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Abstract: In this paper, we study the following Kirchhoff-Carrier type equation
—(a+bM (\Vuly, ul,)) Au— Au = |ul’?u, inR’,

where a, b > 0 are constants, 1 € R, p € (2,6). By using a minimax procedure, we obtain infinitely
solutions (v, 4,) with v2 having a prescribed L*-norm. Moreover, we give a convergence property of
vVash — 0.
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1. Introduction and statement of results

In this paper, we study the following Kirchhoft-Carrier type equation
— (a + bM(Vulp, lul) Au — Au = |ul’>u, inR3, (1.1)

where a, b > 0 are constants, 1 € R, 2 < p < 7 < 6. M satisfies the following condition
(H) M : R* x R* — R* is continuous and

0 < M(&1,&) < Co(é0 + &2 + 1), (1.2)

for some Cy, d;, d,» > 0. Moreover, for each o € [0,S,], t > 0,

M(t,o1), (1.3)

j(: sSM(s,os)ds > 3(p-2)

where S, is the best constant of H'(R?) embedding into L7(R?).


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20231102

21623

It is well known that problem (1.1) comes from two classes of typical nonlocal problem which are
Kirchhoff type and Carrier type problems. In 1883, Kirchhoff [10] firstly proposed the Kirchhoff type

problem
Pu (Py E (Houl?  \6u
ou (Lo, = d -0,
Por (h " 2Lf0 x)

ax| ") ox2
which extends the claasical D’ Alembert wave equation by considering the effects of changes in the

length of the strings during the vibrations. In [12], Lions proposed a functional analysis method to
solve the following Kirchhoff problem

(1.4)

—(a+b [, IVu(x)Pdx) Au = f(x,u),  x€Q,
u(x) =0, x € 0Q.

Since then, problem (1.4) has attracted the attention of researchers, see [4, 5, 14, 15, 19, 20] and the
references therein.

Carrier in [7] proposed the following problem

2 -2 7T 2
((9’)_: - (1 + C;—n‘fo |u(x, t)|2dx) % =0 in(0,m) X (0, +00). (1.5)

The vibration of elastic string is described by (1.5) when the tension change is not very small. We
note that problem (1.5) is similar to the Kirchhoff equation which has many research results. However,
there is very little work on the problem (1.5) or its generalization. The appearance of nonlocal terms
leads to some difficulties. It lacks a variational structure so we cannot study the problem (1.5) with
variational method. Some authors are concerned about the existence of positive solutions or some
generalized cases of problem (1.5) by the topological theory and pseudo montone operator theory,
see [1,6]. It is worth mentioning that in [9], Jin and Yan studied the following Carrier type problem

{— (a+b [ nGPdx) Au= fw),  xeQ,

1.6
u(x) =0, X € 0Q), (1.6)

where a,b > 0 and Q c R" is a bounded open set with smooth boundary and y > 1. They obtained the
existence of sign-changing solutions of problem (1.6) by using the fixed point index method. Xu and
Qin [21] considered the Kirchhoff-Carrier type equation

{— (a+ badllull luh)) Au = f(u).,  x€Q. (1.7)

u(x) =0, X € 092,

where a,b > 0 and Q c R" is a bounded domain with smooth boundary and 1 < y < 2%, « :
R* x R* — R*. By applying the mountain pass theorem and the Ekeland theorem, they obtained
some existence results for problem (1.7). Let us emphasize that all the previous existence results for
Kirchhoff-Carrier type equation are obtained in a bounded domain. Obviously, the approaches adopted
in [9,21] do not work when the Kirchhoff-Carrier type problem defined on the whole space R?.

When b = 0, adding a repulsive nonlocal Coulombic potential, problem (1.1) reduces to the
Schrodinger-Poisson-Slater equation

Au—Au+ (X" = uPu = |ufP2u, inR. (1.8)
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Luo [13] proved a multiplicity result of solutions for problem (1.8) if p € (12, 6). They were interested
in normalized solutions, that is, solutions to (1.8) satisfying

f lul’dx = c.
R3

The normalized solutions associated to Schrodinger or Kirchhoff problems have been extensively
studied in recent years, see [11, 17,22]. Because people are particularly interested in normalized
solutions, we can search for normalized solutions of (1.1). Precisely, for given ¢ > 0 we look for

(u,A) € H'(R*) xR with |u} = c.
For this reason, we construct the variational structure of problem (1.1). Define J,, : Hr1 (R®) - Risa
functional with its Fréchet derivative operator given by

J,(wh = (a + bM(|Vuly, ul,)) f Vu - Vhdx — f lulPuhdx, Vu, h e H'(R?). (1.9)
R3 R3

For any u € H! (R3) \ {0} set B, = =%~ and v(¢) = 1B, for all t > 0. It follows from (1.9) that

[Vul,
WO _ st o) = s a+ bcs, s - [ g
R3

Integrating over [0, |Vul,], using Fubini’s theorem and J,(0) = 0 we obtain

Vulz 1
Jp(u) = g|Vu|§ + bf sM(s, s|B.l-)ds — —f [ulPdx (1.10)
2 0 P JIr3

for u € H'(R®). Since M is continuous, J, € C'(H!(R?), R) and the couple of weak solution as above
can be viewed as a critical point of J, restricted on the constraint

X,.(c) = {u € H}(R3) : f lu | dx = C} , ¢>0.
R3

As far as we know, there is no result on the existence and asymptotic behaviour of normalized solutions
of problem (1.1). In this paper, we focus on the existence of high energy normalized solutions to (1.1).
Let us state our main result.

Theorem 1.1. Let max {%(dl +2)+2, 2(dr +2) + 2} < p < 6. Then, for any fixed c > 0 (1.1) has a
sequence of couples of weak solutions {(v,,, A,)} C H} (R?) x R~ with |vn|§ = c for eachn € N7,
ValP = +c0, and J,(v,) = +00, asn — +oo.

Theorem 1.1 shows (v,, 4,)) depends on the parameter b. Therefore, we next focus on whether some
converence phenomena appear when b — 0.

Theorem 1.2. Let max {3(di +2) + 2, 3(dy +2) + 2} < p < 6. {(v, A0)} C X,(c) X R~ are obtained in
Theorem 1.1. Then, for any sequence {b,,} — 0*(m — +00) there exists a subsequence still denoted
by {by) such that for any n € N* vi" — V0 in H'(R?) and A" — 22 in R as m — +co where
{2, 9} € X,(c) X R™ is a sequence of couples of weak solutions to the following equation
—alAu—Au=ufu, inR>. (1.11)
Remark 1.1. A typical example of M satisfying condition (H) is M(s,t) = a + 2bt* with a,b > 0.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries results.
In Section 3, we prove Theorems 1.1 and 1.2.
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2. Preliminaries

1
Throughout the paper, let ||u|| = ( fR3(|u|2 + |Vu|2)d)c)2 denote the usual norm of H'(R?), | - |, denote

the norm of L7(R?) for 2 < 7 < 6. H'(R?) is the dual space of H'(R?) and H!(R?) is the subspace of
radially symmetric functions in H'(R?).

Proposition 2.1. [3, Lemma 2.1] Assume that p € (2,6). Then, there holds
Vul? + |ul>)dx
i L Vul® + | |2> .
uevi, (fll@ |M|de)F

where {V,} ¢ H'(R?) be a strictly increasing sequence of finite-dimensional linear subspace in H'(R¥)
such that U,V,, is dense in H'(R®) and V+ denotes the orthogonal complementary space of V,, in H'(R?).

Hp = +00, asn — +oo

This lemma is useful to show the compactness of the Palais-Smale sequence.

Lemma 2.2. [2, Lemma 3] Let F be a C' functional on H'(R?), if {x;} € X(c) is bounded in H'(R?).
Then,

Flxo() =0 in HRY) & F'(x) — (F'(x), i) xx = 0 in H'(RY)  as k — oo,
where X(c) = {u e H'(RY) : fRS luc?dx = c} , ¢>0.
Set

|Vuly
A(u) = f Vul’dx, B(u) = f sM(s, s|Bulo)ds, C(u) = f lulPdx, D(u) = f lul*dx.
R3 0 R3 R3

Now, we introduce a scaling. Define u,(x) = t%u(tx), fort > 0, u € X,(c). Then,
{Vuly
Auy) = PAW),  Bluy) = f SM(s,s* 7 Bul)ds,  C(u) = 29DCw) and  D(u;) = D(u).
0

Lemma 2.3. Let p > max {(d; +2) +2,3(dy +2) + 2} ¢ > 0 and u € X,(c). Then
u; € X,(c), A(u;) > +oo, and Jy(u;) > —oo, as t— +oo.

Proof. It follows from D(u,) = D(u) that u, € X,(c) for any u € X,(c). By (1.2) and (1.10), we obtain

at? 1 Vul s 5 (P2
Jpy(u)) = — \Vul*dx + bf sM(s, s 7|B,|-)ds — f lulPdx
R3 0 R3

2 P
2 1Vuly ‘ P2
s% f Vuldx + b f Co(sh*! 4 sG-Dbrtg st | g D f uldx
R3 0 P R3
ar® 2 d+2po di+2 3_3V 21, o421 a2 L 212
=5 | IVuPdx+ Ca 2 Vuly + {GDE2 gy 228 |42 4 21vy2)
R
)
- f lulPdx,
p R3
which implies that J,(u,) — —oco, as t — +oco0 since 7 € (2,6) and p >
max {3(d, +2) +2, 3(dy +2) + 2}, O
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Forc > 0 fixed,n € N" and n > 2 let

2

0,:= L7 -a* ", E,={ue Ve, () X(): Vul = 6,)

and
o, = inEf Jp(u),

(X2 +c)P/?

where L = max,.q e

M, 1s given in Proposition 2.1.

Lemma 2.4. For any p € (2,6), then 0, — +0co0 as n — +oco. Particularly, we can suppose that o, > 1
for every n € N* without any restriction.

Proof. For any u € E,, we deduce that

[V, 1
Jp(u) = Elf |Vu|2dx+bf sM(s, SIﬁulr)ds——f |u|Pdx
2 Jrs 0 P Jr3

1
> g |Vul?dx — (IVulg +c)P?
2 Jgs PHn

L
> 2 | VuPdx — =—(Vul, + c"?)
2 Pln

R3

=(1—l)a9 _ L P,
2 p PHn

Combining with Proposition 2.1, we obtain that o, — +0c0 as n — +oo since p > 2. O

Define the continuous map
n:RxH([®) - H R, ntv)(x)=e'vex), forteR, ve H ®)and xeR. (2.1
It follows from Lemma 2.3 that (z, v) € X,(c) for any v € X,(c), t € R and

A(n(t,v)) = 0, J,(n(t,v)) =0, t— —oo,
A(m(t,v)) — +oo,  Jp(n(t,v)) = —00, — +oo.

Recalling that V, is finite dimensional, we obtain that for any n € N*, there exists #, > 0 such that
Yot [0, 11X (X (c) N V) = Xi(c),  Yals,u) = n((2s — 1)t,, u)

satisfies
{A(m(o, W) < 6, A@u(l, 1) > 6,

Jb(fyn(O, I/t)) < Oy, Jb(’yn(l’ l/t)) < Oy
Now, define

I, :={y:[0,1] x(X,.(c)NV,) = X,(c)ly is continuous, odd in u
and such that for any u : y(0,u) = ¥,(0, u), y(1,u) = y,(1, u)}.

Obviously, ¥, € I',,. According to [3, Lemma 2.3], we obtain the next key intersection result.
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Lemma 2.5. For each n € N*,

b .
k’(c) := inf max Jpy(y(s,u)) = o,
n( ) yell, 0<s<1l,ueX,.(c)NV, b(Y( ’ )) "

Proof. The proof of the lemma can be easily obtained by [3, Lemma 2.3]. m|

Next, we will show that {KZ(C)} is indeed a sequence of critical values of J,, restricted on X,(c). First,
we shall prove that there exists a bounded (PS) sequence at each level ¥2(c). Now, we fix an n € N*.
We define the following auxiliary functional:

jb Rx Xr(c) - Ra (t’ I/t) - Jb(r](t’ I/l)),
where 7(t, u) is defined in (2.1). Set

[, :=1{y:10,11x (X,(c) N V,) = X,(c) xRy is continuous, odd in u
and such that oy € I',,}.

Obviously, 7 := (0,y) € T, for any y € T',,. Define

~b ) o
K (c) := inf max ToG(s. ).
2(C) yef, 0<s<LueX,(NV, »(¥(s, u))

Applying the fact that the maps

¢:T, T, y-60x):=07y

and

o:Iy>T,, Yooy :=noy

satisfy
Io(@(y) = Jp(y),  In(e@)) = Jp(F),

we get K2(c) = k5(c). Let us denote by E the space Rx H}(R?) endowed with the norm || -|[2. = |- 2 + |||
and by E* its dual space. Similar to [8, Lemma 2.3], we get the following result.

Lemma 2.6. For any € > 0, suppose that ¥, € I, satisfies

J.(¥ ~b
max  J,(Fo(s. ) < R(C) + €.
0<s<1,ueX, (c)NV, b('}/()( )) n( )

Then, there exists a pair of (ty, ug) € R X X,(c) such that
(i) Jy(to, uo) € [Ro(c) — €,Ko(c) + €];

(ii) MiNg< < yex, v, (o, o) — Fo(s, wlle < Ve;

(i) |(Fobor) (o w0)]| < 2 V%, e

(Tot0,0).2),.. | < 2 Velllle
holds, for all z € T, .y = {(21,22) € E,{ug, 22)2 = 0}.

AIMS Mathematics Volume 8, Issue 9, 21622-21635.
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Lemma 2.7. For any ¢ > 0 fixed and n € N, there exists a sequence {V; C X,(c)} satisfying
Jo() = K0), Jilx) = 0, Gy(v) =0,

where

3(p-2
Gy(u) =a f \Vul*dx + b f \Vul*dx - M(|Vuly, |Vulo|Bul,) — (P=2) f |ulP dx.
R3 R3 2p R3

Particularly, {v}'} is bounded in X,(c).
Proof. By the definition of «2(c) we have that for every k € N*, there exists a y € I, such that

max Jp(y(s,u)) < Kz(c) + %

0<s<1,ueX,(c)nNV,

It follows from &2(c) = k2(c) and ¥, := (0,7,) € T, that
7 1
y <i Z
O A To(Fe(s,u) < &y0) + 7.
Using Lemma 2.6, we infer that there exists a sequence {(¢/, u;)} C R X X,(c) such that
(D) Jo(tfs 1)) € [K3(€) = . 5(0) + {1:
(i) minOSsSI,LteX,(c)ﬂV,, (2}, MZ) - (0, ’}/k)”E < \/%,

(iii) H(jle,(c)xR) (#, u)

4 -
< —F&,le.
E* —_— ,\/];’ 9

4
< —llzlle

E*xE‘ \/E

holds, for all z € T(IE,MZ) = {(Z],Zg) e E, (uZ,Z2>L2 = O}

be(tz, u}), z>

(2.2)

For every k € N*, set v} = n(t, u}). We shall show that {v{} C X,(c) satisfies (2.2). It follows from (i)

that J,(vV}) — ki(c) as k — oo, since J,(vV}) = Jp,(n(#}, u})) = Jp(tF, u}). Noting that

(7w, ()
3_3
= are” f VuPdx + ae* f VuVvdx -+ bre*(Vu - M (¢'Vul, =19 15,1
R3 R3
3 3_3
+ b M (e’|vM|2,e(a—3)t|vu|§ flﬁulr) f VuVvdx
R3
3 - 2 —2)t 3(p-2t

- —(p )re%z)f lulPdx — e = f lulP2uvdx,

2p R3 R3

we obtain
3(p-2)

Gy(V}) = aA(v) + BIVVIEM(VVL, IV LIByl) = COvp)

2p
n n 3_3\mn
= ae’ f \Vul|*dx + be* f Vi Pdox - M(e5|Vid, €% Vg o|Buslr)
R3 R3

3 _ 2 3(p-2)it
_(p2—)e 2 "f P dx
14 R3

(T3 ). (1,0)).
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Hence, by (iii), we see that G,(v;) — 0 as k — oo for (1,0) € T(f;,u;).

Finally, we shall show that
o) = 0, ask — oo

We claim that for k € N large enough
Vi) W < w
ok Vi

holds for all w € T,., where Ty = {we H!(R), (Vi wy2 = 0}. Indeed, forw € Ty, taking w = n(—t, w)

we have
T, wy = a f VW + MYV, [VV;bleslr) f VV!Vwdx — f VP2 Viwdx

3 3 R3

§

2

= anz"f VMZVde+beZZZf Vi Vivdx - M(e% Vi), e
R3

(-2 2): )
—e f | 1P~ “ug wdx

= (Jl’)(tk, Vi), (0, W)).

3)
T

n
VU Bl

From f upwdx = f s Viwdx, we see that (0,W) € T(,:kguz) is equivalent to show w € T\,. It follows

1

-0| < min 2w — (0, y(t, u < —.
<o min ) = 0.yt )l

from (i1) that

=

el = 1

Hence, we conclude that

10, Wi = Wl = f3 wldx + 7% f3 Vwidx < 4w,
R R

Therefore,
ey Trit (0 ~ 4 ~
KI5, wi = (T8, ), (0, ) < e Wiz < 7||w||2
which yields
4
5kl = sup  KJ,0),w)l £ — — 0,
PO weTV;,nIzvnsl o Vk

as k — oo. Since (1.3) and p € (£, 6), we obtain

Jp(u) - 3= 2) Gy(u)
2|Vul;

Bp-10a _ , [ f"“'z
= —lvul + b SM(S, N u|‘r)ds - M(lvul 5 |Vu| u ‘r)
6(p_2) RFh| | & 3(p = 2) (Vs IVl
Bp-10)a _ ,
Z - A< Vu bl
60 —2) [Vul;
O

(2.3)

which completes the proof.
Volume 8, Issue 9, 21622-21635.
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Lemma 2.8. Let p € (2,6), 1 € R. If u € H'(R?) is a weak solution of
—(a + bM([Vuly, [VublBul)) Au — |ul’*u = Au,
then G,(u) = 0. Moreover if 1 > 0, we obtain u = 0.

Proof. 1f u € H'(R?) is a weak solution of (1.1) then it satisfies the PohoZaev identity

b 3 3
- f VuPdx + 5 f IVuldx - M(Vuly, IVublBle) = = | lul’dx = 52 f juldx
2 R3 2 R3 P Jr3 2 R3

and

a f \Vul*dx + b f \Vul*dx - M(|Vul, |Vulo|Bul,) — f lulPdx = A f |u|*dx.
R3 R3 R3 R3

Thus, we obtain

3(p-2
Gy(u) =a f \Vul?dx + b f \Vul*dx - M(|Vuly, |Vulo|Bul,) — (p=2) f lu|Pdx = 0.
R3 R3 2p R3

Combining (2.4) and (2.5), we can see that

3(p-2
0 < lVu + BIVUEM(Tul [Vufi) = 2= 20 [ fuPd.
p- R}

(2.4)

(2.5)

Since p € (2,6), if 4 > 0, we obtain u = 0 immediately. If 1 = 0, we get A(u) = 0. Together with

Gy(u) =0thenu = 0.

O

Lemma 2.9. Let vi C X,(c) be the Palais-Smale sequence obtained in Lemma 2.7. Then, there exist

v, € Hr1 (R?) and {4;} C R such that up to a subsequence as k — +o0
(i)vi = v, #0in H(R3);

(ii)) A} > 2, <0inR;

(iii) = (a + bM(VV; b, [V LlBule)) Avi = v = WiP=2vi — 0 in HI(R?);
(ZV) - (a + bM(lVanz, |an|2|ﬁv,,|7)) AVn - /lnvn - |vn|p_2vn = 0 ll’l Hr_l(RS)
Moreover, if A, < 0, then we obtain

Vi =V, in Hrl(R3) as k — oo,
Proof. Since {v]'} C X,(c) is bounded, we may assume that there exists v, € H,1 (R?) such that

Vi =y, in H(R?Y),
V> v, in LP(R?),

Vi > v, ae.inR’.

We claim that v, # 0. In fact, we assume by contradiction that v, = 0, then C(}) = o(1). By
G,(v}) = o(1), we obtain A(v;) = o(1). Consequently, J,(v{) = o(1) which contradicts Lemma 2.4.

Hence, (i) is proved. It follows from Lemma 2.2 that

Jlx.o0) = 0in H'\(R) e J,(00)) — (J,(V]), viyvi — 0 in H.'(R?), as k — oo,

AIMS Mathematics Volume 8, Issue 9, 21622-21635.
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Note that for any w € H!(R?),
b)) = TV, Vv, w)

= (a + bM(V} 1. Vv b1Bs ) f Vi Vwdx - f v

R R
- A f viwdx,
R3

1
A = [(a+bM<|sz|2,|VvZ|2wvg|T)) f Vv Pdx f ViPdx
R3 R3

)
vilz

where

+ o(1). (2.6)

Therefore, (iii) is proved. By (2.6) and the fact {v{} C X,(c) is bounded up to a subsequence, there
exists 4, € R such that A} — 4, as k — +oco. Moreover, from 2 < p < 6 and (2.5), we deduce that

1
A, = lim —
k

—0o0 C

(@ + bM(VV;h. IV h1By ) IVVE - f 3 |vz|f’dx]
R

1 A w2 3(p=2) . 2.7)
< Jim | (a+ MUV, 99alBglo)) (99 = =5 = | pirdx
=0,
which yields 4, < 0. Consequently, it follows from Lemma 2.8 that 4, < 0, that is, (ii) is true.
Assume that limy_,, fR3 |VvZ|2dx = > > 0. By (ii) and (iii), we obtain
—(a+bM(1,|vule) Avy — vy — P 2v, = 0 in HI'(R?). (2.8)

From (2.8), we get

(a+bM(, |v,,|T))f W, V(v = v,)dx — /l,,f V(Vi = vp)dx = f Ivnl”_zvn(vz —v)dx +o(1). (2.9)
]R3 R3 R3

From (ii) and (iii), we obtain

(a+bM(, |v,,|,))f VWiV = vy)dx — /l,,f Vi(Vi — vp)dx = f |vZ|”_2vZ(vZ —vdx +o(1). (2.10)
R3 R3 R3

By (2.9) and (2.10), we see that

(a+DbM(, [v,l,)) f IVV{ = Vv, P dx — A, f Vi = v,l*dx + o(1)
R3 R3

-2 -2
= | (VP v = valP v (v = vi)dx.
R3

Recalling that v — v, in L” (R?), we deduce that

(a+bMUv,lo) | Vv = Vv, Pdx - A, f V= v,l*dx = o(1),
R3

R3

AIMS Mathematics Volume 8, Issue 9, 21622-21635.
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which yields that (a + bM(U, |v,|;)) fR3 IVvi — Vv,|*dx = o(1) fora, b > 0,1 >0, 4, < 0. Hence,

f IVV{[dx — f IVv,|>dx.
R3 R3

Together with (ii) and (iii), (iv) is easily obtained. Then, we obtain that fR3 Vi — val?dx = o(1). Thus,
we obtain
Vi = v, in HrI(R3) as k — oo,

3. Proofs of the main results

Proof of Theorem 1.1. From Lemma 2.9, we obtain that for any fixed ¢ > 0, {(v,, 4,)} € H/(R?) x R~
with |an§ = c is a sequence of couples of weak solutions to (1.1) for each n € N*. Since G,(v,) = 0,
(1.2) and (2.3) we obtain

2
b
= J,(v,) — G, (v,
K, (c) = Jp(vy) 3 =2) »(Vn)
Gp-10)a_ [ f'V”"'z 2|Vl
= —lvvnl + b SM(S’ Slﬁvnl‘r)ds - M(lvvnl ) |an| Iﬁvn|‘r)
6(p-2) " 0 3(p-2) B
(3p - 10)a
< p—llvnll2 + C(Iall™* + Wl 2218y, 1272 + |[v,lD),
6(p—2)

which implies that {v,} is unbounded due to Lemmas 2.4 and 2.5. O

Proof of Theorem 1.2. For every b > 0, by Theorem 1.1 there exists a sequence of couples of weak
solutions {(v%, A2)} ¢ H!(R®) x R™ to (1.1). We show that for any sequence b,, — 0" as m — +oo,
(Vo e+ is bounded in H'(R?). It follows from V,, is finite-dimensional that for each n € N*,

b . .
£"(¢) := inf max J s,u)) < inf max Ji(v(s,u)) = @, < +00.
2 (C) inf max b (Y(S, 1)) inf max 1(y(s, u)) n

Since {(vo", >} c H 1(R?) x R~ is a sequence of couples of weak solutions to (1.1) with b = b,, and

Aor = 1 [(a+ BMAT D, 180 10) A — €O,

n

then by Lemma 2.8, we conclude that G;,, (vﬁ"’) = (. Together with (1.3) and (2.3), we deduce that

3p-10
O g,

3(p-2) 6(p - 2)

which implies that {A(V)")}uey+ is bounded in R, {v2"},.a is bounded in H'(R®) and {2} is

bounded in R. Therefore, there exist a subsequence of {b,,} (still denoted by {b,,} ) and 2° < 0 such that
Al A% as m — +oco. Meanwhile,

1 (€) = Iy, (V) = Gy, (") =

vir =0 in H\(R?),
vir =0 in LP(RY), (3.1)
vor 59 ae.in R,
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Thus, for every n € N* (10,1
w e H'(RY),

%) is a couple of weak solution to (1.1) with b = 0, that is, for any

n’“'n

af Vvﬁdex—/lgf % wdx—f VP4 wdx. (3.2)
R3

Taking w = v2" =19 in (3), we obtain
af VVZV(vz’” — v?l)a’x - /lgf vg(vﬁ'” - vg)dx = f |v2|”_2v2(v2’" — v?l)dx. (3.3)
R3 R3 R3

By {(v)", A2")} ¢ HI(R®)xR" is a sequence of couples of weak solutions to (1.1) with b = b,,, 12" — 2°
and {v2"} is bounded in H'(R?), we obtain

a f Vilnw(im —ydx — 2° f Vo (b 0y = f Vo P20 (v —v0dx + o(1). (3.4)
R3 R3 R3
Combining (3.1), (3.3) and (3.4) we can see that
aA(Vr = Vi) = DI = vi) = o(1). (3.5)

According to 2% < 0, A(v,” =% — 0 as m — +o0. If 2° = 0, from (3.2) it follows that v € H!(R%) is a
weak solution to —aAv = [v|P~2y. This yields vS = 0. On the other hand, by Lemma 2.5 we obtain that

1 <o, <Kki(e) :i= J,(0m) — 0,

which yields a contradiction. Hence, /10 < 0 and D(vz - vo) — 0, as m — +oo, due to (3.5). Thus,
(09,29} c HI(R?) x R~ is a sequence of couples of weak solutions to (1.11). O

4. Conclusions

The main purpose of this paper is to study the existence of high energy normalized solutions for the
Kirchhoff-Carrier type equation. To prove Theorem 1.1, we first show that

u; € X,.(c), A(u;) > +oo, and Jy(u;) > —oo, as t— +oo.

Combining with Proposition 2.1, we obtain that o, — +oc0 as n — +oo. Similar to [8, Lemma 2.3], we
get Lemma 2.6. We use Lemma 2.6 to obtain a Palais-Smale sequence {v] C X,(c)} of functional J,
satisfying G, (v;) — 0 where G, (u) is given in Lemma 2.7. Finally, we conclude that

n . 1 3
Vi—=v, imH.(R)ask— oo

by using Lemma 2.2. Meanwhile, we find some converence phenomena appear when b — 0.

In the proof, H!(R?) is the subspace of radially symmetric functions in H'(R?) is very crucial, we
do not know whether the solution can still exist in the more general space H'(R?). This is a question
that we need to further consider.
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