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1. Introduction

An interesting area of research is the topic of coupled systems of fractional differential equations,
as subjected to various types of nonlocal boundary conditions, since many real word problems can be
modeled by these systems; see, for example, [1-4] and the references therein. The use of nonlocal
boundary conditions is also favorable for numerous problems in physics and other areas of applied
mathematics. In the literature, one can find many fractional derivative operators, the most known of
them are those of Riemann-Liouville, Caputo, Katugampola, Hadamard, Hilfer, etc. See [5—10] for the
treatments on these operators. Also, see [11] for a variety of results of boundary value problems that
use different kinds of fractional-order derivative operators with nonlocal boundary conditions. Aside
from fractional calculus, there is also a notion of fractal calculus which links the idea of fractional
calculus with fractional dimensions. See [12] for details and applications to the dynamics of porous
media and hierarchical structures.
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In [13], Hilfer gives a new fractional derivative operator, which generalizes the Riemann-Liouville
and Caputo fractional derivatives by adjusting the parameters based on its definition. See [14] for
several benefits of using the Hilfer derivative. We refer the interested reader to [15-18] and the
references therein for problems including the Hilfer fractional derivative.

The study of calculus without the notion of limits is typically known as quantum calculus or
g-calculus. The first person to establish what is known as the g-derivative and g-integral is
Jackson [19]. There are many applications of quantum calculus, such as physics, number theory,
integer partitions, orthogonal polynomials and hypergeometric functions; see [20,21]. There has also
been a generalization of g-derivatives and g-integrals into orders other than integers by Al-Salam [22]
and Agarwal [23], which is used in the development of the g-difference calculus. For details on
g-fractional calculus and equations, see the monograph of [24]. For new results on the topic,
see [25-33] and the references therein. Tariboon and Ntouyas [34] also introduced quantum calculus
on finite intervals. For details on quantum calculus and recent results, we refer the interested reader to
the monograph of [35].

Recently, in [36], the generalization of the Hilfer fractional derivative, which was developed by R.
Hilfer in [13], was introduced, called the Hilfer fractional quantum derivative. Also, in [36], studies
on such initial and boundary value problems were done via fixed-point theory, with a new class of
boundary value problems using the Hilfer quantum fractional derivative of the following form:

Hnap _
2 DgPx(t) = f(t, x(1)), a<t<b,

" (1.1)
Ma)=0,  x(b)= > Ai(ulsx) (o),
i=1

where # DZ"B is the Hilfer quantum fractional derivative, whose order is a € (1,2) with 8 € (0, 1) and
q € (0,1), f is a function defined from [a,b] X R to R, ulgj is the quantum fractional integral, whose
orderis kx; > 0,4; € R, g; € (0,1) and n; € [a, b] for each 1 < i < m. The existence and uniqueness of
the solutions for such a system were established via Banach’s fixed-point theorem.

In the present paper, our aim is to enrich the literature on the Hilfer quantum fractional derivative by
combining the Hilfer quantum and Riemann-Liouville fractional derivative operators with g-Riemann-
Liouville integral operators. Such settings for this combination, as far as we know, are new in the
literature. Thus, in the present paper, we investigate the existence and uniqueness of the solutions to
the following coupled system involving Hilfer fractional quantum derivatives with nonlocal boundary
value conditions containing g-Riemann-Liouville fractional derivatives and integrals of the following

form:
HDMPry)(1) = g (t.y(1),2(1),  a<t<b,

ID2P22)(1) = h (1, y(1), 2(1)) , a<t<b,
W@) =0, y(b) = > (§D2z) () + 62 (I22) ),

2a) =0, 2(b) = i (§D31y) (n) + 61 (ufly) €D,

where o; € (172)’ Bi, qis /ll' € (O’ 1)3 i = 1’27 az 0’ €1,6 > 0’ njafj € [a’ b], ﬂ]’ 6] € Ra j = 1727 the
operators DI and XD) are the Hilfer and Riemann-Liouville quantum fractional
derivatives, respectively, with orders «,, 4,, quantum number ¢, and Hilfer parameter 5,, r = 1,2;

(1.2)
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g, h :la,b] xR xR — R are the given functions, algﬁ is the g;-Riemann-Liouville integral operator
with orders € > 0, k = 1,2 and all fractional operators are initiated at a point a.

Existence and uniqueness results for the system (1.2) are obtained by using classical fixed-point
theorems. Thus, via Banach’s contraction mapping principle, the existence and uniqueness of the
solution is guaranteed, while the Leray-Schauder alternative and Krasnosel’skii fixed-point theorem
are used to show the solution’s existence. These obtained results are new and will enrich the literature
on this new topic of research, for which the existing results are very limited.

We emphasize that, in this paper, we initiate the study of a coupled system in which we combine
the following:

Hilfer fractional quantum derivatives,

g-Riemann-Liouville integral operators,

g-Riemann-Liouville differential operators,

mixed nonlocal boundary conditions including the Riemann-Liouville derivative and integral
operators.

The used method is standard, but its configuration in the coupled quantum system (1.2) is new.

The organization of this paper is as follows. Section 2 covers some preliminaries and lemmas, with
some basic results from the topics of g-calculus up to the Hilfer fractional quantum derivative. Also, we
prove an auxiliary lemma in order to transform the given nonlinear system into a fixed-point problem.
In Section 3, we prove the results on existence and uniqueness of the solution for the Hilfer coupled
quantum system (1.2). Finally, illustrative examples are constructed in Section 4.

2. Preliminaries

In this section, we recall some definitions and basic properties from quantum calculus, fractional
quantum calculus and the Hilfer fractional quantum derivative.

2.1. Quantum calculus
Lety : [a,b] — R be a given function. The quantum derivative on [a, b] (which was introduced by
Tariboon and Ntouyas in 2013 [34]) is defined by

(@) = y(gt + (1 — g)a)
(I-g)t-a)

aDgy(t) = , t€(a,b], 2.1

and ,D,y(a) = lim (aqu) (1). If a =0, for t € (0, b], it is reduced to
t—a

f@®) - f(gn)
d-qx "’

which is the Jackson g-derivative (first defined by Jackson in 1910 [19]). As is customary, the quantum
integral (g-integral) of a function y is defined as

D, f(1) = (2.2)

olgy(t) = f Y(8)adys = (1 = g)(t - a) Z gyt + 1 = q)a). (2.3)
a i=0
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For the setting a = 0, we will obtain the Jackson g-integral as

I,y(t) = fo ¥(9)dys = (1= q)t )" g'y(g'n). (24)

i=0

It is not difficult to define the g-derivative and g-integral of higher order, e.g., aDZ and QIZ, ne€7Z,ie., the
set of integers. The story of fractional quantum calculus was begun by generalizing the integer-order
n by w € R based on definitions (2.2) and (2.4) by Al-Salam in 1966 [22] and Agarwal in 1969 [23].
Tariboon et al. replaced n by w by using definitions (2.1) and (2.3) in 2015 [37]. The key tool of success
is the g-power function, which is contained inside the integration. The g-power function defined on
[a, b] is as follows:

= (t “a \P;(S))

L= wiro(s))

where , ¥, (7) = ¢'t + (1 — ¢haand w € R. If a = 0, it is reduced to (¥} (r) = ¢'t, which gives

a(t - S)(qw) =

W _ = (t_qis)
(t—s)," = | = gosy (2.5)

i=l

and it appears in the kernel of fractional quantum calculus in [22,23]. Note that, if w = k is an integer,

we can rewrite (2.5) as
k-1

(1-9)¥ = l_[(t —¢'s), keNU /{ool
i=0

Definition 2.1. [37] The fractional quantum derivative of Riemann-Liouville type of order w > 0 on
the interval |a, b] is

(D)D)

(DLl ™V)(0)

1 t
(03) [t =0 @0y w0,

In-w

and (fLDg @) = f(1). Here, n is the smallest integer such that w < n, and ' (v) is defined as

(1-qy"
r,w = W, v e R\{0,-1,-2,...}.

Also, ,, is the g-shifting operator
aQy(m) = gm+ (1 —qa.

Definition 2.2. [37] Let w > 0 and y : [a,b] — R. The Riemann-Liouville-type fractional g-integral
of y is defined as

1
[y(w)

!
(alg)y)(t) = f ot = a@q(s));“’_l)y(S)adqs, w>0, te]a,bl
and, (algy)(t) = y(t), provided that the right-hand side exists.
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Definition 2.3. [36] The Hilfer fractional quantum derivative of order w > 0, with the parameter
£ €10, 1], of a function y defined on |a, b], is defined as

Hpw! — Ji-w) pn g(1-On-w)

where w € (n— 1,n), withq € (0,1)and t > a.

We remark that the Hilfer fractional quantum derivative is an interpolation between two types of
fractional derivatives, that is, if = 0, we obtain the fractional quantum Riemann-Liouville derivative
as

" DY0y(r) = F-DUy(@),

and if { = 1, we obtain the fractional quantum Caputo derivative:
DY) = DY),

which is defined by

oL (D) (0),

1 ‘ o
= —F (n — w) f a(t ~a (Dq(S))(q" 1) (aqu) (S) aqu, w > 0.
q a

EDLY)@)

Lemma 2.1. [36] Assume thaty € C"([a,b],R), w € (n—1,n), { € (0,1) and q € (0, 1). Then,
. o (t—ay i
w (H nyow,l _ _ _ (RL
) oIy (IDyy) (1) = ¥(@) Z] TR (FDy7y) (@,
(i) TD& (12y) (1) = y(0),
where y = w + {(n — w).

Lemma 2.2. [36] Let w € (0,0) and g € (0, 1). Then,

RLywes N0 _ rq(6+ 1) 0w

(a) a Dq(t a) - rq(a_w+ 1)(t a) ’
w 5 _ F‘](5+ 1) _ 0+w
(b) It —a)’ = Terar Dl O

2.2. An auxiliary result

In the next lemma, an auxiliary result is proved, which is the basic tool in transforming the nonlinear
problem (1.2) into a fixed-point problem, and we deal with a linear variant of the problem (1.2). For
convenience, we set the following:

r 5T
o = HLaO o ey a0 o san,
Iy (yr — A1) Iy (v + )
r 5,
(I)z _ l_‘/-12( 42(73) )(772 _ a))’z—/lz—l + - 2( 612(-2/2))(52 _ a)y2+62—1’ (26)
@\Y2 — A2 Y2 T &
O; = (b—a)"""? - 00,
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Lemma 2.3. Let g1, hy € C*([a,b],R) and @3 # 0. Then, the solution of the linear system
@D y)(e) = g1(0), a<t<b,

(IID222)(1) = I (0), a<t<b,

@) =0, yb) = 2 (EDE2) (1) + 6, (uI32) (&), @7
2@) =0, 2b) = (§Dyly) 1) + 81 (al51y) €0,
is uniquely given by
¥y = <r—a>”-1{—%algggl<b)+ uz%alg;-hhl(m
@%Jﬁ;ﬁ*@h (€ - Gl ®) +m§ TN g1
+6%a1;*;+ﬂgl<fo} 7211 2.8)
and
an = - - % 1Ry (b) + #1%,1131'_“&(771)
51%a1;’;+ﬂ (€)= el () + pagady )
+52%alg;+52h1(§2)} i alg;hl(t), 2.9)

where ®;,i = 1,2,3 are given in (2.6).

Proof. For the first equation in (2.7), taking the Riemann-Liouville fractional integral of order a; and
quantum number ¢; from a to ¢ on both sides and applying Lemma 2.1, we have

oy = Y2 mpn 1y(a>+¢”m 2y(a) + 1% g1(0)
L) L,y =D
= (—a)'" K+ (- a)" Ky + A0 1), (2.10)

where y; = a1 + £1(2 — a;) and K1, K, € R. Since 1 < a; < 2 and vy, € (a4,2), we obtain that K, = 0
by that condition y(a) = 0 and (2.10) is presented as

y(O) = (t =)' Ky + oI g1 (). (2.11)
Lemma 2.2 with (2.11) leads to
Lo, (r1) e .
"D y(m) = m(m —a)" T I g () (2.12)
q1
and L ()
€] yl €1— @1 +E€;
g y(&1) = Klm(fl — a4 I (&) (2.13)
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In the same way as with the second equation of (2.7), taking the fractional integral of
Riemann-Liouville type of order @, and quantum number ¢,, combined with the condition z(a) = 0,
we obtain

A1) = (1 =)' Cy + JI2 i (D), (2.14)

where y, = @, + (2 — @) and C; € R. Applying Lemma 2.2 with quantum number ¢; in (2.14), we

get
qu (72)

RLpA - ~Aa-1 ar-2
« Dpz(n) = C]W(Uz —a)?TRT 4 () (2.15)
and )
€ Y - ar+e
d22(E) = Ol (& — a7 4 I (&), (2.16)

rqz (’)/2 + &)
Substituting (2.12), (2.13), (2.15) and (2.16) in the second condition of the third and fourth equalities
of (2.7), we obtain the system below.

(b—a)""'Ky = D,Cy = =l g1(b) + paal Ry (1) + 62al 2 Iy (£),

1

—D K+ (b—a)*'Cy = = Iy (b) + ol N g1 () + S0l T g1 (€).
Solving the above system for K; and C;, we have

(b —a)!

Ki = S (i g10) + nady ) + 82,03 )

()
+52 (_”Igzzhl(b) + ulaléff—ﬂ'&(m) + 51a1‘;1'+€181(§1))
3

and

b—-am!

€1 = T () + ™ g1 m) + 61051 6)

@ - ar+e
+ai (_algllgl(b) + /12,11(;22 /lzh](ng) + (52an22+ zh](fz)) .

Putting constants K; and C; into (2.11) and (2.14), (2.8) and (2.9) are then established. The converse
can be verified by direct computation. The proof is finished. m|
2.3. Fixed-point theorems

The following fixed-point theorems are used in the proofs of our main results.

Lemma 2.4. [38] (Banach fixed-point theorem) Let X be a Banach space, D C X be closed and
F : D — D be a strict contraction, i.e., |Fx — Fy| < k|x — y| for some k € (0,1) and all x,y € D. Then,
F has a fixed point in D.

Lemma 2.5. [39] (Leray-Schauder alternative) Let T : E — E be an operator on a Banach space E
such that T is completely continuous. Let

ér={xe€ Elx=AT(x) forsome 0<A<1};

then, either & is unbounded or the operator T has at least one fixed point.
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Lemma 2.6. [40] (Krasnosel’skit’s fixed-point theorem) For a Banach space X, let ® + M C X be a
closed, bounded and convex subset. Let A and B be operators on M such that

(a) Ax+ By € M for any x,y € M,
(b) A is continuous and compact,
(c) B is a contraction mapping.

Then, A + B has a fixed point, i.e., Az + Bz = 7 for some 7 € M.
3. Existence results

Let X = C([a, b],R) be the Banach space of all continuous functions from [a, b] to R, as endowed
with the supremum norm ||y|| = sup{|y(?)| : ¢ € [a, b]}. The product space (X X X, ||(y, z)||) with the norm
(v, 2)I] = lIyll + ||zl is also a Banach space.

In view of Lemma 2.3, define an operator A : X X X — X X X, where

Ay, 2) = (A1, 2), A, 2)) 5 (3.1

Ay, 2)(1)
b—a)!
= (- a)y]_l{ - aly' 8 (b, y(b), z(b))

®;
(b - ay!

el h (12, Y012), 2012)) + 6

D, D,
~ o, alg;h (b, y(b), 2(b)) +,u1(D

(O
ro 2 1“1+flg(§1,y(§1>,z<§1)>} g (1, 3(0), (1)) (3.2)

(b — a)"™!

o, odg " h (62, 9(62), 2(£))

A0 g (71, y(m), 2(m1)

D

and
A (y, 2)(1)
= (t- a)”_l{ -

(b—aM!
Hi —(D3

(b —am!

o, alg; 1 (D, y(b), 2(b))

— )71—1
R

@, @,
ol A58 (b, y(b), 2(b)) +/125 A0 2R (2, y(12), 2(72))

T g (1,37, 20)) + 61 N (6, 3D, 2(60)

D,
+0,— 0, 1“2+52h(§z,y(§z),Z(§z))} ol h (2, y(1), 2(1)) - (3.3)

For convenience, we set the following:

(b _ a)71+72+a/1—2 |(I)2| (llJll (b _ a)y|+al—/ll—l |51| (b _ a)7|+(¥1+61—1
M +
: |D3IT,, (@ + 1) @3]\ Tya =2+ 1) T, +e+1)
b—a)
[y(a;+1)
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ol (b — @) +72¥0=l=2 5| (b — gy rera @y (b — q) !

M, i N ,
|D3|[, (@ — A2 + 1) |D3|C,, (2 + & + 1) D3] T (ar+ 1)
1] (b — @ A2 s (b — gyrerara Q| (b — gt
M + N . ,
3 [@3l0y, (a1 =i+ 1) D30y (e +a+1) |03 Ty ler+1)
M (b - a)yl+y2+a2_2 |d)1| |M2| (b — a)'yZ'HYZ_/lZ_l |52| (b _ a)’yz+a/2+52—l
4

+ +
|30, (ar + 1) D3]\ Ty,(@r— A, +1) I(a,+6+1)
b - ay®

Tt ) (3.4)

We now prove an existence and uniqueness result for the Hilfer fractional quantum system (1.2) by
using Banach’s contraction mapping principle (Lemma 2.4).

Theorem 3.1. Let g,h : [a,b] X R X R — R be such that the following holds:

(H,y) There exist real numbers m;,w; > 0,1 = 1,2 such that, for every t € [a,b] and y;,z; e R,i=1,2,

lg(#, y1,21) — &(t, y2, 22)| < Mylyr — yo| + Malzy — 25
and
|h(t,y1,21) — h(t,y2, 22)| < Myly; — ol + malzy — 2al.

Then, if
(Ml + M3)(m1 + mz) + (M2 + M4)(TI1 + nz) < 1, (35)

where M;,i = 1,2,3,4 are defined in (3.4), the Hilfer fractional quantum system (1.2) has a unique
solution on |a, b].

Proof. Letus define B, = {(y,2) € X X X : ||(;), 2)|| < r}, with

S (M + M3)N; + (M, + My)N,
1 — [(M; + M3)(my + myp) + (M + My)(ny + m)]

r
and we have that sup,, ,; 18(,0,0)| = Ny and sup,, ;; 14(2, 0, 0)[ = N>.
We first show that AB, C B,. Note that

lg(z, y(0), z(1))

IA

lg(z, y(0), (1)) = g(£, 0, 0)] + [g(z, 0, 0) < my|y(0)] + Ma|z(D)] + N
[yl + mollzl] + Ny,

IA

and, similarly,
|h(z, y(1), z(D))] < iyl + nallzl] + Na.

Then, for (y,z) € B,, we have
[ Ay, )]

< (b- a)yl—l[M(

i ol 1g(b, y(b), 2(D))| + |ual lg>~ " h(172, Y(112), 2(72))

+02| ol (&2, Y(€2), Z(fz))l)
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@l . -
+ﬁ(a1qf |1(b, y(b), Z(D)| + |1 | oLy =M g1, y(11), 2(m))

611 I3 g€ Y (€D, 2ED) | + oL |8t y(0), 2(D)]

b—ay! ®
{(b gy [%alg’:(l)(b) v % (Il T2 (1B + 164 alg:“'(l)(b))]

IA

+ alg’f(l)(b)} (myllyll + mollzll + Ny)
(b —a)!
|5

X(Iyll + mallzll + N2)
= M (mullyll + mallzll + Ni) + Ma( [yl + nallzll + N2)
= (Mpmy + Monpllyll + Mymy + Mpmp)|lzl| + My Ny + Mo N,
< [My(my 4+ my) + Mo(ny + np)]r + MyN; + M N;.

|D, |

(Ial IZ72(1)D) + 162] 27 (1)(D)) + —alz,*;(l)(b)]

b— vi—1
b -a) [ )

Similarly, we also obtain
[Ar(y, 2)(2)]
L[ —am!
b —-a)y! [—
| D3]
x(muy|lyll + mallzll + Ny)

b—ay-! Q)
+ {(b —ay! [%aljj(l)(b) + % (Ial oI5~ (1)(B) + 165 aI;’;*fza)(b))]

D |

(I (I8 (B + 1811 L5 (1)(B)) + @alg;a)(b)}

IA

+ ali,’j(l)(b)} (ullyll + nallzll + N>)
= Mz(my|yll + mallzl] + Np) + Ma(y|lyll + nallzll + N2)
= (Mamy + Mgnp)|yll + Mzmy + Myno)||zl] + M3N; + MyN,
< [Mg(ml + mz) + M4(n1 + nz)]r + M;N; + MyN;.

From the foregoing inequalities, we then conclude that

A, 2l A, DI + A, 2]
[Ml(ml + mz) + Mz(nl + nz)]r + MlNl + M2N2
+[M3(m1 + mz) + M4(n1 + nz)]r + M3N1 + M4N2

r,

IA

IA

thus, AB, C B,. The remaining part is to show that A is a contraction mapping. For (y,z;), (y2,22) €
X X X, we have

AL (Y2, 22)(8) = Ar(y1, 20)(@))]

-1 (b - a)yz—l @

< b-a) [W(ulqll 18(D, y2(b), 22(D)) — g(b, y1(b), 21 (D))]
Hual o132 21020 Y2(12), 22(12)) = h(172, y1(172), 21 (7))
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+ 182] 27 NR(Er y2(E2). 22(E2)) = (&2 y1(E2). 21(E2)))
()
+% (alf;flh(b, y2(D), 22(b)) — h(b, y1(b), z1 (D))
Hutl oIS 181, y2(10)s 22(11)) = (1, y1(m)s 21 ()
+HO1l oly g€, y2(61), 22(61)) — (61, 1(€), Z1(§1))|)]
+aly! 8(t, y2(1), 22(1) — g(2, y1(1), 21(D))|
- -1 s a)yz—l
(b - a) l D {
+Hial oI llyr = yall + 1allzy — 22lD(B)
+0al o1, (ullyr = yall + 1allzy — Zz||)(b)}
D,
+_
| D5
Hea| oIy (ullyr = yall + mallz = zall)(b)

IA

alg! (Mullyr = yall + mallzr = 22lD(b)

(oI (illy1 = yall + Mallzs = 2al(B)

+ 1011 oy " (yllyr = yoll + mollzy — Zz||)(b)}]

+o 03 (yllyr — yall + mallzi — 22lD(b)
M (myllyr = yall + maollzi = z2l)) + Mo (yllyr = yall + 1allzi = z2ll)
Mymy + Momy)llyr = yall + Mymy + Mom)llzy — zal|

(M (my + myp) + Mo(ny + 1)1y = yall + llz1 = z2lD),

IA

and, similarly,
[Ar(y2, 22)(1) = Ao (y1, z0)(@)] < [Mz(my + mo) + Ma(y + m)(lyr = yall + llz1 = z2)-

Then, for the operator A, we have

AN

A2, 22) = AL, 20l < IAG L 2D + A2, 22)
(M} + M3z)(my + my) + (M + My)(ny +1y)]

X(lyr = yall + llz1 = zalD.

IA

From the assumption (3.5), the operator A is a contraction mapping. By using Banach’s fixed-point
theorem, we have that A has a unique fixed point, which in turn creates the unique solution of the
Hilfer fractional quantum system (1.2) on the interval [a, b], which completes the proof. O

The next existence result relies on the Leray-Schauder alternative (Lemma 2.5).
Theorem 3.2. Assume that g,h € C([a,b] X R X R, R). In addition, we suppose the following:

(H3) There exist real numbers uy, vy > 0 and u;,v; > 0 for i = 1,2 such that, for everyt,y; e R,i = 1,2,

lg(t, y1, y2)| < up + wilyi| + uzlyl,
|h(t, y1,y2)| < vo + vilyil + valyal.
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If
(Ml + M3)I/l1 + (M2 + M4)V1 <1 and (Ml + M3)M2 + (M2 + M4)V2 <1,

where M;, i = 1,2,3,4 is as defined in (3.4), then there exists at least one solution for the Hilfer
fractional quantum system (1.2) on [a, b].

Proof. The operator A : X X X — X X X is continuous since the functions g, 4 : [a,b)] X RXR — R are
continuous. Next, consider a bounded subset B, = {(y,z) € X X X : [[(, 2)l| < p} of X X X. Note that,
for (y,z) € B,,

lg(t,y(®), z) < uo + |yl + uslzl < up + (uy +up)p = Ly,
lh(t, y(@),z@)l < vo+vilyl +walzl < vo+ (vi + va)p = Lo.

We will show that AB,, is uniformly bounded. For (y, z) € B,, we obtain

A (7, 2)(2)]
-1 (b B a)yz—l a ay—A
< (b-a) [W(”Iqll gD, y(b), z(D))| + Ipal o157~ A2, y(112), 2(172))
+16] I3 h(E2, Y(ED). 2(ED))
()
+%(alz;;|h<b, Y(B), 2B + Ikl 2V g1, y(11), 2G71)
HOU oI g(Er (€ 2EDD)| + oI5 8(E 30, 2))]
1- (b — a))’z—l aj |(I) l ay1—A1 a)+e€
< {(b—a)y ‘[Walql(lxmﬁ(walql )B) + 161] Il (1)(b))]
+ aI;*:(l)(b)}Ll
1— (b — a)yz—l @y—A2 a2 te |(D | a3
+(b - a)’ I[W(w 272 (1)(D) + 10 oI <1><b>)+|3;a1q2<1><b)] L

= MILI + Msz,
which implies that
Ay, DIl < MLy + M, L,.

Similarly, we can show that
A (y, DIl < MLy + MyL,.

Therefore, A is uniformly bounded, as || A(y, 2)|| < (M, + M3)L; + (M, + M,)L,. Next, we will prove
that A is equicontinuous. For 7, 7, € [a, b] with 7, > 7, we have that

A (v, 2)(72) = AL, 2)(7))

_ -1
< |(7'2 —a" ' = (1) - a)71‘1| [—(b Ll (

A2 g(b, y(b), z(b
D o 18(D, y(b), 2(b))]

Hual oIS B2, Y(12), 2| + 162 L2 TN, Y(E), Z(fz)))
D,

gy (L5130, B + | T~ 01, 3). 207))
3
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@y

H0| oI 18 V(€D 2ED])| + |l 812 Y(12), 2(12)) = ol 8(71, 3(71), (1))
(b - ay=! (
| D3]

< |@m-a ' = (@ —a | [ Ly o171 (b) + Lalual o132 (12)

(0% € |q) | (0% (07
+ Ll | 5270 (E0)) + Lo (u22(D) + Lalpts| ol ™" (1)

| D5
+ L1160 oI D)

L T B .
o (; S|l = o)y D= (1 = (@) odys
g\"'1) Ja
b [ 0,
rq(a’l) . a a*gq q atg»s

which converges to zero as 7y — 7, independently of (y, 7).
Similar analysis also yields

Ay, 2)(12) = Ay, )T > 0 as 7 — 715

Hence, A(y, z) is equicontinuous. From the Arzeld-Ascoli theorem, the set A is relatively compact;
thus, the operator A is completely continuous.
For the final part, we will show that the set

Ea=1{(,2) € XX X|(y,2) = AA(y,z) forsome 0 <A< 1}
is bounded. Consider (y, z) € €4 so that (y, z) = AA(y, z) for some A € [0, 1]. Then,
(@) = AA (3, (@), z2(1) = AA(y, 2)(¢) forallz € [a, b].

Following the steps of proving the uniform boundedness, and by using (H,), we can easily derive
that

IA

Iyl M (uo + m [yl + uallzll) + Ma(vo + villyll + vallzl),

llzIl

IA

M (o + ui |yl + wallzll) + Ma(vo + villyll + v2llzlD),
from which we get

vl + Izl < (M + Ms)ug + My + Mgve + [(IM; + Msz)uy + My + My)vi]llyll
+[(M; + M3)uy + (M, + My)va]llz]l.

By selecting
Mo = min{1 — [(M; + M3)u; + My + My)vi], 1 = [(M; + M3)up + (M, + My, ]},

we then obtain the inequality

(M + Mi)ug + M + My)vg
M '
Hence, the set £4 is bounded. Using the Leray-Schauder alternative, we conclude that the operator A

has at least one fixed point, which creates a solution for our Hilfer fractional quantum system (1.2) on
[a, b]. This completes the proof. O

Iy, 2l < (3.6)
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For the final existence result, we apply Krasnosel’skii’s fixed-point theorem (Lemma 2.6).

Theorem 3.3. Assume that g,h € C([a,b] X R X R,R) satisfies (H). In addition, we suppose the
Jfollowing:

(H3) There exists nonnegative functions P,Q € C([a, b], R) such that
lg(t,y, 2| <P@) and |h(t,y,2)| < Q) for (¢, x,y) € [a,bD] X R X R.

If
(b —a)" b—-a)”
(ml + mz)m + (n1 + nz)m < 1, (37)

then there exists at least one solution for the Hilfer fractional quantum system (1.2) on [a, b].

Proof. We first decompose the operator A into A; = Ay ; + A, and A, = Ay + Ay, as follows:

-1 (b B a)yz—l @ a@r—A
Ay, @) = (t—a)" o, (—alql‘g(b, ¥(b),2(b)) + pa oly; (2, y(n2), 2(112))
()

+ 62 IO h(E, Y(E), 2E)) + 53 (=aI22h(b, y(b), 2(b))

1 ol ™M gOn, y(m), 2(m)) + 61 alf,‘f“‘g(fl,y(fl),z(fl)))] , t€la,b],
A2y, @) = g, y(10),z(0), 1€ la,b],

b — yi—1

Foi(y,2)(1) = (1—a)*" [% (—alfff h(b, y(b), 2(b)) + p1 oIy =" g(n1, (1), 20m))

()]
+61 ol g(E1 V(€ 7€) + 5; (=Ll g(b, y(b), 2(b))
12 ol h(72, Y012), 2000)) + 6 Wl (Er, Y(E2), 2(62))) | 1 € a, b,

A2y, 2)(1) oy h(t, y(0),2(1)), 1 € [a,b].

Let Bs = {(y,2) € X X X]||(y, 2)I| < 6} be a closed and bounded ball with
6 = (M + M3)l|Pll + (M + My)||Qll-
For (y1,21), (2, 22) € Bg, as in Theorem 3.2, we have
AL, 200 + Ara(y2, 22)(0)] < My [[Pl] + Mo ||Q)|

and
| A2 1 (Y1, 20)(@) + A2 (2, 22)(0)] < M||P|| + My||Q|.

Consequently,
(AL + A1) (15 20) + (Arp + FAop) (2, 22l < My + M)I[PI| + (M + My)[QIl <6,
which means that (A1 + Az 1)(y1, 21) + (Ar2 + Az2)(2, 22) € Bs.
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Next, we will show that the operator (A ;, A1) is both compact and continuous. The continuity of

(A1, Ayy) follows directly from the fact that the functions g and £ are continuous on [a,b] X R X R.
Also, for each (y, z) € By,

b - a)yz—l (

AL (7, DO D

IA

(b—ay! [ Pl oZg (D)D) + N1Qll2 algj_h(l)(b))

()
QUS| 22 (1)(B) + |<1>_2| (Il 22 (1)(B) + Bl ulz,”;—”%l)(b))]

|Ds|
+H[PIlI61] oLy " (1)(D)

B (b _ a)(zl
= (M, - m)npn + Ml
and
b—a!
Ao (.0 < (b-a)! [% (IQI I (D)D) + 1Pl laZg ™ (1)(B))
()
IS | oI5 (1)(B) + % (IPIl oI5 (1) (B) + IIQllluzlaljj‘h(l)(b))]
QUG oI5+ (1)(b)
_ _ oo
= M;l[Pl| + (M T 1))n@zn.
Hence,
(b - a) (b - a)®>
(AL 2) + A s (3 D) < (Mg + M - m)npn + (M + M, - W)IIQII;

thus, the set (Aj 1, A,.1)Bs is uniformly bounded. Furthermore, for any 7y, 7, € [a, b] such that 7; < 75,
and for any (y, z) € Bs, we have

AL, 2)(T2) = A (v, (7))

b — v2—1

< |@-a = @ -y [% (121 18(b, ¥(), 2(b)

Hualad >R (2, Y(72), 2(12))] + |52|a1;22+52|h(f2,)’(§2),Z(fz))l)

()
+%(a13;|h<b, YB). 2] + I g1, Y1), <))
o1 laIg T |g(Er, Y€, 2ED)) |
—1 -1 (b - a))/z—l @ ar—A

< =@ = (= @) | == (Il I (D) + 1Qlllal (I3 (1))

|Ds|

()
+[Qlll62] alg’j“z(l)(fz)) + % (IIQII odg2 (D)D) + [Pl oI5~ (1D p1)

+[[Pll | al;,’:“'(l)(a))] ,
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which converges to zero as 7; — 7, independently of (y,z) € Bs. Similarly, we can prove that
| Ao 1 (v, 2)(12) — Az (v, 2)(11)] — 0 as 71 — 1, independently of (y, z) € B;. Hence,

I(AL, A ), D(12) = (A, Ao )3, )Tl — 0 as 11 — 1,

which implies that the set (A 1, A,,1)Bs is equicontinuous. By the Arzela-Ascoli theorem, we deduce
that the operator (A; 1, A,1) is compact.

For the final step, we will show that the operator (A, ,, A,,) is a contraction mapping. Let us
consider (yy, z1), (2, 22) € Bs. From the hypothesis (H;), we obtain

A2, 200 = A2, 2)O1 < GG g (1 y2(0), 22(0) — 82, y1(D), 21 (D))

< (ullyr = yall + mallzs — zall) oI5 (1)(B)
< (m+ mz)%(“)’l =yl + llz1 = z2lD).
Also,
Az 21, 20)(1) = Aop(y2, 2)(D] < o) 1h(t, y2(2), 22(2)) — h(t, y1(2), 21 (D))
< OBl =l + s -
Therefore,

1A 2, Ar2) (V15 21) = (Ai 2, Az 2)(y2, 22)l
(b—-a) (b —a)™

< [(ml + mz)m +(ny + nz)m)](”}’l =l + llzi = zalD).

By the inequality in (3.7), the operator (A, A,») is a contraction mapping. Using Krasnosel’skii’s
fixed-point theorem, we conclude that there exists at least one solution for the Hilfer fractional quantum
system (1.2) on [a, b]. The proof is now completed. O

Remark 3.1. By interchanging the roles of the operators A, 1, A1» and A1, Ay, in the foregoing
result, we can obtain a second existence result by replacing condition (3.7) with the following:

b—-a)™

M, - —
( UL, + 1)

+ M3)(m1 + mz) + (M2 + M, — (b — a)az ))(nl + nz) < 1.

[y +1
4. Examples

In this section, we will show some applications of our results to the nonlinear Hilfer fractional
quantum system with Riemann-Liouville fractional derivatives and integral boundary conditions of the
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following form:

5

Wl

y) (@) = g (t,y(1),2(0)),

Wi

5

4

P
ool— 133
S

el 1y
S

SN— UlR BN LI B
Il

(1) = h(t,y®),z(0),

<I=3
4.1)
1 1 (3 \(7 2(2)9 (
’ y(s)_yﬂ(éD;‘Z)(s)“L% Hiz)\g)

3 11\ 3 (p 1 \(3 1
)— 0 Z(?) =l Dzy)(§)+ 2
Here, we set ay = 5/4, a, = 7/4, By = 1/3, 8, = 2/3, q1 = 2/5, q» = 4/5,a = 1/8, b = 11/8,
m=3/8,m="7/8,& =5/8&6&£=9/8,4 =1/5, 1 =3/5€6=1/6,6&=5/6,u =3/44, i = 1/77,
8; = 1/e* and 6, = 2/33. From these values, we can compute that y; = 3/2 and y, = 23/12; using
WolframAlpha, we obtain the following: I’y (y1) = 0.9303873679, I'y,(y.) ~ 0.9715412324,
[y (yi — A1) = 09353312130, T'y,(y2 — A2) =~ 0.9055725943, ', (y1 + &) = 1.2293719126,
[,(y2 + &) = 09622467967, I'y (a; + 1) =~ 1.0689410188, I'y, (a; — 4, + 1) 1.0121177344,
[, (a +6 +1) = 1.6721250919, I'y,(a; + 1) = 1.5005722384, I'y,(a2 — 42 + 1) =~ 1.0631833692,
[y (ar + & + 1) ~ 2.9452632392; using Maple, we obtain the following: ®; ~ 0.07700624043,
O, = 0.1604286114, ®; =~ 1.359440900, M; =~ 2.513723742, M, 0.2911846155,
M3 = 0.3119090080, My ~ 1.989599422.

(i) Let the functions g and & that appear in problem (4.1) be the nonlinear unbounded functions
on [1/8, 11/8] that are respectively defined by

o S ~—

0| = oo =—

I\l

<

X

X

1 2420\ e G 1
g(t,y,2) = y £ 2bl) sinl] + =
441+ 5\ 1+ 12 2 42)
h(t,y,z) 1cos2 ttan”'y + ! 22 + 3 + ! .
s Vs = = T -.
»I=9 Y38+ 1+ )73

Then, g and 4 satisfy the Lipschitz condition, (H;), as follows:

lg(t, y1,21) — 8(1, 2, 22)| < 1—11|y1 — Yol + %lm - 2l
and ) |
|h(t, y1,21) = (2, y2, 22)| < §|y1 =yl + 1—0|Zl - 22,
withm; = 1/11, my = 1/12, ny = 1/9, n, = 1/10. Therefore, the following inequality holds:
(M + M3)(my + 1) + (M, + My)(y + 112) = 0.9738439529 < 1.

Thus, (3.5) is true. By Theorem 3.1, this system (4.1), with g and % defined in (4.2), has a unique
solution on [1/8, 11/8].
(i) Now, assume that the functions g and 4 in (4.1) are respectively given by
ly 1 (y*sin®y
t9 ) = + - s
863D = 1T T sa ¢ T\ e )7

Btyzy = 2y L (RPn2) L 2
7)) = —t+ —|[——=— — | ———=|cos " y.
V=T T w1 )T A\ o Y

|2023 )
—Z

4.3)
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We can see that both functions do not satisty the Lipschitz condition. However, we can find the bounded
plane of each of them to be as follows:

lg(z )|<2+1| |+1| |
8\, Y1, Y2 =3 5)’1 7)’2

and

1 1 1
h(t,y1, < =+ =il + =2,
|h(t, y1, y2)l 4 6|y1| 4|)’2|

which satisfy condition (H;) with ug = 2/3, uy = 1/5, u = 1/7,vg = 1/4, vy = 1/6 and v, = 1/4.
Since
(M + M3)uy + (M, + My)vy =~ 0.9452572230 < 1

and
(M + M3)up, + (M, + My)v, =~ 0.9738578309 < 1,

by Theorem 3.2, this system (4.1), with g and 4 given in (4.3), has at least one solution on [1/8, 11/8].
(iii) Finally, let g and 4 in (4.1) be the nonlinear functions respectively given by

b, e
Sin —
281+ D\1T+ 5 ar

1 _ 1 2| 1
h(t,y,z) = = cos® mt tan™" -,
(1.3.2) = 5 cos it tan y+3(8t+1)(1+|z|)+3

gt y,2) =
(4.4)

Then, we have
e—(sz—1)2

< —:=P
lg(t, y1, y2)| < 28+ 1) + 5 *3 (@)
and

by 1 1
h(t,v1, )| < — cos’ it + ———— + — := O(f).
|h(t, y1,y2)l g Cos 7 +3(8t+1)+3 o)

Thus, the condition (H3) in Theorem 3.3 is satisfied. In addition, the Lipschitz condition is satisfied
since

1 1
lg(t, y1,21) — 8(t, 2, 22)| < Zlyl -yl + §|Z1 — 22|

and

1 1
|h(t,y1,Z1) - h(t’yZaZ2)| < glyl _y2| + 8|Z1 _Z2|’
withm; =1/4, my = 1/5,n, = 1/5, n, = 1/6. Since

b - a b - a)®
+ _— + — ~0.9174947461 < 1,
(my mz)rql(al A (my HZ)qu(az D

by Theorem 3.3, this system (4.1), with g and 4 given in (4.4), has at least one solution on [1/8, 11/8].
It is important to notice that the functions g and 4 given in (4.4), although they satisfy the Lipschitz
condition, do not guarantee uniqueness because

M, + M3)(m; + 1) + (M + My)(ny + 1) = 2.107822219 > 1.
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5. Conclusions

We investigated a new problem that appeared for the first time in the literature by combining Hilfer
quantum and Riemann-Liouville fractional derivative operators with g-Riemann-Liouville inregral
operators. We established the existence and uniqueness of solutions to a coupled system involving
Hilfer fractional quantum derivatives supplemented by nonlocal boundary value conditions containing
both g-Riemann-Liouville fractional derivatives and integrals. We first transformed the given system
into a fixed-point problem by using its linear variant. Then, we established the existence and
uniqueness of a solution via Banach’s contraction mapping principle; we also obtained two existence
results by using the Leray-Schauder alternative and Krasnosel’skii’s fixed-point theorem. The
applicability of these theoretical results are demonstrated through constructed numerical examples.
These new results will enrich the literature on this new topic of research. Also, by appropriately fixing
the parameters involved in the problem, our results imply several results on the existence and
uniqueness for other coupled systems. Consider the following examples: (i) a coupled system of
Hilfer fractional quantum differential equations with g-Riemann-Liouville fractional derivatives is
obtained when 6, = ¢, = 0; (i1) a coupled system of Hilfer fractional quantum differential equations
with g-Riemann-Liouville fractional integrals is obtained when y; = y, = 0; (iii) a coupled system of
Hilfer fractional quantum differential equations with mixed g¢-Riemann-Liouville fractional
derivatives and integrals is obtained when either 61, d, or uy, i, is zero.
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