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Abstract: The coronavirus disease 2019 (COVID-19) is caused by a new coronavirus known as severe
acute respiratory syndrome coronavirus 2 (SARS-CoV-2). SARS-CoV-2 infects the epithelial (target)
cells by binding its spike protein, S, to the angiotensin-converting enzyme 2 (ACE2) receptor on the
surface of epithelial cells. During the process of SARS-CoV-2 infection, ACE2 plays an important
mediating role. In this work, we develop two models which describe the within-host dynamics of
SARS-CoV-2 under the effect of humoral immunity, and considering the role of the ACE2 receptor.
We consider two discrete (or distributed) delays: (i) Delay in the SARS-CoV-2 infection of epithelial
cells, and (ii) delay in the maturation of recently released SARS-CoV-2 virions. Five populations are
considered in the models: Uninfected epithelial cells, infected cells, SARS-CoV-2 particles, ACE2
receptors and antibodies. We first address the fundamental characteristics of the delayed systems, then
find all possible equilibria. On the basis of two threshold parameters, namely the basic reproduction
number, Ry, and humoral immunity activation number, R, we prove the existence and stability of
the equilibria. We establish the global asymptotic stability for all equilibria by constructing suitable
Lyapunov functions and using LaSalle’s invariance principle. To illustrate the theoretical results,
we perform numerical simulations. We perform sensitivity analysis and identify the most sensitive
parameters. The respective influences of humoral immunity, time delays and ACE2 receptors on the
SARS-CoV-2 dynamics are discussed. It is shown that strong stimulation of humoral immunity may
prevent the progression of COVID-19. It is also found that increasing time delays can effectively
decrease R and then inhibit the SARS-CoV-2 replication. Moreover, it is shown that R, is affected
by the proliferation and degradation rates of ACE2 receptors, and this may provide worthy input for
the development of possible receptor-targeted vaccines and drugs. Our findings may thus be helpful
for developing new drugs, as well as for comprehending the dynamics of SARS-CoV-2 infection inside
the host.
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1. Introduction

The coronavirus disease 2019 (COVID-19) began in China in December 2019; it then turned into
a global pandemic [1]. According to the World Health Organization report of August 27, 2023, there
were over 770 million confirmed cases and 6.9 million deaths globally [2]. The world has also seen
economic losses as a result of this sickness. COVID-19 originated from an infection with a virus
called severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2). It is a single-stranded RNA
virus in the coronaviridae family. SARS-CoV-2 attacks the epithelial (target) cells by binding its
spike protein, S, to the angiotensin-converting enzyme 2 (ACE2) receptor on the surface of epithelial
cells [3,4]. ACE2 receptors of epithelial cells play a crucial role in cellular entry in humans, which
may provide worthy input for the development of possible receptor-targeted vaccines and drugs [4, 5].
Some of the symptoms that may appear in COVID-19 patients are like include headaches, fatigue,
fever, myalgia, dry cough, nausea, abdominal pain, vomiting and diarrhea. Recognition of COVID-19
is essential because it enables the introduction of effective infection control measures and potentially
helpful antiviral therapy. The adaptive immune response has an effective role in resisting and fighting
viruses that attack the human body. B cells and cytotoxic T lymphocytes (CTLs) are two main players
in the adaptive immune response. B cells generate antibodies to neutralize the SARS-CoV-2, while
CTLs kill the epithelial cells infected by SARS-CoV-2.

Since the beginning of the spread of this disease, scientists and researchers from all fields have
united their massive efforts to study and understand the mechanism between the virus and host cells
in order to produce treatments and vaccines for this virus. Experimental evaluation of interactions
between SARS-CoV-2, epithelial cells and immune cells can be difficult and expensive. Studying
the dynamics of SARS-CoV-2 infection within the host by performing mathematical modeling may
facilitate understanding of the dynamic behavior of the virus and its target cells, as well as immune
cells. This type of study also helps in understanding the effectiveness of medications, whether
individually or in combination. A within-host SARS-CoV-2 infection model with target-limited cells
was given in [6]. Li et al. [7] included the production and death of the epithelial cells in a model of
SARS-CoV-2 infection. Some biological processes were incorporated into the SARS-CoV-2 infection
models by considering the effect of the immune response [8—16], drug therapies [17-20] and time
delay [21]. In these works, the dynamics of ACE2 receptors of epithelial cells were not considered.
In [22-25], the authors modeled the effect of the dipeptidyl peptidase 4 receptor on the Middle East
respiratory syndrome coronavirus (MERS-CoV) infection. Chatterjee and Al Basir [26] presented a
SARS-CoV-2 model with ACE2 receptors. The authors studied the local stability of equilibria. Lv
and Ma [27] formulated a system of delay differential equations (DDEs) for SARS-CoV-2 infection,
as mediated by ACE2 receptors, as follows:
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Proliferation of epithelial cells ~ Reduction of epithelial cells by SARS-CoV-2 and ACE2

. —
Uninfected epithelial cells: E(f) = Ag - nY(A@)E(@)S (1)
Natural death
—
— OpE(1) , (1.1)
Production of infected cells Natural death
. —
Infected cells: I(f) = e "' nVY (A —T)Et—1)S(t—-11)— 6I(1) , (1.2)
Production of SARS-CoV-2  Natural death
. . — —_—
SARS-CoV-2 particles: S(r) = ovI(t) - 0sS() , (1.3)
Proliferation of ACE2 receptors ~ Decrease in ACE2 receptors
. —
ACE?2 receptors: A(t) = Ay — kP (A()A@)S (1)
Degradation of ACE2 receptors
—
- 04A(1) . (1.4)

The variables E(¢), I(t), S (t) and A(¢) represent, respectively, the concentrations of per unit volume of
uninfected epithelial cells, infected cells, SARS-CoV-2 particles and ACE2 receptors at time ¢. Y(A)
is the probability of successful entry of the SARS-CoV-2 into the epithelial cell mediated by the ACE2
receptors. When the concentration of ACE2 receptor is lower (higher), then W(A) ~ 0 (~ 1) [27]. Here,
71 is the time from the SARS-CoV-2 particles making contact with uninfected epithelial cells to them
becoming actively infected cells. The factor e™*'™ is the probability of survival of infected cells during
the delay period of [t — 71, ¢]. Note that the term n'¥(A)ES denotes a decrease in uninfected epithelial
cells (due to free virions), and the average number of ACE2 receptors carried by each uninfected
epithelial cell is A/E. Therefore, the decrease in ACE2 receptors due to the decrease in uninfected
epithelial cells (caused by free virions) is kn'W(A)ES = knP(A)ES X (A/E) = kn?P(A)AS, where « is a
constant [27].

The model described by Eqs (1.1)—(1.4) does not take the immune system’s response to SARS-
CoV-2 infection into account. Furthermore, the model ignores the maturation delay and only takes into
account one type of discrete-time (constant) delay, 7;. Therefore, our aim in this paper is to extend the
model given by Eqs (1.1)—(1.4) by including the role of the humoral immune response and considering
two classes of delays: (i) Delay in the SARS-CoV-2 infection of epithelial cells, and (ii) delay in the
maturation of recently released SARS-CoV-2 virions. In the first model, we consider discrete-time
delays which are generalized in the second model by considering distributed-time delays. We first
look into the fundamental characteristics of the DDEs; then, we find all equilibria and discuss their
existence and global stability. We construct suitable Lyapunov functions and use LaSalle’s invariance
principle (LIP) to investigate the global asymptotic stability of all equilibria. We use numerical
simulations to demonstrate the theoretical findings. Finally, we discuss the obtained results.

2. Model with discrete delays

2.1. Model formulation

We formulate a system of DDEs for SARS-CoV-2 infection, as mediated by ACE2 receptors. We
consider two discrete-time delays and the humoral immune response:
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E@t) = Az = nP(A@)EMDS (1) = S E(),

I(t) = e (A - T)E( —T)S(t = 7)) — 6,1 (1),

S(t) = e oIt — 1) — 05 S () — yS(1)B(1), (2.1)
A®) = A4 — k' P(ADADS (1) = SA®),

B(r) = oS (B(t) - 63B(1),

where B(¢) denotes the concentration of antibodies at time ¢. The antibodies are stimulated at a rate
of oS B, die at a rate of 3B and neutralize the SARS-CoV-2 particles at a rate of yS B. Here, 7, is the
maturation time of new virions. Factor e™*?™ represents the probability of survival of SARS-CoV-2
particles during their delay period of [fr — 75,¢]. Usually, W(A) is chosen as the classic Hill function:
Y(A) = L#:An’ where A, is the half-saturation constant and n > 0 is the Hill coefficient [27, 28].
The function W(A) is continuously differentiable on [0, o) and strictly monotonically increasing. All
parameters of model (2.1) are positive. A schematic representation of the model given by (2.1) is
illustrated in Figure 1.

e 22y §I(t — 13)
Uninfected
Infected
/Lal E | epithelial l SARS-CoV-2 :eﬁz (e})
ACE2 cells (E) particles (S)
(A) E: '@' e~ TP (A(t — T1))S(t — T E(t — T4)
¥ (A®)SOA@)L l TP ADEDSO _@_ L
N\
N Antibodies (B
s | 230 ®
A Y
SgE(t) 8sS(E)  Can \ 174 81(t)
@ N
s | eS()B(t)
6pB(t)

Figure 1. The schematic diagram of the SARS-CoV-2 infection.

Let 7 = max{t, 72}, and consider the initial conditions for model (2.1) as follows:

E0) = ¢1(8), 1(0) = ¢2(0), S(O) = ¢3(6), A(0) = ¢a(6), B(6) = ¢5(0),
$:(0)>0,i=12..,5 0¢[-70], (2.2)

where ¢; € C([-77,0], R5¢) is the Banach space of continuous functions mapping from [-7*, 0] to Ry
with the norm ||¢;|| = sup |¢;(0)] for¢; € C, i =1,2,...,5. We note that system (2.1) with the initial

—7*<6<0

conditions given by Eq (2.2) has a unique solution [29].

2.2. Basic qualitative properties

This subsection proves the non-negativity and boundedness of the solutions of system (2.1).
Lemma 1. The solutions of model (2.1) with the initial conditions given by Eq (2.2) are non-negative
and ultimately bounded.

AIMS Mathematics Volume 9, Issue 1, 1046-1087.



1050

Proof. We have that E |z_o= Az > 0, A |4—o= A4 > 0 and B |3—o= 0. Hence, E(1), A(¢), B(t) > 0 for all
t > 0 (see Proposition B.7 of [30]). From the second and third equations of system (2.1), we have

!
I(t) = e"$5(0) + ™™ f e " OnP(AWG — T)E® — )8 (0 — 71)d6 2 0,
0
!
S (1) = e b OB (0) + e f e~ b TIPONIS 19 — 72)d6 > 0
0

for all + € [0, 7] [31]. Hence, by recursive argumentation, we obtain that /(¢), S () > O for all > 0.
Hence, E, 1, S, A and B are non-negative.

Now, we prove the ultimate boundedness of E(?), I(t), S (¢), A(t) and B(t). From the first equation of
system (2.1), we have that tlgg sup E(t) < ;—E = wy. To prove the ultimate boundedness of /(¢), we define

I = e ™" E@{t— 1) + 1(2).
Then, we obtain

L) =e™MEt—1)+ 1) =" A — e " nP(A( — 1)E(Et — T)S(t — 7))
— e "MMOpE(t— 1))+ e Y (A(t — T)E(t — TS (t — 1) — 60,1(F)
= e_alTl/lE - €_alTléEE(l - Tl) - 511(Z)
< Ap = pile™ME({t - 1)) + 1(2)]
= Ag — pilli(0),

where p; = min{dg, d;}. Therefore, lim supIl;(¢) < Z—’f = wy. Since E(f) > 0 and I(r) > 0, then
[—0o0

lim sup /() < w,. Now, let us define
t—00

TL(1) = S() + gB(t).
Then, we obtain
(1) = S(¢) + gB(t) = e ™5 vI(t — 12) — 65 S () — S (H)B(1)
+ 2 105 (0B(0) = 55B(0)]
= eIt - 1) — 85 S (1) - %B(t)
< Sy — pal S () + gB(t)]

= 0pvw, — pallh (1),

where p, = min{ds, 63}. Therefore, lim supIl,(¢) < ‘5’;% = w3, and then limsup S(f) < w3 and
t—o0 t—o0

lim sup B(t) < 50)3 = ws. Finally, from the fourth equation of system (2.1), we have that lim sup A(¢) <

t—o00 t—00

g—j = wy. Then, E, 1, S, A and B are ultimately bounded.

From Lemma 1, we can establish that I' = {(E,I,S,A,B) € Cio SE| £ wr, ] € wo, IS £ w3,
lAll < wa, ||B|| £ ws} is positively invariant for system (2.1).

AIMS Mathematics Volume 9, Issue 1, 1046-1087.



1051

2.3. Egquilibria

This subsection is a derivation of all equilibria of model (2.1) and the threshold parameters that
determine the existence of the equilibria. First, we compute the basic infection reproduction number
Ry for system (2.1) by using the next-generation matrix method [32]. Define the matrices F' and V

as follows:
_ (0 e p¥(Ag)Ey B S 0
F= 0 0 ’ V= —6_0272511/ 65 ’

where Ej = Az /6 and Ay = A4/64. Then, R can be derived as the spectral radius of FV~!, as follows:

e” 1T nnnyY(A))E,

R, = 2.3
0 s (2.3)
Second, let A = (E, 1, S, A, B) be any equilibrium of system (2.1); we have
0=Ag —nY(A)ES - 6cE, 2.4)
0=e""nP(A)ES — /1, 2.5
0=e"26vl - 65S —ySB, (2.6)
0 =24 —knV(A)SA — 04A, 2.7
0=0SB - 6B. (2.8)
Equation (2.8) has two solutions, B=0and S = %B. When B = 0, then, from Eq (2.6), we get
o)
511 = =78, (2.9)
%

Substituting Eq (2.9) into Eq (2.5), we get
- T 65 T
(e """ nP(A)E — —e™™)S =0,
4
and then we have 5
S=0, or e MPH(AE - e = 0.
v

If S = 0, then, from Eqs (2.4), (2.5) and (2.7), we have that E = Ag/dg, I = 0 and A = 1,/4. Then,
we obtain the uninfected equilibrium Ay = (Ey, 0,0, Ay, 0).
IfS #0,then/ # 0and

0
e IPP(A)E = = 6@, (2.10)
%
Therefore, we obtain
/lE - 60'71511 6_0’27—2511/1 /lA
E=—— S=—— and A= . 2.11
OF Os 04 + ke 16,1 | E ( )

Substituting Eq (2.11) into Eq (2.5), we have

e A4 A — e M5 I\ (e 228, vI _s5I=0
T\ 5, + ke 10,1 /E o S e
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Since I # 0, then

/IA ) (/lE - €mT1511) (e_aszé]V

- 61 = O
04 +K€a1T16[I/E O Og

e—(ZlTln\Ij(

We define a function G(/) as follows:

ot nv Aa Ag —e™ 6,1
G(I) = e~ (V) g —1=0,
(D =e (55) (5A +Kemncs,1/E)( o

We have
-T2 /1 /l
GOy =T WA ZE)—1=Re—1>0, if Re> I,
Os 04 )\0E
lim G)=-1<0,
I e
and
Q1T
d P Aa _ e k616pAs A ¥, Aa -Q<0.
dl 04 + ke 1§, 1 |E [04dE + e T8 I(kSE — 54)]? 04 + ke o1 |E
So, we have
dG(I) _ nve TR [ Qg — TG, o - nvéle‘“mq’ Aa <o. 2.12)
dl Og O 050k 04 + ke MO 1/E

Then, there exists a unique /; € (O, ﬁ—fe‘”m) that satisfies that G(/;) = 0.
Therefore, there exists a unique infected equilibrium without humoral immunity A; =

(E1.1,,S1,A1,0) when R > 1, where Ey = £=2000 ¢ (0,48) | §; = €220 ¢ (0, &2 prainman)
_ Aa Aa
and Ay = 5t € (0,52).
IfB#0and S = %B, we therefore obtain

(2.13)

/lE - €alT1(51I /lA _ 65 €_a2T261VQI 1
OE '

E = _ A= s =
04 + ke o1/ E Y 050p

Substituting Eq (2.13) into Eq (2.5), we obtain

_ pITI I
e "'"nY A4 e — €770 (98] ol =0.
04 + ke 6;1 | E Of 0

Define a function G*(/) as follows:

G*(I) = e ¥ A Ap = eMOdN (98} _ 5 _ g
T\ 51 + ke 16,1 E o1 o) Y

We have

G'(0) = e (U—(SB)‘I’(/I—A) (ﬁ) > 0,
Y 04 )\0E
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lim G*(]) = —Age™ ™™ < 0.

]—)%e’alrl

Moreover,

i - A4 _ e KO OEAuAE ¥, A — O <0.

dl 04 + ke ™ 6,1/E [04dE + €716 1(kOE _6A)]2 04 + ke 161 E
So, we have

dGg*(I . 0p (Ag — e 671 070 A
(D) _ grpmonm M8 (A= MTOTY (10105 ) g, A — 6 <0. (2.14)
dl Y Of 00E 04 + ke 51 JE

Hence, there exists a unique /, € (0, é—fe‘“m) that satisfies that G*(l;) = 0. Consequently, there exists
a unique infected equilibrium with humoral immunity A, = (E,, I, S5, A,, B;) when R > 1, where
E, = dp=e" TNk o (() A—E), S, = %B, Ay= —H4 ¢ (0, g—:) and B, = 675 (R, -1), where

[ > Op T Sa+ke®1T16;1,/Es

) I
R, = 6—5”@2_ (2.15)
050p

Here, R represents the humoral immunity activation number.
We have that ¥(A4,) < WY(Ay) and E, < E,. Therefore,

e 6ol e ™60 e 'Y (A2)ELS

R, = =
5353 5353 61
—q1 T —Q2T2 lI] A E - T1—Q2T2 \P A E
_¢ (;”7 (A2)E> ¢ (;”7 (Ao)Ey _ R, (2.16)
S S

Now, we can state the following lemma:
Lemma 2. For system (2.1), there exist two threshold parameters R, and R; such that the following
conditions hold:

(i) If Ry < 1, then the uninfected equilibrium Ag = (E, 0, 0, Ay, 0) is the only equilibrium.

(i) If Ry < 1 < Ry, then there exists two equilibria, Ay and the infected equilibrium without
humoral immunity A, = (Ey, 1,5 1,41, 0).

(iii) If R > 1, then there exist three equilibria, Ay, A; and the infected equilibrium with humoral
immunity Az = (Ez, Iz, Sz, Az, Bz)

2.4. Global stability

This subsection describes the use of the Lyapunov method to study the global asymptotic stability
of the equilibria. We define a function ®(x) = x — 1 — In x. Clearly, ®(1) = 0 and ®(x) > 0 for x > 0.
Let Q; be the largest invariant subset of

dA; .
Q;={(E,I,S,A,B): e 0}, j=0,1,2,

where A(E,I1,5,A,B) is a Lyapunov function candidate. Denote (E,I,S,A,B) =
(E@),1(1),S (), A(t), B(t)) and (E, I, S, A;) = (E(t—1),I(t — 7),S (t — 1), A(t — 7)). Subsequent to the
studies of [33] and [44], we construct Lyapunov functions in the following theorems.
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Theorem 1. For system (2.1), if Ry < 1, then A, is globally asymptotically stable (G.A.S), and it is
unstable when Ry > 1.
Proof. Define

E 1T +a2T E A YA
Ao = EOCI)(—) PP) PR X (A Ay - f ( O)dg-‘)
Ey v KAy 4, Y

,ye(I]T1+a/2T2 ! t
+— B+ f nY(A(s)E(s)S (s)ds + e*' ™6, f I(s)ds. 2.17)
QV -7 -7

We note that Ay(E, 1, S,A, B) > 0 for all E,1,S,A, B> 0and A¢(Eo,0,0,Ap,0) = 0. We evaluate 22
along the solutions of system (2.1) as follows:

dA E  ewmtam | E W(Ay))
20 (1——°)E+ ermjy C g Bo () B S
dr E y Ao\ W(A)

,yeal‘r1+a/2‘r2 . d ! d !
+ B+ — f MY (A()E(5)S (s)ds + "7 6~ f I(s)ds.
ov dt =1, dt t—12

Using system (2.1), we get

dA E
- (1 _ —0) [z — PW(A)ES — 6,E]
+ eﬂ/lTl[ _mTlan(ATl)EnSTI - é‘II]

T +asT
ell 272

+ [ ™5 I,, — 655 — yS B]
\4

. B (1 WAy
T T vy
,yeal‘rlﬂtzrz

— WA )E, S+, + 6] — TSI,

) [ — knP(A)S A — 64A]

Collecting terms, we get

Q1T+

- —) [Ag — 6E] + nW(A)E,S — 558
4

E
E P(Ao)
+ nW(Ag)EoS — nW(Ao)EoS + 700 (1 _ \P(AO)

,y Q1T +a27T2

dAO (
dr

) [Aa4 — 04A]

E
- A—" (W(A) — W(Ay)) nS A — B
0 oV
a1 T1+a2T2

e—as)s
4

E-FE
= ( 0) [/lE — 5EE] + (U\P(AO)EO -

Ey
+1EoS (F(A) = W(Ao) + ——= WA (F(A) = ¥(Ao)) [14 — 6aA]

E 5 e(Z|T1+(lzT2
_ A—O (P(A) — P(Ag) nSA — L B.
0

oV
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Using the equilibrium condition of A = dgE, as well as 44 = d4A¢, we get

dA, (E — Ey)? Ogenmitan
o _ 5 + Ro — 1)S
7 E g (Ro-1)
+nES (P(A) — P(A ))A0 L _9ako (P(A) — P(Ay)) (Ay — A)
NEo 0 Ao T kAY(A) 0 0
E 6 a1 T1+aT
- %S (W(A) - P(Ap)) A — L2BE B
0
E _ E 2 (5 T +arT)
_ g EZ B Ose (Ro - DS
E %
7]E()S 5AEO ’)/636(1'TI+QZT2
+ W(A) - P(A)) (A —A) - 2282 B
( A, A TA) (‘Y(A) (Ap)) (Ag — A) o

Since W(A) is strictly monotonically increasing, then (‘Y(A) — W(Ap)) (A9 — A) < 0. Therefore, % <0

for all E,S,A,B > 0 when R < 1. In addition, 22 = 0 when E = Eyp, A = Agand S = B = 0.

Solutions of system (2.1) converge to Qo, which contains elements [37]. Since Q is invariant with
respect to (2.1), on Qo, we have

0=8 =e @yl = [ =0 forall 1.

Therefore, Qy = {A,} and, applying the LIP (see [29,39]), we obtain that A, is G.A.S.
To show the instability of Ay, we calculate the characteristic equation of system (2.1) at Ay
as follows:

0 = (c+8g)(c +0p) [ + (8 + 65 + 64)C” + (0504 + 6/(J5 + 64) — pe™ @O B(AG) Eg)c
+018504 — ne” NIy 5 WA E |
Define a function where 7 (¢) as follows:

T(c) =+ (8, + 85 + 04)C? + (8504 + 6,(85 + 04) — e NI4T 5 ) P(A Y E e
+ 07050, — ne” T @A 5 1y5 WA E,,

which is continuous on [0, c0). We have
T(O) = 6165(5,4(1 - %0) <0, when %0 > 1,
lim 7 (¢) = oo.

c—00

Hence, 7 (c) has a positive real root and A is unstable.
To confirm the result on the dynamics of A;, we require additional assumptions [38]:

Sy <—. (A)

Theorem 2. Consider system (2.1) and suppose that assumption (A) is satisfied and R; < 1 < Ry;
then, A; is G.A.S.
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Proof. Define

E I\ emm (S
A= B Q| =]+ [0[— |+ 50—
El I] 4 Sl

e-mEl( fA WA ) yeor
+ A—-A — dé |+ B
Py L we %)t e

" [HAGES)S (5) (1)
+ 01, ftﬂd)( WADES, )ds+5111 [TZQ(T)dS. (2.18)

Note that A{(E,I,S,A,B) >0forall E,I,S,A,B>0and A{(E,I;,51,A;,0) = 0. We evaluate dA‘ as
follows:

dA E . IN. e S
G _ o (1——1)E+(1——1)I+e (1——1)5
E 1

dt % S
—m‘rlE . @272
LCUTE (L WAD)  ye
Y(A) Vo

KA1
d [ (PAG)EESS(s) 1(s)
+5’17rf,_n®( VADE,S, ) Ml_f ( )

Using system (2.1), we get

B

dA
dA _ _W.( ) [z — n¥(A)ES — 6pE]
N (1 _ II)[ “MIY(AL)E S, — 0]

2T
e22

(1 - —) [ ™6,vI,, — 65 — S B]
% S

e "ME, | Y(A))
KA, P(A)

@272

) [ — knP(A)S A — 64A]

e

1Y%
s | YAES  WADELS
"NWADE S,  WA)ES,

+6;1 1 ¥A.)E Sy, + 6,1 I I +6,1 1 L,
n\—m n|{—|.
o W(A)ES VA2 PT

+

[0S B~ 83B]

Collecting terms, we get

dA] —a El) _
— =1 = —= [ — 0E] - UTIPAVE
b= e (1= 21 e - 6pE] - e (AES
+ne " “""MY(A)ES + e_mTIU\P(An)EnSn
(1/27265,
_“‘“17‘1’(AT1 )EnSn + orl, — S
S | (lz‘['zé’s ea/z‘l'z -7 El LII(A])
-0/, — + S S B + 1-
g y o' KA, ( Y(A)

AIMS Mathematics Volume 9, Issue 1, 1046-1087.



1057

—)T]

El ’)/6B€QZT2

X [Aa = 0aA] - nSA(Y(A) -¥(A)) - B

1
Y(A)ES (A, )E:, S+,

+ 6,1 — 0,1
"WapEss, U WADES,

WA, )E. S I,
S0 In o= m0w ) s (22
+“n( P(AES )+“n(1)

Using the equilibrium condition for Ay, i.e.,

Ag =nY(A)E\S| + 6E,, 6/ = e " "'nP(AES |,
0sS1=e0vl, Ay = knP(A))S1A1 + 044,

we obtain

dA\ E-E))?
kel B _5Ee—am( D)

dt
lP(ATI)EnSTlIl T \I](A )E S —5/1 17251
W(ADES ] THAVE O TS
N (,yewz‘rle _ ,ydBeaz‘rz)B N e—mné‘AEl \P(Al)

S vo A PA) (‘P(A) —¥(A)) (A - A) - 6,1 ¥A)

E
+ 46,1, — 5,1131 + e " PP(A)E;S

—urf1

e "k, Y(A)E: S, I,
— (YA -YA))SA + 6, In| ————— o;lIn| —
Y (PA) (A1) +11n( WAES + 671, In 7

(E-E))*

E
= —5pe ™0 + 46,1, — 5,1131 + e MTE S (P(A) — P(A))

WADELS L LSy (yen™ . ysgenn
( 1) 191 1_5111 2 1+ ye Sl_y B€ B
‘I’(Al)ElSll IIS v Yo
THTIONE YA —aTip g
+ 0B ) A, (A - A) - oyl ) - <
AT (A) YA T A

WA, E,,S-, I
XSA+6;11In (W) +0;1; In (7)
2
= —656’_0”—1 % + 46111 - 6111% +
lP(ATl)EnSTlIl
Y(A)E S 1 LS
yerr e TS, E,

[S1—S2]1B+ m (P(A) -YA)) (A -A)

WA W(A, E..S. L.
- 6111Q + 0,1 IH(L) + 0;1; 11'1(72) .

=071,

((A) - ¥(A))

g S
% (P(A) — P(A))) (A, — A)

— Uil

+

Y(A) Y(A)ES
Using the equalities

lI"(Aﬂ)E‘nS‘n 1 \P(ATl)EﬁS‘nIl
—— | =1n
Y(A)ES Y(A)ES1

Y(A) 1S, E,
+ln( ¥A) )+ln(11_S) +ln(f),

(2.19)
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L. I.S I
n(Z2) ==L +1n LS ,
1 IS 1S,

El ‘P(A‘n )ET| S‘r] Il
—6111(D( ) 0;1;®
E Y(A)ES [
I,S YA @272 0
— 5,1, @ _snof YAV) 7 (o 98) g
11S Y(A) 1% 0
€_a'T]5AE1 4 e_alTlﬂSEl
KA P(A) A

we obtain

(E—-E))*

= —§pe T

dt

] (F(A) - ¥(A) (A - A). (2.20)

We have that (‘W(A) — Y(A;)) (A —A) <0, and, from Assumption (A), we have that S| — £ < 0. Thus,
44 <0forall E,1,S,A, B> 0. Inaddition, £t = 0 when E = E;, A = A;, B =0 and

IT2S1 — lP(ATl)EﬁS‘rlIl —
IS W(A)E ST

(2.21)

All solutions of system (2.1) are attracted to Q,. Since Q, is invariant with respect to (2.1), on Q,,

we have
0=E-= A — n‘I’(Al)ElS —0rEL =S =58, for any t,

and, from Eq (2.21), we get that I(f) = I., = I, for any t. Therefore, Q; = {A}, and by applying
the LIP, we obtain that A; is G.A.S.

Theorem 3. Consider system (2.1) and let R | > 1; then, A, is G.A.S.

Proof. Consider

E I\ eom S
Ay = e ME®(— |+ LO[— |+ D|—
=eresalg) o)+ Tl

2 2 v 2
MnE 4 (A @272 B
‘ 2(A—Az— ( 2)d§)+ye qu>( )
%) 4, Y& vo B,
' W(A(s)E(s)S (S)) ' (1 (S))
+6If (D( ds+5lf O —=ds. (2.22)
"l WAES, e \ L
We note that A,(E,I,S,A,B) >0forall E,1,S,A,B > 0 and A,(E», I5,5,,A,,B,) = 0. We calculate
94 as follows:

dt

dA E Ly, enm
e mem (1= 2B (1- 21+ (1—&)5
dt E 1 % S

“nE, [ WA,)) . ye™@( B
P PR 1G] R & (1——2)3
KA, Y(A) 470) B

d ! Y(A(s)E(s)S (s) 1(s)
+5’122tf,_n®( PAE:S, ) 5”2_f ( )S

From system (2.1), we get

dA E
d_tQ — e—al‘rl (1 _ EZ) [/1E — U‘P(A)ES - (5EE]
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I
" (1 - 72) e " n¥W(ArE S~ — 6/]]

@272 S
i ¢ (1 - —2) [e6,vI,, — 65 — S B]
v S
e E2 \P(Az)
+ 1- Ay — knP(A)SA - 64A
KA ( ‘P(A))[A kn¥'(A) AA]
Ty B
L2 (1 - —2) [0S B — 6;B]
Vo B
WA)ES (A, )E.S,
+ 6112 -
Y(A)ELS,  Y(A)ERS»
W(A.)E, S. I I L.
oL In| ———+6,L|——-—=|+6LIn|—=].
+12n( Y(AES )+ 12[12 2+12n(1)

Collecting terms, we get

s _ pony L
dt E
+ne " "MY(A)ELS + e ' nY(AL)E,S A,

I
— e TIPV(A,)ES, S, 72 + 6,1

(¥2T26 S (127'25
£ g - ol 5 + —

) (g — 65E] — ne " W(A)ES

S»
v v

S,B+ ——|1— Ay —04A
52 A, ( ¥A) [A4 — 04A]

e NI, e 5,

(F(A) - Y(A))nSA - B
vo

+

@272

ve
4
ye® 25, P(A)ES Y(A.)E: S,

B, + 0,1 — 071
vo o UPWANES, T W(AY)E,S,

YA, )E, S L.
+ 6,1 1n(L) + 6,1 1n(72).

S B,

+

Y(A)ES
Using the equilibrium condition for A,, i.e.,

Ap = MY(A)ELS, +6pEy, 61, = e 'Y (AY)ELS >,

0
0sS2 = e 20 vly —ySaBy, As = knW(A2)S2A2 + 0442, So = —B,
Y

we obtain

dh,

E - E,)? E
i = —6E€_(11T1 % + 46,1, — 6112;2 + €_QIT17]“P(A)E25

\P(ATl)ETISTIIZ

e M U‘P(Az)EzS

ALY E,S T
I..S, P(A) e MTGLE,
— 6 L2251 + W(A) — P(4,)) (A, — A
b7 Lgay YA (YA) (A7) (A, = A)
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e_(llTlEz ‘P(ATl)EﬁSTl IT2
- SAYA)-YA)+56 L In| ———— |+ 6, L, In|—
; nSA(Y(A) (A2)) Izﬂ( WAES 1> 1In 7
E — E,)? E
= —pe T % + 46,1, — 5,1252 + e T E,S (Y(A) — V(A,))
W(A,)Eq, S+ > L, P(A,)
-0l - o, - ol
Y(AL)E,S 1 LS Y(A)
e Mo ES e ME,
+ — (YA - YA A, —A) — SA(PA) -¥YA
KA2‘P(A)( A) (A2)) (A ) nSA(Y(A) (A2))
YA )E,S - I
Ln|———™ LIn|—=].
+(512Il( \P(A)ES )+6121’1(I)

Using the equalities

In (lII(AT] )E‘r] ST| ) —1n (T(A‘r] )ET1ST] 12) +1n (T(AZ))

Y(A)ES Y(Ay)E>S 1 Y(A)
1S, E,
+Inl— |+ ln(—),
LS E
I .S
In[=2)=mn|22]+n LS ,
I LS 1S,
we obtain
dAZ - (E - E2)2 (EZ) \P(ATl)E‘r]ST]IZ
— = g "N —u-—" 5, L, 0| = - 6;L,D
dr £e E EVE ) O\ W@y EySL T
LS YA o E MTpSE
oo 1202) g o (HAD) e N0E TS By
LS ¥(A) KA, P(A) A,
X (Y(A) - Y(A2)) (A — A). (2.23)

If Ry > 1, we get that 22 < O forall E, 1, S, A > 0. Further, £2 = 0 when E = E», A = A, and

ITZSZ _ \P(A‘r])ET]S‘nIZ _
LS  W(A)E,S,I

(2.24)

Trajectories of system (2.1) converge to Q,, where E = E, and A = A,; then,
0=E= A — U\P(Az)Ezs —0gE, = S(t) = §, for any t,

and, from Eq (2.24), we get that I(¢) = I, = I, for any ¢t. Moreover, the third equation of system (2.1)
yields
0=2S =e ™25 vl, — 555, — yS,B = B(t) = B, for any ¢.

Hence, €, = {A,} and the LIP implies that A, is G.A.S.
3. Model with distributed delays

In the previous section, we assumed that the time between the virus entering the cell and the
production of new immature virions (1) is fixed for each cell. Moreover, the maturation time (7;)
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for each virus is fixed. Several viral infection models were developed by taking into account the time
delay as a random variable drawn from the probability distribution function in order to avoid such
an (biologically implausible) assumption (see, e.g., [34—36]). In this section, we study a SARS-CoV-2
infection model with distributed-time delay. It is worth pointing out that the distributed delay is one of
various time delays, and it is more general than discrete delay. In various nonlinear systems, other types
of time delays have been examined, including proportional delay [40], time-varying delay [45,46] and
state-dependent delay [47].

3.1. Model formulation

We formulate a SARS-CoV-2 infection system with two kinds of distributed delays as follows:

E = Az - nP(A)ES — 6:E,
P=n " f@e " WANE.S dT - 511,

$ =6y [” fr)e ™ I dr - 5S — ySB, (3.1)
A= Ay — KkP(A)AS — 64A,
B = QSB - 5BB

Here, 7 is a random variable from a probability distributed function f;(7) over the interval [0, /;] , where
h; is the limit superior of the delay period, and i = 1, 2. The factor fi(7)e™'" represents the probability
that uninfected epithelial cells contacted by the SARS-CoV-2 at time ¢ — 7 survive 7 time units and
become infected at time 7. The factor f,(7)e " is the probability that an immature SARS-CoV-2 at
time ¢ — 7 survives 7T time units to become mature SARS-CoV-2 at time ¢. The function f;(7) satisfies
the following conditions:

hi

hi
f(1)> 0, f(vdr =1, f f(r)edr < co, where £>0, i=1,2. (3.2)
0 0

Let yi(r) = fi(r)e ™™™ and ¢ = fohi)(i(r)dr; thus, 0 < ¢ < 1,i = 1,2. Because f;i(7) is a general
distribution, it is possible to model a variety of delay distributions by using model (3.1). The initial
conditions for model (3.1) are the same as those given by Eq (2.2), where 7* = max{hy, h,}.

3.2. Basic qualitative properties

This subsection proves the non-negativity and boundedness of the solutions of system (3.1).
Lemma 3. Solutions of model (3.1) with the initial conditions given by Eq (2.2) are non-negative and
ultimately bounded.

Proof. We have that E |go= Az > 0, A |szo= A4 > 0 and B |zo= 0. Thus, E(t) > 0, A(t) > 0 and
B(t) > O for all # > 0 (see Proposition B.7 of [30]). In addition, we have

! hy
I(t) = e "'$5(0) + 17 f f X1(DOY(AWB - 1)EWB - 1)S (0 — 1) Pdrdo > 0,
0 Jo

. ! hz "
S(1) = e h s () 4 51"f f Y(OI(0 — T)e b s+ yBOMr g9 >
0 Jo

for all + € [0,7"] [31]. Hence, by recursive argumentation, we get that /(¢), S(#) > 0 for all + > 0.
Hence, E, 1, S, A and B are non-negative.
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Now, we prove that E, I, S, A and B are all ultimately bounded. From the first equation of

system (3.1) we have that lim sup E() < g—g = w. To investigate the ultimate boundedness of I,
—0o0

we define
1
II, = f x1(MEdr + 1.
0
Then, we obtain
. hl . . hl
IT, = f X1 (OE(C—1)+1 =f X1(O{dg — Y (ADE.S
0 0
hy
—6gE }dT + nf X1 (OY(A)ES dt — 6,1
0
h] hl
= /lEf x1(n)dr — 6Ef x1(DEdt — 6,1
0 0
hy
< Aeli — p [f X1 (TE; +1]
0

Ny
<Ag—pi [f X1(TDE +1
0

= Ag — pilly,

where p; = min{dg, d;}.
It follows that lim sup I, () < j}—’f = w,. Since E > 0 and I > 0, then lim sup /(¢) < w,. Now, let us
t—00 —00
define I, = S + ;—iB. Then, we obtain

h
=S+ B= 6,vf Yo Ldt — 658 — ySB
o 0

+ g(QSB — 53B)

ho
5
=&y f YD Ldr -6 — 222
0 Q
< Svants — palS + gB]
< Opvws — palS + ZB]
0

= 611/(1)2 - szz,

where p, = min{ds,3}. Hence, limsupIl,(#) < ‘5’;% = ws. Since § > 0 and B > 0, then
—o0
limsup S(f) < w; and lim sup B(¢) < §w3 = ws. Finally, from the fourth equation of system (3.1),
t—o00 t—o0
we have lim sup A(¢) < g—;‘ = wy. Then, E, 1, S, A and B are ultimately bounded.
t—o0

From Lemma 3, we can demonstrate that ' = {(E,I,S,A, B) € C3 : [|E|| < wy, || £ wa, [IS|| < w3,
Al < wa, ||B|| £ ws} is positively invariant for system (3.1).
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3.3. Equilibria

First, we compute the basic reproduction number R for system (3.1). Define F and V as follows:

(3.3)

= [0 n&i'Y(Ao)Ey = Or 0
F_(O 0 ’ V= 00y O )’
where Ey = Ag/6r and Ay = A4/64. Then, Ry can be computed as the spectral radius of FV~!,
as follows:
R, = 1LY (Ag)Ey
0= 5s .

Second, let A = (E, 1, S, A, B) be any equilibrium of system (3.1) such that

0= Az — PW(A)ES - 6;E,
0 = n&iP(AES — 8,1,

0 = 6;vol — 555 — yS B,
0= s — kPP(A)S A — 5.4,
0= 0SB - 63B.

Equation (3.8) has two solutions, B=0and S = %B. When B = 0, then, from Eq (3.6), we get

S
6,1 = =8,
v,

Substituting Eq (3.9) into Eq (3.5), we obtain
Js
[n{l‘I’(A)E - —] S =0,
v

and then we have

)
$=0 or niYAE-— =0.
v(,

(3.4)
(3.5)
(3.6)
(3.7)
(3.8)

(3.9)

(3.10)

If S = 0, then, from Eqs (3.4), (3.5) and (3.7), we have that E = Ag/dg, I = 0 and A = 1,/4. Then,

we obtain the uninfected equilibrium Ay = (Ey, 0,0, Ay, 0).
IfS #0,then/ # 0and

LPAE = 5.
V>

Therefore, we obtain

_ A =761 g 5Hovl and A Aa

E , = .
og Os 04 +K§1_1(5]I/E

Substituting Eq (3.12) into Eq (3.5), we have

Aa Ag — §f1511) Lol
04 +K€1_151]/E Ok Og

mw( )-5,1 _o.

(3.11)

(3.12)

AIMS Mathematics Volume 9, Issue 1, 1046-1087.
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Since I # 0, then

£ n‘P( = Lo Z RO (Gom) 5
YT\ Gu + kTSI /E 5 5s )

We define a function G (/) as follows:

1
Gl<1>=§1§z(ﬂ)w( 4 )(”‘E i ‘5”)—1:0.

Os 04 +K§1_1511/E of
We have
Wil (Aa) [ AE
G(0) = YI—]|l—]-1
(0= Php(21) (2
=Ro—-1>0 for Ry>1
lim Gi(I)=-1<0
I—)%{l
and
d A k10 AuA A
—‘P( A1 ):_ I IIEAE ‘I’I( A1 ):®1<0.
dl 0o+l 6/1/E [0adg + £ 6 1(k0E — 64)]? Oa+ kL O/E
So, we have
dG,(I Ap = 716,10 S 1
(D) _ iy (e =& 0 o, 1 102y A <o. (3.13)
dl Os Op 0s0E 04 +K§1_1511/E

Hence, there exists a unique /; € (O, ﬂ—fg’ 1) satisfying that G,(I;) = 0.
Therefore, there exists a unique infected equilibrium without humoral immunity A; =

_ ol
(E],I],S],A],O) when %0 > 1, where E] = /1E+E§111 € (0,:;—5), S] = % € (0,%§1§2) and

_ P! P
Al - 6A+K§1_1f:511]/E1 € (O’ ﬁ)

IfB#0and S = %B, we therefore obtain

Ap = {7161 A 8s (L6 vol
Ezﬁ’ A= A] i B:—S(é Ve _1). (3.14)
O 0a+ kL OI/E v \ 0s0p

Substituting Eq (3.14) into Eq (3.5), we obtain

pl Ap = {6 (6
(:ll]q] 4 i gl ! i —611 =0.
04 +K§]_1511/E OF o

Define a function G7([) as follows:

e Aa /IE—QTI(SII)(@)_ _
o= 5”7\1'(5/4 + qua,l/E)( 5 o)=Y
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We have
nop A\ (e
G-l )e(5) )
! ¢ 0 04 )\OF
lim GT(I) = _/lEgl <0.
1*%(1
Moreover,
d A K604 A
_[‘P( 2 )]:_ d — \1',( : ):®>;<0.
dl 5A+K§1_ o/l/E [6A/1E+§1_ 51[(K5E—6A)]2 6A+K§1_ o/l/E
So, we have
dG*(I  nég (Ag =716 5,0 A
0 :@;51’7_3( =41 0 )_(’7 ! B)lp( ¥ )—5,<0. (3.15)
dl o Of 00E 04 +K{l_ o0;/l/E

Then, there exists a unique I, € (O, ﬁ—f{ 1) such that Gj(I;) = 0. It follows that there exists a unique

infected equilibrium with humoral immunity A, = (E», 1,5, A,, B,) when ‘)3\1 > 1, where E, =

=L 01 2 s p! 2 s (p
L2 e (0,4), Sy=%2, A= SrtE € (0,4) and B, = & (R, - 1), where
A $Hovols
R = . 3.16
I 5505 (3.16)
Here, R represents the antibody activation number.
We have that Y(A,) < Y(Ay) and E, < E,. Therefore,
R, = Govel, _ Hove nY(A2)EsS,
"7 6565 0s0p 5
_ §1§2V776‘P(A2)E2 < §1§2W7;P(A0)E0 _ R, (3.17)
s s

Now, we can state the following lemma:
Lemma 4. For system (3.1), there exist two threshold parameters R, and R, such that the following
conditions hold:

aG) If f&o < 1, then the uninfected equilibrium Ay = (E, 0,0, Ay, 0) is the unique equilibrium.

(1) If R, < 1 < Ry, then there exists two equilibria, Ay and the infected equilibrium without
humoral immunity A, = (Ey, 1,5 1,41, 0).

(ii1) If ?3\1 > 1, then there exist three equilibria, Ay, A; and the infected equilibrium with humoral
immunity A2 = (Ez, Iz, Sz, Az, Bz)

3.4. Global stability

This subsection proves the global stability of the equilibria of model (3.1) by using the Lyapunov
method. Let Q ; be the largest invariant subset of

_ dA
Q= {(E.1.S,A,B): d—t’ =0}, j=0,1,2,
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where Aj(E,1,S,A,B)is a Lyapunov function candidate. Subsequent to the studies of [33,34,36], we
construct Lyapunov functions in the following theorems.

Theorem 4. Consider system (3.1) and let ‘Ro < 1; then, Ay is G.A.S. Moreover, if ‘Ro > 1, then Aq
is unstable.

Proof. Define

} E 4L Eo fA Y(Ap) ) Y
Ao =GE D 1 —S A—A)— —Zd —B
0 =éiko (Eo)+ ot KAO( =)o %) o

hy ! Ny !
+7]f X](T)f W(A(S)E(s)S (s)dsdT + ?f )(z(T)f I(s)dsdr. (3.18)
0 -1 2 Jo -1

We note that Ay(E,1,S,A,B) > O forall E,1,S,A, B> 0 and Ay(Ey, 0,0, A, 0) = 0. We evaluate dA°
as follows:

dﬂ—{l(l_@)E I+ L ko (1—\P(A°))A+L

dt E v§2 KAo Y(A) vl
i hy ! WA e I éi ) t Lodsd
+77dtf0‘ Xl(T)LT (A()E(s)S (s)ds T+§2dt£ )(Q(T)LT (s)dsdr.

Using system (3.1), we get

dA Ey
“Lag (1 - —) (g — P(A)ES — 55E)

hy
+ Uf x1OYA)ES . dr — 6,1
0

1 &
+ — [O}vf x2(Ol.dt —6sS —ySB
1763 0

L GEs (1 _ ¥(Ao)
Ao P(A)

+ Y _[0SB - 64B]
ovis

) [ — knP(A)S A — 64A]

h
+7 f x1(D) [WAES — ¥(A)E.S ] dr
0

s ("
+ — f Y2l - I ]dr.
& Jo

Collecting terms, we get

dA E 5
—0 =4 (1 - fo) [ — 6E] + nliP(A)E,S — V—;zs
Eo [, WA
# BV ADES — 10 HAES + 20 (1 - AO))) (14 — 54
- 20 () - WA s A - 2B
over
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1067

- E Og
=4 ( )[AE GRE]+ (naw(AwEo AR
VG
G Ey

+ 151 EpS (P(A) - P(Ay)) + m (P(A) — ¥(Ap)) [A4 — 04A]
{ 1Eo

Using the equilibrium condition Az = 0gEy, as well as A4 = 944, we get

dhy (E-Eo)* 65 (v&ion¥(Ag)Ey
oo YTTE +v_42( 2 _I)S
Ao {104Ey
+nd1EoS (Y(A) — ‘P(Ao))A—O + AP (A) (P(A) —¥P(Ap) (Ag — A)
_ B0 g wiay - wiaga - 8B
Ag ovy

L (E-E0)? s ox n51EeS  £16aEo

= 00—+ {2(%0 DS + ( A, KAO‘P(A))

X (P(A) — B(Ap)) (Ag — A) - L‘;B

2

Since Ry < 1 and (P(A) — P(Ay)) (Ag—A) < 0, then dAO <0forall E,S,A, B > 0. In addition, "AO =0

when E = Ej), A = Apand § = B = 0. Trajectories of system (3.1) converge to Qo, where S = 0 and
S = 0. The third equation of system (3.1) gives

hy
0=S = 61vf Y2l dt = I(t) = 0 for all .
0

Therefore, S:ZO = {A¢} and by using the LIP, we obtain that A, is G.A.S.
To show the instability of A,, we calculate the characteristic equation of system (3.1) at A
as follows:

0 = (c+8g)(c+0p) [ + (8 + 65 + 64)c + (0564 + 61(J5 + 64) — 15267 P(Ao) En)e
+010565 = &1 520178, ¥(Ao)Eo |
where /; = fohi fi(m)e “r*)dr, i = 1,2. Define a function 7 (¢) as follows:

T(c) =+ (87 + 05 + 64 + (5564 + 61(8s + 84) — nl15r6VP(Ag)Eg)c
+ 610504 — 181 0201v04 Y (Ap)E,

which is continuous on [0, c0). We have
T(0) = 6;6564(1 — Rg) <0 when Ry > 1,
lim 7 (c) = oo

C—00

AIMS Mathematics Volume 9, Issue 1, 1046-1087.



1068

this shows that 7 (¢) has a positive real root; therefore, A is unstable.

Theorem 5. Consider system (3.1) and suppose that Assumption (A) is satisfied and R, <1 < Ry
then, A; is G.A.S.

Proof. Define

- E 1 1 S
A :§E1(D(El)+llq)(ll) V—{zslq)(S—l)

+§1E1(A—A1— T<A1)d§)+LB
Ay

KA ¥(&) vy
g L [P(A(S)E()S (5)
+77‘I'(A1)E151f0 X1(7) T(D( FADES, )deT

ho
+—Ilf Xz(T)f ( )dsd (3.19)

Clearly, A(E,I,S,A,B) > 0 for all E,I,S,A,B > 0 and A((E|,1;,5,,A;,0) = 0. We obtain dA‘

as follows:
dA E\ . I\ . 1 Sty -
B (1B (1= L) L (1-50)s
E 1 ng S

GE [ WA y d ™
WA, (1 ) ‘P(A))“g ézB”\P(AI)ElSlZfo x1(@)

T [PAG)E()S (5) 2 1(s)
xft;d)( WADE.S, ) —Il—f XQ(T)f ( )dsd

Using system (3.1), we get

d/_\] _ E;
EX =4 (1= 2 1 - nPAES - 5,E)
I, g
+(1-7) [n f XIOWADE,S dr - 511]
0
1 S ha

" oE (1 - ?) [611/ fo Va(OLdT — 558 — ySB]

GIE, Y(A)) Y

KA, (1 - \P(A) )[/1,4 - KU\P(A)SA —04A] + E[QSB — 0pB]

+ nP(A)E;S f i ()| o DES - FAIES,
T —
TRV | AU WADE S, T WAE;S,

Y(AE.S, 5 h I I I
+ In (—\P(A)ES )] dr + 511 . )(2(7') [H — E +In (7)] dr.

Collecting terms, we get

dA E
dtl = ( 1)[/lE —o0gE] + {inY(AES
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1069

hy
—7 f X1 (DP(AESS dr+6,11 _ %
0 176}
i Js y LE [, WA
—sz )(2(‘1')1 dT+zsl+v_§2S 1B+ A (1— ‘I’(A))
Vo
X Ay — 0,A] - 25 nSA(‘I’(A) P(A,)) - ﬁygBm\P(Al)Elsl
" P(A)E.S - 8
XL X](T)ln(m)d Z, —1 . XZ(T)III( )dT

Using the equilibrium condition for Ay, i.e.,

/lE = n‘I’(Al)ElSl + 6EE1, 6[[1 = nglly(Al)E]Sl,
(55S1 = 51)/{2]1, /lA = KT]\P(AI)SlAl + 5AA1,

we obtain

dA, (E — E;)? E,
— = (10— + 46,1 — 6,1, — + LNP(A)E,S
dr {10k E 111 ”E OnP(AE,

61 g \IJ(AT)ETS ‘rIl
- — ——————dr - {in¥Y(A)ES
7 1f XI(T)‘P(Al)ElS 7 T - Y (A)E,

o)
_f_:llf X2

(_s1 _ 7—53)3 + L0 iy gy

1763 ovl kAY(A)
Y(A) nlE
X (A —A) -6/l ¥A) A (PA) -Y(A))SA
S (M Y(AE.S, S5
+lef X](T)IH(W)CZ Zl]f ){2(‘[')11’1( )dT

(E-E)? E,
= —515ET + 46,1 - 6lllf +ndHEiS(P(A) - P(A)

51 u Y(A,E.S I, 5 o
LY | i Cak ity PR
2" M O%anEsa T L"

YA

+ (51 - 6—3)3 NILILIR (Y(A) - ¥(A)) (A - A) - 6,1

£$ o kA1 T(A) e
& E 5, (™ V(ANES -
- (\P(A)—‘P(Al))SA+th0 Xl(T)ln(W)d

6 (T
+511f(; )(2(‘[')111( )dT

Using the equalities

1 \II(AT)ETST =1 lP(A‘r)E"z'S‘rIi
"Nvaes )T "\ w@)EST

Y(A) IAY, E;
+In (—‘I’(A) ) + ln(Ii_S) + ln(f) ,
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I LS, s\
m(Z) =1 m(22). i=1.2 2
n(I) n(IiS)Jr n(ISi)’ r=hs (3.20)

dA, (E - E,)? (El) 1 ff” P(A)E.S I,
— = [ 0p——— =5, | D= |+ — O—T—""|d
dr {10k E 11 E +§1 . Xx1(7) YADE S T

L IS, ¥(A)
+5f )a(r)cb(lls )dT+CD(lP(A) )]
+ l (Sl _ 6_B)B + §I6AE1 + 7]§1E1S

V(> 0 kA P(A) A,

We have that (¥P(A) - ¥(A,))(A; — A) < 0, and, from Assumption (A), we have that §; — %B <0. It
follows that dd—[\t‘ <Oforall E,I,S,A, B> 0. In addition, % =0whenE=E;,A=A;, B=0and

we obtain

](‘I’(A) - ¥(A)) (A - A). (3.21)

ITSI _ \II(AT)ETSTII

= =1 for almost all 0,7"]. 3.22
1S WANES,] or almost all 7 € [0, T7] ( )

All solutions of system (3.1) are attracted to 5:21. Since 5:21 is invariant with respect to (3.1), on 521, we
have
0=E= A — n‘I’(Al)ElS —0rEL =S =58, for any t,

and, from Eq (3.22), we get that I(f) = I, = I, for any . Therefore, Q; = {A,}, and by applying the
LIP, we obtain that A; is G.A.S.

Theorem 6. For system (3.1), let ‘f&l > 1; then, A, is G.A.S.

Proof. Define

-_ E I 1 GEy " ¥(A)
wmcenlE)efl) Loo[2)- Sl [T

hy
+LBZQ)(§)+U‘P(A2)E252 f (@) f (\P(A(S))E(S)S (s))dsdT
2 0

ovis Y(A2)E,S,
ho
+ —Iz )(2(7')[ ( )dsd (3.23)
O
Obviously, Ay(E,1,S,A,B) > 0 forall E,I,S,A,B > 0 and Ay(E,, I, S, Az, B;) = 0. We calculate
dAZ as follows:

d/_\z E2 12 1 SZ
w=ali-F)E(1- 7)’ ” -5
é/lEZ \P(Az) B2
KA, (1 B Y(A) )A ovl, (1 B E)B
‘P(A(S))E(S)S(S)) Jsdz
Y(ALE>S >

d (™
+77lP(A2)E252d—f Xx1(7) (
0 -7

h
LA f xa2(0) f ((S))dsd
&
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From system (3.1), we get
dA, E,
S8 =4 (1= 22)1de - nPAES - 5,E)
L g
+(1-2) [n [ awranE.s.a- 6,1]
0

1 S I
+ v_é’z (1 — ?2) [(511/]; x2(Oldr — 65S — ’ySB]
+ §1E2 (1 _ T(Az)

) [Aa — kP (A)S A — 64A]

KA, Y(A)
9342 (1 _ %) [0S B — 65B]
Ny
+ nW(AL)E>S, fo x1(7) [\;ﬁ)ﬁiz B iﬁggil
+1In (%)] dt

S5 h I I I
el S | :
w2 [ xatovie| - (5 ar

Collecting terms, we get

dA E
T2 =4 (1- 21 - 6 E] + iy WAE:S
g S S5
—nf X1(DY(A)E.S ; dT+51 ,——S - —
0 v, O
h
2 Os Y GE> Y(A,)
X L Xz(T)] dT + zSZ + V—QSQB KA2 (1 — ‘I](A) )[/lA — (SAA]
4‘ 2 (W(A) — W(Ay)nSA — Ysp YV B, + yiBB2 + nW(A2)E»S,
§2 V§2 fz
h‘ Y(A)E.S o1 .
X\[O )(](T) IH(W)CZ g —1 , )(Q(T) ln(T)dT

Using the equilibrium condition for A,, i.e.,

/lE = U\P(AQ)EQSZ + 5EE2, (5112 = T]gllP(Ag)Ezs 2,
0
6552 = 61V§212 - ’)’SQBQ, /lA = KU\IJ(AZ)S2A2 + 6AA2, Sz = EB’

we obtain

dA, (E — Ey)? E,
—= = gl i——— + 46,1, - 6;[,— + {inY(A)E,S
o7 EC1 z 1h = 0ih— inY(A)E,

51 g \II(AT)ETS TIZ
[

ey
2 (A E,S ]

Z dt — n{i'Y(AL)ELS
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(Y(A) - ¥(A2)) (A2 - A)

o, f*” LSy, 164k

5 5s T A
Y(A)) GE Or g

~Oilrgey ~ 4, ISACHA) ¥4 + fo x1(7)

Y(AE,S, 5 ha I
ln(—‘;’(A))ES )dT 20 [ nm 1n(7)dr

& " Jo
E—-E,)? E
- —ud7 % + 401D = 01152 + G2 (F(A) - P(Ay)

5 u Y(AE,S . I 5 ho I S
_oy, f OBy Oy f 2

7 Y(A)E»S 1 &
{104 E> Y(Az) {1E2
PR (F(A) - Y(A2)) (A2 — A) = 6,1 YA) A_ZUSA
51 & \P(AT)ETST
X (WY(A) —Y(Ay)) + {_IZ fo xi(7) IH(W)dT

6 (T
+512£ /\/2(7')11'1( )dT

Applying the equalities of (3.20) for i = 2, we obtain

dA, (E — E»)? (Ez) 1 f’“ Y(AE,S . I,
= S —— 5L | O =+ — O —T Ty
i EG1 E 1 2[ E + 2 Jo X1(7) Y(ANES,] T

+l Xz(T)(D(I Y )+ (D(T(Az))l N [ (104E N §1775E2]
& Jo LS Y(A) kAYW(A) A
X (P(A) —Y(Ay)) (A, — A). (3.24)

)

If R, > 1, we get that dA2 <Oforall E,I,S,A > 0. Further, d;\f O when E = E;, A = A, and

ITSZ _ \IJ(AT)ETS 1'12

= =1 for almost all 0,7"]. 3.25
LS (A EsS ] or almost all 7 € [0, 77] ( )

All solutions of system (3.1) are attracted to 522. Since 5:22 is invariant with respect to (3.1), on 5:22,
we have
0=E =2z —n¥(A)E,S — 6gE, = S(f) = S, for any 1,

and, from Eq (3.25), we get that I(r) = I, = I, for any ¢. The third equation of system (3.1) yields
0=S =6virl, —yS,B -85S, = B(t) = B, for any ¢.
Hence, Q, = {A,} and, by utilizing the LIP, we get that A is G.A.S.
4. Comparison results
Let us compare our proposed model (2.1) and the model given by Eqs (1.1)—(1.4), which was
studied in [27]. We consider the administration of a treatment to inhibit the virus replication with a

drug efficacy ¢ € [0, 1] [43]. Then, model (2.1) becomes
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1073

E@0) = 2 = NP(AW)EMDS (1) = SE(0),
I(t) = e A - T)E( —T)S(t = 71) = 8,11,
S =1 —¢e)e 26 vI(t — 1) — 9sS (t) — vS (1) B(2), 4.1)
A1) = Ay — ki P(AD)A@D)S (1) — 54A D),
B(1) = oS ()B(1) - 63B(1).
The basic reproduction number of system (4.1) is given by

(1 — 6])6_01 T1—®@n T]V\P(A())Eo
Os

where R is the basic reproduction number of system (2.1) (i.e., there is no treatment). Assume that

Ry > 1; then, the uninfected equilibrium Ag for system (2.1) is unstable. Now, we want to determine

the range of medication efficacy, ¢, that stabilizes system (4.1)’s equilibrium A, and makes Ry < 1:
Ro -1

1>g>em=""——. 4.3)

Ro
On the other hand, the model given by Eqs (1.1)—(1.4) under the effect of treatment becomes

E(t) = Ag — Y (AD)E®)S (1) — 6 E(2),

I(t) = e V(A = 1)) E( = 7)8(t = 71) = 6,1(),
S =0 —e€)ovI(t) — 055 (1),

A@t) = A4 — knP(AD)AD)S (1) — 64A(),

Ry = = (1 - )R, 4.2)

4.4)

and the basic reproduction number of system (4.4) is given by

so (I —e)e M m¥(Ag)Ey
Ry = 5
s

= (1 - &)Ro,

where ?%0 is the basic reproduction number of the system given by Eqs (1.1)—(1.4), which is assumed
to be Ry > 1. We determine the drug efficacy ¢ that makes ‘R ' < 1 and stabilizes the uninfected
equilibrium, A, of system (4.4) as follows:

Ro—1
1>¢g> e = % . (4.5)
0

Since 7, > 0, then A -
R, = ey Y(A))E ¢ ipv(AoEo _ .
Js Os
It follows from Eqgs (4.3) and (4.5) that €™ < &"". As a result, adding the maturation delay 7, to the
system will lessen the amount of medlcatlon required to stabilize it at the uninfected equilibrium Ag
and eradicate SARS-CoV-2 from the body. Thus, designing overflow antiviral medications will result
from neglecting the maturation delay in SARS-CoV-2 infection models.

When we look at our proposed model (2.1) and the model given by Eqs (1.1)—(1.4), we can see that
our model admits three equilibria, uninfected equilibrium (A): infected equilibrium without humoral
immunity (A;) and infected equilibrium with humoral immunity (A,). On the other hand, the model
given by Eqs (1.1)—(1.4) admits only two equilibria:

(i) Uninfected equilibrium, Ay = (Ey, 0,0, Ay), where the SARS-CoV-2 infection is cleared.

(i) Infected equilibrium A; = (E|,I;,S1,A,), where the SARS-CoV-2 infection is present.
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This shows that ignoring the effect of humoral immunity in the SARS-CoV-2 infection model may
not accurately describe SARS-CoV-2 infection. Thus, our proposed models are more relevant as a tool
to describe the within-host dynamics of SARS-CoV-2 infection than the model presented in [27].

The above comparisons underscore the significance of including both the humoral response and
maturation delay in the SARS-CoV-2 infection paradigm.

5. Numerical simulations

In this section, we describe the numerical simulation for model (2.1) to illustrate the theoretical
findings. We performed sensitivity analysis for the model. We demonstrate here the effect of
humoral immunity and time delays on the SARS-CoV-2 dynamics. The system of DDEs were solved
numerically by using the dde23 solver in MATLAB version R2022a. Table 1 contains the values of
some parameters of model (2.1). The other values were chosen just for numerical purposes. We chose
the function ¥ as W(A) = ﬁ"An [27,28]. Then Ry, given by Eq (2.3) becomes

e~ UTI—0T2 UVEO Ag
Ro = . 5.1
° S A+ Al S

Table 1. Model parameters.

Parameter Value Parameter Value Parameter Value Parameter Value

A 5 0 Varied or 0.1 on 0.1
n Varied As 50 o; 0.1 a; 1
4 20 (03] 1 63 0.1 T Varied
0% 0.04 T Varied Aa 1 n 1
K 0.3 Oa 0.1

5.1. Stability of the equilibria

To show the global stability of the equilibria of system (2.1), we applied the following three
initial conditions:

Cl1: (E),1(6),S(0),A0),B(0)) =(20,2,3,6,1),
C2:(E),1(0),S5(0),A),B)) = (30,4,5,8,2),
C3:(E@),1(6),5(0),A0), B(0)) = (45,6,8,9.5,3),

where 6 € [— max {T}, 75}, 0] . Here, we set 7 = 7, = 0.9 and selected the values of 17 and o as follows:
State 1. (Stability of Ag) n = 0.003 and ¢ = 0.001. These values give Ry = 0.826494 < 1.
Figure 2 shows that the trajectories tend to the equilibrium Ay = (50,0,0,10,0) for all initial
conditions C1-C3. This shows that Ay is G.A.S according to Theorem 1. In this state, SARS-CoV-2
particles are eventually cleared.
State 2. (Stability of A;) n = 0.01 and o = 0.001. With such a selection, we obtain that R =
0.923507 < 1 < 2.75498 = Ry and S| = 88.157 < %B = % = 100. The equilibrium point A; exists
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with A; = (23.3341,10.8416, 88.157,7.44692, 0). Figure 3 shows that the trajectories tend, eventually,
to A, for all initial conditions, and this is in agreement with Theorem 2. This state describes an infected
individual when humoral immunity is not activated.

State 3. (Stability of Ay) n = 0.01 and o = 0.005. This gives R; = 1.65788 > 1. The
numerical results show that A, = (38.1854,4.8035,20,9.1506, 2.3824) exists. Figure 4 displays that
the trajectories converge eventually to A, for all initial conditions and this is consistent with Theorem 3.
This state describes an infected individual with active humoral immunity.

50 — e 6 ‘ : :
’___ ............. C1l|| L e C1
; --C2 --C2
asr o c3ll S c3l|
1
40 - ,I 4
H
1 P
L 35h; =3¢
[H =
H '
300 24,
i (AN
251 1 1F, NS
20 ) ) ) ) 0 e L L N R e e
[} 50 100 150 200 250 0 100 200 300 400
t t
(a) Uninfected epithelial cells (b) Infected epithelial cells
20 : ‘ w 10 ‘ e B
........ C1 = szt e C1
-2 9.5F ,,’ --C2
C3 . C3
15 4 9F 1+ ¢
7
" 85, /
[N —_ ]
(IR =
S0} . = 8!
]
. AN 7.5
AN ;
5t S 7
................. ‘ ~ - 6.5F
0 ‘ “——‘—-————" 6 . . . . .
)} 100 200 300 400 0 20 40 60 80 100 120
t t
(c) SARS-CoV-2 particles (d) ACE2 receptors
3
2.5
2
A
1
= 7\
= 1.5 \‘
\
\
1 ‘\
\
N
N
0.5
° e niEE . .
o 20 40 60 80 100

t

(e) Antibodies

Figure 2. Solutions of model (2.1) with initial conditions C1-C3 converge to Ay, =
(50,0,0, 10,0) when R < 1 (State 1).
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45 12
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Figure 3. Solutions of model (2.1) with initial conditions C1-C3 converge to A; =
(23.3341,10.8416, 88.157,7.44692,0) when R| < 1 < R (State 2).
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Figure 4. Solutions of model (2.1) with initial conditions C1-C3 converge to A, =
(38.1854,4.8035,20,9.1506,2.3824) when R > 1 (State 3).
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5.2. Impact of the delays on SARS-CoV-2 dynamics

We show the effects of time delays 7; and 7, on solutions of the system, as well as the stability
of Ag. We can see from Eq (5.1) that ‘R, is reduced by increasing the delay parameters 7; and 7, when
all other parameters are fixed. Therefore, the stability of Ay can significantly be changed based on 7
and 7,. Let us fix n = 0.003, o = 0.01 and vary 7, and 7, as follows:

Dl: 71 =1, =0,
D2: 71 =1, =0.79,
D3: 1 =1 =1,
D4: ) =1 =2.
Further, we consider the following initial condition:
C4: (E@),1(6),5(0),A0), B(6)) = (48,1.5,6,9.8,5), 0 € [- max{ry, 1,}.0].
Assume that T = 7| = 15; then, Ry, in the case of n = 1, is given by

B e_(al+az)TnV/lE/lA
- 85 (ASE0A + A0E)

0 (5.2)

We see that R is a decreasing function of 7. Let 7, be such that Ry(r.,) = 1. Consequently,
Ro < 1forall T > 7.
Hence, A is G.A.S when 7 > 7., = 0.804719. Therefore, we have the following cases:

(i) If T > 1., then Ry < 1 and Aj is G.A.S. Therefore, when 7 is large enough, then Ay can
be stabilized.

(i) If T < 7., then Ry > 1 and A, will be unstable.

Figure 5 shows the effect of time delay on the system’s trajectories. It is clear that, as 7 is
increased, the population of the uninfected epithelial cells and ACE2 receptors are increased, while
the populations of infected epithelial cells, SARS-CoV-2 particles and antibodies are decreased.

5.3. Impact of humoral immunity on the SARS-CoV-2 infection

This subsection addresses the effect of the stimulated rate constant o on the dynamics of
system (2.1). We fix the parameters = 0.01 and 7; = 7, = 0.9 and vary the parameter o as follows:
o = 0.001, o = 0.003, o = 0.005 and o = 0.007. Further, we consider the following initial condition:

CS5: (E),1(0),S(0),A(0), B(H)) = (35,6,30,9,2), 6 € [-0.9,0].

The impact of humoral immunity on SARS-CoV-2 infection can be seen in Figure 6. We observe that,
as o is increased, the concentrations of uninfected epithelial cells, antibodies and ACE2 receptors are
increased, while concentrations of infected cells and SARS-CoV-2 particles are decreased. We note
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that R does not depend on the humoral immune parameters; therefore, humoral immunity plays the
role of controlling the infection, but not clearing it. This may help to develop drug therapies with the

ability to stimulate the humoral response.

50.5
........ Dl Dl
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48 f
4751}
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46.5 : : : :
0 100 200 300 400 500 200 300 400
t t
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2 PO Dl ........ Dl
D2 D2
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106 G e
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2.9
9.85
: : 9.81¥ : : :
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5.4. Sensitivity analysis

Sensitivity analysis is crucial in pathology and epidemiology when modeling complex

interactions [41]. Sensitivity analysis can help us to assess how well we are able to prevent the
progression of the disease between hosts and within the host. Three techniques may be used to
determine sensitivity indices: Directly by direct differentiation, with the use of a Latin hypercube
sampling technique or by linearizing the system and resolving the resultant equations [41,42]. With
the use of direct differentiation, the indices in this study may be stated analytically. When variables
fluctuate according to the parameters, one may get the sensitivity index by using partial derivatives.
The normalized forward sensitivity index of R is written in terms of the parameter m:
_ m 6%0
- %0 om ’
Using the values given in Table 1 and n = 0.003, 0 = 0.001 and 7; = 7, = 0.9, we present the
sensitivity index S,, in Table 2 and Figure 7. Obviously, Ag, i, 14 and v have positive indices. Clearly,
Ag, n and v have the most positive sensitivity index. In this state, there is a positive relationship between
the progression of COVID-19 and the parameters Ag, 17, 44 and v when all other parameters are fixed.
The parameters og, ds, 04, T1, T2, @1, @, and A, have negative indices, meaning that, when the values
of these parameters rise, the value of R declines. Obviously, n, 5z and 55 have the most negative
sensitivity index.

Sn (5.3)

Table 2. Sensitivity index for R,

m S m S m S, m S
Ag 1 o, —-0.833 g 1 a, —0.9
v 1 T -09 6 -1 A4 0.833
Os -1 n =09 o -09 A, -0.833
n —1.3412

Forward sensitivity indices

Parameter

Figure 7. Forward sensitivity analysis for the parameters on ‘R,.
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6. Discussion

Since the beginning of the outbreak of SARS-CoV-2 at the end of 2019, many researchers have
formulated and developed mathematical models to characterize the dynamics of the virus within the
host. Most of these models neglect the role of ACE2 receptors in the infection. In this paper, we
studied two SARS-CoV-2 infection models which describe the within-host dynamics of SARS-CoV-2
by considering the role of ACE2 receptors. The effects of humoral immunity and time delays on the
SARS-CoV-2 infection was included.

The model admits three equilibrium points, as follows:

e The uninfected equilibrium, Ay, usually exists. Moreover, A, is G.A.S when R, < 1, and it is

unstable otherwise. In this state, the number of SARS-CoV-2 particles eventually converges to 0
and the COVID-19 patient will recover. Different control strategies can be applied to realize

-1 T1—Q27T2

e nvAgAa

R = <
7 55(AOESa + A46r)

6.1)

These strategies are provided for example:

(i) Reducing the parameter 1 as (1 — €g)n by applying treatment to block the virus binding with
drug efficacy €5 € [0, 1] [43].

(i1) Reducing the parameter v as (1 — ¢;)v by using treatment to inhibit the virus replication with
drug efficacy ¢ € [0, 1] [43].

(ii1) Enlarging the length of delay periods 7, and 7, [44].
(iv) Inhibiting the proliferation rate of ACE2 receptors, 44 [27].
(v) Increasing the degradation rate of ACE2 receptors, 64 [27].

We observe that model (2.1) may be seen as a nonlinear control system with drug efficacies (e.g.,
ep and ¢) serving as the control inputs when medicines are used. Then, a variety of control
design techniques, including feedback control [49], model predictive control [50,51] and optimal
control [19,48], may be applied.

e The infected equilibrium without humoral immunity, A;, exists when Ry > 1. Further, A; is
G.A.S when R; <1 < Rpand § > 6p/o. In this case, the infection is present, but with an

inactive immune response. The reason for this is that the amount of viruses present in the body is
small, that, is § < 0/0, and it may be insufficient to activate the immune system’s reaction.

e The infected equilibrium with humoral immunity, A,, exists and is G.A.S when R, > 1. In this
case, the amount of viruses present in the body is sufficient to activate (i.e., S > dp/0) the immune
system’s reaction.

The main limitation of our research is that we were not able to use real data from COVID-19 patients
to estimate the values of the model’s parameters. The following are the reasons: (i) Real data from
infected people are still lacking; (i1)) comparing our findings to a small number of real studies may not
be very accurate; (iii) it is challenging to collect real data from patients who are SARS-CoV-2-infected;
and (iv) conducting experiments to obtain real data is outside the scope of this study.
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7. Conclusions

In this paper, we studied two SARS-CoV-2 infection models which describe the within-host
dynamics of SARS-CoV-2 by considering the role of ACE2 receptors. The effect of humoral immunity
on the SARS-CoV-2 infection was included. Two time-delays were incorporated: (i) Delay in the
SARS-CoV-2 infection of epithelial cells, and (ii) delay in the maturation of recently released SARS-
CoV-2 virions. In the first model, we consider discrete-time delays, which are generalized in the
second model by considering distributed-time delays. We first showed the fundamental properties
of the solutions, non-negativity and boundedness. Then, we established that the models have three
equilibria. On the basis of the two threshold parameters, R and ‘R, we proved the existence and
global stability of the equilibria. We constructed suitable Lyapunov functions and used the LIP to prove
the global asymptotic stability of the three equilibria. We solved the model numerically, presented the
results graphically and found agreement between the numerical and theoretical findings. We discussed
the respective impacts of humoral immunity, time delay and ACE2 receptors on the SARS-CoV-2
dynamics. We showed that humoral immunity plays the role of controlling the infection, but it does
not ultimately clear SARS-CoV-2 particles. Further, increasing the time delay length can significantly
decrease Ry and then inhibit COVID-19 progression. This opens the door for the creation of some
treatments that will prolong the delay period. We discussed the mediated effect of the ACE2 receptors.
We found that R is affected by the proliferation and degradation rates of ACE2 receptors, and this may
serve as worthy insight for the development of possible receptor-targeted vaccines and drugs. Finally,
we performed the sensitivity analysis to establish how the values of the model’s parameters affect R.

Our suggested model may be expanded in several ways by incorporating (i) latently infected
cells [6], (ii)) immune response delay [10], (iii) the CTL response, the other component of the
adaptive immune response [12], (iv) stochastic interactions [52,53], (v) reaction diffusion [16,54] and
(vi) immunologic memory by formulation of the model using fractional differential equations [48].
By assuming that the generic functions provide the production/stimulation, infection and clearance
rates of compartments, our models can be made more widely applicable [16]. In future work, we
will examine the modeling and analysis of coinfections between two SARS-CoV-2 variants, such
as Omicron and Delta [55, 56]. It is possible to direct future research to incorporate the impact of
vaccinations and antiviral medications into the model. We also want to compare the outcomes with
data from infected patients.
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