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Abstract: In this paper, a new-type time-varying asymmetric integral barrier function is designed
to handle the state constraint of nonlinear systems. The barrier Lyapunov function is developed by
building an integral upper limit function with respect to transformation errors over an open set to
cope with the position constraint of the robotic system. We know that the symmetric time-invariant
constraint is only a particular situation of the asymmetric time-variant constraint, and thus compared
to existing methods, it is capable of handling more general and broad practical engineering issues.
We show that under the integral barrier Lyapunov function combining a disturbance observer-based
tracking controller, the position vector tracks a desired trajectory successfully, while the constraint
boundary is never violated. It can certify the exponential asymptotic stability of the robotic tracking
system by using the given inequality relationship on barrier function and Lyapunov analysis. Finally,
the feasibility of the presented algorithm is indicated by completing the simulations.
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1. Introduction

Over the past few decades, many effective methods has been developed for the tracking control of
robotic systems. Lyapunov’s direct methods (also called Lyapunov’s second method), for instance,
were used for designing stable controllers of nonlinear systems by combining the concept of control
Lyapunov functions. Control Lyapunov functions generally have a quadratic form; however, more
sophisticated Lyapunov functions are required to be constructed for some complex control problems.
Adaptive control scheme using Lyapunov’s direct method-based two different tracking controllers
were developed to improve the convergence speed and transient response of robotic systems [1]. A
generalization of Lyapunov’s second method was introduced into the control design of nonlinear
(controlled) systems for dealing with the following control problem under non-linear and fractional
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damping [2]. In this study, we construct one new Lyapunov control structure to address practical
requirements of robots. In particular, we deal with the tracking control task for robotic systems
subject to the state constraint, from the concept that a lot of physical systems was affected by various
limitations such as safety specification, control performance requirement, actuator saturation, and
physical stoppages [3].

Recently, the methods, which solved constraint problem, include mainly the use of set invariant
notions [4], reference governors [5], barrier Lyapunov function [6-9], and prescribed performance
control [10, 11], etc. Especially, barrier Lyapunov functions (BLFs) were often applied to the
constraint control of robotic arms. A time-invariant logarithmic BLF, for example, was utilized to
prevent the destruction of the state restrictions and ensure the uniform ultimate boundedness of
closed-loop robotic systems [12]. This BLF applied to constrain the robotic system output [13].
However, time-invariant constraint control methods have limitations in practical applications.
Therefore, a time-varying logarithmic BLF was applied to handle output restricting problems of
robotic systems [14, 15]. In addition, in [16, 17], the inconstant tangent BLFs were applied to
addressing the state and output constraint of the robot, respectively. Existing logarithmic BLFs have
been utilized to constrain the states as well as track errors of various systems, and these methods were
relatively mature. In order to cope with the development of control theory, we need to explore a new
form of BLF that has the same constraint capability as the logarithmic one.

Integral BLFs can be used to constrain system states directly, however, can not deal with
transformation errors [18, 19]. The advantage of this method was that it can directly handle the system
state and eliminate the conservatism of known error ranges. Neural networks and integral BLF-based
adaptive control approaches, for instance, were proposed for a kind of perturbed uncertain nonlinear
systems to guarantee the constraint boundary was never violated and address the unknown functions
in systems effectively [20]. A control method of nonlinear systems using integral BLF and
backstepping method was presented to ensure system states are located within the constraint
space [21]. In [22], a tracking strategy combining integral BLF and dynamic surface design was
proposed for nonlinear pure-feedback systems to achieve both the solving of the explosion of
complexity and the constraint requirement. In [23], integral BLFs were used to deal with full state
constraints of nonlinear strict feedback systems. Compared to other types of BLFs, the disadvantage
of integral BLF is that it cannot be used to constrain tracking errors directly. Although integral BLF
has certain advantages in directly handling system states, it still has some shortcomings in solving
some practical problems. Integral BLFs, for instance, cannot deal with the error performance
requirements of tracking systems and asymmetric constraint requirements of systems, etc.

Motivated by the above discussions, according to structures of the existing logarithmic and integral
BLFs, a new integral BLF is constructed in this paper. Aided by the backstepping design method, the
integral BLF-based tracking control strategy for a robot under the time-variant asymmetric position
limitations is studied. In view of the published literatures, the main innovations in the paper are
summed up as follows:

(I) Unlike existing integral BLFs [18-23], the BLF, which is proposed for the first time, can work
for systems with time-variant and asymmetric constraint requirements simultaneously. This integral
barrier function is similar to the logarithmic function in [15]. However, the functions proposed in this
article are more concise in structure, and the derivation of controllers based on this method is easier.

(IT) Different from structures of existing control Lyapunov functions [24-28], the proposed integral
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BLF is developed cleverly by constructing an integral upper limit function with respect to
transformation errors to cope with the position constraint problem of systems.

(IIT) Furthermore, under the controller based on the integral BLF, the dissymmetric time-variant
position restraint situation are achieved, and all the system error signals are exponentially
asymptotically stable.

The organization of this article is as follows. The problem descriptions and preparations are shown
in Section 2. Stability analysis and controller design are explained in Section 3 utilizing the presented
BLF and disturbance observer. In order to confirm that the presented strategy is effective, the simulation
experiment is finished in Section 4. Lastly, Section 5 offers a conclusion of the complete work.

2. Problem descriptions and preparations

2.1. Modeling of an n-link robot
According to [15,29], dynamics of an n-link robot are depicted as

Mo (@) G+ Co(q,9) G+ Go(g) = T() + foum 2.1)

where M, (q) € R™", Cy(q,q) g € R" and Gy (q) € R" denote the inertia matrix, Coriolis-centripetal
torque and gravitational matrix of the robotic system, respectively. The inertia matrix satisfies

My (q) = My (g) > 0.

The position, velocity and acceleration of the robotic system are represented by ¢, ¢ and §, respectively.
System inputs are denoted by 7(¢). System uncertain terms are described by

frm = =AC(q,9) G~ AM (9)§~ AG (@) =TT () f (1),

A-, JT (¢) and f(¢) represent the uncertain part of the system matrix, Jacobian matrix, external force,
respectively.

2.2. Basic assumption and coordinate conversion

To contribute to completing the process of control design, we perform the following coordinate
conversion. Let

X1 =4,
. 2.2
{ o (22)
The dynamics of the robot (2.1) can be rewritten as
X = X2,
Xy = M(;l ()C]) (T (t) + fs,un - Mkn) > (23)
y =X,

where
My, = Co (x1, x2) X2 + Go (x1) .
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The control objective tries to design a tracking controller based on a new asymmetric time-varying
integral BLF such that system output

T
y=x :C]:[Cll,(]z,"' ,Cln]

tracks the reference trajectory
T
Xg = [Xa1, Xa2s + » Xan]

while guaranteeing that all the signals are exponentially asymptotically stable and the position
constraint boundaries are not violated, that is

kic (1) < x1 < kye (1), V120,

where

kue (1) = Tkuct (1) s kuea (0) 5+ - < kuen (D17
and

kie (8) = [kier (1) ki (0) 5+ =+ ke (D]
with k. (1) > k. (t) > 0,YteR,,i=1,2,--- ,n.

Assumption 1. The uncertain term is bounded, differentiable, and slow or fast varying, and thus,
| founl < Fos Frn > 0and fy un = 001 £ < Fg with F, being a positive constant hold.

Assumption 2. [15] There exist the constants K, and K, such that |k, < K, and |k;;| < K,
Vt > 0,i = 1,2,--- ,n. Furthermore, suppose the upper and lower limitation boundaries of x, are
respectively X,,; and Xj;, and the conditions X;; > k. (f) and X,,; < k. (¢) hold. The position and
velocity tracking errors are defined as

_ T _
el =len, e, el =x1— Xy

and
T
ey =ley,en, - ,enl =x—a,

where a denotes desired velocity. Set

ki qi (1) = x4i — ki ()

and
ku,qi (t) = kuci (t) — Xdi
to be the constraint boundary of the position tracking error ey;, that is —k; ,; < e1; < ky 4.

Remark 1. It is easy to know that the uncertain term f; ,, is a function containing the variables and
their derivatives of the position and velocity. The position and velocity of the robot are bounded and
differentiable and the motion trajectory of the robot is smooth, so we make the reasonable assumption
that the uncertain term and its derivative are bounded. However, there is conservatism in Assumption 1.
In future works, we will focus on issues that do not require consideration of the boundedness of the
uncertain term and its derivatives. In addition, the purpose of Assumption 2 is to constrain the system’s
state by constraining the tracking error. Unfortunately, this method will reduce the range of feasible
spaces.
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In order to perform the constraint capability of the integral BLF designed in this paper, we perform
the following error transformation

{ Eigi = ﬁ’ Eugi = #, 2.4)
Ei=he)ég+A-h(e)ég i=1,2,---,n,
where

mien={ 070 25)
Lemma 1. Inequality conditions |§q,-| < 1 and —k; 4 (1) < ey; (¢) < k, 4 (?) are equivalent.
Proof. Please refer to [30]. O

2.3. A time-varying asymmetric integral BLF

In view of the definition of &,;, a new time-varying asymmetric integral BLF over the set |§q,-| <lis

constructed as
Sqi 2
V= f 7_do. (2.6)
0 1 — O

In light of the definition of V, it is clear that V is positive continuous, differentiable, and radially
unbounded as |§qi| — 1 in the open set |§ql~| < 1.

Remark 2. In terms of the definitions of £, in (2.4) and A, (e;;) in (2.5), when e;; > 0, we have
hl (61,‘) =1. Then, fqi = fu#,' and

hold. &, = &4 and

are true when e;; < 0 and £, (ey;) = 0. Thus, whether e;; > 0 or ¢;; < 0,
qi 2
V= f{ g do
0 1 - 0-2

Theorem 1. The BLF V in (2.6) over the set |§q,~| < 1 satisfies the inequality

621’ a9 §2i
24 < T o< 2.7)
2 =), 1-o2 -

is always true.

Proof. Step 1. In this step, we will verify the inequality on the left side of (2.7) holds. Introducing an

auxiliary function
f(éf ) fqi 20 d é:;z (2.8)
)= - —. .
¥ 0 1- 0'2 2
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Taking the derivative of (2.8) with respect to & ; yields

df (fqi) _ qui _ s

d‘fqi 1 - é:; ”
(2.9)

_ gqi (1 + fﬁ,)

= 1_—631..

According to derivative of f (f ql.), we know that

df (£,)

<0
dfql.

holds, when & i < 0 and
df (fqi)
dé gi

is true when € . > 0 in the set |£,;| < 1. Furthermore, ) = 0 always holds as & . = 0. Thus, we can
qi q qi y qi

obtain the inequality
ér;i < f‘” 20 J
- (o
2 " Jy 1-07
always holds in the set |§q,~| <L

Step 2. Similar to step 1, we introduce an auxiliary function for proving the inequality on the right

side of (2.7) ,
fq,' @ o
o) = 10 - [ 2.10)
qi

>0

Differentiating (2.10), we get
dg (fq,-) _ 2§qi 2§qi

o (1-g) &

26;,- 2.11)
(1 B fgi)Z.
In the set |§q,-| <1,
dg (£, g (¢,)
df: <0 and T;>O

hold under the conditions £ ; < 0 and & ; > 0, respectively. Then, g (fql.) = O holds as & ; = 0. Thus, it

can be inferred that
Sl Do fg,
> do < >
0 1 — g 1 - é:qi

is always true in the set |§q,~| < 1. The proof of Theorem 1 is complete. O
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3. Controller design and stability analysis

In order to constrain the position of the robot, one new time-varying asymmetric integral BLF with
respect to transformation error &,; is constructed

Vi = Z‘fl‘ﬁ 3.1)

In light of the definition of &,; and taking the time derivative of V; over the set |§q,-| < 1, we have
X N 28,
Vl - Z _ 52 é:qz

= Z é:ql ]’l] (611') é:ulji + (1 - hl (eli)) é::lljl')

2hl (elt)é:u qt 2(1 - hl (ell))flqt
= Eugi t éigi (3.2)
Z 1&g Z L-&y
< 2hy (e1i) Eugi . ky_qi (1)
= Z > €1 — €1ik—
io1 Ku_qi (1) (1 - fM,-) wai (1)
3 2(1 =y (e) g g (1
. (1= hi (e »qu, [él, o R ()]
= ok, 0(1-€,) i ()
Differentiating the position tracking error yields
é] = )'cl - xd
=e, +a— Xy, 3.3)

e = ey + a; — Xy

According to (3.3), (3.2) can be rewritten as

’ - 2h i) Su_qi i(u i
Vi =Z (1) g (ezi+ai—)'Cdi—e1i—q ())
i=1 kLu;i (t) (1 - szuﬁ) ku,qi (t)

" ; (3.4)
2(1 = hy(e1) & qi[ . ki 4i (f)]
+Z e2i+a’i_xdi_elz
= ok, 0(1-€,) ki (O
With the help of the backstepping method, the position control law « is devised as
a=x;,—(K+K,())e,
ki ( (1) e 35)
@; =xg; — (ky; + k; (9) e,
where
K = dlag (klla klZa Y kln) ) (36)
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K, (1) = diag (k1 (1), k2 (1), -, kit (D) (3.7

OO a
b= (220) + (B20) s iz

with o; and ky; being positive constants.
In view of (3.5), (3.4) becomes

. - ku, i(t)
Vi = ; H,i (ezi — (ki + ki (1) ey — e”ku,Zi (t))
& qui (t)
+ ) Hpi| ey — (ki + ki (1) e1; — ey
; n [62 (ki 1: (1) e €1 qui(t))

S 2h(er) 2(1 = hy (ens))
= (2112+2 112]1,-2,- (3.8)
=Kk D =€y ki, (D) —ey;
—Zn:H -(k o+ ki (£) + By (e ‘)k”"(t))
L i | M1 uli 1\€1i kuqu (l)
& kl,qi (l)
- Hg“i [(1 — hy (e17)) ),
; kz,qi (1
where
2hy (e1;) Eugi 2(1 = hy(e1) &rgi
H, ;= v Hini= .
kg ) (1-82) b 001-£,)
and
2§§i
H(i:—a i:l,2,---,n.
According to the design of parameter k,; (¢), the inequality
ku gi () ki gi (1)
ki (£) + hy (e1) —2—= + (1 = hy (e1)) ——= >0
1: (6) + hy (er) Kt () ( 1 (e1)) b, O
holds. Thus, (3.8) can be rewritten as
. a 2h, (ey; 2(1 = hy(ey;
v, < Z 1 (e1) ( 1 (e11) erer
ik (=6l k(D) —ef,
i= u-qi i _qi i (39)
- 2k1i§§,~
i=1 1~ f{ii
Taking the derivative of e, yields
& = My () (T (1) + frum — M) — . (3.10)
Inspired by [31], we design a disturbance observer to estimate the uncertain terms in (3.10)
; un — + kM, s
Joam = 1y + ke Mox2 G.11)
Ny =~k —ky () = My, +kaox2) ,
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where
kf = dlag (k_fll, kf22a Y kfnn)

denotes the observer parameter, 7 € R" presents the observer state variable,

~ a
f sun — fs,un - fLun

is the estimating error with fun denoting the estimated value of f; ,,.
Subsequently, the second Lyapunov function candidate is selected as

1 1 _
Vo=V, + EezT Mye, + 3 I fon. (3.12)

Differentiating (3.12), we have

V _ 2 2h1 (61,) 2(1 - hl (elz))
H = €1i€3;
i=1 I,qu (t) - ell 1411 (t)
(3.13)
2kll§

_Z +€2M()€2+ sunfsun'

According to Lyapunov stability theory, the controller is designed as
(1) = My + Mot = fyu — Kaez = Con, (3.14)

where

[ 2 en) 2(1 “hiten)
( ul(’) e * (-ej, )611
2h|(£’12) 2(1-hy(e12))
+ e
C,, = K p=ehy K (0-ety ) 12 (3.15)

[4]1

2hi(e1n) 2(1 hl(eln))
(kaqn([)_e%n + [#n([) 31,, )eln i

with
K, = diag (ka1, kn2, - - -, kop)

being the positive definite parameter matrix.
Next, we perform the stable proof of the robotic closed-loop system.

Theorem 2. Consider the robotic system (2.3) subject to Assumptions 1 and 2, with controllers (3.5)
and (3.14) and observer (3.11), and suppose the initial position meets k;. (0) < g (0) < k,. (0). Then,
the properties listed below are always satisfied:

(I) The position error signals ey;, i = 1,2,--- ,n maintain in the open set (=k;4; (1) , k,_4i (2)).

(IT) The position states g;, i = 1,2, --- ,n never break their constraint boundaries, i.e., k;.; (1) < g; <
kyei (1), ¥Vt > 0.

(IIT) All the system error signals are exponentially asymptotically stable.
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Proof. 1) When f; ,, = 0, substituting (3.10), (3.14), and f:f,m into (3.13), we have

v, = Z( 2t | 201 hy (eh»)e”eﬁ

Lu]z (t) ell lqz (t)

Z 2k11§: “T ;
f;, s un s un
+ 62 (T (t) + fum - My, — Mo(l’)
RN ( 2hy (er) 2 <1 —hy (eh)))
= + €2
=1 uqz (t) - ell (t)
2k11‘§:
- Z 2 egKZeZ - egcon
_ gqi
te fs,un - qunkffz,un

- Zklié:z,- 1
<- 7~ _ €g (K2 - Elnxn) (%)

lgl

prl é:;i
T 1 r
- fst kf - Elnxn fSJma

where I, € R is an identity matrix.
The parameters K, and k are set to meet the conditions

/lmln (K2 nxn) > O
m1n (kf nxn) > 0.

By means of Theorem 1, (3.16) becomes

qi 1
V2 < - Z 2ky; f 1 — o2 do — (KZ - Elnxn) €2
0 -

1
fs un (kf 2 an) fs un
< —sz <0,

where
2Amin (K2 = 1)

1
= i 2k i 2/1min kp— _In njf-
P mln[ . max (MO) ( ! 2 g )]

Seeking the solution of the differential Eq (3.18), we get

0<V,<V,(0)e™.

In terms of (3.1) and (3.12), we have

1 1 ~
V2 - Z f 1 — O_de' + eZ M0€2 2f:TmeA _un*

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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According to (3.20), we can obtain

1-02

Sqi 2
f T _do <V, (0) e <V, (0). (3.22)
0

Solving the inequality (3.22) yields

f;i < (1 - e—Vz(O)) and |§ql.| < M'
€l \/7_
< /(1 = e20),
ku,qi (t) ( )
e < kuJ]i () m
€l \/7_
- < J(1 = 20
0 = V¢ )
1>~k (1) (1 - )

holds. We arrive at the conclusion that —k; ,; (1) < ey; (1) < k,_4 () always holds. The proof of property
(D) is completed.
Moreover, in light of e;; = x;; — x4, we can get

When e; > 0, we have

and then

is true. When e;; <0,

holds, and then

Xai — ki i () < X1 < kygi (1) + X4
Further, according to Assumption 2, we have
kiei (1) < x1; = qi < kuei (1) ,¥1 2 0.

The position states ¢g;, i = 1,2,--- ,n never exceed the constraint boundaries. The proof of property
(II) is finished.
Finally, considering (3.20), (3.21) and Theorem 1, the following inequalities hold:

€, < V2V2 @) e,

e < P 623)
founl < V2V5 (0) e

In view of (3.23) and the definition of &,;, we can infer that

e1i < kyq4i (1) N2V5(0) e !

holds, when e;; > 0 and

e1; = —ki 4 (1) 2V, (0) e#"
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is true when e;; < 0. Therefore, all the closed-loop signals are exponentially asymptotically stable.

2) When f; ., < Fg, substituting (3.10), (3.14) and f

s-un

~ Z( 2hy (e1;) 2<1 — hy (eh»)
2 + €1i€;
kK> . (f) — é? (t)

u-qi i lqz

2kll‘§:
_Z _é‘:z ALll’l sun+62(T(t)+fSWl_Mkn_M0a/)
qi

into (3.13), we have

L ( 20, (er:) 2<1 —hy (el,)>)
+ 1i€2i
(Z) - elt lqt (Z)

i=1 u _qi
Zklzf . , - s .
Z - §2 e Kzer - € Con te, fsfun + fs,un (fs,un - f s,un)
i=1 qi
o Zhidy ! x 1 2
< — i T K, — -] K I L )
< . 1= f;l €, ( 2 ) nxn | €2 — fs un( f— nxn) fun 5 fs,un ,

where I, € R is an identity matrix.
The parameters K, and k are set to meet the following conditions

/lmln (K2 n><n) > O
/1min (kf - Inxrz) > 0.

By means of Theorem 1, (3.16) becomes

qi 1 ~ 1. 2
VZ <- Z 2]{11 jj 1= O_ZdO' €, (Kz - Elnxn) €) — fs un (kf Inxn) fs,un + 5 fs,un
<-p1Vo +po,
where ( )
. 2ﬂmin K, - %Ian 1. 2
P1 = min [Zklia /lmax (MO) . Z/Imin (kf - Ian) ’ § fLun .

Seeking the solution of the differential Eq (3.18), we get

P24

P1

0V, <V, (O) e P+ ‘72.

In terms of (3.1) and (3.12), we have

1 L
V2 - ; f 1= O-Zdo- + 62 M0€2 2fv,unfv,un'

According to (3.28), we can obtain

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Solving the inequality (3.30) yields

2<(1-e™) andlg,] < (J(1-e).

i (1)

e <k (1) (1 -e")

When ¢;; > 0, we have

and then

is true. When e¢; < 0,

€l 5
- < G(l—e"
ki gi (1) ( )
holds, and then
el = _qui (t) (1 — 6_‘72)

holds. We arrive at the conclusion that —k; ,; (t) < ey; (¢) < k, 4 () always holds. The proof of property
(D) is completed.

Moreover, in light of e}; = x1; — x4, we can get xg; — k; 4; (1) < x1; < ky_4; (t) + x4;. Further, according
to Assumption 2, we have k;.; (f) < x1; = q; < ki (t),¥t > 0. The position states ¢;, i = 1,2,--- ,n
never exceed the constraint boundaries. The proof of property (II) is finished. O

Finally, considering (3.28), (3.29) and Theorem 1, the following inequalities hold:

] < \/2 (Vz (0) er1f + ‘2),
P1

o <\/2 (Vz 0)e 1 + Z—f) (3.31)
S /lmin(MO) '

< \/2(V2 ) e" + &).
P1

In view of (3.31) and the definition of &,;, we can infer that

e < ku,qi (1) \/2 (V2 (0)erit + &)
P1

-fS _un

holds, when e;; > 0 and

er > —kiy: (1) \/2(1/2 () er + ’2)
P1

is true when e;; < 0. Therefore, all the closed-loop signals are exponentially asymptotically stable.
This completes the proof of Theorem 2.

Remark 3. According to the proof of property (III) in 1) of Theorem 2, it can be seen that
—ki4i (1) \2V2(0) e < ey < kyygi (1) Y2V (0) e
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always holds. Different from the existing papers [32, 33], the new time-varying asymmetric integral
BLF proposed for the first time can guarantee the boundedness and exponential asymptotic stability of
the constrained error simultaneously.

Remark 4. In this study, the tracking controller for the robot is designed based on the proposed BLF
and disturbance observer. The disturbance observer designed in this paper is inspired by [31], which
can ensure the exponential convergence of the estimation error. There are many types of observers in
control systems, such as one observer in [34] is applied to the tracking control of switched stochastic
uncertain nonlinear systems. With the help of the backstepping approach, the control strategy based
on the observer and neural fault-tolerant control is proposed to guarantee that the signal of the system
is stable in probability. There are two main methods for solving state constraints, one is the barrier
function method, and the other is called the nonlinear mapping method. The barrier function is the
most commonly used constraint method. The barrier function proposed in this article can effectively
solve the constraint issues of the robot position, but it is not intended for systems without constraint
requirements. In [35], a uniform barrier function is used to transform the original constrained nonlinear
system into an equivalent “unconstrained” one, enabling it to handle more general systems.

Remark 5. Compared to the existing literature, there are two types of integral BLFs: one is
symmetric time-invariant, and the other is symmetric time-varying. The first type is used to address
systems with symmetric time-invariant constraint requirements [18, 20-23], and the second type
works for systems with symmetric time-varying constraint requirements [19]. The proposed integral
BLF can work for systems subject to asymmetric time-varying requirements. We know that the two
existing types of integral BLFs are the property of a particular situation of the asymmetric
time-variant constraint, therefore, it has more general ability to deal with a engineering
practical problem.

4. Simulation example

In order to verify the effectiveness of the presented scheme based on the new integral barrier
function, the two-degree robot is utilized to complete the simulation example. Please refer to
papers [15,29] for the main parameters and relevant matrices for the two-degree robot. Moreover, the
tracking controller for the two-degree robot based on logarithmic BLF in [15,30] is used to complete
the comparative simulation.

According to Assumption 2, the joint angles’ initial values with their desired reference values
respectively are set as

¢1(0) = 0.8, ¢,(0)=0.8, @1
q:1(0)=0, ¢(0)=0, ’
and
xz = [0.14sin (¢) + 0.5, 0.14cos (r) + 0.5]". 4.2)
The unknown terms of the system are described as
Fiun = Mo[0.3sin (¢),0.3cos (£)]" + Co[0.3cos (0.5¢),0.3sin (0.57)]". 4.3)

The position constraint boundaries are set as

ki = [kier, ki2]” = [0.2 + 0.14cos (£), 0.2 + 0.14sin (£)]”
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and
kye = Tkuets kuea]? = [0.9 + 0.14cos (£),,0.9 + 0.14sin (t)]T.

According to Assumption 2, the position error constraint boundaries are set as
ki g = [klfql,klfqz]T =[0.3 + 0.14sin (£) — 0.14cos (£), 0.3 + 0.14cos (r) — 0.14 sin (1)]"
and
kyg = I:kuiql,kuiqg]T =[0.4 + 0.14cos (f) — 0.14sin (¢), 0.4 + 0.14sin (¢) — 0.14cos (1)]".
The control parameters are set as
ki, =k,=2, 0, =0,=0.1 and K, = diag(20,20).

The observer parameter is set as k; = diag (20, 20).

In the comparative simulations, the proposed BLF denotes the method used in this paper, and log-
BLF represents the control stratagy utilized in [15,30]. In Figures 1 and 2, the red and black curves
denote the trajectories under the proposed BLF and log-BLF, respectively. Moreover, the magenta and
green curves denote the upper and lower boundaries of the position and tracking error, respectively. It
can be found from the simulation effects depicted in Figures 1-6 that both the time-varying asymmetric
integral BLF and log-BLF-based control scheme is successful in guaranteeing the robotic system tracks
the reference trajectory smoothly. However, the control accuracy under the control strategy in this
article is slightly higher than that under the comparison method. The joints’ tracking effects as well as
their tracking errors are described in Figures 1 and 2, which demonstrate that both methods one based
on integral BLF and the other on logarithmic BLF, have a satisfactory control effect. Nevertheless,
from the partially enlarged image of Figures 1 and 2, it can be seen that the convergence speed of the
proposed method is faster than that of the comparative method and in the initial stage of control, the
control effects under these two methods are relatively significantly different.

15
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Figure 1. The trajectories of x;; and e;.
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Figure 2. The trajectories of xj, and ey;.

Although the control effects under the two control methods are similar, the integral barrier function
proposed in this article is more concise in structure compared to the log-type barrier function. Further,
the controller based on the proposed BLF is easier to obtain. Furthermore, these two barrier functions
share the same idea in handling asymmetric constraint requirements, as they both establish a piecewise
function. In addition, Figures 1 and 2 illustrate that the time-variant asymmetric constraint boundaries
kic, k. of the positions, as well as boundaries k; 4, k,._, of position tracking errors, are not broken under
two controllers. This proves that both control methods can effectively achieve asymmetric constraint
control. The velocity tracking error e, is depicted in Figure 3.
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Figure 3. The trajectories of e,; and ey;.
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We can see that the overshoot of the speed error of the proposed control strategy is greater than
that of the comparison method in the initial stage to ensure that the constrained position error is better
constrained within the set area. The robotic system’s uncertain terms with their estimating values are
depicted in Figure 4. Overall, error signals e; and e,, and f, ,, of the closed-loop system can quickly
trend to a very small neighborhood near zero. The robotic system inputs of the two schemes are shown
in Figure 5. The comprehensive effect that two joints track the desired circular trajectory is shown in
Figure 6. It can be intuitively felt from Figure 6 that, under the proposed control method, the actual
trajectory converges to the prescribed trajectory more quickly and the tracking error is smaller than

that under the comparison method.
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Figure 4. The uncertain terms.
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5. Conclusions

In this study, one new time-variant dissymmetric integral BLF-based tracking control scheme of a
robot with position constraints is proposed. By using the advantages of the proposed integral BLF
addressing the constraint problems, the controller is developed with the aid of backstepping control
technology. After that, the exponential asymptotic stability of the robotic system’s errors can be
demonstrated by utilizing Lyapunov analysis, and the given Theorem 1. Finally, a simulation example
shows that time-variant dissymmetric restriction boundaries of the positions and of their tracking
errors are not violated, and the good tracking performance is obtained. In future works, the proposed
BLF will be combined with existing advanced adaptive control technologies to improve the
In addition, the actuator saturation issue will be resolved by
incorporating saturation functions into the presented BLF.

robustness of control strategies.
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