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1. Introduction

Fractional calculus (FC) has gained considerable importance in many fields of applied sciences
and engineering for solving various differential equations and investigating behaviors of mathematical
models simulating real-world problems. Its amazing presence is evident in the modeling of several
natural phenomena such as Hamiltonian chaos and fractional dynamics [1], bio-engineering [2],
viscoelasticity [3], vibrations and diffusion [4], physics [5, 6], financial economics [7] and references
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cited therein. For more detailed theoretical aspect of FC, see [8—12] and references therein. One of
the significant factors that make FC advantageous to ordinary calculus 1is that
fractional-order (non-integer order) derivatives and integral operators (FDO/FIOs) are more effective
for describing real-life problems than integer-order ones. Many researchers have attempted to propose
various fractional operators that deal with derivatives and integrals of non-integer orders with
successful applications to solve many problems. Different definitions of FDO and FIOs have been
employed in research papers, mainly focusing on Riemann-Liouville (RL) [13], Caputo [13],
Hadamard [13], Katugampola [13], Erdélyi-Kober [13], Hilfer [6], ¥-RL [13], k-RL [14],
w-Hilfer [15], (k,¥)-RL [14], (k, y)-Hilfer [16], and so on.

The study of nonlocal boundary value problems (BVP) is expanding quickly. In addition to the
theoretical interest, this type of problems can be used to represent several phenomena in engineering,
physics, and biological sciences. The nonlocal conditions have been used to describe some properties
that occur at various points inside the domain instead of handling initial or boundary conditions. For
historical backgrounds, see, e.g., [17-19]. At present, research on fractional differential
equations (FDE) under various FDO/FIOs has developed rapidly in numerous directions. Fractional
integro-differential equations (FIDEs) are the popular subjects that attract many researchers, some of
which studied the existence of the solution for FIDEs. We recommend a series of recent works as
in 2017, Jalilian and Ghasmi [20] established the existence and uniqueness of solutions for FIDEs
with pantograph type by applying lipchitz condition. In 2020, the authors [21] studied the existence
and stability of a class of nonlocal BVPs for integro-differential Langevin equation under the
generalized Caputo proportional FDO by means of Banach’s, Krasnoselskii’s, Schaefer’s fixed point
theorems, and Ulam’s stability approach. In 2021, Sudsutad et al. [22] used fixed point theories of
Banach’s, Krasnoselskii’s, and Leray-Schauder nonlinear alternative types to discuss the existence,
uniqueness, and stability of BVP for -Hilfer FIDEs with mixed nonlocal boundary conditions, which
include multi-point, fractional derivative multi-order, and fractional integral multi-order conditions:

HootY x(t) = f(t, x(0), 13 x(0), t € (0,T],

m n ,, r ) (1. 1)
X0) =0, > 6+ ) w; I xO) + > 4D (&) = K,
i=1 j=1 k=1

where the description of parameters can be found in [22]. Later, in 2022, Thaiprayoon et al. [23] studied
a class of ¥-Hilfer implicit fractional integro-differential equations with mixed nonlocal conditions:
TR () = £t %0, "D x(0), 15 x(1), € (0, T,

m n k
. . (1.2)
D wixm) + Dk D xE) + ) o I x(0,) = A,
i=1 = =1

where the description of parameters can be found in [23]. The existence and uniqueness of a solution
for their problem were verified employing Banach’s, Schaefer’s, and Krasnosellskii’s fixed point
theorems, and the analysis of the problem was established via various kinds of Ulam stability results.
In 2023, Sitho et al. [24] utilized the Banach contraction principle to show the uniqueness of the
solution and the Leray-Schauder nonlinear alternative to prove the existence of solutions for a new
class of BVP consisting of a mixed-type y,-Hilfer and ¢,-Caputo fractional order differential
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equation with integro-differential nonlocal boundary conditions as follows
Ay Cpren) () = TI(t, n(t)), 0 < a,B,y <1, te[0,x],
: 1.3
COWn(0) =0, (T)= Z D21y + Z 5 (£, (13

j=1

where the description of parameters can be found in [24]. For more interesting works on existence,
uniqueness, and Ulam’s stability results of these topics, we refer to [25-30] and reference cited
therein. In parallel with FIDEs, impulsive differential equations play an important role in dynamical
systems of evolutionary procedures by exhibiting instantaneous state changes at specific moments. It
is thus regarded as an effective instrument for comprehending numerous real-world situations in
applied sciences and engineering; see [31-33]. Many researchers have attempted FDEs and FIDEs
with impulse conditions to develop an excellent qualitative theory. Over the years, they have produced
crucial and fascinating insights that greatly aided the mathematical understanding of FDEs with
impulse effects. We refer to [34—39] for further fascinating works on the subject.

The inspiration for this paper is based on the previous works mentioned above. The novelty and
differences from the others are considered in our work. In this paper, we produce qualitative results
of the solutions for the following nonlinear impulsive (o, ¥)-Hilfer FIDEs supplemented with mixed
nonlocal boundary conditions:

HD“"’B" Yult) = £ u@), , 10" u(@), , L u(@), 1€ T, t# 1, k=0,1,...,m
pkllzof(z V)3 Vi, (tk) . 1If+k 12=Yk-1)¥k- ll/l(l‘k) = dut), k=1,2,....m

gf:bg\()’k—l);l//ku(tk) RL :Dpl‘ 1Vk=1= D3¢k ]I/t(l;) — ¢Z(u(tk))’ k=1,2,....m, (1.4)

Pk-1

u(0) = Zﬂzu(nz) + Z A I uE) = A, i€ (tutin], & € (],

where /! DZJ"ﬁ % denotes the (o, Yy)-Hilfer-FDO of order a; € (1,2] and type B¢ € [0, 1], px € R,
Ji = (. trn] € (@, b] fork =0,1,2,...,m, with Jy := [a, 4], J ;= [a,b],0 <a=1 <t <--- <

tw <tws1 =b<T, pqu Vi is the (pk,l,[/k) RL FIO with order q €< {pk(2 ’yk) Prk— 12 - Yi— s Vi, Ok, 61},

g>0,k=12,....m1=0,1,...,n, fkapo Y s the (ox, ¥y)-RL fractional derivative with order p €
(o= prc1 e =Dy with p € (1,2). &k = 1,2,om, , 27 () = limesor , 12597 u(th),

ﬁf@fg(”“”‘”"u(ﬁ) = limy_o+ RLDP"(” Dut, + h), ¢, ¢ € CR,R), k= 1,2,....m, f € C(J X R*,R),
A,,Lti, A €ER, n;, € (t, ti1] ,é‘:l S (ll,t1+]] i=1,2,...,myand [ =0,1,...,n.

The remaining sections of this work are structured as follows: Section 2 presents the prerequisite
and relevant facts for the concepts of the (p, y)-Hilfer fractional operators, as well as some necessary
lemmas that examine the solution of the linear variant of the proposed problem in terms of an integral
equation. Section 3 proves the existence of the solution using O’Regan’s fixed point theorem, while
the uniqueness of the solution is investigated by utilizing Banach’s fixed point theorem. Later, various
Ulam’s stability results, such as Ulam-Hyers (UH), generalized Ulam-Hyers (GUH), Ulam-Hyers-
Rassias (UHR), and generalized Ulam-Hyers-Rassias (GUHR), are established to ensure the existence
results in Section 4. Finally, some illustrative examples are provided to support the main theoretical
results in the last section.
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2. Preliminaries

Definition 2.1. [40] Let f € L'(J,b) and an increasing function y(t) : J — R with y/'(t) # 0
fort € [a,b). The (0,y)-RL-FIO of a function f of order a > 0 is defined by

) = s [[wo-soitvosoas paer = 0.0,
where I'y() is the p-Gamma function introduced by Diaz and Pariguan [41],
T,(2) = fo“’ £le5dt, zeC, Re(z)>0, p>0. 2.1)
Some other useful properties of (2.1) are well known: Tz + p) = @), T) = 1

T,(2) = (0)'T (z/p), T(z) = lim,_,; [,(2).

Definition 2.2. [16] Let f € C"(J,R) and a function y(t) € C"(J,R) with y/(t) # O for t € J. Then,
the (0, ¥)-RL-FDO of a function f of order a, p € R*, is defined by

dy' dV
0 dt) L) = 83, 7 f ). 53:(1&%)5) . n=lalpl.

Definition 2.3. [16] Let f € C"(J,R), ¥ € C"(J,R), ¥'(t) # O, fort € J, a, p € R*, and B € [0, 1].
The (p,y)-Hilfer FDO of a function f of order a and type 3 is given by

5O f() = (

59;&1/70) — Iﬂ(ﬂ” @); W(sn I(l—,B)(Pn—Q);Wf(t) — Iﬁ(ﬂ" )y (RLZDYP f) ), (2.2)

pat Yp-a* pat

where (1 — B)(np — a) = np —y,, 6; = (%%)n andn = [a/p].
Lemma 2.1. [/6] Let @, p € R* and 3 € R, such that B/p > —1. Then we have
() I WO = (@) | = FEEL () - i) 7
RLA\OY g Tp(B+p) ba
(ii) PR | w(0) - p(@)r | = =522 () - w(a) 7.
(iii) pljfplfffa) = L7 @0 = 0E LY F@).
Lemma 2.2. [35]Iff € C"(J,R), p, a € R*, B [0,1] and n € N, then

; a, - ( - )y—i n—
(1 0) 0 = 0= 3 ST oy (e )]

where y = % Bon—a)+a)andn = [a/p].

For convenience’s sake, we set the notation as follows:

Yt 5) = W@ — y¥(s)".

Next, we establish the following auxiliary result:
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Lemma 2.3. Letve (m—1,m), p, e R",me N. If h € C"(|a, b], R), then
gt [, L) = L k). 2.3)

P

Proof. By applying Definition 2.2 and (iii) of Lemma 2.1, we have

1 d\"
RLpa pn a+vy
o Da [p at h(t)] (w/(t) : d_t) 1Y% [p a* ]’l(t)] (24)
By using Definition 2.1, for n = 1, we obtain
LA p— p d I Cpran
+ h t = - — lIl P t, h d
(¢/(t) dt) P a ( ) wl(t) dt p (pn —a+ V) v ( S)w (S) (S) S
= \P , ’ I’l d
ol (on—a+v - p)f (f W' (s)h(s)ds
n—a+v—p;y
0T ().
In the same way, for n = 2, we have
1 d\ 5 ron—atv: o d 1 pn atvp _
) Ipf (H—V’d/h = P ’ h d
(l//,(t) dt) P pPra (t) l//'(t) dt (pr (,Ol’l a+v— p) (t, S)l,// (S) (S) S)

1 pn—a+v-2p
= \p , ’
R — f (W ()h(s)ds

= TR,

Repeating the above method, we obtain

LAY ey = £ 4 ! T ok
wi(l‘) dt p/) at - 'ﬁ'(t) dt prp(pn CY+V—(I’l— 1)p) , W ,Sw s)nis)as

f W) (W (Dh(s)ds
(v @) Jq

) ; ().

The proof is completed.

Denote the weighted space

C;7(J.R) = {u: (a.b] > Riu(a") exists and ¥, (1, a)u(t) € C(,R)}, ¥ € (1,21,
where Ci_y = Ci_y(J, R). The weighted space of piece-wise continuous functions is defined by
PCLIUR) = fui @bl > RiucC k=0,1.2,.m
pklff(z T (£F), . llff 1221 'u(r;) exist and

o T TG = T ), =1,

Observe that PC = PCZ”’(J, R) is a Banach space equipped with

2—
llullpe = sup ¥, (¢, 1)u(?)| -
teJ
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Lemma 2.4. Let oy € (1,2), B € [0,1], pr > 0, uxe > 0, v > 0, v = (1/pi)(Bi(2or — ) + ), Y €
CU,R)withy; >0,k=0,1,2,...,m b € Cj,;”‘. Then the following linear variant impulsive (o, ¥y)-
Hilfer fractional boundary value problem

Hmbiliyn) = (), t#t, k=0,1,....m
k

o DRI ey = g DT () = guu(n), k=12, m,

JPCve) l//ku(t+) [Pk 1(2 V-1 Wk- lu(tk) — (/J)Z(u(tk))’ k=1,2,....m, (2.5)

Pl Pre-1"1,
m+1

u(0) = Zl‘llu(rh) + Z A, I u(E) = A, mi € (i tial, & € (1, 1),

satisfies the following integral equation, u € PC, as

o - {%k ', tk) WI ) W, ,)} {A
(pk')’k) ALy oy = 1)) & Pj

m+1 yi—1 i—1

Z w1 1) @i—pity =)

_( I, (0ivi) Z (P/’Itjj S )wjb(tjﬂ) + ¢j+1(u(lj+1)))
i=0 pi ! j=0

m+1 \P% (nl’t) [ i—-1

2 j+p 2=y )W N
* T, (o:(y; — 1)) (p/I;j/+pI b(t]+1) + ¢j+l(u(tj+1)))
i= (p (71 - 1)) i
llj¢(t+l5 )] ! a/— . m+1 a
+ Z N ( r=Pr(Yr— 1)7¢”b(tr+1) + ¢r+](u(tr+1)) Zlulp, ll l/’zb(nl
./=1 ] r=0
-1

AP

nAY, " (G & —pityi=D;
+ A Im+91 lmb( ) + d aj Pi0; )’%b(t' ) + Q; (u(t' ))
Z o Z ; L (oryr + 6) Z pj t, +1) @i j+1 )

p1(y1=2)+6;

TS PR (I8 )
— ooty = 1) +6)

-1

Z 1Y +p,(2 Yj);w./'b(tﬁ_l) + ¢;+l(u(tj+l)))

j=0
< \Ij (t+ ’t) j_l _ 1)
3 N (LTI 1) 4 e ) ])}
j=1 Pj r=0
p W) & . |
+o 0 () + pk(pk 3 Z o i Rekln l)w]b(fjﬂ) +¢j+1(u(fj+1)))

\{n’k 2(1‘ t) k-1 a+ |
T oon _kl))[ Z TP 1) + 8 ()
Pk

Jj=

LW, (10, 1) & AN
Z w,m ) (prlff* Py ”’*”*bam)+¢,+1<u<r,+1>))], (2.6)
j=1

r=0
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where
A m+l y,‘Py’ i, 1) mZ“ zlel (Uz,f) L Wy (141, 1))
par (p% Ty (piyi = 1) = Pj

piy—D+6; pI(y=2)+6;
+i A, " (&) +i A, " En) Yyt t)
e ooy +6) Loty = 1) +6) = pj .

2.7)

Proof. Suppose u € PC is a solution of the impulsive (o, ¥ )-Hilfer problem (2.5).
For ¢ € [ty, t;], we have

v, W %3‘20, to) -
u(t) = cr 4, 127 (1),
po(P()?’o) po(Po()’o - 1))
where ¢; = g(fbf()‘)(yo_l)“/"’u(tg) and ¢, = polg"(z 70); ‘”"u(tg). By using Lemma 2.1 and Lemma 2.3, we
obtain
. Y, (, 1) .
2-y0); Yo\bs L0 2-0);
polgo( Y0) wou(t) — Op cL+ ¢ +p01t((¥)0+po( Y0) wob(t)’ (28)
0
-1); - -1);
;ZOLD/t;o(Vo N’Ou(t) = ¢ +p01;(¥)0 po(yo )‘”Ob(t). (2.9)
Putting ¢ = 1, into (2.8) and (2.9), we have
. Wy (1, 1) .
2—%0); /7 1540 2-%0);
pOIf:)O( 70) wol/t(ll) — Op c1+ o +p01t0100+90( Y0) 'ﬁob(tl)’ (210)
0
-1) - —=1);
,IDQOLDZ)O()’O )llfou(tl) = ¢ +p0[[0(t)0 £o(Y0 )%b(tl) 2.11)
For t € (11, 1,], we obtain
71—2
T, @ 1) kL oprn-Din B0 iy e g
ult) = ——— ’ u(t1)+ _— I u(t)) + , 1, "7"'h(1).
Ly (o1y) # (pl(% — 1) o
From the impulsive conditions, that is gf@fj(yl_l);wl u(ty) = ﬁ(ffbff(y‘)_]);w"u(tl) + ¢1(u(t)))
1 0
and ,, 127 () =, 107 u(n) + ¢ (u(n)), it implies that

(‘If;'l‘l(t, n) Y)W, ;0)) (e, )
: 1

“ Ty Tooion—1)  po T, (o1 — 1))
v 1)
(pml) (L2000 1)) + 1 (1)

Wt 1)
+—
Fpl(pl(% - 1))
By applying Lemmas 2.1 and 2.3, we get

I:;;I(Z—)’l);lﬁlu(l.) — (T%(t’tl) +\P¢/0(t1,l0)

(o I 0 (1)) + 7 (1)) + I D).

)c1 + o+, [PV (1) + g (ulty))
L1 Po
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I‘YO—PO()’O—l);l//Ob(tl) + ¢1(l/£(t1))) +pllt(?l+.01(2—71)§l//1b(t),

0" 10

Tlﬁ](t’ ll)
+p— (p
1

ﬁlLDZl(J’l—l)Wlu(t) = ¢ +p0100—P0()’0 1); ¢Ob(t1)+¢1(u(tl))+p1[‘1’1—,01(71—1)»¢1b(t).

In particular for 7 = 1, we have

Y, (t),t W, (t,t 7
( Wit Pt 0))cl+cZ+ JRIOn () 4 g ()

IP1(2—71);¢1 Lt(tz)
I3 P1 Po poio
Y, (2, 1) : ;
g (2, 1 —po(yo—-1); +12-71);
+T (pol;zo £o(¥0 )llfob(tl) + ¢1(u(t1))) +p1[;jl pi( 71)11/1b(t2)’
RLDPJ(Vl—l);wlu(tz) = ¢ +pOIZO—P0(70 l)lﬁob(t)+¢1(u(tl))+pl[m—P1(71—l);¢1b(t2)_

conditions, ﬁf@f’;m_l)mu(g) = ﬁf@ff'(y'_l)"/”u(tg) +  ¢a(u(tr))

2— *
oI5V (1) + $(u(n), for 1 € (12, 13], we get

) = (\Plz—l(t tz)+ \Pﬁ—%t,tz) L ‘ij(tm,zj))c N \lezz—Z(t,tz) .
- 1 2
To(p2y2) Tt =) p; To(pa(y2 = 1)

Under the impulsive

IP2(2 Y2)s 902 (t-zi-) _

and P2ty

‘Iml(tt) o
pz(l?z?’zz) Z bi ZI o 1)’(Ij"b(tf“fl)"'¢j+1(“(lj+1)))

\IJVZZ(tl,) 1 a+._..-
(0272 - 1»[2 LT 4 )
Iy,

_,_M (p()[ UERRCEL) N O ¢1(X(11)))
L1

j=0
+ pzlgzﬂlfzb(t).

Then for ¢ € (#3, 4], we have
v, n | VR B) G Wy, (s 1))

ut) = ( +—0
(1037’3) Loos(ys =1 = p; Loy (p3(y3 = 1))

) W, 1)
1

‘I’” Yt,1) & p |
T Z R RV ERRICTGRY))

\P73 2(t ¢ ) 2 a . |
T (03(y3 —31)) [ Z ol P lp/b(tjﬂ) + ¢j‘+1(u(fj+1))>
P3

Py s ) S a
+ Z — N (T ) + B lt) |+ D).
=1 Pj =0
Repeating the above process, for any ¢ € (#, 1], k = 0,1, ..., m, one has
WA 1)

) pk(pkm 1)

(” @, W W A1) iw,(z,ﬂ,t)) .
Lo (oryi) pk(Pk(Yk - 1) p “
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Vk 1
_— (t, 1) & o v,
+Pk1tkk’wl‘b(l) pk(pk ) Z o i) P b(tj41) +¢j+1(u(fj+1)))
P n) [ o |
* l)k(pk(Yk - 1))[12 Pt e yj)%b(tjﬂ) - ¢j+l(u(tj+1)))
< lP +1 j .
Z wj(tj 1) (prl;f,—prw,-n,wrb(m)+¢,+1(u(tr+1)))}. 2.12)
Jj=1 r=0

By applying the first boundary condition, u(0) = 0, we get ¢, = 0. From the second boundary condition,
Sl wu() + Y, A, 1, I = A, we have
1{ (m+l \P)’: (rll’t) i—1

o= < o Z(,,_/I;j'f_pj(Yj_l);Wb(l‘jﬂ)+¢j+1(”(fj+l)))
i /1 J_O

\P% (nl’t) i—1 +__...
Y 1))[2 I PICIIVin ) + ¢j+1(u(tj+1)))
i =0
1

m+1

Zﬂzp 1" ()

i—1 ¥ s Iz
+Z vj (t] 1 ) ( ar—pr(% l)w’b(tm) +¢r+1(1/l(tr+l))

j= 1 -] r=0

P1(71 D+6;
PI
ént) & "
oY a’/ pj(yj ])J//_/
+§jamz lb(§)+§ F,(pm+ 5 § ol D(t1) + @1 (1))

P1V=2)+6;

A, " (&)
Loty =1 +6)

-1

1% +0j 2=y *
Z p; tjj Y ]b(tj+1)+¢j+1(u(tj+l)))

Jj=0

< oG ) g
4 Z %p;]lj Z( rIt(rr or(yr 1)7¢/rb(tr+l) + ¢r+1(l/t(tr+1))) ])}9

Jj=1 r=0

where A is given by (2.7). Taking the values c¢; and ¢; in (2.12), we obtain the solution (2.6).

3. Existence results

By applying Lemma 2.4 and F,(t) = f(t, u(t), , I7""u(?), ,, I""*u(1)), we set an operator Q : PC —
PC by

Ykl Vi—2

e w,(r,+1,r>} {
_ A

(Qu)) { T oo rpk<pk<yk—1>>z p

m+1 yi—1 i-1

wi¥y (i, 1) ooy 1)

_( 2. W DG TR ) + g (u(t0))
i=0 PiNTLIL =0

m+1 Yi—2 i-1
ﬂi‘Pw (mi, ;) r+p 2y il
+ R JEtPI )3 ]Fu ‘s s ‘
Z rpi(pi(?’i -1)) Z (Pj I ( J+1) ¢]+1(u( ]+1)))

i=0 =0
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S Tw/(tj+1’t) ] 1 ar_pr(’yr_l).wr
3 N (B OV (1) + ()

Jj=1 Pj r=0
P] =D+,

"En) S .
+ Iaj—Pj(Yj—l),iju 4 b .
Z p[(,Om + 6)) = <p/' j (tj+1) + @1 (( j+l)))

PIY=2)+6;

LTS PR (N D .
7 4 aj+pj(2—y_/),¢//j .
" Fu t; + o t;
Loty — 1)+ 6) ; pil; (1) + @7y (u( ]H)))
Ny = m+1
Wy, (t4151)) < Jro—
D Z ) o) |+ D 1 o)
./ —0

=1
Ykl
(1, 1) =

+ A 1011‘*'51 WIF (é: ))} + Iak;kl’kFu(t)
; loi'n l Pr Tk (,Ok')’k)

a —pi(yi—1
z<p, TN, (1)

Yk 2([, k) S a’j"'pj(z Vi) (ﬁ/F *
+¢j+l(u(tj+1))) Tt pk(Pk(Yk —1) [ JZ pitt u(tj+l) + ¢j+1(u(tj+l)))
= (tj+1’ )J \ Of ( _l)lﬁ
Z (g "Fu<r,+1)+¢r+1(u<r,+1>>)]. (3.1)
j=1 ] r=0

Note that, the considered problem (1.4) has a solution if and only if Q has fixed points.
We assign notation for constants that will be used throughout this work

¥, Ttn) &S Wy, (a1
Q, = ! 3.2
LT AT o) Z_(;wp, Ty, (0 — 1))’ G2

o M
0, - W | (pis 1) LK 9 (1) & Z Tt t))
i=0 rﬂi(pi + a'i) =0 (pth r (pj +aj— pj(')’j - 1))
aj+p;C-y))
RS ) 2 Y, T st
Lo (pilyi = 1) = Lppj+a;+pi2-7v))
o+l P~ 477D

Y, (&Lt Z I, " G S Z Y, T (s t))
+
4Ly (por +a; +6) Ly (oryr + 61) Lp(oj+a;—pi(y;— 1)

=0

a//-+pj(2—yj)
Pj

PII=2)+6;

. Y, " Gt | Z Yy, (tjr1,1))
= Doloityr = 1) +6) <4 T, (p,+a +p;2=-v))

ar —or(yr=1

"’Z“ V2 t) 2 Wy (1, 1) S5 o ety
Loloityi =) = p; py (pr+ar pr(yr— 1)

i=0
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p1(y=2)+6; ar—pr(yr=1)

Y, RGARS Wy, (101, 1)) ]Z_l Y, " (tat)
Lon=D+0) = pj S+ a—p(y, = 1))

aj—p(y;=1)

TN ) W, (T S ¥, ()
+
pm(pm + a,m) rpm(pm)/m) j:0 ij(pj + a] _p](’)/] - 1))

@j+p 2=y ;)

1 m=1 \Pﬂl’_i g (lj+l s fj)

Fpm(pm(ym - 1)) =0 ij(pj + a’j + P/(2 - 7]))

(Vr —pryr=1)
mzi Wy, (t41,1)) i P (S 3.4)
P] pm(pm(')/m - 1)) r (pr +a, — pr(7r - 1)), .
Q. mZH l|ﬂi|‘1’$ (i, 1:) mZH il (i) & Ty (tje1, 1))
4 =
i=0 rp,(pI)/z) i= (pl(YZ - 1)) j=1 p]
PI=D+; P10=2)+0;
Pl Pl
. Z Ny, (&, 1) N |, Ent) S Wy, (st )
pl(Pm +6) — ,(101(71 -1+ 91) pj

m¥, (T.ty) & ¥y, (1. t)
Qs = ——— - , 3.6
S TN Sy R A 30

p1(y=2)+6;

nalvy, "Ent)

& il *ir 1)
Q = . 3.7
° Z Lo — 1) Z F o= D+ 6) 3-7)

(3.3)

(3.5)

3.1. Uniqueness result under Banach’s fixed point theorem

Lemma 3.1. (Banach’s fixed point theorem [42]) Let D be a non-empty closed subset of a Banach
space €. Then any contraction mapping Q from D into itself has a unique fixed-point.

Theorem 3.1. Assume y;, € C*(J) where Y (1) >0,k=0,1,2,....,m t€ Jand f € C(J X R.R), ¢y,
¢, € C(R,R), k = 1,2,...,m, corresponding to the following conditions:

(Hy) There are real constants L; > 0, i =1,2,3, so that, foranyt € J andu;, v € R, i = 1,2,3,
3
Gt w1, 102, 43) = F(E 1, v, v3)l < W88 80 D Liluts = vl
i=1
(H) There are real constants I; > 0, i = 1,2, so that, foranyte Jandu, ve R k=1,2,...,m,

b (0) = e < LY, (1) lu— VI, |gp(w) — r(v)| < LY (8 1) lu = .

Then, the considered problem (1.4) has a unique solution on J, if

Al+A) <1, (3.8)
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where
Ay o= (i + Q3)(Ly + P, + W Ls), (3.9)
Ay = (€ + Q)1 + (1Q6 + mYI) I, (3.10)
Wi (T, 1,) W (T, 1,) |
Pon = Yo 27> 7 Yo = T Prm = (3.11)

I_‘pm(pm + O-m), 1—‘pm(pm + Vm), P»;z(pm(ym - 1))

Proof. Clearly, the considered problem (1.4) is corresponding to fixed-point problem u = Qu. Then
we will show that Q has a fixed-point by the Banach’s fixed-point theorem.

Define constants M;, i = 1,2,3, by M; := sup,., |f(2,0,0,0)|, M, := max{¢(0) : k=1,2,...,m}
and M3 := max {¢;(0) : k = 1,2,....m}. Let By, := {u € € : |jul| <R} where

(Q Qz + Qg)M] + (Q Q4 + Q5)M2 + (Q Q(, + m‘I’y’”)M3 + Q] |A|
1= (A1 +4A)

R 2

The remaining proof is divided into two steps:
Step I. We will prove that OBy, C By, .
Suppose that u € By, and ¢ € J, we obtain

P, S () }{ A
AT, (Pk)’k) = IAlp;Tp, (ox(yr = 1))

m+1| A‘{JV"_] 1) =l
iy, (i 1) @=p (=D
* Ty 2l IRl 0 )

i=0 7=0

W0, 1)(Qu)0)| < {

| g 1) | i

1
01+Pj(2—'}’j)§l/// ) i ‘
’ =0 (P (yi—1) = p, ’f [Fu(tje0)l + |¢j+l(“([j+l))|)
‘Pw,(t w1s ) & \ _
Z J ( —pr (V=1 "|Fu ()| + |¢:+1(M(tr+1))|)]
J=1 Pj r=0
PII=D+O]

|/ll|\P “ (é‘l tl) =1 —pi(yi=1);
Z (pm o) Z(pjlgj P ’wleu(fj+1)| + |¢j+1('4(tj+l))|)
1=0 l’l j=0
PI=2)+0;

e, " G Y,
(Pz()’l 1) +01)[Z o t/j+pj( Pt + 10 w201

Jj=0
j-1

Wy (i1, 1] _
Z it )Z oD, (r,+1)|+|¢r+1(u(rr+1))|)}

Jj=1 Pi

f=}

<

m+1

+ ) il 1, (n,>|+2mz|p, SR, <§,>|}

i=0

— R aj—pj(yj—l);wj
P 1, 1), I F, 0+~ ,,k<pk k)z s Fu(tj)] + 1601 (u(t 1))
k-1

a/ 2— j *
Z (/?j P2y lllflf‘ﬂu(l}url)| + |¢j+1(”(tj+1))|)

Jj=0

(pk(yk - 1))[
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k— j-1

(t + 9t) [l/ _
Z P (e, (rr+1)|+|¢,+1<u(t,+1))|)}
j=1

J r=0

By using the property (i) in Lemma 2.1, we get

p p W (T, 1,)
70| <, 1T D Ollle < w—”u”m

L, (om + 0w)

W )

From the conditions (H,), (H,) and (3.13), we can find that

IF.()] < jf(t, u(t). p, 7" u(o). 1 u(®) = £(,0,0, 0>\ +1£(2,0,0,0)|

(3.12)

(3.13)

(3.14)
(3.15)

< LYY ]+ LY 00 |, 1 Wku(r)‘ + LG, j:%(r)‘ + M,
Wi (T, 1) Wi (T, 1,)
< (L1 el —L3)||u||Pc + M,
pm(pm + O-m) pm(pm + Vm)
= (Ly +YW{"Ly + ¥ La)|lullpe + M,
Gt < 1(u(t)) = (O)] + [¢(O)] < IS (¢, 1) [u(t)| + My < Iillullpe + Mo,
i ut)| < |Bru) — GO + [¢1(0)] < LY (1. 1) ()] + M5 < Llullpe + M.

Inserting (3.14)—(3.16) into (3.12), we see that

¥, 7 ¢, 1) Qu)(o)|

- {‘I’m(t 1) kz‘: Wy (11 1)) }{|A|+mz+i|ui|\1';i‘(ni,ti)
— UAIT (oeye) Il Lo (or(yi = 1) Lo (oivi)

i=0

i—1
i— _1’ .
x> (p,/.lfjf PO ) ) [(Ly + BT Ly + W Ly)llullpe + My | + L llullpe + Mz)
j=0
m+1| \P?’ 2( ¢
I'll nl’ 1 .2_ D
L pGi=1) [ Z (p, 1 )| (Ly + ¥ Ly + ¥ Lyullpe + M
1

i=

\Pw,(f 1, 1)) = _

+hllullpc + M3) Z - ( OO ) 1) (Lt + ¥ Ly + W L) ullpe + M|
Jj=1 Pij r=0

m+1

+1|lullpc + Mz) Z il 11" Vi) (Ll + WLy + Wi Ls)llullpc + Ml]

+ Z Ml I ED| (L + WLy + W La)lullpe + M |

p1ly—D+6;
VYL SR (N R .
1 aj—p(y;—1)w; o, v,
t) L7 (D) | (Ly + S Ly + W0 La)lullpe + My
; rp,(Pl'}’l +91) ZO(P/ tj J+ [ P ]

P1YI=2+0

Pl -1

|/11|\Plﬂl (&, 1) Z( [a/+p/(2—7/);¢/(])(t. D)
Ay +

STty =D+ o[ 4 7" !

+Ii|lullpc + Mz) +

X[ (Ly + WLy + W Ly)llullpc + My | + Dllullpc + M3)

(3.16)
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- 1
(t+l’t —
Z : ’Z(ﬁ“m”“mmmmmwmm+W%ﬁwm+m]
Jj=1 Pj r=0

+Ii|lullpc + Mz)

}*Ti”@%%ﬁw“nmkh+%TMQ+W&memc+MJ

—oityi=Dw;
T (o) Z (p,-lff’ PV ) )| (L + ¥ Ly + W2 Ly)llullpe + My | + Lillullpe + Mz)
0

—_

k—
1 .
—Fpk(pk(yk — 1))[ (p Ia,+pj<2 ) z/u(l)(tj+1)[(L1 + W7 Ly + O Ly)|ullpe + Ml] + bllullpe + M3)

Jj=0
k=1 Jj-1
‘Pw(fﬂ,l (e 1):
) QA”““Wmm4m+w%ﬁwmmwm+mhhwm+%ﬂ
Jj=1 r=0

From the property (i) in Lemma 2.1, it implies that

5,7t 1) Qu) )

(T, ty) "= Wy, (t1,1)) )

< @ + WLy + W Ly)ullpe + M [(—
s ’ 3PC‘]wWwM>ﬂmmwwm—m

i3 70/ R0 ar+0)
x( L il (i 1) . mii |,Ui|\Py' (i, 1i) Z S ety . VTS TN 1)
Fp,-(pi + a'i) ; rp,-(pl% F (pj + @ — pj(yj - l)) =0 Fpl(pl +a;+ 0[)

i=0 i=0
aj=pjlyj=1)

"/*"1(2 7)) =140

ad) |ﬂl|\P (nhtl Z (t]+l’tj) Z |/ll|\I’l/,, o (fl’ tl) Z \P f " (tj+1’tj)
(Pl(% -1) I, (PJ +a;+pi(2-v)) Ly (oryi + 61 Lp(pj+aj—pily;—1)

=0

PI=D+G @j+p 2=y )

Y, " Gt Z Y, T (s 1))
p,(p1(71—1)+91) I, (PJ+CYJ +0;(2=7v))

ar—pr(yr=1)

| ) w@%mz ¥, (e ty)
(pl(YZ - 1)) (pr +a,— pr(7r - 1))

21~ ar=pr(yr=1) o

e, " G Sy, (t,+1,tj) Z W, 7 (et ) e T 1)
(pl(')’l -1+ ‘91) (pr +a, —p(y, — 1)) pm(pm + )
p,(yj 1) aj+p 2~y )
W, Tt ¥, 7 () 1 W, T )

+
Fpm(pm'ym) =) Fp,(ﬂj +a; _pj(yj -1) rpm(pm('}’m -1)) = rp,(pj +a; +pj(2 - yj))
. ar=pryr=1)
E www>f‘TW'WM>]KTGm
+ +
= Pj pm(pm(Ym -1) =0 p,(pr +a, = p(y-— 1) |A] p,,,(pm'ym)
4 1=+
'"Z-l Py, (tjs1.17) )(’"Z“ iy it & DU, " (1)
+
IAlp Ty, (Om(Ym — 1)) L. (oivi) Ty loryi +6)

PIYI=2)+0;

mii |ul|\{m (i) - lelﬂ/(tﬁl,tj) + ; MZHJW GRS j\Plﬁi(thrl,tj)) mLP (T —
Lplpiltyi = D) £ oj = Toloityr =1 +6) o) pm(PmYm)
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m—1

N Ty, (tj41, 1))
=1 pjrpm(pm(’}/m - 1))

}[llnuupc + My +

( \Pwm(T, tm) +m21 ‘{ij(tj+1’tj) )
|A| rpm (pmym) =0 |A|,0jrp,,, (pm(')/m - 1))

PI(Y|=2)+6,
X(mii M . I, a I(fl,tl)) m ][IzllullPC +M3]
LT, oy 1) L l(p,(y,— D+6)) Ty (om(ym—1)
¥, (Totw) %S Wy (1))
(m g IAijFpm(pm(%n—l)))| |

= QA+ [ QiQs + Qs |[(Ly + ¥ Ly + ¥ La)udllpc + M |
+ Q1 + Qs |[Lillullpe + My | + [Q1Q6 + mP2"| [ Lllullpe + M|

IA

Q192 + Q)(Ly + WLy + W27 L3) + (Q1 Q4 + Q)1 + (1 Qg + mPI)L|R,
+(ngz + Q?,)Ml + (Q]Q4 + QS)MZ + (Q]Q6 + m‘I‘Z’")M3 + Q] |A| < ER].

Hence, ||Qul|pc < Ry, which yields that OBy, C By, .
Step I1. We will prove that Q is a contraction.
Suppose that u, v € By, and ¢ € J, we have

578, 1) (Qu)(8) — By (8, 1)(Qv)(D)|

{ ¥, (@ 1) .\ kz_ll Wy, (tje1, 1)) }{ mzﬂ |ﬂi|‘%ii_l(7]i, 1)
AT (v 1AL, T Gor(ye = 1)) Ly (oiyi)

i=0

xZ 1P IE (1) = Fu(ti)] + 165 @(tj0)) = 6100 0 )))

el | [ g, ) e
T LT, (o, - 1))[2 LTECTINE (20) = Fyt)] + 1%, @) = 6, 0]
i= ! j=0

- \Pl// (tj+1’ ) el a— (yr—1);
+ Z (o, 2N (1) = Foltrs)] + 161 (ultran)) - ¢,+1(v(tr+1))|)]
J=1 j r=0

m+1

+Z|u,| L F i) — F(n,>|+2mz|p, L F (&) = F U@

pily—1)+6;

1 |/ll|\I]¢] " (‘fl’ tl) . ai—pi(yi-Dw;
+; F o7 7 6) ;(pjl,/ DVNE (1) = Fultpan)] + 16501 ultj0) = @1 (0(t550)])

PII—2)+0;

P, " ) [ [P * :
P/(pl('}’l -1)+6) ; Pj t; |Fu(tj+1) - Fv(lj+1)| + |¢j+1(u(tj+1)) - ¢j+1(v(tj+l))|)

< IP‘” (tjs1,1)) S ar—/):(yr Dy,
+Z 2.6 oty = Futra)] + @1 t1)) = 6,1 021

j=1 Pj r=0

)’k l(f l)

a a/ i
SO = O+ o Z o 00T IIE (1) = Bt
Pk
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n -2 k-1
(, t)
+p i1 (utjc1)) — ¢j+1(V(fj+1))|) [

a 2— i
(p(y 1) Z o1 R St) = Fultj)
.Dk KTk —

S Wy, Gt 1) O o
g (u(tj21)) = Gy (L1 Z s (, 2 F (t01) = Fultyn)|

e

j=1 Pj r=0
i1 (u(t 1)) — ¢r+1(V(tr+1))|)]~ (3.17)
By applying the property (i) in Lemma 2.1, we have
iy ) g . o (T 1)
‘Pikyk(t, tk)pk[t+k () — (o) < pkl,f DO ullpe < T ‘/(’pm p ||u —Vllpc. (3.18)

Using the conditions (H), (H;) and (3.18), we can find that

Fu(t) = Fu0)] < [t u0), ,, " u(), o 1" u(@) = [0 900, 000, , L5 0(0)

< LM 1) lu(r) = vl + Loy 7 (1 10, 17 ue) = v(o)
+L3\P§Jk (110, L u®) = V(D)
< (L + W0 Ly + W Ly)llu = Vlpe, (3.19)
[pr(u(t)) — oVt ) < LY 2_W(l 1) lu(®) — vl < Lillu — vllpc, (3.20)
) — G| < LY 1) () — ()] < Dllu = vlpc. (3.21)

Inserting (3.19)—(3.21) into (3.17), which yields that
|57, 1) ((Qua) () = (Qu)(1))|

{T (T 1) mzl Wy (415 1)) }{ml il i, 1)
N ,,,1<pmym> AT, o — DL & Too7)

<
i=0
i—1 ( l}’% g (tj+1atj) (L Ppon] P L)l Il 1| I
X 1+ 1Ly + 1. L)llu = Viipe + Ll = Vilpc
Loj+a;—pi(y;—1)

J=0
(Yj+/7j(2—yj)
Pj

. e |ﬂi|\1’$_2(77i, ;) [ i ( Y, " W t))
Ty (piyi — 1) Looj+a;+pi(2=-v))

Yr —priyr=1)

i—1 1 or
Wy (tje1s 1)) & (trs1, 1)
+/ — E / E v Li+%¥9"L, + ¥’ L -
ollu V”PC) 0; 0( :r+a’r pr()/r—l))(l « L2 " L3)||lu = vl|pe

(Ly + WLy + WU Ls)llu — vllpc
=0

=

m+1 | . fTi 1

il (i, 1)

+1i||u - V||Pc) + ) =Ly + Y] Ly + W Ls)|lu — vllpc

; F,Di(pi +

ryl+9] PI=D+
Y, (&, 1) Y, " (&)
+ (L] + \Ijo-mLz + \IJV'"L3)||M — V”pc +
L (pr+a;+6) Z pz(Pl?’l +6)
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aj=pjlyj=1)

-1 i (tis1, 1)
. J+lstj .

X ( 1 (Ly + WLy + W) Ls)|lu = vllpe + Iillu = vllpc

= Pl(p] +aj—pi(y; = 1)

P1=2)+6) M
Y, " G 0 Wty

+ - Z ( - (Ly +¥7"Ly + ¥ L3)llu — vllpe

=0 rpz(pl(')’l -1)+6) 0 (p] +a; +p}(2 7]))

er—Pr(Yr— )

-1 ] 1 pr
‘I‘l/, (l']+1,t ) (trs15 1))
+Dh||lu - § ! E i Ly +YI"Ly + W' Ls)||lu —
ollu V”PC) ( i -y, — 1))( 1 « L2 " L)||lu = vllpe

j=1 Pj r=0
% 2=Ym
o (T, t,) . )
+1i||lu = v|[pc + (Ly + WLy + W) Ls)llu — vl|pc
pm(pm + m)

aj=pjlyj=1

Py, T 1) ,,,_1( ¥y, " Wt
+—
Lo, (omym) <\ Lo, (0 + @j = pj(y; = 1)

@j+p 2=y ;)
1 Pj

(Ly + WLy + W) Ls)|lu = vllpc + Iillu — V||Pc)
[’” ( (tjs15 )
,Dm(pm()/m - 1)) =0 (pj + a’j +p](2 7]))

ar—pr(yr=1)

m—1 j_l Pr
\Pw-(tj+1’ tj) ( \Pw (tr+1a tr)
+ § — E - (Ly +¥7" Ly + W L)l — vllpe + I|lu — V”PC)]
=1 Pj =0 Ly (or + @ —pr(y, — 1))

< [(9192 + Q3)(Ly + W)Ly + W L) + (14 + Qs)I; + (21Q6 + m‘PZ'")Iz]HM = Vllpc.

(Ly + W7 Ly + ¥ Ly)llu = Vllpe + Dllu - V||PC)

It follows that ||Qu — QV||pc < [A1 + Az]|lu — v||pc. Condition (3.8) stated that A} + A, < 1. Thus Q is a
contraction. By Lemma 3.1, problem (1.4) has a unique solution on J.

3.2. Existence result under O’Regan’s fixed point theorem

Lemma 3.2. (O’Regan’s fixed point theorem [43]) Let O be an open subset of a closed, convex set D
in a Banach space € such that 0 € O. Moreover, let Q : O — D be such that Q(0) is bounded and
that Q = Q, + Q,, where Q, : O — D is continuous and completely continuous and Q, : O —> Dis
a nonlinear contraction, i.e., there exists a nonnegative nondecreasing function ® : [0,00) — [0, 00),
such that O(w) < wfor any w € R* and ||Q,u — Q2v|| < O(|lu — v||) for all u, v € O. Then either (a,). Q
has a fixed point u € O or (ay). there exist a point u € 0K and 6 € (0, 1), such that u = 6Qu. Here, 0
and 00 represent the closure and the boundary of O, respectively.

Theorem 3.2. Assume y, € C*(J) where () >0 k=012,....m1teJ, feClUX R3,R), ¢y,
¢, € C(R,R), k = 1,2,...,m satisfying the following conditions:

(H3) There exist positive real numbers My, M, such that
|¢k(u)| < M], |¢,’Z(u)l < Mg, uE€R. (322)

(Hy) There exist a continuous nondecreasing function ® : [0, c0) — [0,00)and g; € C(J,R*), i =1,2,3,
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such that
F(t v, W)l < 1D (¥ 7 (1, t)lul) + B3 7 (1, 1) 2O + g3(1)Iwl |, (3.23)
foranyu,v, we R teJ, k=1,2,....m
(Hs) There exist continuous nondecreasing functions K; : [0, 00) — [0, ), and Z;, i = 1,2, such that

i) = )| < Ky (W72 10 = V1), |67 0) — ;00| < Ko (W20 10 u— Vi),
Ky (W20 1) ) < E0W5T2 0 10 bl Ko (W20, 10 lul) < Ea0 (8 1) lul,

foranyu, v € R, k =1,2,...,m, satisfying [(Qs + Qi Qy)ZE| + (m¥)" + Q1Q6)=5] < 1 where Q,
Qy4, Qs, Q¢ are given by (3.2) and (3.5)—(3.7), respectively.
(Hs)
R, 1

sup — = (3.24)
Roc(0,00) &1 OR2)(Q3 + Q1) + ¢ 1- [g3 7" + 5P 1(Qs + Q1)

with [g¥7" + &P 1(Qs + Qi) < 1, Q; are given by (3.2)—(3.4), respectively, and
8 = sup; gl i=1,2,3.

Then the considered problem (1.4) has at least one solution on J.

Proof. We will divide the operator Q : PC — PC defined by (3.1) into two operators, that is Q; and Q5,
where (Qu)(t) = (Qu)(t) + (Qu)(¢), for any t € J. The operators Q; and Q, are defined by

\Iﬂkl(tt)kl \P}’k2(tt) k—1

aj—p;(yj—1)w; a+p -y
(Quu)(n) = LR )+ PR F ()
1 Tuloero) ,Z‘p " Lo = 1) ZP! !

7k -2 j-1
;Yk ka (t) + (t Z‘k) Z \Pw (t/+lat )
Folu pk(Pk()’k - 1)) pj P
{ W n) A () LB (1) } { "’Zl [
- Hi u 77:
Loy — 1) ‘= 0j AL, (oryi) il

m+1

. w VT ) 2
+Zap,1 04 (§>+Z Ty 2ueds T Rt

r—Fr\Yr -1 r
IZ prin= by Fu(tr+1)
r=0

j=0
m 1 2 i—1 -
" ad :ui\Pl[ (ni, ti) \Pl/,j(tj+la tj) 1 I<lr—ﬂr(7r 1); l/,rF (l’ )
u\fr+l
ST, o= &y G :
P](V] D+6;
% ,Ll,lP% (nl’t) N 7% j+pj(2= Yj)l/’/F (Fian) + Z ! (& 1)
1
= Typilyi = 1) 47 y L z(Pﬁ’l +6))
P1(Y1=2)+6;

- n Pl -1
XZ JUPIYDY G (tjs1) + Z . ) [T g (tjs1)
Ay u\tj+ Ay u\tj+
[ ipit] = Doty = 1) + 6) 2= Pl
PII=2)+0;

+Z": A, " En) Yy (st L
1=0 rpl(pl()/l - 1) + 91) =1 Pj

o I ””/*Fu(ml)}, (3.25)
r=0
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'}’k 1 '}’k -2 k-1
) (1 10) tn) W, (1) L
(@) = Fos Z%( ultjo) + 4, Z«ﬁmwm))
(s tk) kol P 2(t ) Py (tjs151))
wk ? * . _ l// /+1’
+rpk(Pk(7k -1)) j:ZO ¢j+1(u(t]+l)) { pk(Pk(Yk - 1)) Z Pj

p1(y=2)+6;

\P;/;_l(t, tk) }{ n /lllpw, ol (é:l’ tl) -1 Tw/(tﬁl,t )
AL, (oryi) ) | = T oty = D) + 6) = Pj

p[(yl 1)+6;

& \P% (771,[) &, tl)
+ 2 T Z¢J+1(”(’f+‘))+z T, (pm+ oy Z¢,+1(u(zj+l))

i :ullP% (nz,l) il \Ijl/,j(lﬁl, J) m+1 (n”t)
LTS b Z¢,+1<u<z,+1))+ Z <p<y, =) Zc/)m(u(tﬁ]))

p1(y1=2)+6;

LAY, " (G
Loty — 1)+ 6)

Z Gr1(u(tyi1))

Z @ tr) A} (3.26)

Next, assume that By, = {u € € : [|u|[pc < Ry} such that

R, 1
> .
g OR)(Q3 + Q1) +E 1 - [gP7" + &P 1(Qs + Q)

(3.27)

Thanks to Theorem 3.1, we see that Q, is continuous. For any ¢ € J, we have

2742, 6)(Qru) (1))

v (T,t )""1
Y T2 M 0 j—pj(y =1y
— L7 ()] +

a/j+p/(2 Vi) ‘//le (
Fpm (pm7111) =0 pitli

u lj+1)|

IA

(pm(ym - 1)) Zp,

j-1
\IJ‘//j(tj"'l’ t]) Iar—Pr(J’r—l)erF (l’ )l
Ly, (Om(ym — 1)) &7 e

m—1 +1
c Wy (141, 1)) ¥ (T,t,) m

+{ Z % j+l Um }{ E |/,L1|p I(ll l//,lFM(nl)l
=0 p]|A| (pm(7n1 - 1)) |A| p,,,(pm)’m) =0 P

a+0i (S |'u‘|lP% (7, 1;) < @ j=p(yj—1;
+§ A 1N + Y R e S NF )]
i=0 Loloiyi j=0

+m+l |/Ji|‘P¢'i (771', 1) Wy (241,17 121
=0 Ly (oiyi = 1) = Pj =0 P

m—1
FWL T (T, by, I IF AT+ )

) N O

Iy —D+6;

m+1 Yi—2 i—1 o1 -1
|'ui|\11¢/i (ni’ £i) aj+pi2=y )W, 4 ll‘P (é:l’ ) ‘YJ_P/Q’/ Dy
oili; |Fu(tj0)l + ol |F(ts1)l
Looilyi = 1)) 47 . pl(Pm +0) o

i=0
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p1(y=2)+6;
P1 =1
P, &, 1) [T R )
I, ullj+
Cooityr = 1) + 6) 47 ’

PIY=2)+6;

Y, " En) S, (r,+1, 1) &
Loloiyr = 1) +6) £ e

p ar_pr(')/r_l) wrlF (tr+1)|}-

From condition (H,), we obtain

(0] = | u0),, 17 ue), , L ()| < 81000) + (83977 + g P2 %o,

’ Pk t*

Substituting (3.29) into (3.28) and using the property (i) in Lemma 2.1, we have

|71, (10|

T¢,"(T’ tm) g lIij Y (tj+l > tj) 1
Fpm(pm')’m) =0 1—‘p_,v(a'j _pj(Yj - 1) +pj) Pm(pm(Ym - 1))

< (51000 + (g% + g;w:ﬂm)(

aj+pj(2—'yj)
A2~V

SRR o) VW)
1—‘p_,-(a’j +pj(2 - yj) +pj) pm(a'm +pm) =1 Pj prvx(pin(Ym - 1))

er—ﬂr r=1

Z pr (S {mz_l lP,/, (lj+1,tj) N \P (T, I) }{ri] |ﬂt|‘P,Z(nlst1)
r (a'r pr(yr - 1) +pr) PJ|A| p,,,(ﬁm()’m - 1)) |A| p,,,(pmym) ; Fpi(a'i +pi)

_0 l=0
40 @j=jj=h
i—1 i— Pj
5 Y, &) 'i”lliﬂ’li (URDET. N GRN)
—_— +
Lo+ 0 +p) & Tp(pivi) = Lp(aj—pjtyi—=1D+p))

-2 er—ﬂr(rVr—U
mtl |/11|\P7 (nisti) \P%(lﬁ.],tj) Z \P v, ” (S
Lo(pilyi = D) & Pj Lo (@ = pr(yr =1 + pr)
”/*ﬂ/(z 7)) =140 @j=jj=h
P pi
Y P 2(01ir 1) b s t)) LYy, @Gt Y, 7 sty

(3.28)

(3.29)

(pl(%—l))zf (@ +p,(2 i) +pp) +Z L, (ory: + 6) ZF Jaj—pilyi—=1+p))

=0
PI0I=2+0, /*ﬂ/(_z-h')
Y, " &Lt Z Y, T (tjnt))
rp;(pl(yl - 1) + ‘91) F (a'j + Pj(z 7]) +P/)
o1=2)+0) ar=pryr=1)

|/l/|‘I‘ i &, [l) \I—’%(tﬁl,tj) Z \Il v, 7 (tys By) })
(pz(yz -D+ 91) L, (= p(yr =1 +py)
= (g1®(‘Rz) + g ¥ + gﬂl’"]%)@s + Q).

This yields that Q) (Bx,) < (€0Ry) + [T + gW!" IR)(Qs + Q).

Now, we will prove that Q; maps bounded set By, into equicontinuous set of €. Suppose that 7,

7y €Ji, k=0,1,...,m,under 7| < 7, and for any u € By,, we obtain that

%57 (22, 10(Qu)(12) = W3 (71, 1) Qi) ()|
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aj=pjlyj=1)
¥, (12, 1) =¥, (1, 00| m=l ¥ (t0, 1))
< (810(R) + [g3WT" + g5 WU IR, )(Qs + Qlﬁz)(| a o ‘ n S
Ly, (0mYm) = Lp(aj—pjtyi—=1D+p))

am

(1, )y (T2, 11) 1

pm (a”'l) pm (a,m)

'

Pk 2% %:+2_yk 2—yk Pk
‘Y (t, 1) =¥, (r, 1) =¥, " (r2, 1) (12, 71)

aj+t)

|\Pm(72’ 0 =¥, ()| {'"“ |ui|wg (o) Y, @n) Z‘ il (i, 1)
[AIL,,, (OmYm) Lp(ai+p) AT (a+60+p) 4 L, (oiyi)

i=0
@j=pjj=h

ar—priyr=1
X’i L PRGN ) +’”Z*i ¥ i 1) Wy (1 1)) ’Z_E Yy, 7 )
S lolaj—pilyi=D+p) L Letvi-D) A pj Ly (@ = pr(yr = 1) + pr)
el [ 2 i1 \pw fiiit) 2 le,m;’nw, -1 ‘PW _—y
+Z ¥ (i, 1) Z v (tjs15 1) . Z |, &, 1) v, (Tj+1, 1))
Lpoi(yi = 1)) &L Ty (@ +p;2—v) +p)) Loty +6) 4= Lpi(aj—pjty;—1) +p))

i=0 ~ Pi j=0 1=0

PI-D+; @iy
I3

iy, " G &Y, T sty
+
= Toloityr =D +6) L Ty +pj(2 =) +p))

A=+ ar—priyr=1)

e, " (&) ’i: Wy (t541,1)) i W, " ety })
+
o loityr = 1) +6)

=1 Pj 1—‘,Dr(a'r _pr()/r -1 +pr)
| ‘ 1 )
¥, (2, t) =¥, (tr,t)| m=l W, 7 (tig1.t))
* YO, XYV, 17 17 v Jtlstj
= (€10%) + [T + gy ¥R, )(Qs +9.92)( : -
Ly, (0mYm) = Lo (aj—pity; =1 +pj)

am

¥y (@, 1)) (12, 71) 1
Fp (@) Lo (@)
o) )W (1,10 - ww(n,tk)|
NI, ) )

Observe that the above result is independent of u € By,. This implies that

Xk

Zi 2% 5t 2n o
v (t, 1) =¥, (T,0) =¥, (2, 1) (12, 71)

¥ (12, 8)(Qui ) (12) = W5 (11, 1)(Qui)(x)| > 0 as 13 > 7.

Since Q; maps bounded set By, into an equicontinuous set of €, by the Arzela-Ascoli theorem, we
obtain that O, is completely continuous.

Next, we will prove that O, is a nonlinear contraction. Let ® : R* — R* be a continuous
nondecreasing function given by @(e) = [(Qs + QQ)Z; + (MPY" + Q,Q6)=s]€, for all € > 0. It is
easy to see that @(0) = 0. Since [(Qs + Qi QE| + (MPI" + Q,Q6)=,] < 1, we have O(e) < € for
all € > 0. For any u, v € By,, we obtain

|w2 (1 Qa(0) — ¥, lk)(sz)(l)'

Wy, (T tm) Wy (t41,1))
E o Z Ki(llu = vilpe) + Z T oo =T Z Kol = vilee)
1 (= Wy, (Fj+1, tj) ¥, (T,1) }
- Nk B
pm(pm(Ym -1) Z(; 2l =lec) + {Z PHIAIL,, (Om(ym — |A| L, (0mYm)
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PIYI=2)+6]

VYL SN GRS (TR e g 1)
x{ “ ‘”’( ) S Z Ki(lu = vllpc) + Z > il =)

Lo iy = D +0) & T (pi71)
1=+ 2
noule, " En) S W (1) ‘I’w,(r 1, 1))
+Z—r - i) + v — Zkl(uu—vnpc)
L4 ooy +6) LT, (i = 1)
5 ) PIY=D40
Sy o) 3 = e Z Ay 7 G S >}
- K>(llu = vllpc) + 2Ulu = Vilpc
Lolpilyi = 1) & ,(p/()'z— D+6)
< [(m\P‘/’m(T’ tm) +m_l J\ij(tj*'l’t]) )': m ':2
B rpm (pmym) = P jrpm (pm()/m 1)) rpm (pm('ym - 1))
. P1=D+0;
{’”“ Wy, (tj1:1) ¥y, (T tm) } {('"2 il ¥ (i 1) Z Hulv,, " (&0
+ + _
=0 pj|A|rP:n(pm(7m - ])) |A|rpln(pm7m) rp;(piyi) =0 I(PI)’I + 01)
Py I=2)+6;

Mll\Pl/,, " (fl’ tl) l ij;bj(tj+l,tj) ad |/11|\Py (nzvtz) j‘Plﬂj(tj-*-l’tj))_
=1
Loloityi = D+ 6) & Pj = Toloityi = 1) Pj

PYI=D+0

("’“ il P, (nl,tz) nolay, "t (&, ll))_ }]” |
+ = u-—v
£ T, -y £ Ry "
= [(Qs+QQE| + (m¥" + Q1Q6)Zs]llu — Vllpc.

By taking O(e) = [(Qs + QQ)E; + (mPL" + Q,Q6)E1]€, we have ©(0) = 0 and O(¢€) < € for all € > 0.
Then
1Q2u — Qavllpe < O(llue = Vllpe)-

This yields that O, is a nonlinear contraction.
Next, we will prove that Q,(Bsy,) is bounded. By (H3), for any u € By, , it follows that

#2742, 6)(Qau)(1)|

(m‘P (T, 1) N (N (RN ) m u
P;71(pm7m) =1 p] Pm(pm(’)/m - 1)) Fpm(pfn(ym - 1)) ?
PII=2)+0;
{ m—1 ‘Pd/,(t/ﬂ, t) lPl/,m(T, tm) }{( n |/ll|\P¢l &) j\ij(th, )
Z4 DA ourn = 1) I, oy |\ &4 Tl = D+ ) &4 p

p1y—D+6;
+§Wwﬁﬂmm+iww%”(&m+mwwx%mw*ﬂwmwﬂM
- - /..~ 1
=R Lipm+0) S0~ & p

i=0 =0

LI =2)+0)

O il *(, f) Y, T (Ent)

+ 2+ |A]
Ty (piyi = 1)) ~ ooty = 1) + 6)

= (Q5 + Q]Q4)M1 + (m‘{—“:'” + Q]Q6)M2 + Q]lAl

Then, 0,(By,) is bounded with the boundedness of the set Q;(By,).
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Lastly, we will prove that the assumption (a;) in Lemma 3.2 is not true. Suppose that (a;) is true.
Then there exists a constant 6 € (0, 1) such that u = 6Qu for any u € By,. We obtain that ||u||pc < R,
and

2 noun)| = 0|7 (2 1)(Qu)(0)

5742, 6)(Quu) (D) + Wy (1, 1)(Qau) (D)
(g1OR,) + [P + g;P:mmz)(% + Q)
+(Qs + Q Q)M + (mP]" + Q1Q6)M, + Q|A],

IA

IA

which implies
Ry < (§10R) + [T + g3V IR)(Qs + Q1)
+(Q§ + 9194)M1 + (m‘P‘*T’” + QlQ6)M2 + QllAl
Hence,

R, 1
S (o * v, >
g1OMR)(Qs + Qi) + € 1 - [gW" + g3 1(Q5 + Q1)

where
¢ = (QS + QIQ4)M1 + (m‘Pf:’" + ng())Mz + Q1|A|, (330)

this contradicts the condition (Hg). Therefore, O and Q, satisfy all conditions of Lemma 3.2. Hence,
the considered problem (1.4) has a solution on J.

4. Ulam stability results

This section discusses a variety of Ulam-Hyers stability of the considered problem (1.4). Before
proving, we will state Ulam-Hyers stability ideas for the considered problem (1.4). Assume that y €
C(J,R") is a non-decreasing function and € > 0,8 > 0,z € E, so that forany r € J;, k = 1,2,...,m the
following important inequalities are satisfied:

Hboikﬁk Ya(t) = (1, 2(0), ol ‘f" kD), kaVk 'ﬁ"z(t))‘ <€,

pkltﬁ:A(Z Vi) Wk (tlj) o 1I£k—l(2 YVi—1)Wk-1 (l‘]:) _ ¢k(Z <e, (41)
-1 1 - x
g]fbi;(Yk )Al’kz(tk) gkLl@Pk 1Vk—1 =D IZ(tk) _ ¢k(z(tk))‘ <e,

Hbtlfﬁk l//kz(t) f(t,z2(0), pk a-k wkz(t) kaVk l//kZ(t))‘ < x(),

2— 2— -
pkltﬁ:k( —Y)Wk (l‘;) o 1If+l\ 1C2=Yk-1)¥k- IZ(tk) _ (bk(Z(lk))‘ <6, 4.2)
RL 1); RL 1 - *
A szk()’k )wkz(tk) KL l:DpA 1(Vk=1=Ds¥— IZ(fk) _ ¢k(Z(tk))‘ <6,

R0 ~ (1,200, 1T 20, , 1 20| < o)

N ,ﬁku Wiy " Oy ¢k(z(tk))‘ < €6, (4.3)

RL =D RL ( Dy - *
X! Dg Vi~ kZ(fk) RL 1®pk 1Vk-1=D)5k— lz(tk) - (ﬁk(Z(tk))‘ < €d.
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Definition 4.1. The considered problem (1.4) is said to be Ulam—Hyers (UH) stable, if there exists a
real constant € > 0 so that for every € > 0 and for any z € E of (4.1) there exists u € E of (1.4) that
satisfies

l2() —u()| < Cre, tel. (4.4)

Definition 4.2. The considered problem (1.4) is said to be generalized Ulam-Hyers (GUH) stable, if
there exists y € C(R*,R") via x(0) = 0 so that for every € > 0 and for any z € E of (4.2) there
exists u € E of (1.4) that satisfies

lz(t) — u(®)| < x(e), te. 4.5)

Definition 4.3. The considered problem (1.4) is said to be Ulam-Hyers-Rassias (UHR) stable with
respect to (0, x), if there exists a real constant Cg,, > 0 so that for every € > 0 and for any z € E
of (4.3) there exists u € E of (1.4) that satisfies

|z(t) —u(@®)| < €y, €0 +x(1), te (4.6)

Definition 4.4. The considered problem (1.4) is said to be generalized Ulam-Hyers-Rassias (GUHR)
stable with respect to (0, x), if there exists a real constant C,,. > 0 so that for any z € E of (4.2) there
exists u € E of (1.4) that satisfies

l2(t) —u(®] < Cpy (6 + x(0), 1€ 4.7

Remark 4.1. By Definitions 4.1-4.4, we will find out that: (R,) Definition 4.1 = Definition 4.2; (R;)
Definition 4.3 = Definition 4.4; and (R3) Definition 4.3 = Definition 4.1.

Remark 4.2. Assume that 7 € E is the solution of (4.1). If there exists g € E with a sequence g for
k=1,2,...,m, depending on a function z, such that (A1) 1g()| < €, |gi| < € t € J; (A2) ,, HD”"ﬂk Ver(r) =

f(t,2(0), pklf’k Yeat), , I () +g(8), t € J; (A3>pk1;i“2 TRt = v R ¢k<z<tk>)+gk,

teJ;and (A, )RLDPk()’k l)wkZ(l]:—) gkLl:DPk 1(Vk-1— 1)¢’k ]Z(tk_) — ¢Z(Z(tk)) +gutel.

Remark 4.3. Assume that 7z € E is the solution of (4.2). If there exists g € E and g for
k = 1,2,...,m, depending on a function z, such that (By) |g(t)] < x(©), gl < 6, t € J; (By)

H@“kﬁk“”kzm = [0, 0., L)+ g, 0 e T (By)
pklff@ (R o B (Y = $uz) + g and  (By)

=Dy G-, .
ﬁkLng T - ,Ika,Dpk =D '2(t) = ¢ (2(t) + e 1 € J.

Remark 4.4. Assume that 7z € E is the solution of (4.3). If there exists g € E and g, for
k = 1,2,...,m, depending on a function z, such that (Cy) |g(t)] < ex(?), |lg| < €6, t € J; (Cy)

RO = [, L0, )+ s, 1 e Jr (Cy)
kaf*k(z Vi) ll/k (tlJcr) . 11;11( 1Q2~yk- 1)l//A lZ(tk) — ¢k(Z(tk)) + Qi and (C4)

1 1 %
RL@Pf(Vk )¢kz(t+) gkLlDPk 1()’k 1=Dsk- IZ(tk) — ¢k(z(tk)) + g t€ 7J.
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4.1. Ulam-Hyers stability results

Theorem 4.1. Assume that a; € (1,2], Br € [0, 1], px € R*, vi = (Br(20r — ay) + a)/pw Yi € C(J,R)
where ;. > 0, k = 1,2,...,mand f € C(J X R3,R). If the assumptions (H,) and (H,) and the
inequality (3.8) hold, then the considered problem (1.4) is UH stable on J.

Proof. Assume that z € PC is the solution of the problem (4.1). Under the conditions (A,) and (A3) of
Remark 4.2 and Lemma 2.4, we have

gszk’ﬁ";wkz(t) =F.(0)+g(0, t#t, k=0,1,...,m,
RLDPk(”“);‘”kz(tk) ki D ) = g (2(1)) + gl k=1,2,....m

kaff@ L) = g I e ) = Gt + g k=1,2,...,m, (4.8)

m+1

z(0) = Zﬂzz(ﬂz) + Z A, I2E) = A, € (bt ), & € (1]

Then, the solution of (4.8) is given by

z(1)

Al oy Al (or(ye = 1) & pj pary Pi(plyi

i—1 m+1 ')/t
% Z “z —0(vj=1); ‘/’/F (fie1) + - \P (771’ f) a/+PJ(2 Y l/’jF
ol +1 ¢[+1(Z(tj+l)) Z T (o (y 1) Z(p, (t41)
Jj=0 i= !

(t + ,t ) —
¢ (@t0)) + Z % Z (o 1O (tr11) + By (Z(Ml)))]

j=1 J r=0
P](Yl 1+6;
(é:l’ tl) —pi(yi-1
+ [P R () + t
Z p/(pm +6) Z Pt (}+1) ¢]+1(Z( ]+1)))
PII=2)+6;
LTS SRR (T8 1) =
i > aj+pj(2 7/) U %
+ F.(ti)+ ¢, t;
£ T, oty = 1)+ 6) ]Z i 1) + 61 (2(1500)
Wy, (8o, >'1 o G
+ Z L+ r=pr (=Dt F.(to1) + ¢,+1(z(tr+1))) + Z Hi, Iz,-”w' F.(n:)
j=1 Pj r:O i=0
VA 1
+Z/l Ial+91 WIF (6) + Iak WkF (l) ( tk) Z aj_pj(yj_l);‘//jF (l. )+ ¢ ( (t )))
Loy l Pt pk(pkyk) o) t] 2\lj+1 j+1 & 41

\Iﬁ’kz(ttk) h—1 a o
+ (pk()’k — 1))[2 pitt ,1+pj(2 7/)»%Fz(tj+1) + ¢j-+1(z(tj+1)))
Pk =
J-

k— n 1
Py, (tj+1,tj) e Yy, (1)
J Iar 0r(Yr=1)¢r F tr + - tr _ _
::1: £ (Pr 4 (1) + @ (2( +l))) Arpk(PkYk)
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V2 k-1 m+1 yi—1 i-1
lPl//k (ty tk) ‘ij(tj+19 t]) + M Z ( I(lj—pj('yj—l);wjg(t ' ) + g . )
L k(pk(yk - 1) =0 Pj pary Fpi(Pm) = Pt Jj+l j+l

VT ) [‘ ! o2y
+ I y’)’%g(f‘ 1)+ &+
£4 Ty (piyi = 1) jz(; ol )+ )
W, 1) 3 N
+ Z J J ( r pr(7r 1) w’g(t;q-l) + gr+1 Z,Lllp’ ll//lg(nl
j=1 ] r=0
P11~ D+6;
¥, " (&) S -
Ay I () + i L e (,0) + g
Z Loy — Fp,(Pz)’l + 91) = P/ t/ Jt J+ )
1=+
p -1
et D 1T g(t0) + g1a)
+ +
B - D+ 6) i L e
-1 i1
\Pl/,.(t~+1,l") - T &
+ Z _Yire Z (prIt,r or(yr 1),w'g(tr+l) + gr+l) o tkk l//kg(t)
j=1 p] r=0
\P”‘ Y Pt ) [
a —pily;i=Dw (l+.0(27)l//
(pk')’k) Z pjt S /g(tj+1)+gj+1) pk(pk(')/k_ 1))|:Z pjt o ! Jg(tj+1)+gj+l)

J=

k— -1
Wy (tjs1,1)) <
"D j+1’ r r r_l; r
Z : Z Prz R )wg(tr+1)+gr+l) .
j=1

r=0

By applying (A,) of Remark 4.2 with (H;) and (H,), we obtain
5,7 500 - )

{ W, (T, t) Zl Wy (11, 1) }{f"iiluiw;j*(m,ro
|A|F (pm’)’m) pj|A|rpm(pm(')’m_l)) rp,(piyi)

Jj=0 i=0

i—1
X 3 (o 1 N1 = Fultpe )l + 1601 @(t50) = @ jaa e 1))
i=0

U 1) [ o
! v Pi2=yW; * .
Z it 1))[;‘1 o LT INE (t0) = Fultjo)] + 185, G ) = 85, ()

i—1

\P (t + ’t —
+Z; %Z(p LN (1) = Fultrs)] + It (2(tr41)) — ¢r+1(u<tr+1»|)}
=

P1=D+0;

Y, " ED S ety
zoj 7T Z;(p,lt/ POTIE (t1) = Fulti)l + 191 G(j0) = @1 (u(tj)])
=

P10 =2)+0)

N, Gt [ e,
AT e | 2 b ) = Fultge)l 165 Gleg) = 6tz
pI =0
Py, W15 1)) rpr =Dt
+ZP—Z(/)1 NF(tr) = Fultys)| + 16701 (2(t41)) = G (et )))
J

J=1

(4.9)
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m+1

* Z o 1 VP2 1) = Funi)] + Z il I F (&) - Fu@m} + V(T 1)

(T, Im) e aj—p(y;=1)w;
(p ) Z (p-l . |Fo(tj41) = Fultjr)l
Lo, (OmYm

it

X, 177" |F(T) = F\(T)| +

,_

m—

#161@(1 1)) = S (lt)l) + Z PN () = Fult)

pm (pm('}/m - 1))[

( + ’t) a/—
HE 1 @) = By (i) Z i Z(p POV (10) = Fulte)|

j=1 Pj r=0
+{ 0, (L5 1) +’”Zi Wy, (L1, 1)) }
o (OmYm) =P AL, (Pm(Yim — 1))

-1 i- , -2
mtl |ﬂl|‘{lzl (T]i’ tl) il aj—pily;i~D,; m+1 |/’tl|lp’l/}:‘ (771', tl)
X Z Z (p-Itv lg(tjs1)] + |gj+l|) + ) —
= Talor)  HWV L4 T, (pilyi = 1)

641 @trs1) = Bt ((tri1)))

< @y Wy, (t41, 1)) S 1)
AL i v=0r(yr— 13,
x[Z(ml,jf PO gt + g gal) + Z : (0 ‘”lg(r,+1)|+|g,+l|)]

7=0 j=1 Pj r=0
1o =D+0;

e, " G, N
Y e N (1T ()] + g
; pz(Pm +6p) J;(p it ]+ 7 )

P2+

Y, " (&)
pl(Pl(Vz -D+6)

-1
il 2=y
Z T gt + g

Jj=0
N7 (l f j-1 m+1
v Ljt1, 1 o, “1u, Wi +6
+Z , D ar -|,,,.1§,."”|g<nl>|+2|al|p,1“’ "”’|g<§z)|}
j=1 Pj =0

W Ym ‘j_/ =D
PET(T, b, I |g(T)|+ (p )Z(p POt + g1
m m

Pm

m—1
! P2y
t——————= ]a/ J PDYila(t +lo

rpm(pm(ym - l))[; <pj Lj |g( J+1)| |g]+1|)

m—1 j-1
le (tj+1, tj) — 1
D § (o 1077 gt + L)
] Fr=

[(9192 + Q) (L + WLy + Wi La) + (€4 + Qs)} + (Q,Q6 + m‘PZ"’)Iz]HZ — ullpc

. {T (T ) mj Wy (121, 1)) }{"iluilll’;;*(m,zi)
 (OmYm) PN, (omym = D) J U= To(oiv)

IA

=0
@j=rjj=b @jtpj2-y))

= ( Yy, Yt t) 1) o |ﬂi|qj$‘._2(ni»ti)[i( PN GNY) |
X + 1)+ +

= Lo (oj+a;—piy;— 1)) L (oiyi — 1) = Lp(os +a;+p;2-vy))

ar—pr(yr=1) 21 =D+0)

i—1 or Pl

o Py, (i1, 1) ¥ (trs1, 1) ViR &)
+Z w151 Z( v + +1)]+Z v

= Pj — rpr(pr +a,—p(yr— 1) =0 sz(plyl +6)
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M PII=2)+0 24Py

(tj+1,1)) 1o, " Enn)
( + 1) + v
(Pj +a;=-pjlyj=1) Ty (oityr = 1) + 6))

-1
X
J=0

=l ( (tj+1.1)) 1)
=0 r (pj+aj+pj(2 7’/))

ar—pryr=1) at

Z z/f,(fm,t ) Z( by, " Gt) 1)] . mzi |u,~|lP$ ) Z N, (& 1) }
= 1—‘pr(pr +a,—p(y, - 1)) rp;(pi + ;) =0 rpz(pl +a;+06)

r=0 i=0

@j=jj=h
i)y, —
{Tw T ) W, (Tt ( ¥, " () )
+ + +
rpm(pm + am) rpm(pmym) =0 rpj(pj + a; _pj(yj - 1))

@)
m_l( \P% o ([ﬁl,lj) )
+
Lplor +aj+p;2 =)

ar=pr(yr=1)

m—1 pr
¥ (l ,t b4 (tr 1’tr)
i z : Y\l Z ( v + + 1)]}6
j=1 =0 1—‘pr(pr +a, _pr(7r - 1))

1
Lo, (om(Ym = 1)) [

Ty
(=)

J

J
= [(QuQ + Qa)(Ly + WLy + WU Ls) + (Q1 Q4 + Q5)]y + (QQ + mPI)D Iz = ullpe
+6[Ql(92 + Q4 + Q6) + Q3 + QS + m‘PZ’"]
= [A; + Mllz — ullpe + €[Q1(Q + Q4 + Qg) + Q3 + Q5 + mPI"].

This yields that ||z — u||pc < Cre, where € is given by

Q1(Qy + Qy + Q) + Q3 + Qs + m‘I’Z”’

= (AT A (4.10)

GF =

Hence, the considered problem (1.4) is UH stable in E.

Corollary 4.1. By taking x(e) = Cpe and x(0) = 0 in Theorem 4.1, we obtain the considered
problem (1.4) is GUH stable.

4.2. Ulam-Hyers-Rassias stability results
To prove UHR and GUHR stability results, we will require the following assumption:

(U,) There exist a non-decreasing function y € C(J, R) and a positive real constant ¢, > 0 such that
o (1) < €x ().

Here we give notation for the constants

m+1
Q; = Z il + Z A, (4.11)
| p1y=D+6;
iy st K WY, T (Ent)
Qs = ) rw— £y —= : (4.12)
— Tuloivd) = Tporyi+6)

m¥, (T, tm) = Ty, (1, 1))

. 4.13
pm(pm'}/m) =1 pjrpm(pm(Ym - 1)) ( )

Qo := \P;;M(T, 1) +

AIMS Mathematics Volume 8, Issue 9, 20437-20476.
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Theorem 4.2. Assume that a; € (1,2], Br € [0, 1], px € R*, v = (Bi2or — ay) + ai)/pw Yi € C(J,R)
where ;. > 0, k = 1,2,...,mand f € C(J X R3,R). If the assumptions (H,) and (H,) and the
inequality (3.8) hold, then the considered problem (1.4) is UHR stable with respect to (6, x) on J.

Proof. Assume that z € E is any solution of (4.3) and u € E is a solution of the considered
problem (1.4). By the same argument as in Theorem 4.1, it follows that

"I’z (8, 1) (2(t) — u(t))‘

m 7 i1
{ Y, (T, tn) Zi Wy (1515 1)) }{i il (i 1)
|A| pm(pm')’m) ,01|A| pm(pm(')’m - 1)) rp,-(piyi)

j=0 i=0

IA

x Z o I ITINE (1) = Fultjod) + 1651 @(00) = @1 (1))

el |/11|\Iﬂ' (7717 1) o . . .
+ Z T =) [ Z (o P NE (110 = Fulto)] + 1851 G 0)) = 85 1))

Wy (tjr1,1;) & ooy 1)t
+ Z o Z (o 2N (110) = Fultrs)|+ rar () = ¢r+1(u<tr+1>)|)}

Jj=1 Pj r=0
P1=D+6;
[P &nn) = NP
+ I(j_pj(y/_ )W F.(t: _Fu t: + . t; — . t;
;—rp, o) ]Z_;(,,J, . IFo(t501) = Fultpe)] + 161 1 70) = S (i)
P =2)+6;
Wy, " ) [ Pt
+ // PYINFE (t: —Ful‘ + |o* t; — " t:
2, (plm— DT ]ZO _ IFo(tjs1) = Fultis)l + 165, @t01)) = 67, (lti)))
\I}l// (t l’t @ — 1),
Z — Z(psz “"”'|Fz(t,+1)—Fu(tmn+|¢,+1(z(rr+1)>—¢r+1(u(tr+1>)|)}
Jj=1
m+1

+ Z il 17 Fo 1) = Fumi)] + Z il I (&) - Fu<§z)|} + VT (T 1)

(T tl?’l) ( 1)
m->¥m — l//
s [T — (D) e ) F o Z LT IE (1) = Fulton)
m—1
=y )W
#9121 @j11) = i Wt))]) + [ (o 1PN E (1) = Fultian)]
Pm (%n )
m— l
* t+l»t ) —
g1 (1) = 85 (i )]) + y° ——— Z(p @ DI (1,00) = Fotes))]
j=1 Pij r=0
T.ty) " W, (ti1, 1))
wm Im Yi\bj+1s %)
a1 @) = bra Wty +{ + }
r+ r+ r+ r+ ) (pm’ym) ]Z Pj |A| p,,,(ﬂm(’)’m - 1))
ml | I e | mrl g2 g
il ; i, 1) oy i—1) s |uail ; (1:, 1)
] 3 D S et )+ 3 e
= Talov) o LT, (pi(yi — 1)
STy < Y (tﬁl’tf - [0
x| 3 (1 gl ) + Lggeal) + ) Z o 1T gt ) + L)
Jj=0 j=1 r=0
AIMS Mathematics
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(y;-1)+6
n |/l]|\}’;l’}/]pl ’(&’ ) -1 iy
+ - I ,l AT el t: + .
> Z— > (o1 18l + Ig11)

1=0 PI Jj=0
P1y=2)+0)

[, " (&)
4 Lo (oityr = 1) +60)

-1

I° (2=
Z pi t,l T et )l + |gj+1|)
j=0

Tw/(tl+1 t] & (S Wi C oy
§ P L7 gl + > i, 1 g )
j=1 r=0 =0

2—Ym G m i—P Dy
PEEIN(T, 1), 17 g(T)] + Fw(p )Z(p PO a0 + g
m m

m—1
D i 2=y )b
(p (y —1))[2(/7] /J+P/( Vj)d//lg(tj+1)|+|gj+l|)

j=0

m—1 j-1
Py, (tje1,17) S oy 1):
+ ) = (o 1T )] gl |

=1 Pj r=0

Under (C,) of Remark 4.4 and (H,), (H,) and (U, ), we see that

2574t 1) (2(0) = ()|
< [(Qle + Q) (L) + W)Ly + W L) + (8194 + Qs)]) + (2,Q6 + m\PZ'")Iz]HZ — ullpc

Wy, Totm) G Wyt 1) iy (1)
e (R Aat) o M

pm (OmYm) = P j|A|rpm ©n(Ym pars Fp,-(piyi)
mmpzl)w[ m+1 m+l » yi—1 n pl(y,ﬂ_zl)%
Z nalvy, & 1) Z il + Z |/11|) .\ 5( Z ¥y, (i, 1) s Z nalvy, &, 11))
— p,(Pm +0) — ooy Loy +6)
PI(V=2)+6;

el (m)”m <r,+1,r> i) A, T )
G é‘ j 1
HEAO )(Z; Lo — D) Z Lo 1) Tty - D+ 0)

PI=2)+;

P, " Enn) S Yy () 2 m¥, (T, 1)
J ‘m T n m
Loti-D+o) 2 g, )} { "X“)( i+ pmwmvm)

m¥,, (T, ) m SIATURRD }
5%”— © S j
T o OO )(r,,,,,(pmm,—l))+J.:1 o pm(pm(ym—l»)

[A1 + Aglllz = ullpe + €] Q[ (€ (1) + )4 + Cx(D( Q7 + Qs) + 60|

IA

Cx(DmPL" + Qo) + S(mPY" + Qs)}
= [A + Alllz = ullpc + €{Q[(Qu + Q7 + Qe)E (1) + (Qu + Q)0
+(mPY" + Qo) x (1) + (mPL" + Qs)5)
[A1 + Aglllz = ullpe +{Q1[(Qs + Q7 + Q)E, + Q4 + s
+mPY" + Qo)E, + mPL" + Qsle(8 + x(1)).

IA
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It follows that, ||z — ullpc < Cp,, € (0 + x(7)), where

. Q][(Q4 + Q7 + Qg)(gx + Q4 + Qg] + (m‘I’I’" + Qg)@x + m‘I’Z’" + Qs (4 14)
a 1= (A1 +A) ' '

GF%F

Therefore, the considered problem (1.4) is UHR stable with respect to (6, x) in E.

Corollary 4.2. By taking € = 1 and x(0) = 0 in Theorem 4.2, we obtain the considered problem (1.4)
is GUHR stable.

5. Applications

Example 5.1. Consider the following impulsive problem of the form:

2k+8 3- k 2k+3 .

Wk _ %;wk == Wk _
l/l(t) - f(ta M(t)’ 3k+461 u(t)’ 3k+461 l/l(t)), 4 ;t tka k - 0’ 1’ 2,

H
el @
3k+46 3k+43
C=yi)¥k (2 Yi-DWk=1_ , —
3k+461 0 (t]:r) - ke Il+50 l (tk) = ¢k(u(tk)), k=1,2,

3k+46
8o, T ) - D T T ) = ), k=12, G-b
50

B 4i+3 2i+2 21+ 2 sy, (31+2)
u(0) = 0, Z;hz_zJu( - )+2§(7 %)M%g u( - )—a

From the considered problem (5.1), we set a, = 2k + 8)/7, Br = 3 — k)/4, pr = 3k + 46)/50,
Ur(t) = 1/(k+2)+sin((k+2)t/((k+3)t—k+5)), or = Bk+2)/(5-k), vi = 2k+3)/8,t; = k/2,k=0,1,2,
T=3/2,u;=@i+3)/(12-20),n;, = R2i+2)/5, 4, =QRQIL+2)/(T-2]),6,=Q21+3)/4,& = (31 + 2)/6,
i=0,1,2,1=0,1,2 and A = e. Thanks to the given data, we can compute that A ~ 1.319519900,
Q; ~ 0.226529808, Q, ~ 0.656891205, Q3 ~ 1.166135348, Q, ~ 0.688903756, Qs ~ 0.228769110,
Qe ~ 6.890783193, Q; ~ 5.410714286, Qg ~ 0.341866237, and Q¢ ~ 0.707853736. The following
functions will be considered for theoretical confirmation:

In(2¢ + 3) 2 " 3e™! |ul 5 —2sin(?) [v|
t’ s Vs - < ~ t . .
fouvw) = o +3 T w GO\ Suez T e Aul + 3
3 cos(2t) |w|
7+tan(t +7) 2w|+ 1)
1 21,
o(u(n)) = 8_‘1’2 T tut) + €, Bpu(t) = T+ 30 W tou(t) + In(ty + 1),

For any u;, v;, w; € R,i=1,2,and ¢ € [0, 3/2], it follows that
2=k 3
|f(2, uy, uz, u3) — f(t,v1,v2,v3)] <‘P (@, 1) |M1 —V1|+—|M2—V2|+ —|M3—V3|

6) — ) < + OB O ¢k<v>|_35 W2 (1 1)l — v

It is easy to see that the conditions (H;) and (H,) are fulfilled under L; = 3/10, L, = 2/5, Ly = 3/7,
I, = 1/4 and, I, = 2/35. Then we have A; ~ 0.449865758 and A, ~ 0.278219606, which implies
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that A; + A, ~ 0.728085364 < 1. Since all the conditions of Theorem 3.1 are satisfied, the considered
problem (5.1) has a unique solution on [0, 3/2]. Furthermore, thanks of (4.10), we get

_ Ql(Qz + Qu + Q6) + Q5 + Qs + I’I’l\P?,:m
- 1-(A1+4Ar)

Cr: ~ 17.965178470 > 0.

Therefore, the considered problem (5.1) is UH stable on [0, T']. By setting y(e) = Cre via y(0) = 0,
we obtain from Corollary 4.1 that the considered problem (5.1) is GUH stable on [0, 3/2]. Moreover,
3

if we put y(¢) = ‘PK’Z (1, tp) into (U,), we have

k. @k
1901y = L3+ p)¥y, (1, tk)\y%(t 1) < L3+ o) (1, 1)
Prt L,B+p+a) " 7 T,G+p+a)
Then, we have
73
I3+ p)W)k (1, 1)
€, = max {— i ~ 0.017240540.
keto,12) | I (3 + pr + an)

By applying (4.14), one has

QU(Q + Q7 + Q)E, + Qy + Qg] + (MY + Qo)C, + mP" + Q
Gpy, 1= HEH D+ . (§]+(Am) )G+ m 5 ~ 7.913856366.
- 1 2

Then, by Theorem 4.2, the considered problem (5.1) is UHR stable on [0,3/2]. Finally, if we set
x(€) = €, € via y(0) = 0 and € = 1 in Corollary 4.2, we obtain that the considered problem (5.1)
is GUHR stable with respect to (6, ) on [0, 3/2]. In addition, we will present the graphical relations
between A + A,, ay, and B¢ € [0, 1] for £ = 0, 1,2 in Figure 1, while Table 1 shows the relationship
between a, B, A, Q;,i=1,2,...,6,and A| + A, < 1.

+
o
2

Figure 1. The condition A; + A, of Example 5.1 under a; € (1,2] and B, € [0, 1] for
k=0,1,2.
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Table 1. The relationship between ay, B, A, Q;, i =1,2,...,

6,and A; + Ay < 1.

(07" ,Bk A Q Q) Qs Qy Q5 Q6 A+A <1
1.10 0.00 2.89747 0.02794 0.64651 1.02427 3.17599 0.13384 6.36489 0.42946
1.17 0.10 3.12101 0.04342 0.69646 1.03920 2.46685 0.16217 12.51157 0.49162
1.24 0.20 2.73831 0.06766 0.65209 1.05567 1.83607 0.18540 12.78250 0.54965
1.31 0.30 2.23210 0.10206 0.56559 1.07170 1.35043 0.20338 11.13307 0.60005
1.38 0.40 1.77633 0.14772 0.46890 1.08537 0.99976 0.21660 9.16775 0.64098
1.45 0.50 1.41494 0.20455 0.37834 1.09517 0.75403 0.22583 7.43935 0.67190
1.52 0.60 1.14457 0.27068 0.30046 1.10018 0.58419 0.23191 6.07673  0.69323
1.59 0.70 0.94888 0.34221 0.23655 1.10018 0.46769 0.23567 5.05917  0.70601
1.66 0.80 0.81105 0.41335 0.18549 1.09556 0.38856 0.23781 4.32682 0.71166
1.73 0.90 0.71760 0.47711 0.14527 1.08715 0.33603 0.23891 3.82072 0.71175
1.80 1.00 0.65893 0.52647 0.11380 1.07611 0.30315 0.239388 3.49485 0.70783

Example 5.2. Consider the following impulsive problem of the form:

kli zk.

H ek=ly1°
3k+46 D
750

50
3k+46 I
750

2 .
1(0) = 0, 2(411-3
i=0

3k+4

Qv 3 (2—yi_ 1) _
e (tk)_3k+421 cx R (tk):¢k(u(tk))’

RL 8 (ye—Dsx RL S (yeot—Dithet - %
%DQSO u(t,j) - %D,ﬁ) u(ty) = ¢k(u(tk)),

12 -2i

2i+2\ & (20+2
) S

k=1,2,

k=1,2,

sy, (31+2)
u =e.
6

Wk M-wk M'l//k
u(r) = f(t, u(), 3k+46157k’ u(t), y%«,ltkg u(t), t# 4, k=0,1,2,

(5.2)

From the considered problem (5.1), we set a; = (¢! +2)/(e"' + 1), B = B —k)/4, pr = (3k+46)/50,

1//k(t) = (") [(t + 2k + 10), o = Bk +2)/(5 — k), v =
= @i+3)/2 -2, n = Qi+2)/5 4 = QL+2)/(T-2D,6 = 2l+3)/4, & = 3L+ 2)/6,

i =0,1,2,/ = 0,1 and A = e. Thanks to the given data, we can compute that A

Q; ~ 0.167309417, ©Q, ~ 0.079568573, Q3 =

1.027705947, Q4

~ 0.923594556, Qs

2k+3)/8, tr =k/2,k=0,1,2,T = 3/2,

~ 0.812170396,
~ 0.229753595,

i

Qs ~ 14.887728830. The following functions will be considered for theoretical confirmation:

ft,u,v,w)

r(u(ty))

(3t + 5)W, (1, 12) (2|u|2 + Tl 1)

For any u, v, w € R, and ¢ € [0, 3/2], it follows that

lf @, u, v, w)

AIMS Mathematics

2 +5t+25 lul + 3
- sin(?) [v| In(z + 8) [w]
W, 1 : : ,
T ")( 2 12 cos’t)+3 3w+ 1)
tr—1
z % lu(5i)| COS(ﬂfk) 2 " ()|
2t (9 k)3|u(tk)|+57 ¢)k( (k)) (’ k)l (tk)|+2
(r+5) sin@bl  wlIn( + 8)
e (P ol + 1)+ W (2 v )
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1. 5 |
ol < W M, 610l < 397 @ 1)l
1 5 |
@) = pl < VT Gl=vh 193w = )] < oW @ 0l = v

By applying (Hs)—(Hs) with ©(u) = 2Ju| + 1, we obtain that M, = 0.296890807, M, = 0.178134484,
g =0.273381295, g} = 0.249373747, g; = 0.750430599, E, = 1/5, Z, = 1/10, and

[(Qs + Q1QNE| + (mMP!™ + Q1Q6)E,] =~ 0.421759604 < 1.
By using (3.30) and (Hg), we have that
€ = (Qs + QIQOM| + (MY + Q1Q6)M, + Q|A] = 1.081294628.

Then,

R,
Su
o) 8OO + QD) + €

1

1= [g W7 + g3 Vi 1(Qs + Qi)

2

1.756882645,

1.123309473,

X

which yields R, > 4.041270259. Since all the conditions of Theorem 3.2 are satisfied, the considered
problem (5.2) has a solution on [0, 3/2].

Example 5.3. Consider the following the impulsive (o, Y)-HF P-IDE-MI1BCs of the form:

4-k.
Hoo%SY%un=2,t+t4, k=0,1,2,
20

i
k+1
k+2’

k+18 k+17
RL 5B RL Sy =Dy, 3
kel Dt;zo M(t/-:) T kb Dt;OI u(t;) = (=1) bX k=1,2,

3 . . 3
B 4i+3 2i+2 21+ 2 sy, (31+2)
u(0) = 0, 2(12—21')”( - )+Z(_7_21)IE})81”4 u(—6 )—e.

i=0 =0

k+18 k+17
o Qv S0 CVe-DWe-1 o —
k42r(1)8 1[1:20 Ll(l’l-:) - k;(l)7 ItZZ(I l/t(tk) = k = 1, 2,

(5.3)

Form the considered problem (5.3), we set a; € {27 +k—2)/4, 1+ V(k + 1)/(k + 6), (e +2) /(! +
),In(k + 4)}, Br = (4 —k)/5, pr = (k+ 18)/20, Y (¢) € {1/(k + 2) + sin((k + 2)t/((k + 3)t — k + 5)),
(k+4)/2—arccos((f> +kt—2)/10), (t’z_k+3)/(t+2k+8), 2—(In[(k+2)t+3k+3])/(n [(k + D)t + 2k + 2])},
th = k/2,k = 0,1,2,3, T = 2, ¢p(u(ty)) = —(k + 1)/(k +2), ¢;(u(ty)) = (-D*3/2), k = 1,2,3,
wi = @4i+3)/(12-2i),n; = Q2i+2)/5, 4, = Q2L+2)/(7T-2D),0, = 2I+3)/4,& = 31+2)/6,i =0,1,2,3,
[ =0,1,2,3, and A = e. Thanks to the given data, we can compute that A = 1.3195199. By using
Lemma 2.6 with f(z, u(z), pkl,‘k”‘“”k u(t), pkltyk"”/"‘u(t)) = 2, the solution of the considered problem (5.3) can
be written as

u(t)

_ {‘I’;i‘l(t, W I 1) "Z-iw_/.(tﬁl,tj)} {e
ALy (okv) AL oy = 1) £ Pj

Jj=
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M
(24:(4”3) v i 1) Z':( L PN GEN ) j+2)
S\12-2i) T,(ov) & —pilyi—D+pj) Jj+3
0//7/(27/)

=2 i P . .
4 ( 4i+3 ) ; (771 tl |:Zl( (t]“'l tl) (_1)]412)
i=0 12 - 2i r (,0 (71 - 1)) =0 r (a'j +Pj(2 7/) +pj) 2

prlyr ai

LWy, (ta1s 1)) JZI:( 2‘1’ 4 K (lr+1,fr) ~ r+2) 24:(41 +3) Yy (i, 1)
= Pj 1—‘p,(a'r _pr(7r - 1) +pr) r+3 =0 1—‘p,-(ai + pi)

Py =146 @j=pj%j=h
/A n

. (4l+4) .1,,' (&, 1) +Z3:(Zl+2) v, " &) 1_1( 29, 7 (1)) j+2
=0 I

T=2)ylar+ 6+ p)  H\T=21) Tploryi+6) L\ (@ =pjly; =1 +p)) Cj+3
P-4 ”/*”j?‘W
(21 + 2) ¥, " @) [ = ( 29,7 Gty 1y 3)
+ + (=1 Z
—\7 ooty =D + 0| S\ (aj +pj(2 =) +p)) 2

J
ar—pryr=
-1

N - \P%(l‘ﬂ.], t;) jz_l: ( 2‘{I¢,_ " (tr+1, tr) r+ 2)
Pj -0 1—‘p,(a'r =p(yr = 1) +pr) r+3

aj-pjlyj-1)

=

| )

29, (1,10) +‘P$f‘(t,tk) k“( 2%, " o) j+2)
Fplar+p0)  To(orye) = Lplaj—pjty;=D+pj) j+3
@j+p;(2-y;)
) _ o
‘I’Z,f( tt) [ 1( 2¥, (tjs1,1)) - )j+1§)
I (oe(yr — 1)) = Lp(aj+pi2=v)+p))

ar—pr(yr=1)

+ Z Yy, (tj41,1)) Zl( 2‘II¢,. T (s ) r+ 2)
=1 Pj =0 1—‘p,(a'r _pr('yr - 1) +pr) r+3 .

54

Hence, the solution of the considered problem (5.3) is divided into three cases.

Case L If we set a; € {n/2 + (k — 2)/4, 1 + \J(k+ 1)/(k +6), (¢! + 2)/(¥! + 1), In(k + 4)}
and Y (1) = 1/(k + 2) + sin(((k + 2)t)/((k + 3)t + (5 — k))) for k = 0, 1,2, 3, then the solution of the
considered problem (5.3) is displayed in Figure 2.

Case Il. If we set @y = /2 + (k—2)/4 and Y (t) € {1/(k +2) +sin(((k +2)1)/(k + 3)t —k +5)), (k +
4)/(2) — arccos((2 + kt — 2)/(10)), (" ~+3) /(¢ + 2k + 8), 2 — (In[(k + 2)¢ + 3k + 3])/(n[(k + 1)t + 2k + 2])}
for k =0, 1,2, 3, then the solution of the considered problem (5.3) is displayed in Figure 3.

Case IIL If we set ay € {7/2 + (k—2)/4, 1 + \(k+ 1)/(k + 6), (¢! +2)/(e*! + 1), In(k + 4)} and
Ui(®) € {1/(k +2) + sin(((k + 2)1)/((k + 3)t — k + 5)), (k + 4)/(2) — arccos((£ + kt — 2)/(10)), (" **3)/(t +
2k + 8),2 — (In[(k + 2)t + 3k + 3])/(n[(k + 1)t + 2k + 2])} for k = 0, 1,2, 3, then the solution of the
considered problem (5.3) is displayed in Figure 4.
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u(t)

Figure 2. The solution of Example (5.3) via a; € {% + 2,1 + / M, ﬁk 1+1,1n(k + 4)} and

Yi(t) = o5 + sin( i) for k = 0,1,2,3.

u(t)

S A 2r+u+

18 2

) . . _ k42
Figure 3. The solution of Example (5.3) via @y = 2+%2 and ¢ (1) € {75 +sin( Mﬁ it

2
t +kt 2y 1Tk In[(k+2)t+3k+3] _
arccos( > 1+2k+8° 2~ 1n[(k+1)t+2k+2]} fork =0,1,2,3.

8 T T T T
—ap=5+52, (t) = g5 +sin (%)
67—0‘71+ B ) = ifu((os(tﬁl“f’?)
4 H = %* i(t) = 7 zux
—a=In(k+4), Gi(t) =2 — pEEREE
ol
= é
2t /
a4t
6k
_8 Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 4. The solution of Example (5.3) via @y € (% + 52,1 + /51 €242 1n(k + 4)} and

1 . (k+2)t k+4 ‘ +kz 2y ke In[(k+2)1+3k+3] _
Yi(®) € {57 + sin(3y773) 5 — arccos( s 7258 2 T gDy fork =0,1,2,3
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6. Conclusions

In this paper, we have investigated existence theory and stability results for a class of nonlinear
impulsive boundary value problem of fractional integro-differential equations supplemented with
mixed nonlocal multi-point and multi-term integral boundary conditions in the context of
the (ox, Y )-Hilfer fractional derivatve. Firstly, the solution to the linear variant impulsive considered
problem was introduced in terms of a Volterra integral equation. The uniqueness result was proved by
using Banach’s fixed point theorem, while the existence result was established by means of a fixed
point theorem due to O’Regan. In addition, a variety of Ulam’s stability such as UH, GUH, UHR and
GUHR stability were studied by applying nonlinear functional analysis technique. Finally, three
examples illustrating the results are also provided to confirm the correctness of the theoretical results.
The novelty of our results is not only finding a distinctive qualitative theory for this problem within
the given frame but also addressing some new, interesting exceptional cases for various values of the
parameters related to the considered problem. For example,

(@) If weset 4 = 0foralll = 0,1,...,n, then the considered problem (1.4) reduces to BVP for
nonlinear impulsive (o, ¥;)-Hilfer-FIDEs under nonlocal multi-point boundary conditions:
u(0) = 0, X% uiu(n;) = A.

(i) If we set u; = O foralli = 0,1,...,m, then the considered problem (1.4) reduces to BVP for
nonlinear impulsive (o, ¥y )-Hilfer-FIDEs under nonlocal multi-term integral boundary
conditions: u(0) = 0, Y1, /l,pllz“‘”u(fl) = A.

This research would provide a significant contribution to the literature on the qualitative theory,
which might involve the growth of the idea introduced in this field as well as the possibility for further
generalizations in a wide range of exclusive outputs for applications and theories. One proposal is that
future studies explore the existence and uniqueness of solutions for additional forms of nonlinear
differential-integral equations in the setting of other fractional operators with varied boundary
conditions.
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