,R) such that S CT and
GCT - S. If T is soft weakly connected in (L, A, R), then S UG is soft weakly connected in (L, A, R).
Proof  Suppose that T is soft weakly connected in (L,A,R). Since SCT and GCT - S,
SUGCTU (T = S)CT. Thus, by Theorem 2.20, S UG is soft weakly connected in (L, A, R).

Theorem 2.23. Let (L, A, R) be soft disconnected. If S and T are soft weakly connected in (L, A, R)
such that SNT # Og, then SUT is soft weakly connected in (L, A, R).

Proof. Suppose to the contrary that SUT is soft weakly disconnected in (L, A, R). Then there are
K.H € CO(L, A,R) such that 1 = KUH, KNH = O, and KN (SUT) # Og # (SUT) AH. By Theorem
2.9 (b). (SCK and TCK), (SCK and TCH),(SCH and TCK), or (SCH and TCH). If (SCK and TCH)
or (SCH and TCK), then Og # SATCHNK = Og. Therefore, (SCK and TCK) or (SCH and TCH) and
hence SUTCK or SUTCH. Thus, we have (S uT ) NH = O or (S UT) NK = O, a contradiction.
Theorem 2.24. Let (L, A, R) be soft disconnected and let {G, : @ € F} € SS (L, R) such that GaﬁGﬁ *
Og for all @, € F. If G, is soft weakly connected in (L, A, R) for all @ € F, then Uaer G, is soft weakly
connected in (L, A, R).

Proof. Suppose to the contrary that U,G, is soft weakly disconnected in (L, A, R). Then there are
K.H € CO(L,A,R) such that 1 = KUH, KNH = Og, and K0 (UerGo) # Og # (UserGa) NH. By
Theorem 2.9 (b), for all @ € F either G,CK or G,CH. Since GaﬁGﬁ # Of for all @, B € F, then either
UperGoCK or UyerG,CH. Thus, we have (UaeFGa) NH = O or (UaeFGa) NK = Og, a contradiction.
Corollary 2.25. Let (L, A, R) be soft disconnected and let {G, : @ € F} C S S (L, R) such that NyerG, #
0. If G, is soft weakly connected in (L, A, R) for all @ € F, then Ugaer G, is soft weakly connected in
(L,A,R).

Theorem 2.26. Let (L, A, R) be soft disconnected. If G is soft weakly connected in (L, A, R), then
Cl\ (G) is soft weakly connected in (L, A, R).
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Proof. Suppose to the contrary that Cl, (G) is soft weakly disconnected in (L, A, R). Then there are
K,H € CO(L,A,R) such that 1; = KUH, KNH = O, and KNCI, (G) # 0z # Cl,(G)NH. Since
K,H € A and KNCly (G) # Oz # Cly(G)NH, then KNG # Oz # GNH. This shows that G is soft
weakly disconnected in (L, A, R), a contradiction.
Corollary 2.27. Let (L,A,R) be soft disconnected and let G € SS(L,R). Then G is soft weakly
connected in (L, A, R) if and only if Cl, (G) is soft weakly connected in (L, A, R).
Proof. The proof follows from Theorems 2.20 and 2.26.
Corollary 2.28. Let (L, A, R) be soft disconnected and let G € SS(L,R). Then G is soft weakly
connected in (L, A, R) if and only if each T € SS(L,R) such that GCTC Cl (G) is soft weakly
connected in (L, A, R).
Proof. The proof follows from Theorems 2.20 and 2.26.
Theorem 2.29. Let (L, A, R) be soft disconnected and let {G,};c; € SS (L, R). If U;.;G:CT and T is soft
weakly connected in (L, A, R), then UieiCly (G)) is soft weakly connected in (L, A, R).
Proof. Since T is soft weakly connected in (L, A, R), by Theorem 2.26 we have Cl, (T) is soft weakly
connected in (L, A, R). Since U;;Cl, (G;) CCl, (G,.E,G,-) CCl, (T), by Theorem 2.20, U;;Cl, (G;) is soft
weakly connected in (L, A, R).
Theorem 2.30. Let (L, A, R) be soft disconnected and let G € SS (L, R). If G is soft weakly connected
in (L, A, R), then Cl, (Intp (Clx (G))) is soft weakly connected in (L, A, R).
Proof. Suppose that G is soft weakly connected in (L, A, R). Then by Theorem 2.26, Cl, (G) is soft
weakly connected in (L, A, R). Since Intx (Clp (G)) CCl (G), by Theorem 2.20, Intp (Clx (G)) is soft
weakly connected in (L, A, R). Again, by Theorem 2.26, Cl, (Ints (Clj (G))) 1s soft weakly connected
in (L, A, R).
Theorem 2.31. Let (L, A, R) be soft disconnected. If S and T are soft weakly connected in (L, A, R)
such that Cly (S)NCIL(T) # Og, then Cly (Intx (Cla(S)))UCIa (Inty (Clay (T))) is soft weakly
connected in (L, A, R).
Proof. Since S and T are soft weakly connected in (L, A, R), by Theorem 2.26, Cl (S) and Cl, (T') are
soft weakly connected in (L, A, R). Hence, by Theorem 2.23, Cls (S) UCI, (T) is soft weakly connected
in (L, A, R). Since Cla (Ints (Cla (S))) UCI, (Ints (Cly (T))) =
Cl (Inta (Cly (S)) Ulnty (Cla (T)))
Clx(Cla ($)UCIy (T))
= CIr(S)UCIA(T),

by Theorem 2.20, Clx (Intp (ClA (S))) UCI, (Ints (Cla (T))) is soft weakly connected in (L, A, R).
Theorem 2.32. Let (L, A, R) be soft disconnected. If G is soft weakly connected in (L, A, R), then

(a) Cly (Intp (G)) is soft weakly connected in (L, A, R).

(b) Ints (Cla (G)) is soft weakly connected in (L, A, R).

(c) Intp (Cly (Intp (G))) 1s soft weakly connected in (L, A, R).
Proof. (a) Since G is soft weakly connected in (L, A, R), by Theorem 2.26, Cl (G) is soft weakly
connected in (L, A, R). Since Cla (Ints (G)) CCIx (G), by Theorem 2.20, Cl, (Ints (G)) is soft weakly
connected in (L, A, R).

(b) Since G is soft weakly connected in (L, A, R), by Theorem 2.26, Cl, (G) is soft weakly connected
in (L, A, R). Since Inta (Cl (G)) CCl, (G), by Theorem 2.20, Intp (Clx (G)) is soft weakly connected
in (L, A, R).

N\
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(c) By (a), Cly(Untp(G)) 1is soft weakly connected in (L,A,R). Since
Inta (Cly (Inty (G))) CCla (Ints (G)), by Theorem 2.20, Int, (Cl (Ints (G))) is soft weakly connected
in (L, A,R).

Theorem 2.33. Let (L, A, R) be soft disconnected and let G be soft pre-open in (L, A, R). Then G is
soft weakly connected in (L, A, R) if and only if Clj (Ints (G)) is soft weakly connected in (L, A, R).
Proof. Necessity. Follows from Theorem 2.32 (a).

Sufficiency. Suppose that Cl, (Int (G)) is soft weakly connected in (L, A, R). Since G is soft semi-
open in (L, A, R), GCCly (Ints (G)). Thus, by Theorem 2.20, G is soft weakly connected in (L, A, R).
Theorem 2.34. Let (L, A, R) be soft disconnected and let G be soft semi-open in (L, A, R). Then G is
soft weakly connected in (L, A, R) if and only if Int, (Cl (G)) is soft weakly connected in (L, A, R).
Proof. Necessity. Follows from Theorem 2.32 (b).

Sufficiency. Suppose that Int, (Clj (G)) is soft weakly connected in (L, A, R). Since G is soft pre-
open in (L, A, R), GClIntn (Cly (G)). Thus, by Theorem 2.20, G is soft weakly connected in (L, A, R).
Theorem 2.35. Let (L, A, R) be soft disconnected and let G be soft @-open in (L, A, R). Then G is soft
weakly connected in (L, A, R) if and only if Ints (Clp (Int (G))) is soft weakly connected in (L, A, R).
Proof. Necessity. Follows from Theorem 2.32 (c).

Sufficiency. Suppose that Int, (Cly (Ints (G))) is soft weakly connected in (L, A, R). Since G is soft

a-open in (L, A, R), GClInt, (Cly (Ints (G))). Thus, by Theorem 2.20, G is soft weakly connected in
(L,A,R).
Theorem 2.36. Let (L, A, R) be soft disconnected and let G € SS(L,R). If Int, (G) is soft weakly
connected in (L, A, R) and G is soft semi-open in (L, A, R), then G is soft weakly connected in (L, A, R).
Proof. Since Int, (G) is soft weakly connected in (L, A, R), by Theorem 2.26, Cl, (Int, (G)) is soft
weakly connected in (L, A, R). Since G is soft semi-open in (L, A, R), GCCl, (Inty (G)). Thus, by
Theorem 2.20, G is soft weakly connected in (L, A, R).

3. Soft weakly connected components and a soft mapping theorem

In this section, we define soft weakly connected components in a given soft topological space. We
show that this class of soft sets consists of soft closed sets and forms a soft partition of the space. In
addition, we discuss the behavior of soft weak connected sets under soft @-continuity.

Theorem 3.1. Let (L, A, R) be soft disconnected. For any ay, b, € S P (L, R), define a,Cb, if and only
if there exists a soft weakly connected set G in (L, A, R) such that a,, byEG. Then C is an equivalence
relation on S P (L, R).

Proof. To see that C is reflexive, let a, € S P (L, R).

Claim. a, is soft weakly connected in (L, A, R).

Proof of Claim. Suppose to the contrary that there are K, H € CO (L, A,R) such that 1, = KUH,
KNH = 0z, and KNa, # 0z # a,NH. Thus, we have a,€ KNH = O, a contradiction.

Therefore, by the above claim, a,Ca,. This shows that C is reflexive.

To see that C is transitive, suppose that a,Cb, and b,Cd,. Then there are soft weakly connected sets
S,T in (L, A, R) such that a,, b,€S and b,,d,€T. Since b,€SNT, by Theorem 2.21, SUT is soft weakly
connected in (L, A, R). Since a,,d,eSUT, a,Cd,. This shows that C is transitive.

Finally, it is clear from the definition that C is symmetric.
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Definition 3.2. Let (L, A, R) be soft disconnected and let a, € SP(L,R). Let C be the equivalence
relation described in Theorem 3.1. The equivalence class determined by a, relative to the equivalence
relation C will be denoted by C (a,) and the soft set UbveC(aX)by will be denoted by C,, and will be called
the soft weakly-component (w-component, for short) of (L, A, R) determined by a,.
Theorem 3.3. Let (L, A, R) be soft disconnected a, € S P(L,R). Then

(a) a,eC,.

(b) C,, is soft weakly connected in (L, A, R).

(c) If K is a soft weakly connected in (L, A, R) and CQXEK ,then G = K.

(d) C,, is soft closed in (L, A, R).
Proof. (a) Since C is reflexive, then a, € C (a,) and so, axgabyec(ax)by =C,,.

(b) Let G = U {T : a.€T and T is soft weakly connected in (L, A, R)}. Since

afeﬁ{T : ac€T and T is soft weakly connected in (L, A, R)}, by Corollary 2.23, G is soft weakly
connected in (L, A, R).

Claim. G = C,, and hence C,_ is soft weakly connected in (L, A, R).

Proof of Claim. To see that GCC,,_, let byeG. Then there exists a soft weakly connected set 7 in
(L, A, R) such that a,, b,€T. Hence, b,eC,,.

To see that Ca;éG, let byAéCax. Then there exists a soft weakly connected set T in (L, A, R) such that
a,,b,€T. Hence, byeG.

(c) Let K be soft weakly connected in (L, A, R) such that CaXEK . To see that KEC%,, let byEK . Since
a.€C,,CK, then we have a,, b,€K where K is soft weakly connected in (L, A, R). Hence, b,€C,,,.

(d) By (b), C,, is soft weakly connected in (L, A, R). So, by Theorem 2.24, Cl, (C,,) is soft weakly
connected in (L, A, R). Since C, CCl, (C,,), then by (c), C,, = Cl,(C,,). This shows that C,_is soft
closed in (L, A, R).

Example 3.4. Let L = {1,2,3,4} and A = {a, b}. Define S, T € SS(L,A) by S = {(a,{1,2}),(b,{3,4})}
and T = {(a,{3,4}),(b,{1,2})}. Let Let A = {04,14,5,T}. Then C,, = C,, = C», = Cp, = S and
Ci,=Cp=Cp, =Cp, =T.

Theorem 3.5. Let (L,A,R) be soft disconnected and let G € S§ (L,R). Then G is soft weakly
disconnected in (L, A, R) if and only if G is soft weakly disconnected in (L, A%, R).

Proof. Necessity. Suppose that G is soft weakly disconnected in (L, A, R). Then there exist K, H €
CO(L,A,R) such that 1 = KUH, KNH = O, and KNG # 0y # GNH. Since CO(L,A,R) C
CO(L,A",R),then K, H € CO (L, A", R). This shows that G is soft weakly disconnected in (L, A%, R).

Sufficiency. Suppose that G is soft weakly disconnected in (L, A%, R). Then there exist K, H € A”
such that 1z = KUH, KNH = Og, and KNG # Oz # GNH. Since KNH = O, then Int, (K) NInty (H) =
Or. So, Inty (K) NCl, (Inty (H)) = Of and hence, Ints (K) NInty (CIp (Intp (H))) = Og. Therefore,
Cly (Ints (K)) NInta (Cly (Inty (H))) = Og and thus,

Intx (Cla (Inty (K))) NInts (Cla (Inty (H))) = Og. Since K, H € A®, then KClInt, (Cl, (Inta (K))) and
HClInta (Cly (Inty (H))). Put S = Ints (Cly (Inty (K))) and T = Ints (Cla (Inty (H))). Then S,T € A,
KCS, HCT, and SNT = O. Since 1 = KUHCSUT, then 1z = SUT. Finally, since KNG # O #
GNH, KCS, and HCT, then we have SNG # 0z # GNT. This shows that G is soft weakly disconnected
in (L, A,R).

Theorem 3.6. Let (L,A,R) and (M, 11, B) be soft disconnected and f,, : (L,A,R) — (M,II, B) be
soft @-continuous. If G is soft weakly connected in (L, A, R), then f,,, (G) is soft weakly connected in
(M, 11, B).
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Proof. Suppose to the contrary that f,, (G) is soft weakly disconnected in (M, I1, B). Then there exist
K,H € CO(M,T1, B) such that 1 = KUH, KNH = 0, and KNf,, (G) # 03 # f,,(G)NH. Hence,
£l (KU (H) = 1 (KOH) = f5.! (15) = 1r, £l (K)D 5 (H) = f] (KOH) = £, (05) = O, and
fou (K) NG # 0 # GN fou (H). Since f,,, is soft a-continuous, f,! (K), f,,' (H) € A®. This implies that
G is soft weakly disconnected in (L, A%, R). Therefore, by Theorem 3.5, G is soft weakly disconnected
in (L, A, R), a contradiction.

4. Conclusions

The study of soft sets and soft topology is particularly significant during the investigation of
possible applications in classical and non-classical logic. Soft topological spaces, which are a
collection of information granules based on soft set theory, are the mathematical descriptions of
approximate reasoning about information systems. Here, the concept of soft weak connectedness as a
weaker type of soft connectedness is defined. Several properties and characterizations regarding soft
weakly connected sets are introduced. Furthermore, using soft weakly connected sets, soft weakly
connected components, it is proven that the family of soft weakly components within a soft
topological space comprises soft closed sets, forming a soft partition of the space. In addition, the
behavior of soft weak connected sets under soft @-continuity is discussed.

These two new concepts will also serve to strengthen the foundations of the soft topology toolbox.
The findings of this paper can be applied to problems with uncertainties in many disciplines, and they
will motivate future research into soft topology in order to carry out a generic framework for practical
applications.

In the future, we may look at the following topics: (1) Defining soft weakly pre-connected sets,
and (2) finding an application for our new two conceptions in the ‘“decision-making problem” or
“information systems” or “‘expert systems”.
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