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1. Introduction

Frames in Hilbert spaces were first introduced by Duffin and Schaeffer [7] to study the nonharmonic
Fourier series. The frame theory has experienced tremendous development in the past decades. It was
motivated by engineering applications and pure mathematics [1,3-5]. Frank and Larson extended
the concept of frame in Hilbert spaces to countably generated C*-modules and investigated its main
features [8,9]. While a Hilbert C*-module is a broader concept than a Hilbert space, there are several
distinctions between the two. There are instances where adjoint operators are not present for certain
bounded operators on Hilbert C*-modules. It should be noted that although some definitions and results
of modular frames may look similar to their Hilbert space frame counterparts, the complexity of the
Hilbert C*-module structure makes it difficult to simplify Hilbert space frames into generalizations.
We refer to more discussion on essential differences between frames in Hilbert spaces and in C*-
modules [8,9, 12]. Several generalizations of frames have been defined in Hilbert C*-modules, as
documented in [13,15,18,21].

In recent years, there has been growing evidence that modular frames are closely related to other
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research areas, such as wavelet frame construction [16,20]. Considering the theory and applications
of structured frames in Hilbert spaces, such as Gabor and wavelet frames, have always been the main
focus of Hilbert space frame theory, we believe the structured modular frames may be well suited for
specific applications in terms of theoretical or application properties. Dai and Larson [6] and Han and
Larson [11] have introduced a fresh perspective on analyzing structured frames by examining frame
vectors for unitary systems. This approach has garnered significant interest in frame theory. Building
on the concept of group-like unitary systems in Hilbert spaces proposed in [10], we have introduced the
idea of A-group-like unitary systems in Hilbert C*-modules. The purpose of this paper is to explore
the frames that are created by A-group-like unitary systems.

The organizational structure of this paper is as follows. In Section 2, we state some notations and
preliminaries, and introduce the notion of an A-group-like unitary system U on Hilbert C*-modules.
Section 3 describes the dilation theory of frames induced by U on Hilbert C*-modules. In Section 4,
characterization of the complete Bessel vectors for U is obtained in terms of certain class of operators
in U”. Finally, we prove that the frame multiplicity of U is always finite in Section 5.

2. Preliminaries

In the following, we will review the fundamental definitions and characteristics of Hilbert
C*-modules and their frames. Suppose that (A is a unital C*-algebra and H is a left A-module. H is a
pre-Hilbert A-module if H is equipped with an A-valued inner product (-, -) : H X H — A such that
the following properties hold:
(1) {x,x) = 0 for all x € H and (x, x) = 0 if and only if x = 0.
(2) (ax +y,z2) = al{x,z) + (y, z) for every a € A, every x,y,z € ‘H.
(3) (x,y) = (y, x)" for every x,y € H.

For every x € H, we define

1
llxll = 1I<x, 012

If H is complete with || - ||, it is called a Hilbert A-module (or a Hilbert C*-module over A). For every
a € A, we have |a| = (a*a)%, and the A-valued norm on H is defined by |x| = (x, x)%.

Lemma 2.1 ([17]). Assume H, K are Hilbert A-modules, and T : H — K is a linear map. Then the
conditions listed below are equivalent:

(1) T is both bounded and A-linear.

(2) There is d > 0 such that {Tz,Tz) < d{z,z),z € H.

A Hilbert A-module H is called finitely generated if there is a finite set {z1, - - - z,} of H such that
2=y aiz,a; € Aforeach z € H, if the set of generators is countable, it is referred to as countably
generated.

Let H and K be two Hilbert A-modules. We say that the operator T : H — K is adjointable,
if there is another one T* : K — H such that (T'z,y) = (z, T*y), Yz € H,y € K. It’s important to
note that an adjointable operator is both A-linear and bounded by default. Any families of adjointable
operators from H to K are referred to as End’;(H, K). If K equals H, it is shortened to End%; (). An
operator T € End’;(H, K) is classified as a unitary if 77" = Iyc and T*T = Iy. For further information
on Hilbert C*-modules, please refer to [14].
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In this paper, A represents a unital C*-algebra. H and K are Hilbert A-modules that are either
finitely or countably generated. Additionally, I is a countable index set. If T is a bounded A-linear
operator, then ran7’, kerT and T* refer to its range space, nullspace and adjoint, respectively.

In line with reference [9], we will define frames in C*-modules.

Definition 2.2. A sequence {x;};; of elements in H is said to be a frame if there exist two constants
A, B > 0 such that

Alx, x) < Z(x, x){x;, Xy < B{x, x) 2.1

i€l

for every x € H. The constants A and B are called frame bounds. The frame {x;};c; is considered
tight it A = B and Parseval if A = B = 1. Likewise, if {x;};; only satisfies the upper bound condition
in (2.1), then {x;};c; is called a Bessel sequence with bound B. A frame is considered standard if the
norm converges in the middle sum of (2.1).

We will consider only the standard (Parseval) frames and the standard Bessel sequences. This
paper will focus on finitely or countably generated Hilbert C*-modules, as the Kasparov Stabilization
Theorem establishes a frame available for every such module. For a standard Bessel sequence {x;};cr,
the analysis operator T is an A-linear bounded adjointable operator from H to [*(A) defined by

Tx = {{x, xj}}ier-

The adjoint operator T~ : [>(A) — H is defined by

THai}ic = Z ax;,

iel

and it is called the synthesis operator of {x;};c;. In fact, if {x;},; is a standard frame for H, the frame
operator
S=TT:H—->H, szZ(x,x,-)x,-
iel

is a well-defined, positive, adjointable and invertible operator and the following reconstruction formula

X = Z(x, S x)x; (2.2)

iel

holds for all x € H. Moreover, {S 'x;}; is also a frame for H and is called the canonical dual of
{xi}ier.

An orthonormal system in H, denoted by {f;};c1, is a family of vectors such that (f;, f;) = 0, Vi # j
and (f;, f;y = 1,Vi € L. If an orthonormal system generates a dense submodule of H, it is called an
orthonormal basis for H.

A unitary system U on H is a subset of all unitary operators in End?; (/) that includes the identity
operator /. For a unitary system U, a vector x € H is called a Parseval frame vector (resp. frame
vector or Bessel vector) for U if Ux forms a Parseval frame (resp. frame or Bessel sequence) for
span{Ux : U € U}. When span{Ux : U € U} = H, the frame vector is said to be complete. If
Ux is an orthonormal basis for H, x is a complete wandering vector for U. The set of all complete
wandering vectors for U is represented by W (U).
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Suppose that (A is a unital C*-algebra with identity 1. We use Z(A) = {a € A : ab = ba, ¥ b € A}
to represent the centre of A. Inspired by the concept of group-like unitary systems in Hilbert spaces,
which was proposed in [10], we introduce the notion of A-group-like unitary systems in Hilbert C*-
modules. Let group() be the group generated by U and A = {a € Z(A) : aa” = a*a = 1}. We call
U an A-group-like unitary system if

group(U) c AU ={aU :aec A, U € U} (2.3)
and U is A-linearly independent, i.e., AU # AV aslong as U and V are different elements of U. Then
there exists a function f : group(U) — A and a mapping 7 : group(U) — U such that W = f(W)T(W)
for all W € group(U). It is essential to provide clear definitions of f and 7. When W is equal to a, U,
and a, U, with U, U, € U, ay, a, € A, it can be determined that a; equals a, and U, equals U, since U
is A-linearly independent. When dealing with the mappings f and 7, there is a fundamental property

that we can establish. The proof of this property is similar to the one presented in the literature’s
appendix [10].

Proposition 2.3. Let U, f and T be as above. Then
(HrU)=UfU)=1,UeU.

Q) fWUT(VW)F(VW) = fx(UVIW)f(UV), U, V,W € group(U).
3) 7(Ut(VW)) = 1(r(UV)W), U, V, W € group(U).

4) If V, W € group(U), then

U=(zUV): UeUl={z(VU ) UeUy={z(VU'W): UeU}={«(V'U) : U € U}.
(5) Let V,W € U. Then the mappings from U to U listed below are all injective:
U — t(VU)(resp,7(UV), 7(UV "), =(V"'U), (VU ™), 7(U'V), 7(VU ' W)).
Proof. The statement (1) is trivial. Statements (2) and (3) come from the equality

FWUT(VW) fF(VW)T(Ut(VW)) = UVW) = (UV)W
= fUV)f@UV)W)r(z(UV)W)

and the assumption that U is A-linear independent.
Since T(r(SVHV) = 7(ST(V"1V)) = 7(§) = S, VS € U, which implies that the first equality in (4)
holds. Notice
VS~V = fSTTVVES TV = £(STTV)S.

Hence 7(V7(S~'V)™) = S since § € U. Similarly,
T(VI(WS~'v)'w) = §.

Thus the rest of (4) holds.
For (5), suppose that T(VU[IW) = T(VU2_1W) for some U;, U, € U. Then

FVUI'WVUT'W = £ (VU;'W)VU;'W,
where f*(VU;'W) denotes the adjoint of f(VU;'W). Hence
fVUT'WHU, = fF(VU;'W)U,.
So U, = U,, which implies that U — 7(VU~'W) is injective. Similarly, the rest of (5) hold. O
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The commutant of a subset S in Endy;(H) is S’ = {A € End(H) : AS = SA,S € S}. The local
commutant of a nonzero vector £ € H is denoted as

Ce(U) =T € Endy(H) : TUE = UTE VU € U
The Hilbert C*-module /,(A) is defined by

lgu(ﬂ) = {{au}er CA: Z apay converges in norm in ﬂ}.
UeU

The standard orthonormal basis of lgu(ﬂ) is represented by {yy}yey. Here, yy is 1 at U and 0
everywhere else. For each U € U, we define

Luxv = f(UVxzwvy,  Ruxv = fVU Weu-y, VEU.

L and R here are the left and right regular representations of ‘U.
To prove our main results, we need the following:

Lemma 2.4. Suppose that A is a commutative unital C*-algebra. Then
.LZR/:{RU:UET/{}l and RZL/:{LU:UEW}/,
where L ={Ly : U € U} and R={Ry : U € U}".
Proof. It is easy to check LyRy = RyLy,Y U,V e U. LetT € L' and S € R'. To prove this lemma, it
is sufficient to prove 7S = ST. Write
Ty, = Z avxv, Sx1= Z byxu, ay,by € A.
UelU Ueld
Then for any V € U, we have

STxyy =STLyx;=SLyTy; = SLV(Z avxv)
Uel

= S(Z ayf(VU)x~vu)) = S(Z ayRwuy-1x1)

UeU UeU

= Z ayRwuy1Sxr = Z aUR(VU)‘l(Z bwxw)

UelU UelU weld

= Z aybw f(WVU)xzwvu).
UWelU

The other side,
TSxy =TSRy1x; = TR~ Sxr = TR () buxw)

Weld
= T(Z by f(WV)xrwv)) = T(Z bwLwvx1)
Weld Wweld

= Z bwLwv)Tx1 = Z bWL(WV)(Z avxuv)

Wel weld Uel
= Z bway f(WVU)x-wvu)-

Uweld

Since A is a commutative C*-algebra, which implies that STyy = TSyy,andso ST =TS. O
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3. Dilation of complete Parseval frame vectors for A-group-like unitary systems

This section aims to prove the dilation property of complete Parseval frame vectors for ¢. A simple
lemma below will be used to prove Theorem 3.2.

Lemma 3.1. Suppose that ‘U admits a complete Parseval frame vector n. Then U is unitarily
equivalent to {Lylg : U € U}, where K = T, (H) and T, : H — lgu(ﬂ) is the analysis operator
defined by

Tyx = Z(x, Umxu-

UeU

Proof. Because nis a complete Parseval frame vector for U, it is easy to check that 7, is an adjointable
isometry. By Theorems 15.3.5 and 15.3.8 in [19] we have

(A = T, (H)*" & T,(H).

Consider P as the orthogonal projection from l?u(fﬂ) onto 7,(H). Then we have T,Un = Pyy. In fact,
letVel,

(T,Vn, Pxu) (PT,Vn,xu)

<Z v, Wn>)cw,)(u>

wWeld
(Vn,Un) =<T,Vn, T,Un).

We first show that 7,7, = P. In fact, for every z € I7,(A), we can assume that z = Y, ;cq/ ayyu for
some ay € A. Then we have

T,T,z T,T, Z avxu = Z ayTy T xu

Ueld Ueld
= ZGUTUUT]: ZaUPXU
UelU Uelu
= P(Z ayyv) = Pz.
UelU

Moreover, for each V € U, we have

PLyz = PLy Z avxu = Z ayPLyxu
Uel Uel
= > apPf(VUywvwy = ) ayf(VOT,z(VU
Uel Uel
= > aT,VUn= ) ayT,VTxu =T,VT;( > auxv)
Uel Ueld Uel
= T,VT,z

Therefore PLy = T,]VT;. For each V € U, we also have

LT,Vn = Ly [Z (Vn, Wn)»m] = > (Vi W) fUW rww)
Wweld Wweld
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- Z UVn, UWn) fUW)xxww)

weld

= > UV, FUW W fUWww)
weld

= Z OV, x~wowymx-~wuw) = T,UVn.
weld

Thus Ly T, = T,U. Finally, for any U € U,
PLy =T,UT, = LyT,T, = LyP.
Hence P € {Ly : U € UY. Then
PT,UT, = PLyT,T, = PLyP,
ie., PT, U = PLyPT,. Since T), is an isometry, we have
(PT,))"'PT, =T,PPT,=T,PT,=T,T)T,T, =1,

and PT, is surjective, then PT), is a unitary operator. Let W = PT,, we have WU = PLyW for every
U € U. Since P(lgu(ﬂ)) =T,(H) =Kand P € {Ly : U € UY, it is found that U is unitarily
equivalent to {Lylyx : U € U}, where K = T, (H). |

Next, we give the dilation theorem of frames induced by A-group-like unitary systems on Hilbert
C*-modules.

Theorem 3.2. Let U, be an A-group-like unitary system on a finitely or countable generated Hilbert
A-module H over a unital C*-algebra A, and let ¢ be a complete Parseval frame vector for U,. Then
there exists a finitely or countable generated Hilbert A-module M, an A-group-like unitary system U,
on M and a complete Parseval frame vector n for U, such that & ® n is a complete wandering vector

for Uy & U, on He M.

Proof. Let K = l?ul (A). For each U, € U,, let Ly, be the left regular representation. Consider
U = {Ly, : U, € U,}. Now we consider the analysis operator associated with & which is denoted by
W. Then W is an adjointable isometry and has closed range. Let P be the orthogonal projection onto
ranW. We have Pyy, = WU &. Let Uy = 1. We have Py, = W¢.

We first show that P € U’. For every z € H,U,,V, € U],

LyWz =Ly, ) Uiy, = ) & U ViU,

Ule’LI Ule‘ll
= Z Mz, Viui&) f(ViUnx-voy
U]E(u
= Z Viz, fViUDT(VLUDE fF(VIU Dxvuy)
U]E(u
= Z Viz, 7(V, Ul)f))(r(v.U]) = WVz.
U]E(u
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Then Ly, W = WV, for all V|, € U,. Therefore, we have

PLyxvu, = Pf(ViUDxvuyy = f(ViUDWT(V1UDE
= WV[U[f = LVIWUlf = LV1PXU1'

It follows that P € U’ and also P+ € U’.

Let U, = {P Ly, P+ : U, € Ui}, M = P-H,n = P'y,. The test that U, is an A-group-like unitary
system on M is easy.

Now, we show that 77 is a complete Parseval frame vector for U,. In fact, for every z € H,

D" (P2, Um)(Uan, P*2)
U,eU,

= " (Pz, PELy, PPy )(P-Ly, P P4y, P*2)
U,eU;

= " (P2, P-LyxiXP*Lyxi P*2)
U,eU;

= D (PL Py Py, PH2)
U,eU;

= > (P'z,P'2) = (P*z, P42).
UeU,

The conclusion is proved by this. Finally, we show & @ n is a complete wandering vector for U, & U,
on H & M. Then for every U,, V| € U,, we have

(Ui§ @ Uy, Vi@ Vo = (U L&, Vi) + (Uan, Van)
=(WU &, WV iE) + (PLLUl PJ‘PL/\/I, PJ‘LVIPJ‘PL)a)
=(Pxu,» Pxv,) + (P*Lyx1, P* Ly x1)
=(Pxuy»xvi) + P xu, xv)

_ _ 1, Ul = Vl’
=0viam) = { 0. U, #V,.

Forz; € ‘H,z € H & M, we also have

D @eP LU e Um)UiE @ Usn,z @ P2
UieU,,UeU,

= Z (21, U1€) + (P2, Ua)(U1€, 21) + (Unp, P2))
U,eU,UelU

= Z Wz, WUE) + (P z, P* Ly x ))WU &, Wzy) + (P Ly x1, P*z))
U elU,

= > (W21, Py, + (P*z, Pxu, D(Pxu,, Wa) + (Pxu,, P2))
U|€(M1

= > (PWzixw) + (P 2 xu,)(xw,, PWan) + v, P2)
Uiel,
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= Z (PWzi + Pz, xu, ) xw,» PWzi + P1z))
Uel,

=(PWz, + Pz, PWz, + Pz) = (PWz,, PWz)) + (P'z, P*7)
=(z1,21) + <PLZ, PJ_Z) =71 ® P7,71® PJ'Z>.

The conclusion is proved. O

Then we have

Corollary 3.3. Let U be an A-group-like unitary system on a Hilbert A-module H such that W(U) +
0 and let & be a Parseval frame vector for U. Then there exists a Parseval frame vector n for U such
that & ® i is a complete wandering vector for U on H.

4. The complete Bessel vectors

Let U be an A-group-like unitary system on /H over a unital commutative C*-algebra A, and let
& € H be a complete Bessel vector. The analysis operator with respect to & defined by

Tex = Z(x, Uxyy, xeH

UelU

is adjointable and fulfils T; xu = Ué& by [9]. Ttis well known {Ué}yeq 1s a frame if and only if Tg is
surjective [2]. In what follows, let Bq, be the set of all complete Bessel vectors for U.

Proposition 4.1. Suppose that U is an A-group-like unitary system on a Hilbert A-module H. If
& € H such that UE is a generator of H, then Ce(U) = U'. Moreover, T,T; € U’ for all n,{ € By,.

Proof. The inclusion “ 2  is trivial. Let 7 € C¢(U) be arbitrary. Then

TUVE

TFUV)T(UV)E = f(UV)T(UV)TE
= UVT¢éE=UTVE, UVel.

Since Ué is the generator of H, which implies that TU = UT. Thus Co(U) C U’.
For the second part, for every V € U, we have

T;TVz = Y AV UDUn=V Y (o V'UOHV'Un
UelU UelU
= V) (@ [V OO FV (v o
UeU
= VY GV OOtV U = VT T,
UeU
where z € H,n,{ € By. So we have T, T, € U’ for all n,{ € By,. m|

The following proposition can be the analogue of the corresponding result for frames in Hilbert
space [6].

Proposition 4.2. Suppose that H has orthonormal bases and & € W(U). Then n € By if and only if
there is an adjointable operator T € C¢(U) such that n = TE&.
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Proof. Suppose that 7 = T¢ for some adjointable operator T € C.(U). Then for any z € H,

D & UnUn2) = Y (5, UTEXUTE, 2)

UelU UelU

= 3 (@ TUEXTUE, 2)

vel

- Z(T*z, UEWUE, T*zZ)
velu

=(T"z,T"z) < (2, 2),

where the last inequality we use Lemma 2.1. Then n € By,.

Now, suppose that € Bq;. The analysis operators with respect to & and 7, are represented by 7 and
T,, respectively. Let T = T, T;. Then T is adjointable. We now show that n = T¢ and T' € C¢(U). By
Proposition 4.1, T € U’ C Ce(U). For any U € U,

TUE = ) (UE WEWn = Un.
weld

Let U = 1. Then T¢ = 1. |

To parametrize the collection of all complete Bessel vectors for U, we utilize Lemma 2.4 which
introduces a natural A-conjugate linear isomorphism n from £ onto £’. This is accomplished by
defining

n(A)By; = BA™y;, YA,Be L.

In particular, m(A)y; = A*x;,A € L. The following is a parametrization of the set of all complete
Bessel vectors for U.

Theorem 4.3. Let U be an A-group-like unitary system on a finitely or countably generated Hilbert
A-module H over a unital commutative C*-algebra A. If n € H is a complete Parseval frame vector,
then

By ={An:AeU").

Proof. According to Lemma 3.1, we can let U = {Lylap : U € U} and n = Py, where P is an
orthogonal projection in the commutant of {Ly : U € U}. Let L ={Ly : U € U}".
Let’s assume A € U”. Then A = PTP for some T € L. Thus

An = PTPn= PTn = PTy;.
Then we have

D (& LuAn)(LuAn, 2y = ) (&, LuPTxXLuPTx1,2)
Uel veu

= Z(Z, PLUJT(T*)XIXPLUT[(T*)XI, Z>
UelU

= Z (2, Pn(T")Lyx 1 )XPr(T")Lyx1,2)
UeU
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= > (a1 Pz, Lyxi)(Luxs, w(T*) P2)
Uel

= <<Z (T")" Pz, xv X, n(T*)*Pz>

UelU
=(n(T*) Pz, n(T*)" Pz) < c{z, 2).

Therefore, An € By,.
Conversely, let & € ranP be a complete Bessel vector for U. Then, Tyy = Lyé defines an
adjointable operator 7. For each V € U, we have

TLyxv =Tf(UV)xwwv) = fF(UV)Txrwv)
= f(UV)Lywvé = LyLyé = LyTxy.

Therefore, T € £’ . In particular, Ty; = &. Let A = P~ '(T*)P € U”. Note that 7~'(T*) € £ and

7 (T = aw™ (T)xr = Ty
Thus, we have
An = Pr ' (T*)Pn = P (T*)Py; = PTyx; = P¢€ = &.
Hence By = {An:AecU")}. O
Similar to the complete Bessel vectors, we have the following corollary.

Corollary 4.4. Let U be an A-group-like unitary system on a finitely or countably generated Hilbert
A-module H over a unital commutative C*-algebra A. Suppose vector & is in H, and vector n € H is
a complete Parseval frame vector for U. If there’s a unitary operator A € U"” that makes & = An, then
¢ is also a complete Parseval frame vector for U.

Proof. Through Lemma 3.1, we can assume that U = {Ly|..p : U € U} and n = Py, where P is an
orthogonal projectionin {Ly : U € U}Y. Let L ={Ly : U € U}".

First, we assume that there is a unitary operator A € U"” such that & = An. Our research reveals that
the vector An is a complete Parseval frame vector for U. For z € ranP,

D (& UARUAR,2) = ) (2, LyPAn)(LyPAn,2)

UelU Uel
= (& LyPAPY;XLyPAPy1,2) = ) (2, LuPAx/XLyPAx1,2)
UelU Uel
= > & PLuAXPLyAY1, ) = ) (P2, LyAy X LyAxs, P2)
UelU UelU
= Z (2, Lym(A" ) Lym(A")x 1, 2) = Z (2, 1(A")Lyy ){n(A")Lyx1, 2)
UelU Uel
= Z(ﬂ(A*)*z,XUxXU,ﬂ(A*)*z) = (m(A*)z,n(A")"2) = (z,2).
Ueld
The conclusion is obtained. O
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5. Frame multiplicity of A-group-like unitary systems

Let U be an A-group-like unitary system. Two complete Parseval frame vectors &€ and i for U are
said to be equivalent if {U¢}yeqr and {Un}yeqs are unitarily equivalent frames, i.e. there is a unitary
operator W such that WU¢ = Un for any U € U. Well, we have the following equivalent condition.

Proposition 5.1. Let U be an A-group-like unitary system. Suppose that &, and &, are two complete
Parseval frame vectors for U, respectively. Then {Ué&}yecy and {U&}yeqs are unitarily equivalent
frames if and only if there is a unitary operator W € U’ such that W&, = &.

Proof. Suppose that {U&,}yeqs and {U&;}yeqq are unitarily equivalent. Then there is a unitary operator
W such that WU¢, = U, for all U € U. In particular, W&, = &,. Then for any U, V € U, we have

WUVE = WHUV)T(UV))E
= fUV)T(UV)& = UVE,
= UWVE,.

Then W e U’.
Conversely, suppose that there is a unitary operator ‘W € U’ such that W¢, = &. Then WU =
UW and WU¢E| = UWE, = Ué,. Therefore, {Ué,}yeqys and {U&,}yeqq are unitarily equivalent frames.
O

We use H™ to denote H@®H @- - -&H (n copies of H) and U™ to denote the set (UdUS---@ U :
U € U). It is easy to see U™ is an A-group-like unitary system on H™. An A-group-like unitary
system U which satisfies W(U) # 0 is said to have frame multiplicity n if n is the supremum of all
the k € N with the property that there exist complete Parseval frame vectors ,(i = 1, 2, ... k) such that
71 ®1,® - @1y is a complete Parseval frame vector for ¥, We need the following to prove that the
multiplicity of frame is finite.

Theorem 5.2. Let U be an A-group-like unitary system such that W(U) # 0. Then the frame
multiplicity of U is n if and only if there are isometry operators V; € Endy(H) such that V; € U’ and
VIHLV;H wheni # j,i,j=1,2,--- ,n.

Proof. We only consider the case of n = 2. Assume that n;,7, € H are complete Parseval frame
vectors for U such that {Un; @ Un, : U € U} is a Parseval frame for H®. Let ¢ € ‘W(U) and V; be
the analysis operator associated with n;,,i = 1, 2, respectively. Then, V; is an isometry, and

ViUVy = Vi f(UV)T(UV)y
= fUV)T(UV)n; = UVn;
=UVVy,

which implies that V' € U".
Since 11,1, € H are complete Parseval frame vectors for U, respectively. Then for y,z € H,

y= ) W UndUn, 2= ) (2 Um)Un,,
UeU UeUu
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and
y@Z: Z(yEBZ, UUI@UTh)U?]l @UT]Q

UelU

=| > UnUm + > ¢z, Unz>Um]
UelU UeU

® Z(y, UniyUna + Z(z, U772>U772)
Uel UelU

=|y+ Z(Z, U772>U771)G9(Z<y, UnpyUn, + Z],

UelU UelU

which implies that ¢z, Un2)Uny = 3 yesy, Un)Un, = 0. Then

Viy, Vaz) = <Z<y, U771>Unz,z> =0.
UeU
Since Vi, V; have closed ranges, we have V{H LV, H.
Conversely, let y € W(U) and let n; = V. Then n; is a complete Parseval frame vector for . We
can identify V; as an analysis operator associated with 7;. Since ViH LV,H and V,, V, are isometry
operators. For any y, z € H, we have

D @z Um & Un)XUn @ U,y &2)
UelU

= > 0 UmXUnLY) + )0, UmXUnp, 2)

UelU Uel
+ > & UMXUnLY) + ) (@ U)X Un, 2)
Ueld Uel
=(Viy, Viy) + (Viy, Vaz) + (Vaz, Viy) +(Vaz, Voz)

=, +{2.2) =Dy d2).

Therefore 17, @ 17, is a complete Parseval frame vector for T®. |

Below is an essential theorem in this section, which tells us that the frame multiplicity is
always finite.

Theorem 5.3. Let U be an A-group-like unitary system such that W(U) # 0. Then the frame
multiplicity of U is finite.

Proof. Instead, suppose the frame multiplicity of U is infinity. For any k € N, there exist complete
Parseval frame vectors ;(i = 1,2...k) for U such that n; ®n, & - - - ® i, is a complete Parseval frame
vector for U®. Let T,, be the analysis operator associated with 7;, and P; be the orthogonal projection
from H onto T,,(H). Just like the evidence presented in Theorems 3.2 and 5.2, we have P, € U’
and T, (H)LT,,(H) when i # j. Since T, (H) = P(H), we have P,(H)LP;(H) when i # j. Then
PiP;j=P;P;=0.Let Q= ¥ P;. Tt is an orthogonal projection and Q < I. Let ¢ € ‘W(U). We have

k

(Qu.y) = ) (P, Py

1
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k

k
= ) (UPW,UPw) = ) (PUY, PiUY)

1

k k
= Z<TﬁiUni’ Tn,-Uni> = Z<77i7 T],)
<L) = Uy, Uy) = 1.

Since (n;, ;) € A is positive element, which lead to a contradiction if we let k — oo. O
6. Conclusions

In this paper, we have introduced the concept of A-group-like unitary system U and have proved
that a complete Parseval frame vector for U on Hilbert C*-module can be dilated to a complete
wandering vector. Moreover, we have provided the parameterization of complete Bessel vector for U.
We also have proved that the frame multiplicity of U is always finite.
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