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1. Introduction

With several benefits, such as system robustness, flexibility and reconfigurability [5, 7, 12],
spacecraft formation flying is attracting more and more attention. Among them, how to achieve
high-precision control of spacecraft formation flying is an important topic due to the actual mission
requirements, such as proximity operations [10]. The high precision control of spacecraft mainly
depends on two main aspects: dynamics models and control algorithms. For dynamics models,
a 6-degrees-of-freedom (6-DOF) relative motion model was proposed by using the dual-quaternion
representation in [15]; a 6-DOF Euler-Lagrange form of the relative-motion model, where the
rotational motion was described by modified Rodrigues parameters (MRPs), was studied in [14].
However, the attitude motion described by the dual quaternion and the MRPs method has some
drawbacks, such as, the dual quaternion may cause unwinding problems [1], and the attitude motions
described by MRPs in [1] are non-global and non-unique. As a set of positions and attitudes of a rigid
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body in 3-D Euclidean space, Lie group SE(3) can represent the spacecraft’s motion in a unique and
non-singularity way [1,7]. Based on Lie group SE(3), a 6-DOF coupling relative-motion model was
studied in [7, 15] and a decentralized consensus control problem of SFF was studied in [11].

Finite-/fixed-time control has received a lot of attention because of its higher tracking precision,
faster convergence rate and greater robustness to disturbances [2, 8,9, 17, 19]. This method has also
been applied to spacecraft formation [18]. For finite-time control, by using terminal sliding mode
control method, a finite-time control law was designed for spacecraft formation in [16]. For fixed-time
control, with the aid of a fixed-time disturbance observer, a fixed-time sliding mode control law for
spacecraft proximity operations with parameter uncertainties and disturbances was presented in [18].
However, the actual convergence times of the controllers mentioned above (not the upper bounds) are
all dependent on the initial states, which may not meet the needs in practical engineering.

Recently, a time-varying high-gain based finite-time control method has regained the interest of
researchers [13,22-24]. A significant advantage of such method is that its convergence time can be
independent of the initial states, which is called prescribed-time control. With the aid of a scaling of the
state by a function of time that grows unbounded towards the terminal time, a controller that stabilizes
the system in a prescribed finite time was designed in [13]. By using some key properties of a class of
parametric Lyapunov equations (PLEs) and scalarization, the finite-time and prescribed-time feedback
of linear systems, a class of nonlinear systems, and high-order nonholonomic systems were designed
in [21,23-26].

In this paper, the prescribed-time spacecraft formation flying problem with uncertainties and
unknown disturbances is investigated. First, based on Lie group SE(3), the coupled 6-DOF kinematics
and dynamics for spacecraft under uncertainties and unknown disturbances are introduced, where the
relative configurations are expressed by exponential coordinates of SE(3). Second, with the aid of
some key properties of a class of PLEs, novel prescribed-time control laws are designed. It is proved
that the proposed control laws can drive the relative motion between the leader spacecraft and
follower spacecraft to zero in any prescribed time and are bounded. Finally, numerical simulations
verify the effectiveness of the proposed control scheme.

2. Models of spacecraft and preliminaries

In this section, we will introduce the kinematics and dynamics of the leader and the follower
spacecrafts. Similar to [1,7], we assume that all spacecrafts are rigid bodies in a gravitational field in
the Earth’s orbital environment.

2.1. Models of spacecraft

Similar to [1, 7], let the rotation matrix R° € SO(3), b° € R?, v* € R? and Q° € R’ represent,
respectively, the attitude, position, translational and angular velocities of the leader, and the
configuration and velocities vector of the leader on SE(3) be represented as

0 0 QO
g°=[’f) ’ ]ESEG), §0=[ o ]
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Then the kinematics of the leader can be rewritten as

(QO)X VO ]’ (21)

.0 _ 0,0V 0\V _
g =g, (f)—[ 0 0

where (-)* is the cross-product operator defined by

X

V1 0 —V3 V2
Vi=lwm | = vy 0 -y
V3 -V Vi 0
Define . .
R 03 3 w x 03 3
Adgo = [ bOXRO R>(<) ]’ adfo = [ VOX w(>)<>< ’

T
and adg0 = (adgo) . The dynamics equations of the rotational and translational motions for a leader
spacecraft can be expressed as

28" = ad,Z°¢" + ¢y, (2.2)

where ¢ = diag([My, F{1), E° = diag([J°,m°l3,3]), m” and JO are the mass and moment of inertia
matrix of the virtual leader, respectively, My € R’ and Fy € R’ are gravity gradient moment and
gravity force, respectively.
The kinematics for the kth follower spacecraft have the same form as those for the leader, and are
given by [1,7]
g =g (2.3)
The dynamics of the follower can be expressed in the compact form [1,7] E¢* = ady E'¢" + ¢+t + ¢,

T T . :
where ¢t = [TCT, fCT] Lol = [TﬁT, ({‘T] .y = My, FiT +mR>aT]", in which ¢f € R are known gravity

inputs, ¢§ € R® are control inputs, ¢} € R® are external disturbances, My € R’ and F; € R are
gravity gradient moments and gravity forces, respectively, f* € R® and 7% € R are control forces and
moments, fé‘ € R? and T]é € R? are unknown forces and moments on the follower spacecraft.

Let the configuration of the formation be given by (hl, hj%, ..., h}) € SE(3), where hfc denotes the
fixed relative configuration of the kth spacecraft to the virtual leader. Given the leader trajectory
generated by (2.1) and (2.2), the desired states of the kth spacecraft are [1,7] g% = go(hﬁ) and
£k = Ad(hl} 1-1&%. The relative configuration between the follower and the leader spacecraft is

= (g""g". 2.4)

This exponential coordinate vector for the configuration tracking error for the leader spacecraft is
expressed as 77 = [OT, 81T, (7)Y = log((h;i)‘lhk) = log((g”%)~'gk), where log: SE(3) — se(3) is the
logarithm map, 7 is the exponential coordinate vector, describing the relative configuration between
the desired configuration and the actual configuration of the kth spacecraft in the formation, while
® € R? and 8 € R? are the attitude and position tracking error in the exponential coordinate.

Taking the time-derivative of (2.4) and substituting (2.1) and (2.3), the relative velocities between
the kth follower and the leader spacecraft are gaven by & = & — Adu-1£°. The kinematics in the
exponential coordinates can be expressed as i = G(if)&", where the expression of G(if*) can be
referred to (20) in [20].
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According to [1,7,20], the coupled spacecraft nonlinear systems can be given as

<k __ ~k\ &k
{ it = GGHE, 0s)

Ekg:k = ad;ikEkfk + QOlé + 90];1 + (,0]; + Ek(adkad(hk)—lé‘:O — Ad(hk)—lf'o).

2.2. Preliminaries
In this subsection, we give some preliminaries. In light of (2.5), simple calculation yields

i =GHE + G(iH)E
=G(i1")Z (adu B + ¢ + ¢l + @) + GIHE + G(i ) adg Ad gpy1£° = Ad 1), (2.6)

Choose the controller as
¢k = — g = E(adg Ad iy £ = Adi1 £) — ady, B¢ + E'GT (77w - G(iHEY), (2.7)
where u is an auxiliary controller to be designed. Denote

@ = [@1, 02, 03, 04> 05, 06| £ GHIZ g,
u = [ulv MZa u3’ l/l4, MS’ u6]T s

it = [}, 115, 115, 115, 715, 716 1T
i = [y 5. 115 15 75, g
x; = [ 71", i=1,2,...,6.

]T’

b

In view of (2.7), system (2.6) can be re-expressed as

X = Ax; + b(u; + ¢;), (2.8)

01 0
A:[O O]’ b:[l]. (2.9)

With the above preparations, we can give the following lemma:

where

Lemma 1. [25] Suppose that Assumption 1 is satisfied, L, = L,(y) is defined as (5.2) in Appendix and
Yo > 0 is a constant. Then, for any y > vy, > 0, and any x; € R?,

(Lat)) " (Logpi) < d*(Lax))" (Loxy),

where

2 2 2 2651 2
0

Definition 1. Let T > 0 be a prescribed time. If the continuous function y(t) : [0,T) — R, satisfies
limy7 y(f) = oo, then it is called a T -finite-time escaping (T-FTE) function.
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3. Main results

In this section, we give a prescribed-time control scheme for each follower spacecraft, and the
follower can arrive at its desired trajectory by maintaining a constant relative configuration with respect
to the leader spacecraft. For clarification, we omit the superscript ()* in the following. Consider the
following PLE [23,24]:

ATP + PA — Pbb'P = —yP, (3.1)

where y > 0 is a (time-varying) scalar to be designed. The PLE has many interesting properties which
are collected in Lemma 2 in Appendix. We will consider three cases, and the PLE will be used in the
first two cases.

3.1. Case 1: Both mismatched and matched uncertainties

Rewrite system (2.8) as
Xi = Ax; + b(u; + ¢;) + &, (3.2)

where ¢; 1s the unmodeled dynamics. The following assumption is imposed on system (3.2).

Assumption 1. There exist some positive known constants c;;, ¢, unknown constant 6, and continuous
known functions ¥; = (¢, x), fori =1,2,...,6, such that

<k <k
il < cin |77,~| + |77,-

2

and
loil < 6. (3.3)

In [1], it is assumed that the unknown external disturbances ¢4 = [@a1, a2, - - - ,god6]T for the kth
spacecraft is bounded by some known positive constants F;, namely,

|90di|SFia i:1,2,...,6.

In this paper, according to Assumption 1, we know that the constant ¢ in (3.3) can be unknown, namely,
F; can be unknown, which we believe is more reasonable.

Theorem 1. Let Assumption 1 be satisfied, T be a prescribed time, A > 0 be a constant, and vy, be a
constant satifying

Yo { f o (3.4)
with s € (0,1) and ' X
1-s 8dA
=5 v PTicy (3-5)
Consider the controller
e(t) = — gy — E'(adp Ad 1 £ — Adge1 &) — ady B¢ - EGTI 0O w®) + GHHE),  (3.6)

with
u(®) = [ur (1), ur (1), u3 (1), ua(t), us(t), us(H1"
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u(t) = —(% + 2T P(y)x;,

eaﬁT_l
T d+0
t — eaﬁT_enﬁty07 ’ 3‘7
¥() {%m b 3.7

Then the state of the closed-loop system consisting of (3.2) and (3.6) converges to zero at the prescribed
time T, and the control is bounded.

Proof. 1f d = 0, by using the L’Hospital rules, we have

afpT _
}il_f)% Y@ = %1_{% Y@ = }31_1)% T — et 10
) eaﬁT _ 1
= h_{% (e®BT—0 _ 1)eabr Yo
e®T — 1
—lim—— 4,

-0 (T — t)ePt
ewﬂ(T—t) _ e—(tﬁt

=lim—
o0 BT —1)
) (T _ t)e(zﬁ(T—t) + te—aﬁt
= lim Yo
B—0 (T -1
T
- T _ t’}/Oa
and
) B ) B . peT . et 1
lim =lim ——— =lim =

=0 1 — BT g0 1 — e BT o0 ool — 1 ﬂl—r>% aT — aT’
If d # 0, similar to [25], we will prove that there exists a y. > 0 such that (3.4) is satisfied for all

Yo = V.. Denote

By)

o(y) = 1= e-ahoT” v € (0, c0).

Notice that lim, 1 d*(yo) £ d% < co, which implies that

. Byo) 8d..A
M G = (1= 5)(1 = e-opoory ~

Clearly, we have dB/dy < 0. Then it can be obtained that

do(y) _ do(y)dB _ e (e — (Tap+ 1) dB _ 0

dy o dy (e®BT — 1)2 dy

Therefore, there exists a y. > 0 such that (3.4) is satisfied for all yy > y.. Particularly, y. can be chosen
as the unique positive root (if it exists) of the following equation

B(y.)

" T ] ZeaBoT
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The closed-loop system consisting of (3.2), (3.6) and (3.7) can be written as
Xi=Axi+bu;+¢)+¢;, i=1,2,...,6.
Choose the Lyapunov-like function
Vilt, xi) = 2yx; P(y)x;,
whose time-derivative along the closed-loop system (3.8) can be written as
Vi(t, x;) =2yx] Px; + 2yx; Px; + Zyj/xiTj—;)xi + 2yx! Px;
=2yx; Px; + 2yx; (A"P + PA — Pbb"P)x; + Zyj/xinil—ixi
— 427y x! Pbb" Px; + 4yx] Pby; + 4yx! Pg,.

According to the Young’s inequality with ky > 0 and A > 0, we have

52 TPy,
x! Pbg; < Wi x] Pbb" Px; + i x; Pg; < kox! Px; + ¢’k—¢
0

By using Lemma 1 and (5.4) in Lemma 2 in Appendix, it follows that

¢; Pdi = ¢ yLyPuLnh;
< yA(Lu9) " (Lugy)
< yd®AL,x)" (Lyx;)
= yd P(L,x)" A7 (Lox;)
< yd* P(L,x)) Po(Lyx;)
= d*2*x] Px;.

With this, Vi(¢, x;) can be continued as

: dp
Vi(t, x;) <2yx] Px; + 2yx; (AP + PA — Pbb" P)x; + 2yyx] — x; — 4y yx] Pbb" Px;

1 dy
52 TPy,
+ 4y (/h//izxiTPbbTPx,- + Il) + 4y (koxiTPx,- + .19 )
0
T 2.T _ pdP & T 47d2;12 T
<L2yx; Px; — 2y°x; Px; + 2yyx; —x; + — + 4ykox; Px; + x; Px;
d’)/ A k()
Se 6 dyd* 22
32)'/xl.TPx,~ - yle-TPxi + Zyj/—xiTPxi + )/7 + 4yk0xiTPx,~ + 4 xl.TPxi
ny 0

S A 6?
- (27 22 129 8d/ly) AT Px; + YT
n
2

(o)
20X Px; — syVilt, x;) + 77

(3.8)
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where we have taken ko = dA. It follows from (3.4) and (3.7) that

20+60) (,_nd=s) 5, 4ndd \
n+o0) (n+on )"

n(y) =

Therefore, by using the comparison lemma in [4], V;(¢, x;) satisfies, for ¢ € [0, T),

! 2 ! !
Vi(t, x;) <exp (—s f v(1)dr)V;(0, xi(O)) + % f exp (—s f y(s)ds) v(t)dr
0 0 T

t syoT 62 t t
< (1 - f) Vi(0, x(0)) + 7f exp (—Sf )’(S)ds) y(r)dr
0 T
3 1 \svT 52 (T _ I)S)’()T
_(1 - T) Vi, 5 (0) + (1 - W) (3.9)

In view of
Vi(t, x;) = 2yx] P()x; = 2Aumin(Po))y(®) (DI
it follows from (3.9) that

-3
min(P(Y))y(?) r

namely, lim;7 [|x;(?)|| = 0.
Choose the Lyapunov-like function

Y0 2 _ aAsyT
)”v,-<o,x,-(0>>+ 0 (1 —u),

2
@I < 5~ 20in(P())Y (D) As Tsn?

6
V(t, x) = Z Vi(t, x;).
i=1

According to (3.9), it is not difficult to show that

. y6?
V(t,x) < —syV(t,x) + 0 te[0,T).

By using the comparison lemma in [4], V(z, x) satisfies

50 2 _ A\syoT
Vi <1 - %)yTV(O,x(O))+ d (1 - u)

% TsvoT

namely, lim,7 ||x(7)|] = 0. Next we prove that the controller (3.6) is bounded. Clearly, we just need to
prove that b' Px; is bounded for ¢ € [0, T). According to (3.9) and (5.5) in Lemma 2 in Appendix, we
obtain, for ¢t € [0, T),

||bTPxi|| = x; Pbb" Px;
< xTP3te(PTbb"P?)P x;

= 2yx] Px;
= Vi(t, x;)
£ \svoT 52 (T _ t)syoT
< (1 - 7) V,'(O, )C,(O)) + % (1 - W) .
The proof is finished. O
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Remark 1. It can be observed from (3.7) that limuy y(t) = oo, which may lead to some numerical
problems in the simulation. According to [22], we can replace it by, for any t € [0, T),

eaBT _
1) = | @y d#0,
T Q0.

T+£—t70’

with € being a small positive constant.

3.2. Case 2: Matched uncertainties by adaptive control

Consider the system (2.8) in the form of
X; = A)C,' + b(l/tl + Qilﬁi), (310)

where x; = [x;1, x]", ¥; = ¥i(t, x;) is a known function and is bounded if ¢ and x; are bounded. The
following assumption is imposed on system (3.10):

Assumption 2. The known nonlinear smooth function y(t, x;) satisfies

Wit x;)

Ixll=0 || x|

Theorem 2. Let Assumption 2 be satisfied, T be a prescribed time, A > 0 be a constant and 7y, be a
constant satisfying

S 2+ 6,
Yo = T
Consider the controller
u; = —b"P(y)x; + v;, (3.11)
v = —9#/1', (3.12)
0, = —2yx"Pby,, (3.13)
T

= . 3.14
Y= 50 (3.14)

Then the state of the closed-loop system consisting of (3.10) and (3.11)—(3.14) converges to zero at the
prescribed time T, and the control is bounded.

Proof. Choose the Lyapunov-like function
Vi = Vi(t, x1, 0,) = 2yx; P(y)x; + 67,

where 6; = 6; — 6;. The time-derivative of V; along (3.10) and (3.11)—(3.14) can be written as

) dpP ~ A
Vi :2)'/x;rPx,- + 27)'cl-TPx,- + 2yj/xl-Td—xl- + Zyx?P)'c,- + 26,6,
Y
=2yx! Px; + 2yx; (A"P + PA — Pbb' P)x;

dpP < A
+ Zyj/x,-Td—xi + 4yx! Pbv; + 4yx] PbOup; + 26,0;
Y
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0, ~ a
SZj/xl-TPxi - 2y2x,~TPxi + Zyy—cxiTPxi + 47xl-TPb(v,~ + 0:,) + 26,6,
ny
0, ~ A
:2)'/xiTPx,- - y2xiTPx,- + Zyj/—cxiTPxi + 26'l~(27xiTwa + 0;)
ny

dc
= (2y ~ 2y + Zy)'/a x; Px;
=0,
namely,
Vi(t, x:(1), 0:(1)) < Vi(0, x;(0), 6,(0)).

In view of
Vit, Xi,6) = 2yx] P(y)x; + 67 > 2Amin(L, P L)y () 1O,

it follows from (3.9) that 3
Vi(0, x;(0), 6,(0))

2
(DI =< s
O < S Lo Loy ()
namely, lim,7 |[x;(®)|| = 0. According to (3.9) and (5.5) in Lemma 2 in Appendix, we obtain, for
te0,7),
||bTPx,-||2 = x,-TPbbTPxi
< xTPte(P*bb" P? )P x;
= ZyxiTPxi
< Vi(t, x,(t), 0:(0))
< Vi(0, x,(0), 6,(0)).
And
~ 2 t, Xx;
lhnHbePxM2¢?Upn)Slhn‘G«Lx&0L9K0D72HmH2¢}( 2)
t—T t—T le
~ . Vi(0,x,0),6,(0)) l/’?(t, X;)
< Vi(0, x;(0), 6;(0)) 1
- ( X( ) ( )) ”xil”IEO 2/1min(LnPnLn) ||xl||
< 00,
The proof is finished.

3.3. Case 3: Adaptive control with general T-FTE function

Rewrite system (2.5) as

i = GEhE,
Ekfk = ad;kEkfk + ()0/; + ()0](; + ()015 + Ek(adgkAd(hk)—lé‘:O - Ad(hk)—lfo).

For clarification, we omit the superscript ()* in the following:

(3.15)

AIMS Mathematics Volume 9, Issue 1, 1180-1198.
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Assumption 3. There exists a known function y(x) such that

¥(0)=0, ¢4=06y,

where 0 is an unknown parameter.

Theorem 3. Let Assumption 3 be satisfied, T > 0 be a prescribed time and y(t) : [0,T) — R.g be a

T-FTE function such that

73
lim y* exp (— f y(s)ds) =0,
t—T 0
¥ =Ky’
with K # 1, K # 1/2 and K > 0 being a constant. Consider the controller
¢t = - E7'G ()i - EMadg Adge1 £ — Ad g1 €°)
—adg B — g — Oy — y(E + ¥ — 7 — yG@E,
0=~ E+y)'y.

(3.16)

(3.17)

(3.18)
(3.19)

Then the state of the closed-loop system consisting of (3.15), (3.18) and (3.19) converges to zero at the

prescribed time T, and the control is bounded.
Proof. Choose the Lyapunov function

I ¢
Vi= 30,

whose time-derivative along system (3.15) can be written as
Vi =017 = 7' (G@E ~ G@ME + G@E) = —yi'in + ' G,

where we have used G(#))ij = 7} [1,7], & = &€ — &, and the virtual controller is given as

gr = —yn.
Therefore, we can obtain ‘
& = —yij—yip = —yi — yG(iE.
Choose the new Lyapunov function
Vo=V, + i8R 4 L
2 = 1 2 e —s¢e 2 B
whose time-derivative along (3.15), (3.18) and (3.19) can be written as
Vo =V, + ETEE, + 00,

= —y(OF" 71 + 7 GDE: + 68, + & (v + 6p)

=~ '] — y&. Bé. + OE Y + 0)

= —yi' 7} - v& 2.

(3.20)
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= (. On the one hand, we have

&

1= G@ME = —yij + G(E = ~yi + o1, (3.21)

By using Theorem 1 in [3], we can get lim,;7 ||| = O and lim,;7

which can be solved as

ﬁ:eXP(— f V(S)dS)ﬁ(0)+eXp(— f y(s)ds) f o (T)eh 994,
0 0 0

Then by using the L’Hospital rules, (3.16) and (3.17), we have

t f f
lim y#; =limyexp (— f y(s)ds) 77(0) + limy exp (— f y(s)ds) f 0'1(T)ef0 YS)sqr
t—T t—>T 0 t—T 0 0
fot o1(r)eh Ysgr
=lim -
=T y~lexp( f, y(s)ds)

. oi(Deh s
=lim

=T —2y2y exp(f) y(s)ds) + exp( [; y(s)ds)
~ fim -1
t—T 1 — 2K

Since limuz |7]] + limyp gfe = 0, we have o(r) = 0, which implies lim,;r y#j = 0. Then from (3.20)
and (3.21), we can get that limr 77 = 0and limyyr 5—} = 0. In view of Ee = 5 - gr, it can be obtained that

. ot < . ot . ~ —
liny €] < oy 6] + Ly 6] = 0.
On the other hand, according to (3.15) and (3.18), we can get
'ge = 5— gr
= —y& —E7'G ()7 - Oy
L —yé. + 0,

which can be solved as

&= eXP(— f | V(S)dS) £.(0) + exp (— f t 7(s)ds) f t oo (T)eh YOI qr,
0 0 0

Therefore, it follows from the L’Hospital rules, (3.16) and (3.17) that
~ ! - f .
hm ’)/é:e = llmyexp (_ f ')/(S)dS) (é:e(o) + f O'z(T)eJ(; Y(s)dsd‘[')
t—>T t—T 0 o

4 t
= hm Y exp (— f ’)/(S)ds) f 0'2(T)6f0 Y(S)deT
t—T 0 0

L f el
=11m

=T yLexp( [ ¥(s)ds)
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. oy (f)eh Y)s
=lim - -
=T —y=2y exp( [, y(s)ds) + exp( J, y(s)ds)
_lim 220
=1l1m
-7 1-K
— : el AT o\~ e
=T Im(-E7G ()7 + o)
=0, (3.22)

where we have used ¢/(0) = 0. Then, we have
limyo, = limyG(#)é. = 0.
t—>T t—»T

By using the L"Hospital rules, (3.16) and (3.17), we can get

t ! !
lim %7 = }LnTl ¥* exp (— f y(s)ds) 7(0) + }1_)1’IT1 ¥* exp (— f y(s)ds) f a'l(T)efo Ydsqr
0 0 0

t—T

j; o (T)efo Y$dsqr

=lim -
=T y=2 exp( ) y(s)ds)
. o1 (D)eh 7
=lim : " -
=T 2y -3y exp( J, y(s)ds) + " exp( [ ¥(s)ds)
i o1(2)
=lim ————
=T =2y 3y +y7!
li o1(2)
=lm ———
»T 2Ky~ 1 + y~1
—1im & 1(2)
t—>T 1 — 2K
=0. (3.23)

Finally, we prove that the controller (3.18) is bounded. Clearly, we just need to prove that y&, yij
and yG(7})é are bounded as ¢ tends to T. According to (3.16), (3.17), (3.22), (3.23) and lims;0 G(7) =
Is [1,7], we can get

&

lim y 1] < limy [}&]] + im & = lim ¥ |&] + im* ™' @] = 0.

t—>T
lim 1371l = K lim |y*7]| = 0,
im |y G2 = lim ] = 0.
The proof is finished. O

In Theorem 3, it is not difficult to satisfy Conditions (3.16) and (3.17). For example, similar
to (3.14), we can take y(t) = n/(T — t). Clearly, when K = 1/p and n > 2, (3.16) and (3.17) are
satisfied.
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4. Numerical simulations

In this section, a numerical simulation is given to verify the proposed approaches. The mass and
the moment of inertia matrix of each spacecraft is m = 8kg and J = 0.1diag{22,20,23}kg - m?,
respectively. According to (5.3), we can get 5, = 6.8284 and 1 = 2.618. Take the prescribed time
as T = 100s. For simplicity, similar to [11], the initial configurations and velocities of the leader
spacecraft, and initial relative configurations and velocities of the follower spacecraft with respect to
the leader are given by

[0.7956 —0.2435 0.5547 3650.2 x 10°
0.6053 0.2839 —0.7436-2526.9 x 10°
0.0236 0.9274 0.3733 -5651.2 x 10°

0 0 0 1

[—0.57540.2821 0.7677 3640.8 x 10° |
| 0.8012 0.3830 0.4598 —2829.2 x 10°
SF/L =1 _0.16430.8796 —0.4464 —5648.6 x 10°
0 0 0 1

8L =

-

-

and

vo=[0 0 00150 9.7572x10° 0 0],
Ver=[0 0 00075 9.9737x10° 0 0],

where the displacements are meters, the velocities are in meters per second and angular velocities are
radians per second.

Let the desired relative configuration between the leader spacecraft and the follower spacecraft be
defined as

1 005
0100
SILE=10 0 1 0
0001
Similar to [6], the unknown external disturbances on the follower spacecrafts are given by

74 = [2,-2,-1.5]" cos(2nnt) x 107'Nm,
fi=11.92,-1.906,—1.517]" sin(27nt) x 10N,

where n = /6. Here, we consider two cases. Case I: consider ¢ = 0, namely d = 0. We take s = 0.1
and yy = 0.10501. Clearly, (3.4) is satisfied. Case 1I: consider

_ -3 X1 _ 3| X2
¢ =5x%x10 [561]’ ¢ =5x%x10 [562]’

¢3:5x10‘3[§3 ] ¢4:1><10‘4[ 1344 ]
3

503
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134x 134x,
— -4 5 _ _4 6
¢s=1x10 [soxs ] d6=1x 10 [soxG]'

We take s = 0.1. Then by (3.5) and (3.4), it follows that @ = (1 — 5)0.11327 = 0.101943, g =
0.3972648/(1 — s5) = 0.44140533 and

B 044140533

| — e-0BT | — -0.11327x0.3972648xT = 0.4464.

Fori = 1,2,...,6, we choose different initial values y,, denoted as yo1, Y02, Y03 Yo4> Yos,» and yoe.
In order to satisfy (3.4), we can take yo; = 40/(e®T — 1) = 0.4496, vy, = 40/(e®" — 1) = 0.4496,
Yoz = 40/(e®T — 1) = 0.4496, yos = 72/ — 1) = 0.8093, yo5s = 72/(e*? — 1) = 0.8093, and
Yos = 72/(e®T —1) = 0.8093. The tracking errors of the attitude and position for the follower spacecraft
are plotted in Figures 1 and 4, while the tracking errors of the angular velocity and velocity are plotted
in Figures 2 and 5. In addition, the control inputs are plotted in Figures 3 and 6. It can be observed
from Figures 1, 2, 4 and 5 that the tracking errors converge to zero in the prescribed time 7 = 100 s,
and the control inputs are bounded.

05p

O(rad)

0 10 20 30 40 50 60 70 80 90 100
time (¢/s)

Figure 1. The tracking errors of the attitude and position for the follower spacecraft in Case I.

_______

40 60 80 100

time(t/s)

Figure 2. The tracking errors of the angular velocity and velocity for the follower spacecraft
in Case L.
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0 20 40 60 80 100
time(t/s)

Figure 3. The control inputs for the follower spacecraft in Case 1.

0 20 40 60 80 100
time (t/s)

Figure 4. The tracking errors of the attitude and position for the follower spacecraft in

Case II.
0.06 :
70041\ -oa)
go.oz \ S -
[} 0 '~~:._._.:.=._...__._—--_--;-_—-_=~_—~_—---=--
-0.02 & | . J
0 20 40 60 80 100
100
time(t/s)
Figure 5. The tracking errors of the angular velocity and velocity for the follower spacecraft
in Case II.

AIMS Mathematics Volume 9, Issue 1, 1180-1198.



1196

—_———

60 80 100
time (+/s)

Figure 6. The control inputs for the follower spacecraft in Case II.

5. Conclusions

The prescribed-time spacecraft formation flying problem under uncertainties and unknown
disturbances has been investigated. Firstly, based on Lie group SE(3), the
coupled 6-degrees-of-freedom kinematics and dynamics for spacecraft under uncertainties and
unknown disturbances were modeled. Secondly, with the aid of some key properties of a class of
parametric Lyapunov equations, novel prescribed-time control laws were designed. It was proved that
the proposed control laws can drive the relative motion between the leader spacecraft and follower
spacecraft to zero in any prescribed time and are bounded. Finally, numerical simulations have
demonstrated the effectiveness of the proposed control scheme. By simulation we observer that, if the
convergence time is set to be small, then the magnitude of the control will be large, leading to actuator
saturation, which will be studied in our future work.
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Appendix

In this Appendix, we will give some properties of PLE (3.1).

Lemma 2. [25] Let (A, b) be given by (2.9), v > 0, P(y) be the unique positive definite solution to the
PLE (3.1).

(1) There holds

1 dP O
Ly < D _ e iy 5.1)
ny dy ny

where
P(y) = yL,P,L,,

with P, = P(1) and

L, = L,(y) = diag{y" ", y" %, .... 1}, (5.2)
Oc = I’l(l + ﬂmax(En + P}’lEi’lPr:l))’ (53)

in which E,, = diag{n — 1,n—-2,...,1,0}
(2) There holds
A= Amax(Py) = A1,(Py). (54)

(3) The following equation holds
tr(b" Pb) = ny. (5.5)
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