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1. Introduction

In the last years, there has been a significant development in ordinary and partial differential
equations involving fractional derivatives. These kind of equations have gained considerable
importance due to their application in various sciences, such as physics, biology, economics,
mechanics, chemistry, control theory, engineering, signal and image processing, etc [1-7].

Nonlinear coupled systems of fractional order differential equations appear often in investigations
connected with disease models [8], anomalous diffusion [9] and ecological models [10]. Unlike the
classical derivative operator, one can find a variety of its fractional counterparts such as Riemann-
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Liouville, Caputo, Hadamard, Erdelyi-Kober, Hilfer, Caputo-Hadamard, etc. Recently, a new class of
fractional proportional derivative operators was introduced and discussed in [11-13]. Then, the concept
of Hilfer type generalized proportional fractional derivative operators was proposed in [14]. For the
detailed advantages of the Hilfer derivative, see [15] and a recent application in calcium diffusion
in [16].

Many researchers studied initial and boundary value problems for differential equations and
inclusions including different kinds of fractional derivative operators, for instance, see [17-21].
In [22], the authors studied a nonlocal-initial value problem of order in (0, 1) involving a i, -Hilfer
generalized proportional fractional derivative of a function with respect to another function. Recently,
in [23], the authors investigated the existence and uniqueness of solutions for a nonlocal mixed
boundary value problem for Hilfer fractional ,-proportional type differential equations and
inclusions of order in (1, 2] of the form

DIt = T, u(e). 1€ [wwl, 0<wy <,
1
u(wy) =0,
u(wy) = Y mu€) + Y GIETuO) + Y 4 D uy),
i=1 k=1

=1

(1.1)

where fo’”"/’, denotes the y-Hilfer generalized proportional fractional derivative operator of order y €
{a,0), a@,0, € (1,2] and type S € [0, 1], respectively, o € (0, 1], n;, {;, A € R are given constants, Y
[wy,wy]XR — Ris a given continuous function, If;l ‘7% is the generalized proportional fractional integral
operator of order ¢; > 0 and &, 0;, i € (Wi, wp), j = 1,2,--- ,m, i =1,2,---,n, k=1,2,---,r, are
given points.

In [24], the authors discussed the existence of solutions for a nonlinear coupled system of
(k, y)-Hilfer fractional differential equations of different orders in (1, 2], complemented with coupled
(k, ¥)-Riemann-Liouville fractional integral boundary conditions. In [25] a coupled system of Hilfer
type generalized proportional fractional differential equations with nonlocal multi-point boundary
conditions of the form

(D277 + kD2 Yoy (1) = 1 (6, 10, T2(0), 1 € [y, W],
1

1

(DE™ 4 kD2 Ny (1) = ot 71 (0, 720)), £ € [y, Wa),
1

T =0, i) = ) OmaE), (1.2)
j=1

n

To(wy) =0, To(Wy) = Z gT1(A),

i=1

is investigated, in which DWLW and Dwi”‘r are the fractional derivatives of Hilfer generalized
1 1

proportional type of order 1 < 6,0, < 2, the Hilfer parameter 0 <n < 1,0 € (0, 1], k,k; € R, 1, T5:
[wi,w2] X R — R are continuous functions, w; > 0, 6;,& € R, &;,4; € (w;,wy) fori=1,2,3,--- ,nand
j = 1,2,--- ,m. Existence and uniqueness results are proved by applying classical Banach and
Krasnosel’skii fixed-point theorems, and the Leray-Schauder alternative.
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Very recently in [26] the authors established existence and uniqueness results for a class of coupled
systems of nonlinear Hilfer-type fractional ,-proportional differential equations equipped with
nonlocal multi-point and integro-multi-strip coupled boundary conditions of the form:

D (2) = W (2, 0 (2), 7)), 2 € [Wy, Wl

D r(0) = Wy(2, 02, 7(2), 2 € [wy W),

w2 _, n m_, m
o(w;) =0, f U (s)o(s)ds = Z KiL W (s)T(s)ds + Z 0;7({)), (1.3)
Wy i=1 i J=1

) =0, [ Tords= Yo [ Tsewds+ Y006
Wy i=1 Si j=1

where Df,j’f”’ﬂ*’w* and k = 1,2 denote the Hilfer fractional ,-proportional derivative operator of the
order p, € (1,2] and type ¢; € [0,1], ¢ € (0,1], w; < ; <& < <wWo, Wy <0 <7z < € < Wy,
ki,0,,¢,0, e R, i = 1,2,---,n, j = 1,2,--- ,m, J*: [w;,w,] — R is an increasing function with
J;(Z) # 0 for all z € [wy,w,] and ¥, ¥,: [w;,w,] X R X R — R are continuous functions.

In this work, motivated by the above mentioned papers, we study a coupled system of -Hilfer
generalized proportional sequential fractional differential equations with mixed nonlocal and integro-
multi-point boundary conditions, of the form

ADIPPY N @) + L, DS PPN 1) = Y11 ki (1), ka(D), 1 € [wy, W],
DIV 1) + L DE PPV k) (1) = Yot ka(0), ki (1)), t € [wy, W],

k) =0, ) = ) mkaE) + Y &I ka(0)), (14
i=1 =1

r q
() =0, Jo(n) = > Neki@) + ) O 1" Vi (),
k=1 =1

where 7 Dfl’ﬂ “*¥ denotes the y-Hilfer generalized proportional fractional derivative operator of order

X € {ay, @y} with the parameters 8,,t € {1,2}, 1 < X < 2,0 < B, <1, Ply’”/’ is a generalized
proportional fractional integral operator of order Y > 0, Y € {® J,vl} A1, 2,13, £, N, ©; € R\{0},
&,0,009 € (a,b), i = 1,2,---,n, j = 1,2,--- m, k =1,2,---,r,1 = 1,2,--- ;g and Ty, Ty:
[wi,ws] X R X R — R are nonlinear continuous functions.

Here, we emphasize that problem (1.4) is novel, and its investigation will enhance the scope of
the literature on nonlocal Hilfer-type fractional y-proportional systems. Note that, when y(¢) = ¢,
problem (1.4) reduces to a coupled system of Hilfer generalized proportional fractional differential
equations with mixed nonlocal multi-point and integro-multi-point boundary conditions; while if p = 1,
reduces to a coupled system of y-Hilfer fractional differential equations with mixed nonlocal multi-
point and integro-multi-point boundary conditions. If Y/(¢) = ¢, {; = 0, ©; = 0, problem (1.4) is reduced
to problem (1.2).

In solving (1.4), we first convert it into an equivalent fixed point problem, with the help of an
auxiliary result based on a linear variant (1.4). Afterward, under different assumptions, we apply
different fixed point theorems to establish our results on existence and uniqueness of solutions. For the

AIMS Mathematics Volume 8, Issue 9, 22009-22036.



22012

first result (Theorem 3.1), we apply the Leray-Schauder’s alternative to show that there exists at least
one solution for the problem (1.4). The second result (Theorem 3.2), relying on Krasnosel’skii’s fixed
point theorem, shows that the problem (1.4) has at least one solution under different assumptions, and
the last result (Theorem 3.3), shows the existence of a unique solution to the problem (1.4) by means of
Banach’s contraction mapping principle. In Section 4, we illustrate all the obtained theoretical results
with the aid of constructed numerical examples. We emphasize that the problem (1.4) is novel and
its investigation will enhance the scope of the literature on coupled systems of -Hilfer generalized
proportional fractional differential equations with mixed nonlocal and integro-multi-point boundary
conditions. The used method is standard, but its configuration in the problem (1.4) is new.

The structure of the rest of the paper is organized as follows: In Section 2, some necessary
definitions and preliminary results related to our problem are presented. Section 3 contains the main
results for the problem (1.4), while numerical examples illustrating these results are constructed in
Section 4. A brief conclusion closes the paper.

2. Preliminaries

In this section, we introduce some necessary definitions and preliminary results needed in main
results later.

Definition 2.1. []1, I12] Let the functions ¥, [0,1] X R — [0, o) be continuous such that for all
t € R and for p € [0, 1], we get

lim 9y(0,1) = 0, lim &(p,0) = 1, lim d(p,?) = 1, lim &(o, 1) =0
p—0* p—0* p—1- p—1-
and
o0, ) 0, 0<p <1, %(p,0) #0, 0< p < 1.

Let also Y(t) be a strictly positive increasing continuous function. So, the proportional differential
operator of order p of function Y (t) with respect to function y(t) is defined by
T(t
PDPYYL(E) = D, D)Y(E) + Fo(p, I)#.
(1)
Moreover, if 9y(p, 1) = p and 91(p, 1) = 1 — p, then operator ?PD*¥ becomes
(1)
v

The integral corresponding to the above proportional derivative is defined as

PDPY() = (1= p)Yi(0) + p

| A=
P (1) = — f 7 T () (5)ds,
P

W
where
PRIV = Ti(0).
The generalized proportional integral of order n corresponding to proportional derivative ” DY (¢),

is given by
1

p'T'(n)

PIFYr () = f e T YOV ((r) — () T () (5)ds.
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Based on the generalized proportional integral of order n, we can obtain the following general
proportional fractional integral and derivative.

Definition 2.2. [11,12] Let p € (0,1] and a > 0. The fractional proportional integral of order a of
the function f with respect to function  is defined by

HERVOE

T f &7 VOV (4 (1) — ()" L) (s)ds.

Definition 2.3. [11,12] Let p € (0,1] @ > 0 and ¥(¢) is a continuous function on [wy,w,], ¥'(t) > O.
The generalized proportional fractional derivative of order a of the function I’ with respect to function
W is defined by

p oY

DGO = e T — f TOVO (1) — () T (s)ds,

where

ppreY — PPy ppeY PPy PPV

n times
Below we present the generalized proportional fractional derivatives of order a of function T with
respect to another function  in Hilfer sense.

Definition 2.4. [27] For p € (0, 1]. Let functions Y,y € C"([w,w,], R) and ¢ be positive and strictly
increasing with Y'(t) # 0, for all t € [wy,w,]. The Y-Hilfer generalized propotional fractional
derivative of order a and type 8 for (" with respect to another function ¥ is defined by

(HD‘(;;'B"D lﬁ‘r)(t) p[ﬁ(" @),0.¥ [Dn,p,l//(p[‘fqll —ﬁ)(ﬂ—a)’/?,lﬁ«r)](t)’

where ordern—1 <a <nand 0 < B < 1.

If y = @ + B(n — @), then the y-Hilfer generalized proportional derivative 7 Dy, 'B Y

(H Df,f;ﬁ’p"//T)(t) D Iﬁf”“’“”*”[ Dn,p,w(p Iv(vll —ﬁ)(n—a),p,l/’fr)](t) = Igfn—a),p,w D%’l‘o"//T)(t).

is equivalent to
Lemma 2.1. [27]Letn—-1<a<neN,0<p<1,0<pB<landn—-1 <y < n such that
y =a+nB—aB. If Y € C([wy,w,],R) and Iy """ € C"([w,, w,], R), then

2L () -y(w))
(pI;’Y;p,w HDﬁ;ﬁ’p’wT) (1) = Y(t) - Z ¢’ i jr((;,ll(t)] +"[1()W1))7 ! (pI] Y5 wf) (Wy).

j=1

Lemma 2.2, Let 1 < a1, < 2,0 <8, <1,y =a;+B2-a),i =1,2, A # 0and z,w €
C([wy,w,],R). Then the pair (ky, k,) is the solution of the coupled system

ADEPPY 1) + (DY) = 2(1),

(HD(ZZ BZP‘pkz)(t) + AZ(HD&Z_LBZ»D"#]{Z)([) = W(t),

& “ , 2.1
G =0, ki) = Y k@) + D& M8 ko), @D
i=1 =1

r q
k(i) =0, k()= ) Neki0) + ) 0 "L k@),
k=1 =1
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if and only if

ki) =

and

ko(t) =

L @-y)

W) - yl_l[Y " P PLw(E) - A Y i PL Y k(&
Apyl‘lf(yl)(w() Y(wy)) 1(;77 w(&) 2;;7 k(&)

O GPLT I W O) = 0 P K 0)) = P 2wn) + A f’l&;’)’”’kl(wﬁ)
r r q
+X2( Z Ne PIg Y 2(00) — A Z N PLy K (or) + Z O, PIS Y 7(19)
k=1 k=1 =

q
A1 )OI (8) = E () + Ao "I;;P"”km))]

ISP (1) = A, P K (1) (2.2)

-1
o 7 WO-ytn)

R T 72_1[Y n iplgz’p’w i)—A " iplvlq’p’wk i
Apyz—lr(yz)(l//() Y(wy)) 2(;77 W) 2;;7 PV k(£

D GPLTW0) = ) G T a(0) =PI 2w) + 4 LK (vm)
r r q
X D NPE 200 - 1 Y NI Koo + )OI ()
k=1 k=1 =1

q
—1 DO Lk (9) = PE wan) + Ao Plé;p"”kxw»)]

L) = o P ko), (2.3)

where A = XY, — X, Y,

o5 W)=y )

K= gy W) e
L @(E)-wtn)
o= 3 TGy W@ — ey

i=1

{; o5 W)~yG)

+Z PP, 1y VO Y (2.4)
P
P AR i
Y, = kZ 0" T(y1) —————(W(0) — Y(u))"!

@, &7 WOy

ﬁ _ vi+y1—1
+,Z‘p“’+” T+ ) 7V
o W)~y () 1
= ———— - Y2~
Bos gy W) — g
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Proof. Let the pair (ky, k) be the solution of the system (2.1). We take the Riemann-Liouville integrals
to Eq (2.1),
P DR )@ + A DR T k@] = P10,
(2.5)
PLC DR o)) + (DT k)] = 21 w ),

Then, applying Lemma 2.1 with n = 2 to Eq (2.5), we get
o5 WO=u)

W(l//(l) - l//(Wl))y]_](pluln_%p’wx)(wl)

ki(t) = PIPYa(0) — Ay P () +

o5 WO=u) y 2o

+m(¢/(l) — Y)Y LT x)(wy)
o5 WO=u)

- _ 1—1
T W~y

05 L,p,
= PIgPY () — A PLP V(0 + ¢

-1
o5 WO-uw)

+cy m('ﬁ(’f) — Y (2.6)

and
—1
o WD)

TGy WO — ) L )

ka(t) = PIZPYw() — A, PP k(1) +

—1
o5 WO=yGn)

Ty = O WL )

L @0-ytn)

- _ -1
TGy W0~ vy

= PIPYw(0) = 4 PL () + o
—1
o5 W=y

+C3m(lﬂ(0 — Y(wy)) 7, 2.7)

where
co = CLI7PY X)), ¢ = CI Y 0w, ¢ = (LY y)wy) and 3 = CL P y) ().

From the conditions k;(w;) = 0 and k(w;) = 0 we get ¢; = 0 and ¢3 = O, since y; € [a;,2] and
v2 € [y, 2] (see [27]), and Eqs (2.6) and (2.7) are reduced to

L@ O-y(a))
W(wa) — )", (2.8)

2L @—pa)

P71 (y2)

k(0 = PLY0) = 4 L R0 + o

ko(t) = PI?Yw(t) — A PL (t) + e W) — gy (2.9)

From the boundary conditions
ki(n) = > ko€ + Y L1 ka(6))
i=1 j=1

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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and

we get

and

NeX 1,p,
PIP W) — Ay PPV k(W) + ¢,

= Z R P17 2(00) — Ay Z N P17 ki (00) + o Z Nk
k=1 k=1

r q
ko) = D Riki(eo) + D O L k()
k=1 =1

o5 W)=y )

P 1(yy)

n N n n T]le
= g PICPYWE) = A Y i PIP k(€D + ¢

0 1,0,
PIPY 2(wy) — Ay PL Ky () + o

(W () — ()"~

L WE-vn)

(&) =y

G 0) — Y 4 Iy M ha(6)
J=1 j=1

LIS o7 WO)~u)
J

"6 2 T, g O U

Jj=1

o5 W)=y )

W(lﬁ(wz) — Y(wy))”!

r o5 Wlon—vt)
k=1 pYI_lr(YI)

q q
# DO P = 4y Y O L R ()
=1 =1

q 2L ()~ )
O e B
: () — w7

+c
’ ; P + 1)

From Egs (2.10) and (2.11), by using the notations (2.4) we get the system

where

AIMS Mathematics

X]CO - X2C2
szzCQ + Y,

M,
N,

@z,p, ax+®j,p,
M o= Y i PERIWE) — b ) k@) + 4 o)
i=1 i=1 j=1
- 1+D; ay,p,
— 5 P ha(0)) = I P o) + 4P IL K n),
j=1

r r q
N o= D RPLI0) - 4 ) R Pk + ) 0PI ()
k=1 k=1 =1

q
—1 DO L (1) =PI w() + 7T ko).
=1

(2.10)

W (o) — Y(w))" ™!

(2.11)

(2.12)
(2.13)
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By solving the above system, we obtain the constants ¢, and ¢, as

_ Y M+ X,N
XY - XY,

_ Y>M + X|N

and ¢ = ——.
XY - X0,

Co

Now substitute the values of ¢y and ¢, into Eqgs (2.8) and (2.9) and yield Eqs (2.2) and (2.3), as desired.
We can prove the converse of the lemma by direct computation. O

3. Existence results

In this section, we prove the existence and uniqueness results for the problem (1.4) by using three
fixed ponit theorems.
First, we defined the spaces
X = {ki k(1) € C([w;, w2], R)}

with the norm

k1|l = supflki (D), # € [wy, w2]},
and

Y = {ka | k(1) € C([wy, w2], R)}
with the norm

llk2ll = supflka(2)], 7 € [wy, w2 ]}.

Then it is well known that (X, || - ||) and (Y, || - ||) are Banach apaces. Obviously, the product space of
X x Y endowed with norm ||(ky, kp)|| = ||ki|| + ||k2|| for (ki, ky) € X X Y is a Banach space.
In view of the Lemma 2.2, we define an operator 7: X XY — X X Y by

T (ki, ko)) = (T1(k1, k2)(@), To(ky, k2)(1)),

where

—1
o 7 WO-utn)

Ti(ki, ko)1) = W(W(f) — Y)Y [Yl( Z i I 0 (E ki (€), ka(€D))
1 i=1

) Z ni plvlv}p’wkz(fi) + Z g; va(vllercpj’p’sz(Qj, ki(6)),k2(6;))
i=1 j=1

— 5L T Ia(0) =PI e, Ky (), Ka(wa)) + Ay P Ky (wZ))
=1

+Xa( Y R PEP T ow Kalon) o) = 41 Y Ry P k(o)

k=1 k=1

q q
£ O I (W, ka (90), Ko@) = A1 YOy Pk ()
=1

=1

—P [PV (W, Ky (W), Ky (W) + Ao Plv‘,;”’*”kxwa) + PITPYY (8, Ky (0), Ko(E))

~ L k(1)

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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and

-1
SOy )

Tr(ki, ko)) = W(lﬁ(ﬂ — Y(wy))”! [Yz( Z ni ”Iﬁf’p’””Tz(é‘,-, ki(&), k2 (&)
2 i=1

—b ) i ML @) + )T (05, K1(60), Ka(6))
i=1 j=1
— L T K 0)) =PI (o, Ky (), Ka (W) + A ”Ié;P’“”k1<wQ))
j=1
+X1( Z N PIg VY (0rs ki (01)s kal0r)) — Ay Z Ni plvla}p’wkl (o1)
k=1 k=1

q q
+ O LT (), Ky (90), ka(9) = A1 D O MLk ()
=1

=1

—P [PV (W, Ky (W), Ky (W) + Ao Pl&;”’*”km))] + PIZPY (8, oy (0), Ko ()

Lp,
~A "L k(D).
Then, we introduce the following notation for computational convenience.

Notation 3.1. Let A;, B;,C; for i = 1,2 be the constants:

W) =) ((wy) — gwy)™ - (Y(or) — Y(w)™
A= |Alo"='T(y1) [Yl( pT(a; + 1) ) ’ Xz( ,Z‘ N (e + 1)

q a4y
N Z o) W) — y(wy)) )
=1

Pl (ay + vy + 1)

N W(wy) — (wy))™
pI(ay + 1)

_ <w(W2)—w<wl>)y'-l[ N E) — )™
2 T R To Yl(;'"" pT(@s + 1)

I A L il WL LT )]
j=1

Pt (a, + @+ 1) p2l(asr + 1)

(W) — Y ! [ G WE ) | W) - gn)
C = = Yi(l4 | —————+ 1
| Koo | inZ]:InI e
& W0) — ) 5 00 — ww)
+uz|;|§j| pETCrY )+x2(m]| ;M .

+ 4]

WY (w2) = Y1) O 1o W) —wG )
+| 45| - + 4] IZ]: |®| ST 4o+ 1) )

(W) — Y(wy))
; ;

— -1
A, = (l//(Wg) i//(WI))y [Yz(
|Alp">71T(y2)
q
W) = Yw)"™ (P(wa) — (W)™
+;|®l|p“1+vlr(al Tu+ ) el + ) )]

(Y(wp) — ()™ = NG (W (00) — W)™
ptal(a; + 1) )+X1(; P (ay + 1)
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B, =

W) — Yy [ L WE) — pa)®
- Y. l.
Rlo” 1T () d Z‘ I Ty + 1)

- W(6;) — (wy)™*® (W(wy) — (wy))™
" JZ_; 31 PO (a, + O + 1))] T e, + 1)

(Y (w2) = (wy))”! [ o WE) — y)
C = = Yo([A i| —
2 Al 'T(yy) 2(| 2|IZ; |7l P

S 9,) — 1+®; B
| Z |§j|(l//( i) — Y(wy)) N I/lll(lﬁ(wz) - l,//(Wl)))
j=1

P2 + D))

S (o) — (W) < WD) — ()
+X, (141 ) 1N +l Y 10 =
2N 1200 T

+| o]

(W(w2) — () )] i
I

((wz) — (w1 ))
. :

Now we prove our first existence result via Leray-Schauder alternative [28].
Theorem 3.1. Let Yy, Y5: [wy, wo] X R? = R be continuous functions. Suppose that:

(Hy) There exist u;,v; > 0 fori = 1,2 and uy, vy > 0 such that for each ki, k, € R, t € [wy,w;],

ICi(t, ki, k)l < up + ui|ki| + uslksl,
ICo(t, ki, k)l < vo +vilki| + valksl.
If
(A +ADuy + (B + Bo)vi + (C1 +C) < 1
and

(A + Auy + (B + B + (C1 +C) < 1,

where the constants A;, B;, C; for i = 1,2 are defined in the Notation 3.1, then the problem (1.4) has at
lest one solution on [w;,w,].

Proof. Since f and g are continuous functions, then 7 is a continuous operator. We prove that 7B, is
uniformly bounded, where B, is the closed ball

B, = {(ki,k2) € X X Y : [|(ky, k)| < 7}
For all (ky, k;) € B,, by (H;) we have

|0y (2, k1, ko) uo + urlk| + uslks|

uo + uyllkil] + uallko||

INIA A

uog + (ug + up)r
Py

and similarly
|T2(t9 kla k2)| < Vo + (Vl =+ VZ)}" = P2-

AIMS Mathematics Volume 8, Issue 9, 22009-22036.



22020

So, for any ki, k, € B,, we have

1 -1 C Q2,04
T (ki, ko)D) < m(l//(f)—df(m))y [Y1(;|7]i| PIPPY T (& k(€ ki (£))

Al Yl P @l + Y11 L 106, Ka(6)), K1 (6))
i=1 j=1

+|A,] Z |{j|pl‘:7:—q)j,p,w|k2(6j)| + plﬁf’p’wl‘rl(wz, ki(wy), ky(w))| + 4] plvln |k1(W2)|)

r

X D IR PL 10 (00 K1 (00), Ko@) + 11| D IW P (o)

k=1 k=1

q q
# 1O I (@, ka9, Ko@) + 1] > 104 P ey ()]

=1 =1

IV | (wa, ko (wa), ky (wa))] + Mﬂplv‘,;’)’ﬂkz(m») + PIZPY T (2, K (8), Ko (D))

HAUP LY ki (0]
B (eﬁ(vg?)—w(wl))w-[ Z' | WE) —yu)™
|Alo"=1T(y1) T (@, + 1)

W(0)) — y(w 1»“2”’ W(E) = Y(w))
+p22|4] P 7,5 1) Mzuuczanl —

W (0)) — p(w))) " W (W) — P(wp))™
+'ﬂ‘2”'k2”;'§"' PHOT(2 + D)) +h 0N T(a + 1)

S (00 — Y™ (oW - y())
+X2(P12|xk| T+ 1) |a1|||k1||2|><| .

+ |4 [l

(Y(wo) — W(W1)))
Je

W) — y(wy)' Plz| (l/’(ﬁz) Y(wy))®v

o1+ v+ 1) paul(ay + v+ 1)

(Y(wp) — Y(wy)) )]
0

HAil [kl Z ©)

P (W(wy) — ¢(wy))*
p2l(a; + 1)

(W(wy) — Y(wy))™
p*T(a; + 1)

< PiA, + PB, + 1Cy,

+ |||l ||

+P + || [kl

(Y (w2) — ¢p(wy))
o

and hence
T (k1, ko)l < PyA + P2By +1Cy.

In the same way, we can obtain that
IT2(k1, ko)ll < P1 A + P2 By + 1Co.
Consequently,

1T (ki, ko)l < (A + APy + (B1 + Bo)Pr + (Cy + Co)r.
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Therefore, the set 7B, is uniformly bounded.
Next, it is proven that T B, is equicontinuous. Let (ki, k;) € B, and 1,1, € [w;,w,] with #; < 1,. Then,
we have

_ -1 _ _ -
Ty Uess k)(12) — T (k. ko) (t1)] < W () — (wy))” W () — Y(wy))”

|Alom='T(y1)

[ Z il P Ly 1 E RaED, Ka (D)
+ 12| Z i "L o ()] + Z 11 a6, Ka(6)), Ka (6)

j=1
+ || Z 1178 0] + B 11 (o, Ky (), o)) + | Pl&;”*“ﬂkl(wm)

+ X Z 1N | 2211 (e 0)s Ka(o)] + 1] >IN Pt k(0
k=1

q q
+ D 1O PL I (@B, Ty (90), ko] + 4] 104 7L e ()]
=1

=1

+ plﬁf’p’wsz(WZ, ko (W), ky (W)l + |/12|p1‘,1,] |k2(W2)|)]

|

1
[W(12) = ()™ = (W(11) - ll/(S))“_]]t//'(S)Tl (x, k1 (), ka(s)d's

| | W) = () )T (6 K (5), K|
p(ay) fn

+ 0PI k() = P17k (1)

(W(t) — )"~ = () — up))y! [ Z' |(t//(§z — Y(wy))?
IAlo"~'T(yy) L p@T(a, + 1)

9 (12+(D/
+ 1l Z| ,|M ’, Z'é W6)) — y(w)

ptOil(ay + @ + 1)

IA

2] 1+@; _ ) _
a3 <w;liljré(+lg : P LDV ) - b))
J

o T(a; + 1) pr(2)
Do Wlon) — g™ O W00 = Yw)
+ X,(P, ZM T Wl r;muf

() = yw )™ 5o W) = )+
A Z|®| o, + v 1) r 1o PHIT2 + )

p (W(wp) = Y(wy))™ W(wy) — lﬁ(Wl)))
T (@ + 1) P

W (12) = (W) = W(1) — (W)™ + 2y (1) - l//(tn))"‘]

+ ||

* @ T

+ ur(lﬁ(tz) w(ty)).

Then, we obtain that
T (ky, ko)(t2) — T (ky, k2)(t1)| — O,

when t, — t;, independently of k; and k,. Similarly,
T2k, ko)(t2) — Taky, ko) (1) — 0,
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as t, — t;. Therefore T B, is equicontinuous on [w;, w,]. From the above three steps and Arzeld-Ascoli
theorem, we conclude that 7" is completely continuous.
Let
U= {(ki,ky) €e XXY:(ki,ky) =uT(ki,ky), 0 <pu <1}

We prove that U is bounded. Let
(k1, k2) € C([wy, w2], R)

be any solution of (ky, k;) = uT'(ky, k>). For each ¢t € [w,w,], we have
ki(t) = uT\(ki, ka), ka(2) = uTs(ky, ky).
Then

k1 (0]

uIT 1 (ky, ko) (D)

T (k1, k) (2)|

W (wy) — y(wy))" !
|Alp" =T (1)

IA

W (&) — (W)™
p2l(ay + 1)

IA

[Yl(wo +vilki] +vallal) >
i=1

((8)) = (wy) ™+
PO (ay + @ + 1)

+(vo + vilki] +vallal) 12
j=1

n NE m 0. — 1+@;
Haalleall D M +llikal ) 'ffl(wélil_,ré(ilgj)
i=1 J=1

(W) — Y(wy))™ (W(wy) — lﬂ(Wl)))
Jol

+(up + uilki| + uslk + [ llk
(uo + uilki| + ulks|) o T(a; + 1) || 1k ]

(Y(ox) — Y(wi))™
p (e + 1)

+Xo((utg + wi k| + wslkal) > 1Nl
k=1

Y (Y(ow) — ¥(wy)) G W) — w(wy))'
Akl p | IN Al 1@
I 1||;| I il 1||;]| TG

W (W) — g(w)" ™

prtvl(ar + v+ 1)

(Y(wy) - l//(wl)))]
Je

q
g + wilki] + walkal) > 19
=1

(Y (wp) — Y(wy))™
p2l(ay + 1)

(Y (wo) — Y(wy))™ (Y(wp) — ¢(wy))
Tyl

< (uo + willki|l + wallk2 DAL + (vo + villksll + vallkal DB + (ki | + [1k2l)Cr,

+ ||kl

+(vo + vilki| + volkal)

+(up + uilki| + uslks|)

and thus
kil < (uo + willkill + wallka | DAL + (vo + villkill + vallkalDB1 + (llki | + [lk2[DCr. (3.1)
Similarly, we have

kol < (o + wsllksll + wallk2 DAL + (vo + villky [| + vallkal B2 + (ki + llk2[DCo. (3.2)

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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Thus we obtain

kil + llkall < (A + Aug + (B + Bo)vo + [(A + Auy + (B + By)vy + (Cr + Co)lllky |
+[(A + Auy + (B + Bo)vy + (C1 + C)llka |l

This imply that,

(A + Aug + (B + Br)vg
ki, k)| < ,
lI(k1, ko)l [ p

where
P = max{(ﬂl + ?b)ul + (Bl + Bz)vl + (C] + Cz), (ﬂl + ﬂz)uz + (Bl + BQ)VZ + (Cl + Cz)}

Then, the set U is bounded. Therefore, by Leray-Schauder alternative the problem (1.4) has at least
one solution on [wy, w,]. O

Now, we prove the second existence of results by applying Krasnosel’skii point theorem [29].

Theorem 3.2. Suppose Y, V,: [w;,ws] X R? — R are continuous functions. In addition we assume
that:

(H,) There exist positive functions ¢y, ¢, € C([wy,w,],R*"), such that

101 (1, ki, ko)l < @1(2), |Ta(t, ki, ko)l < @o(t), forall £ € [wy,wy].

If
Ci+Cy <1, (3.3)

then, the problem (1.4) has at least one solution on [wy, w,].

Proof. First, we separate the operator 7" as
Ty(k1, ko)1) = Thi(ky, k2)(@) + Tia(ky, k2)(2),

To(ki, ko)(t) = Tai(ky, ko)(t) + Too(ky, ko)(2)
with
o5 WO=u)

Apr='T(y))

Ty (ky, ko)(2) (1) - '»l’(Wl))yl_1 [Yl ( Z 7 plﬁf’p’w‘rz(fi, ki(&), k2 (&)
i=1
G PLT 05, K1(0), ka(6)) =PI 0 (o, e (), kz(Wz)))
j=1

X D RPEIL (01 K (00 Ka00)
k=1

q

+ Z G plﬁlﬁul’p’le(ﬂ/, ki (D), ko (9y)) — plgf'p’sz(Wz, ki(ws), kz(Wz)))]
=1

IV (1 ki (0), ko (D)), 1 € [wy, W),

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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LYy

Tk, ko)) = W(W(D - lﬁ(Wl))yl_l[Yl - A Z ni pllpwkz(fz
!

— )4 RO + 4 T )

r q
X =41 D I RPI K00 — A1 ) O Ik ()
k=1 =

+A; pI;}p’wkz(Wz))] -4 plvlq]p’wkl(t), t € [wy,wy],

LWy

Tor(ky, ko)1) = —————W(@) - Y)Y > m plglz’p’w'rz(s‘:i, ki(&), ka(&7))
Ap7~1T(y2) P

+ Z Ieae! &ﬁmﬁp’sz(@j, ki(6)), ka(6;)) = I} PV (wy, ey (), kz(Wz)))

q
+X, Z Ri Lo 10w K00, Ko@) + D O PI P 40 (9, Ky (), Ka(81)

k=1 =1

— PIPYY (o, Ky (W), kz(wZ») + PIZPYY (8 Ky (0), ko(2)), ¢ € [wy, W),

1
o7 W=y

Tatkk)(®) = e s 0 — g™ [Yz( -k Zl "L ka(E)

X Z &I le0)) + 1 L ()

q
+Xi( - A Z R "L ko) = A1 )0 MLk (9)
k=1 =

+1, Pli;p’wkz(wg)} — L PLP k1), 1€ [y, W)

We claim that 7B, C B, where
={(ki,k2) € X XY : ||(k1, ko)l| < 1}

We set
sup @i(1) = llgill

t€[wy,wy]

fori = 1,2 and choose
o Nldll(AL + Ap) + llp2ll(B1 + B)

"= 1-(Ci+Cy)
Let (ky, k), (k1,k,) € B,. Acconding the proof of Theorem 3.1, the following inequalities are obtained

IT11(ky, k)(0) + Tiatk, k)l < il AL + llgallBy + rCy,
|Ta1(ky, ko)(2) + Toa(ky, ko) () lleill Az + ll@allBy + 1Co,

IA

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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and therefore
T'1(ki, ko) + To(ki, k)l < llgill(Ay + Az) + lall(Br + Bo) + r(Cy +Co) <7

Hence,
T11(ki, ko)(@) + Tia(ky, ko)(2) C B,

and
Ty (ky, ko)(2) + To(ky, ko)(2) C B,.

Consider the operators T, and 75;. By continuity of f and g, T, and T, are continuous operators.
For any (k, k») € B,, we have

Tk, ko)) <

(@) — y(wi))"" [

Alp"~"T(y1) Z il L1265 K (6, K€
1

i=1

+ Z |§j|p1v(ay]2+q)j’p’¢|T2(9j, ki(0;), k2(6)))] + pléal]l ’p’w|T1(W2, ki(wy), kz(Wz))|)

r q
X DI E T 0k K (00, Ko@) + D 1O L1211 (81, ke (9, ko (9)]

IV | (wa, kg (wZ>,kz<wZ>>|) + 21T (8 Ky (0), Ko (D))

<l A + lleall B

In a similar way, we can get
T21(k1, k) (@] < il Az + (12| Bo.

Hence, we obtain that

(T, T2k, k)N < il |(Ar + A) + llal|(Br + Bo),

which yields that (7, T,)B, is uniformly bounded. For any ¢, t, € [w;,w;], £, > ¢; and for all
(k1, ky) € B, the operators (T, T1,)B, are equicontinuous by the proof of Theorem 3.1.

Lastly, it is proven that the operators T, and T, are contraction mappings. For all (k;, k»), (ki, k») €
B,, we have:

() — ()"

|T]2(k] , kz)([) — T]z(k], kZ)(t)l < |A|p71—11"(»y1)

[Yl (11 D" Il L a(E) = a0
i=1
] DG R0)) = @]+ AP () — K )]

r q
+ Xo(Jl D I E o0 = il + 1] ) 1O L ey (1) — ke ()]

=1

+ [P Ly Ve () — k2<W2)|) + P L ey (1) = Ky (2))
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<

_ yi-1 _ n A
OO, 51 U000
i=1

Rlo" 1T () :
_ WO — )Y () — )
+|/12|||k2—k2||jzz;|§j| Ta oy R - kI )

. o W) = g() . 5o W) — gwy))
+ X(|ullks = Kl ; [N . + | lllky = Kl ; O T o+ T)

+ | Aalllk — Kol + Ik — Kyl

WY(wip) — 'J’(Wl)))
o

(Y(wy) — (wy))
p

< Cillky = kil + [lka = kalD).

Additionally, we also obtain that

|Ta1(ky, ko) (1) = Tay(ky, k) (@) < Calllky — kil + [lka — ko).

Combining the above inequalities, we have

We have (T;,7T>;) is a contraction.

I(Th1, Tk, ko)l < (Cy + Cz)(W_ﬂ — kil + Ik = Kall).

problem (1.4) has at least one solution on [w;, w;].

Banach’s fixed point theorem [30] is applied to obtain our uniqueness and existence result.

Theorem 3.3. Let Yy, V5 [wy,wy] X R? — R such that:

(H3) There exist positive constants Ly, L,, such that, for all t € [w,,w,] and 0;,0; € R, i = 1,2, we have

|01 (2, 02,02) — Y1(2,01,01)

< Li(lop — 01| + |02 — 01),
V2 (2, 02,0) — Vo(t,01,01)] < La(loa — 01 + 02 — 04]).

Then, the problem (1.4) has a unique solution, provided that

Proof. Let

and

with

AIMS Mathematics

Ll(ﬂl +ﬂ2) +L2(81 +Bz) +C1 +Cz < 1.

Sup |Tl(ta 09 O)l = Ml < o0,

t€[wy,wa]

sup |Y»(2,0,0)| = M, < oo

t€[wy,wa]

B, = {(ki,ky) € X XY : |I(ky, ko)l < 7}

M\(A; + Ay) + My (B + B,)
[Li(A + Ap) + (B + Bo) + C1 + Ca]

r>
1—

Consequently, by Krasnosel’skii’s fixed point theorem, the

O

(3.4)

Volume 8, Issue 9, 22009-22036.
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For all (ky,k,) € B, and t € [w;,w,]. By applying (H3), we obtain the following inequalities

112, ki (D), k(D) < |T1(, ki (9), ka (D)) — C41(2, 0, 0)] + |42, 0, 0)]

< Li(ki@] + k(D)) + My < Li(|lk [ + |lk2ll) < Lyr + My,
IT2(8, k1 (), k(D) < (a2, ki (8), ka(2)) — Y2(2, 0, 0)] + [Y2(2, 0, 0)]

< Ly(lki@0] + k(D)) + My < Lor + M.

We have

Ty (k1, ka)(D)]

Thus,

We also have

Therefore

A

IA

WY (&) — Y(wy))™
p2l(ay + 1)

W(wp) — Y(wy))" !
|Alo"'T(y1)

[Yl((Lzl” + M) Z |71
i=1

(W (0)) — () >+
P T (ay + @, + 1)

HLor + My) > I
j=1

n NE m 0.) — 1+0;
il )t S+ e Y |5f|(w,ilil,ré(ﬁ12j)
i=1 =1

(W (wz) — ()™ (Y(wp) — l/'(W1)))
Jo,

+(Lir+ M + 44| Ik
(Lyr 1) (e + 1) || (&l

W (o) — Y(w)™
p¥I(a; + 1)

FXo((Lir+ M) ) INd
k=1

r _ q 19 _ 1+y;
il ) D o EE
k=1 =1

W () — Y(w)" ™

ptul(ay + v+ 1)

q
HLir+ M) > 10)
=1

HLor + Mﬁ“”f)“if)r(_a‘f(ff)) -+ Ll

HLir+ Mﬂ“ﬁ?ﬁf)r(_a‘f(f;))) Ak

(Llr + Ml)ﬂl + (Lzr + MQ)BI + YCL

(W (wp) — Y(wy)) )]
o

(Y (wp) — Y(wy))
Je

1T (ky, k)l < (Lyr + M)A, + (Lor + M3)B, +1C.

IT5(ky, k)l < (Lyr + M)Ay + (Lor + M3)B, + rCs.

T (ki, k)l < Mi(A; + Ay) + Ma(B) + By) + [Li(A + Ap) + Lr(B) + By) + Cy + Calr.

Hence, T(B,) C B,. Now, it is shown that (T, T,) is a contraction mapping. For all (k;, k), (k;, k») €

B,, we have

AIMS Mathematics
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W(&) — y(wy))*”
o2l (ay + 1)

W(wy) — Y(w )™
|Alo T (y1)

T (k1. ko) (1) = T (ky, k2)(0)] < [Yl(Lz(Hl_ﬁ = kil + llkz = k2ll) Z il

() - w(wl))‘“*d’

P+l (e, + @, + 1)

+ Loy = kil + k> = Kl Z 1)

2] 1+®;
+ il - kzl'Z'%M Al - k2||Z|§J W)~ v

pT(2 + @)
Ll =l + 1 = k) L2 IR 1y = o L)
+ Xa(Li(lIky = Kyl + ks = Kall) Z |Nk|(w(€1:)r(—ag]b€:vll))) !

3 1+y;
+ Ml - kl”Z'*‘k'Mﬂmnkl k1||2|®,| W) - yian)

— 1+”1F(2 +v))

W) — Y(w))* ™

“1+”1F(a1 + v+ 1)
(L//(Wz) — (W)™
o2 (ay + 1)

(W) — ()™
p () + 1)
< [LiA + LBy + Ci)(lki — kil + llkz — kal]).

By a similar argument, we have
Ta(ky, ko)(0) = Talki, k)@ < Lallky = kil + 11ks = al) Az + La(llky = Kall + Iz — kal)Bs
+(Ilky = Ky |l + |Ik> = kalC.

+ Li(|lky = kil + [lkz = kall) Z O]

+ L2(||]_€1 — kil + k2 — kall) + | Aalllks — Kol

((w2) — Y(wy)) )]
P

+ L1(||]_€1 —kill + ||/_€2 —kall) + |/11|||/_<1 = kil

(Y (wp) — gp(wy))
P

Hence, we obtain that
T k1, ko) = T(ky, ko)l < [Li(Ay + FAp) + La(By + Bo) + C1 + Cal(llky — kil + |lkz — kal).

By assumption (3.4), the operator T is a contraction mapping. By Banach’s fixed point theorem the
problem (1.4) has a unique solution. O

4. Examples

Example 4.1. Consider the following coupled system of y-Hilfer genneralized proportional fractional
differential equation,

L 3 lox) 113 log)

*D éz% 9 ])(t)+_(HD L33 k(@) = 1(lakl(t)’k2(t))’t€[

log(r)

u 3_1,13)
kZ)(t)+ 15( D e

low)

3
el

1

_’3 b

10 ]

H 51 1

"Dy ko)1) = Vot ka(0), K (1)), re[1—0,3],
1 3 4 131 10 4 33l 8

k Ok3——k — k| — e 9k e S (2
1 1 1 5 4 a3l
= — — - — P[3ETY

kz(m) 0, ko®) = 5- k1(6) 41k(]1)+23 s kl(
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Here, we take

log(¢
Oi(), w; = 1/10, wy =3, a1 =3/2, @ =5/4, B1 =1/2, B, = 1/4, p = 3/4,

A =1/12, L = 1715, 31 = 2/21, 1 = 4/23, & = 3/11, & = 7/11,
0 =4/23, & =6/25, 6; = 10/11, 6, = 8/12, @, = 1/2, ®, = 3/2,
N1 = 1/31, 8, =3/41, 0, = 1/6, 0> = 5/11, vy = 4/3, 9, = 2/3.

w(r) =

From the above data, we obtain
ki = 1.1096, k; ~ 0.9391, k, ~ 0.2570, k, ~ 0.7302, A ~ —0.4005,
A = 0.3385, A, = 3.6140, B; =~ 0.4068, B, ~ 0.6287, C; ~ 0.0891, C, = 0.3720.

(i) In order to illustrate Theorem 3.1, consider the functions f and g, defined by

2k ki[Pe~ e 17 sin® k
Titkiky = SR, Jale” ML
4 321(1 + 20k (0] + [k (D)) 25(1 +kS)
1 3k, sin® |kik,| 3k, cos* k
otk ky) = el g SKisiIkiksl 3k cos ky (4.2)
12 10 + 272 ‘/(t +4)3
Then, we have | | .
Tyt ky, k < -+ k| + =lka|,
101 (2, k1, ko) 1 32%' 1 25|2|
1 3 3
YH(t, ki, k < —+ k| + k»|.
172 (2, k1, ko) 1 10+2t2| 1 (t+4)3|2|

Thus, (H,) is satisfied with
uy = 1/4, u; =0.05, uy = 1/25, vo = 1/12, v = 0.2994, v, = 0.3613.
Then
(A +ADu + (B + Bo)vy +(C1 +Cr) 09687 < 1
and
(A + Aus + (B + Bo)vy, + (C +C,) = 0.9933 < 1.

Thus, all assumptions of Theorem 3.1 are satisfied. Hence, the proplem (4.1), with f and g, given
by (4.2), has at least one solution on [1/10, 3].
(i1) Consider now the following functions f and g,

f £ +4t  cos’(ky)
— -1 2
Ti(t, k1, k) = tan ( 1+ kl) + 5 + =
(kika)* . e kP
T e n
2k, ko) T+ ()t T omi (4.3)

It is obvious to check that the above functions satisfy

St+2 1
T P +2= (D),

T <
101 (t, k1, k)| < 0 >

AIMS Mathematics Volume 8, Issue 9, 22009-22036.
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4
|T2(I, kl,k2)| < sint+ g = gDz(t).

Then we find that C; + C, ~ 0.4610 < 1. Hence, by Theorem 3.2, the coupled system (4.1), with f
and g, given by (4.3), has at lest one solution on an interval [1/10, 3].

(ii1) To illustrate Theorem 3.3, we consider the functions f and g as

2(k1)2 + |k sin |k |

1
‘I‘ = — 1 2
1(t, k1, k) > + (log ) + 5(1 + 4k, ) Tlor+ 11

itk = e ; = 10:)121:glillu 1T ]2(%0:;(2C ler kal)’ @5
We have o | |
IT1(2, k1, ko) = Lo, ki ko)l < E'kl — kil + ﬁ|k2—k2|,
1o (t, ki, ko) = Yot ki ko) < 1—10|]_€1 — kil + $|]_€2 — kal,

and therefore the Lipschitz condition for f and g is satisfied with L; = 1/10 and L, = 1/9. In addition,
we find that

LA +A)+ (B +B,)+C1 +C, 09714 < 1.

Thus, by Theorem 3.3, problem (4.1), with f and g, given by (4.4), has a unique solution on [1/10, 3].

Example 4.2. We investigate the behavior of solutions by replacing the values of proportional

constant p by 0.1,0.2,---,0.9, in the following coupled linear system of y-Hilfer generalized
proportional fractional differential equations of the form:

34 1 11 . :
Uﬁ%”ﬁfkoa>+15ﬁﬁ%”pfkoa):evhf(ﬁrf,ze<a1y

1

1,2 1 11,2 _
(DY k)0 + D )0 = ¢ () re 0,11,

(4.5)
1 1\ 1. :,2 (1
k, (0) = 0, (D)= —k|=|+=">""k|—],
1(0) 1 (1) 30 2(5)+5 0 2(20)

7 1w, 3
— — o _p 5,PJ -
k> (0) =0, ko(1) = kg (10) + > 17 ki (25).

Here, we set

lﬂ(l):[z, wi =0, w=1, oy =3/2, an = 11/10, ﬁl ::82 ::ﬁ: 1/2,

A =1/10, A, =1/5, 1, =1/50, & =1/5, {; = 1/5, 6, = 1/20,
(D] = 3/2, N] = 1, o1 = 7/10, @1 = 1/2, v = 11/5, 791 = 3/25

By using integrating factor technique, we can obtain

ki(t) = 2B fte['_p,fl‘l(—tz+s2)+l"p'1(s2) 22
pr e+ =1) Jo
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2C1 ! Ly2yvo A2 2
+ Pl - 2yi=1 g ¢ (4.6)
Py Jo ’
ky(t) = el fte[l_i’w](_t2+sz)+[p”_l](sz) N
prl(ar +p - 1)
N 2¢3 t e[l_%](ﬂ)Jr%(sz_;z) gl 4.7
T2 Jo ’ '

where yy = T7/4, y, = 31/20 and

R(M - 0) + P(Q-S) _T(M-0)+N(Q-S)
PT — RN 87 PT — RN

c = , PT —RN #0, 4.8)

with the canstants M, N, O, P, Q,R,S and T are defined by

M = lr(zr(f,)g 5 f [EAAHMER) | 2a1426-3 g
pr i ay +p -
N = ——— e[l_%]Jr?l(sz)-sZ”_lds
P I(y1) Jo ’
I'(B)

0 = % ' e["”pﬂ]@ﬂsznz[%](sz) L a3 g
I'(ay +ﬁ - 1| p2
P22 o) /JHz 2 p
q)l_Hyzr((D ) f f e[ 5 1O+ ) ——=1(= Pst)+2[ 2152 I"(H% _ r2)®1—1 . S2a2+2ﬁ—3dsdr]’
1
P = I PISE | 2l g
P”F(Vz)

2 91 Lyg2,2 1 A2 2
N (I)lrilq) ) f e[pﬂ 1G4+ (1= 1P+ (22 (6 = A" 2 dsar,
P 1) Jo

1
0 = F(ZF('B’)B 5 f T HIERALIS | 20023 ¢
pelila+6-1 Jo
2 ! 1,2
R = 6[1_5]+7(S)‘S272_1ds
p»T(y2)| Jo

20, " (1@ )+ 1- 117+ 2L (2-r2) 2 _ 2vwi-l | 2l
+T() e PR (@ = )T sT dsdr |,
et v) Joo Jo
Q —p+ -
S = e 1 e[1 L Y-t s G243 g ¢
Iy +B8-D[Jo

20, o (@2 =)+ [ 2222y -2 - 2) o[22 )52 2 2wl 2a+28-3
+WP() e r 1 Z p '7'(19]—7')1 - 571 dsdr|,
Y —v1) Jo 0

01
T = 2 Nttt o=ty
Ty Jo

For finding the analytic solutions, we use two constants ¢, and c; from Table 1 and substitute them
in Egs (4.6) and (4.7), respectively.
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Table 1. Table of two constants ¢; and c3 with varying the values of p.

No. p c1 c3

1 0.1 —-0.2753 —-0.9029
2 0.2 —-0.3394 -1.0376
3 0.3 -0.7134 —-1.1597
4 04 -1.0612 -1.3129
5 0.5 —1.4429 —1.4882
6 0.6 —1.8446 — 1.6497
7 0.7 -2.2518 —-1.7895
8 0.8 —2.6547 —-1.9073
9 0.9 —3.0472 —-2.0051

Next, using the Matlab program, we can find the approximate analytical solutions of k(t) and ky(t)
with different values of p as 0.1,0.2,0.3,--- ,0.9. Two graphs of k,(t) and ky(t) can be drawn.

From Figure 1, if the value p is increasing then the value of ki(t) is decreasing for each point
t € [0, 1]. From the Figure 2, we see that if the value of p increases, then the value of k,(t) decreases
for each t € [0, 1]. The lower and upper bounds for the above two curves correspond to p = 0.1 and
p = 0.9, respectively, when the value of t increases.

The graph of solutions K1 (t)
1.8 T T T T T

function kﬂ(t)
o
o =
T

o
[=2]
T

=
-
T

0:2

O 1 | | | | | | 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time(t)

Figure 1. The graph of solutions k,(¢) with different values of p.
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The graph of solutions kz(t)

p|:0.'l "

p,=0.2 i ) s T

function k 2(t)
o o
o o)
T T

e
=~
T

0 0.1 0.2 0.3 04 0.5 06 07 0.8 0.9 1
time(t)

Figure 2. The figraph of solutions k,(#) with varying values of p.

5. Conclusions

In this paper, we investigated a coupled system of y-Hilfer fractional proportional differential
equations supplemented with nonlocal integro-multipoint boundary conditions. We rely on standard
fixed point theorems, Banach, Krasnosel’skii and Leray-Schauder alternative to establish the desired
existence and uniqueness results. The obtained theoretical results are well illustrated by numerical
examples. Our results are new and contribute significialy to the existing results in the literature
concerning y-Hilfer fractional proportional nonlocal integro-multi-point coupled systems.

Our results are novel and contribute to the existing literature on nonlocal systems of nonlinear -
Hilfer generalized fractional proportional differential equations. Note that the results presented in this
paper are wider in scope and produced a variety of new results as special cases. For instance, fixing
the parameters in the nonlocal integro-multi-point ¢ Hilfer generalized proportional fractional system
in (1.4), we obtained some new results as special cases associated with the following:

e Nonlocal y-Hilfer generalized proportional fractional systems of order in (1,2]if {; =0, ©;, = 0,
j=12,--- ml=12---,q.

e Integro-multi-point nonlocal y-Hilfer generalized proportional fractional systems of order in
(1,2]ifnp; =0, Ry =0,i=1,2,--- ,n,k=1,2,--- ,r.

e Nonlocal Integro-multi-point Hilfer generalized proportional fractional systems of order in (1, 2]
if y(t) =1t.

e Integro-multi-point nonlocal Hilfer generalized fractional systems of order in (1,2] if p = 1.

Furthermore, additional new results can be recorded as special cases for different combinations of
the parameters {;,0;, j = 1,2,--- ,m, [ =1,2,--- ,q, ; =0,8, =0, i =1,2,--- ,n, k=1,2,---,r
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involved in the system (1.4). For example, by taking all values where; =0, j=1,2,--- ,m, we obtain
the results for a coupled system of nonlinear y-Hilfer generalized proportional fractional differential
equations supplemented by the following nonlocal boundary conditions:

k) = 0, k()= )4 I k(0),
j=1
r q

aGn) = 0, k()= ) Nk + ), 01"k ().
k=1 =1
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