AIMS Mathematics, 8(9): 20269-20282.
AIMS Mathematics DOI: 10.3934/math.20231033

Received: 27 April 2023

Revised: 04 June 2023

Accepted: 09 June 2023

Published: 20 June 2023
http://www.aimspress.com/journal/Math

Research article

A novel approach to study ternary semihypergroups in terms of prime

soft hyperideals

Shahida Bashir!*, Rabia Mazhar?', Bander Almutairi? and Nauman Riaz Chaudhry?

1 Department of Mathematics, University of Gujrat, Gujrat 50700, Pakistan

2 Department of Mathematics, College of Science, King Saud University, P.O. Box 2455 Riyadh
11451, Saudi Arabia

3 Department of Computer Science, University of Gujrat, Gujrat 50700, Pakistan

* Correspondence: Email: shahida.bashir@uog.edu.pk; Tel: +923008336240.
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1. Introduction

In classical mathematics, all the mathematical formulas and methods are exact which cannot deal with
the problems of having uncertainty and incomplete data. Many theories are presented by scientists to tackle
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such complications such as the vague set theory [1], interval mathematics [2], rough set theory [3,4] and
fuzzy set theory [5,6]. According to fuzzy set theory, the problems with uncertainties are solved by use of
membership functions. As time passes, many researchers noticed that there are no parameterization tools
in the fuzzy set theory. In 1999, Molodtsov gave the idea of soft set to remove this inadequacy [7]. He
offered parameters that are helpful to tackle the uncertainties occurring in medical diagnosis and
decision making issues. In industrialized countries, the second most reason of cancer death of men is
prostate cancer, which depends on elements like age, ethnic background, family cancer history, the
level of prostate-specific antigen in blood etc. Many researchers are working to find the risk of prostate
cancer with the help of fuzzy set and soft set theories [8].

Zakri et al. [9] have worked to diagnose the educational complications for students with the
applications of soft sets and fuzzy sets. They created a survey of dismissed student in Saudi Arabia,
Jazan University, Science Department Girls, Mathematic Department from 2009 to 2013, as given in
the following table and find the risk of dismissed by using soft set. In Table 1, number of dismissed
students is given. Figure 1 shows the graphical representation of this risk.

Table 1. Data of dismissed students.

Year 2009 2010 2011 2012 2013
No.of dismissed student 16 20 33 65 43
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Figure 1. Graph of dismissed students.
1.1. Related works

In 1934, at the 8th Congress of Scandinavian Mathematicians, a French Mathematician Marty
gave a theory of algebraic hyperstructure [10]. For more applications and representation of
hyperstructures, see [11-13] respectively. In schools, especially at basic level, both academic skills
and teacher trainings are not enough to reach required and good consequences unless there is a
coperative, pleasent, kind and positive relationship. These associations between students are expected
preconditions for organizing interferences focused to get appropriate teaching and learning ability.
Consider a set K consisting of students of a specific classroom S. Due to a scientific approach to the
relationship between students in a classroom, a final set of relationships R is determined. Initially,
several researchers studied social relationships within a school by using a set of binary relations. The
most efficient teaching methods within a classroom have also been studied in [14] by using
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hyperoperations. If n is the number of members of the class, to apply this method it is necessary to
propose 2nd meetings for interviews (as for a football league with n teams). This technique is used to
get hyperstructures associated with the class and is therefore very significant.

In a book by Corsini and Leoreanu [15], there are a lot of applications of algebraic hyperstructures
in the fields of cryptography, geometry, automata, median algebras, relation algebras, artificial
intelligence, hypergraphs, binary relations, probabilities, lattices, rough sets, fuzzy sets and codes.
Algebraic hyperstructures are studied in many countries of Europe, America and Asia. Also, fuzzy
hyperstructure is studied by many researchers [16]. The researchers are attracted to hyperstructures
due to their distinctive property that hyperstructure multiplication of any two entries of a set is a set.
Usually, the multiplication of any two entries of a set is an entry which belongs to that set. Because of
the multi-valued property, hyperstructures are better than the common structures, which give all the
possible results of a problem between individuals.

1.2. Innovative contribution

In 1932, ternary algebraic structure was first studied by D. H. Lehmer [17]. To deal with the
mathematical frameworks that are not closed under binary operation, we have used ternary operation.
For example, A = {—i,0,i} is a semigroup under ternary multiplication. Also Z* (non-negative
integers) is a semigroup because it is closed under binary multiplication while Z™(negative integers)
does not close under binary multiplication, but it is closed under ternary multiplication that results in
the formation of a ternary semigroup. An algebraic structure with one associative hyperoperation is
called ternary semihypergroup and it is a specific case of an n-ary semihypergroup for n = 3 [18]. A
semihypergroup can be reduced to ternary semihypergroup while converse may not be true as a ternary
semihypergroup may not be semihypergroup under usual multiplication. Bashir and Du worked on ordered
and fuzzy ordered ternary semigroup [19,20]. Continuing this work, Bashir et al. studied bipolar fuzzy
ideals of ordered ternary semigroup [21], rough fuzzy ideals of ternary semigroup [22] and bipolar fuzzy
ideals of ternary semiring [23].

1.3. Literature review

After introducing the concept of soft set, Molodtsov gave soft sets techniques in 2006 [24]. This
theory is studied in different directions by Naz and Shabir [25,26]. Tripathy applied soft sets in game
theory [27]. The study of operations of soft set is given by Sezgin et al. [28,29]. Many operations on
soft sets are also studied in [30,31]. The comparison of soft sets to fuzzy sets and rough sets is given
by Feng et al. [32]. Aktas and Cagman applied soft set on group [33]. Davvaz [34] has done work on
soft semihypergroups. Shabir and Kanwal [35] worked on prime bi-ideals of semigroups in 2007. Shabir
and Bashir worked on prime ideals in ternary semigroup [36]. Later on, Shabir et al. [37] studied prime
fuzzy bi-ideals of semigroup in 2010. Bashir et al. studied prime bi-ideals in ternary semiring [38]. Then,
Mehmood [39] studied prime fuzzy bi-hyperideals of a semihypergroup in 2012. Hila and Naka [40—42]
worked on hyperideals of ternary semihypergroup. Shabir and Naz [43] presented prime soft bi-
hyperideals of semihypergroup. In this paper, we have enhanced the work of [43] and transformed all
the definitions, propositions and theorems of [43] in ternary semihypergroups and studied on primeness
of soft bi-hyperideals of ternary semihypergroups.
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1.4. Organization of the paper

This paper is organized as follows in Figure 2.

*Description  of " » Charactenzation
g;.’an m‘;‘:‘:j Section 2 of prime soft ; Section 4
in this paper. ie. :‘gz;:f’“’s m
i IS-IO“ et *Basic hyperstructure.
% Typersm.c!uxe Definitions = Conclusions
*» Temary % oats
T Motiv ?uonal = « Future Plan
Examples Section 3
Section 1 - B (The main section)

Figure 2. Organization of paper.
The acronyms are listed below in Table 2.

Table 2. List of acronyms.

Acronyms Representation

TSHG Ternary subsemihypergroup

SSHG Soft subsemihypergroup

SBHI Soft bi-hyperideal

PSBHI Prime soft bi-hyperideal

SPSBHI Strongly prime soft bi-hyperideal
SSBHI Semiprime soft bi-hyperideal

ISBHI Irreducible soft bi-hyperideal

SISBHI Strongly irreducible soft bi-hyperideal
iff If and only if

2. Preliminaries

Some basic definitions and notions are presented here.

Let K be a non-empty set and P(K) be the power set of K. A pair (K,o) is called a
hypergroupoid if o : K X K — P(K) is a hyperoperation on K.If A and B are non-empty subsets
of K and x €K, then xc A={x}oA, Aex=Ao{x} and AcB= U acb. Additionally,

a€AbEB
(K,o) is called a semihypergroup if K is hypergroupoid and forall [, m,n €K, (lem)en =1o(mo
n) [40].

The motivating example is as follow: Let K be a semigroup and S be any subsemigroup of K.
Then K/S ={x*S | x € K} becomes a semihypergroup under the hyperoperation "o " is defined
as (x*S)o(yxS)={z+S;z€ (x*xS)x(y*S)} forall x+S,y*S € K/S [44].

By a subset we always mean a non-empty one. A mapping f : K X K X K —» P(K) is called a
ternary hyperoperationon K if L, M, N aresubsets of K, then f(L,M,N) = U f(l,mn).

lELmMEMnEN
A non-empty set with ternary hyperoperation (K,o) is known as a ternary semihypergroup if for every
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[,Lmn,p,q €K we have, (lomon)opog=Llo(moenop)og=Llomo(nopoq). A subset
M ofternary semihypergroup (K,°) issaid to be a ternary subsemihypergroup (TSHG) of K iff M o
MoM C M. A subset M of ternary semihypergroup K is called a left (lateral, right respectively)
hyperideal of K if Ko KoM CEM (KoMoK S M,MoK oK C M, respectively). Additionally,
if M is left, lateral and right hyperideal of K, then M is called an hyperideal of K. In ternary
semihypergroup (K,o), an element O is called a zero element if forall [, m €K, (Ooclom) = (Lo
0om) =(lomo0)={0}. An element e in TSHG (K,°o) is known as a left identity element, if
for any | € K, (eceol) = {l}. Additionally, e € K is known as an identity element of K if for
any €K, (loceoce)=(eoloe)=(eceol)={l} [45]. A subsemihypergroup M of K is
called a bi-hyperideal of K if (MocKoMoKoM) S M [46].

Throughout, in this paper ternary semihypergroup is represented by K, Universal set is U,
powerset of U is P(U) and R,S,T are non-empty subsets of K. Also, C(U) denotes the
collection of all soft sets of K over U and B(U) denotes the set of all SBHIs of K over U.

A soft set fr over U is a function fi : K = P(U) such that fz(x) = ® if x € R and its

representation is given as fz = {(x, fr(x)) : x € K, fr(x) € P(U)}. Let fg, fs € C(U) and if for
all x €K, fr(x) € fs(x) then fr isasoftsubsetof fg anditisdenotedby fz € fs. If fs 3 f
and f5 € fz, then fr = fs. Let fz, fs € C(U), then union of fp and fs is denoted by
fr U fs = frus, where frus(x) = fr(x) U fs(x) for all x € K. Let fz, fs € C(U), then
intersection of f; and fs is denoted by fz N fs = frus Where fras(x) = fr(x) N fs(x) for all
x € K [43].
Example 2.1. Consider a soft set fr, which shows the “attractiveness of cars” for purchase.
Suppose that there are five cars in the universal set U, that is U = {kq, k,, k3, k4, ks} and R =
{r,,r,, 3,1} is a set of decision parameters, where 7;(i =1,2,3,4) are the parameters
“expensive”, “beautiful”’, “damaged” and “cheap” respectively. Consider a mapping f : R —
P(U) . Suppose that f(ry) = {ky,kp}, f(r2) = {ky ko, s}, £(rs) = {ks}, f(r) = (ka, kg} . The
parameterized family {f(1;),i = 1,2,3,4} can be seen as a collection of approximations:

expensive cars = {kq, k,}, beautiful cars = {k, k,, ks},}

Je = { damaged cars = {k3}, cheap cars = {ks, k4}

Also, this soft set is expressed in a tabular form as given in Table 3.

Table 3. Tabular representation of a soft set fg.

U 1 T T3 Ty
ky 1 1 0 0
ko 1 1 0 0
ks 0 0 1 1
ky 0 0 0 1
ks 0 1 0 0

To store a soft set in a computer, tabular representation is very useful.
Ternary product of any three soft sets is defined as below.
For fz, gs, hy € C(U) and x € K, soft ternay product is defined as

(fr * gs * hr)(x) =
{xelcEJmon {fr(D) N gs(m) N hr(n)}if there exist [, m,n € K such that x E lom on
d otherwise '
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If we define A, = {(Lm,n) EK XK XK: x €lomon}, then fg* gs* hy is stated as

l h i
(i * g5 * hr) () = fetemen Ur®n q;%(m) n T(n)}gﬁi =

For each [,m,n € K, fz € C(U), is said to be a soft subsemihypergroup (SSHG) of K over U
it N {frR0)} 2 RO N frM) N fr(n). Additionally, fz € C(U) is said to be a soft left

xXElomon

(lateral, right respectively) hyperideal of K over U if for all [mmneK, fr(n)C
N RO S 0 (GO fa@) S N {fa(x)} respectively). If fr is a soft left,
n XElomon XElomon

X€Elomo

lateral and right hyperideal of K over U, then it is called a soft hyperideal of K over U. A soft
hyperideal fr of K over U 1is said to be a SBHI of K if for all [,mn,p,qé€
K N {fr()} 2 fr(D) N fr(m) N fr(n). For a soft set fr of K over U, upper {-inclusion

'xelopomoqon
of fgr is defined as U(fz,{) ={x €K : fr(x) 2 {}. It can be easily seen that B(U) is closed
under ternary product and it is closed under arbitrary intersection.
Proposition 2.2. 4 soft set fr is a TSHG of K over U iff fr * fr * fr € f&.
Proof. Straightforward.

3. Prime soft bi-hyperideals

In this part, PSBHIs, SPSBHIs, SSBHIs, ISBHIs, SISBHIs of ternary semihypergroup K over U
are studied and characterized ternary semihypergroup under the structure of softness. Also for better
understanding, we have given an example of PSBHIs and SPSBHIs. Here, B;(# ®) < K for all i.
Definition 3.1. A SBHI f; € B(U) is called prime if Ig *gp, *hg, € fp , implies
lg, € fz, gp, € fz or hp, € fp forall Iz, gp,, hg, € B(U).

Example 3.2. Let K = {ry, 1y, 13,74} be a ternary semihypergroup under the operation o defined as
(ryeryory) = (r; ory) o1y and given in Table 4.

Table 4. Ternary multiplication.

° 41 L&) 3 Ty

r {r, {r} {r, {r}
T {r} {r} {r} {r}
T3 {r} i} (e} (ol
Ty {r:} {r} (nnr} nnr}

Here, A ={r}, B ={r,n}, C={r,nr,1r}, D={r,nr,n} and K are bi-hyperideals of K.
Let U = {1,2,3} and dEfIne fA(rl) = {1,2}, fA(rz) = fA(TB) = fA(T4) = o, Then

({n} #{={1}
{rn} if{=1{2}
¢ if{={3}
U(fa, ) =31} ¢ =1{12}.
@ if{={13}
¢ if{={23}
L@ if¢ ={1,2,3)

AIMS Mathematics Volume 8, Issue 9, 20269-20282.
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Since U(f4,¢) is bi-hyperideal of K. So, f, is a SBHI of K. Now, define gg(ry) = {1,2,3},

9s(r2) = {12}, gp(r3) = gg(1a) = . Then
({rur} if ¢ ={1}
{rur} if¢=1{2}

{n} ¢ =1{3}
U(gs,¢) = {{rum} i {={12}

{n} #{={13}

{n} #{=1{23}
\ {n} ¢ =1{123}

SO, gB |S a SBHI Of K NOW, deflne hc(rl) = {1,2}, hc(rz) = {1,2}, hc(r3) = {1}, hC(r‘l-) =
®. Then

({ri, 2,3} if ¢ = {1}

{rum} i {=1{2}
o if ¢ = {3}
U(hC' {) =9 {rprz} lf( = {1'2}'
e if{={13}
¢ if ¢ ={2,3}

L if7={123)

SO, hC |S a SBHI Of K. NOW, define jD(Tl) = {1,2}, jD(Tz) = {1}, jD(T3) = CD, jD(T‘4) = {1}.
Then

({rurm} i ¢ ={1}

{rn}  {=1{2}
P if ¢ = {3}
U(p, Q) =13 {r} if¢=1{12}.
P if ¢ ={1,3}
P if ¢ =1{2,3}
\ & if'¢{ ={1,2,3}

So, jp isa SBHI of K.
Itis easy to see that gz , he and j, are PSBHIs of K while f, is not PSBHI of K. The reason

isthat gp * he * jp € fu,but gg & fu, he & f4 and jp E f.
Definition 3.3. ASBHI fz € B(U) is called SPSBHI of K over U if (I, * gg, * hp,) N (gp, * hp, *

Ig,) N (hp, * g, * gp,) € fp implies lp € fz, gp, € fz or hg, E fp for all Iz, gp,, hp, €

B(U).
Definition 3.4. ASBHI f € B(U) iscalled semiprimeif gg * gp, * gp, € f implies gz, € fp for

all gg, € B(U).
Remark 3.5. For any ternary semihypergroup K over U, every PSBHI is a SSBHI but its counter does

not exist.
Proposition 3.6. Let {fz, : i € I} be a collection of PSBHIs of K, then ,r;wl fr, is SSBHI of K.
l

Proof. For all f; € B(U) where i €, ,r;11 fr; € B(U). Now let gg € B(U) such that gp * gp *
l
I Q,re\l fr;- Then, gp * gp * gp € fp, for all i € I. As given fi. is PSBHI of K for all i € I. This
L
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implies fz, is SSBHI of K for all i € I. So, gp € fz, for all i € I, this implies gp §ir;11 fr;- Hence
proved.

Definition 3.7. A SBHI f; € B(U) is said to be an irreducible (strongly irreducible) if
g, Nhg, Nlg, = fr,(gs, Nhg, Nig, Cfr) implies either gz = fz or hz, = fr or lg, = fz,
(g, € fr or hg, € fz or lg, € fz) respectively, forall gz, hg,, I, € B(U).

Proposition 3.8. If fz is a strongly irreducible semiprime-SBHI of K, then it is SPSBHI of K.
Proof. To prove fr be a SPSBHI of K, consider

(gp, * hp, * lg,) 0\ (hg, * lp, * g, ) O\ (Ip, * gp, * hp,) € fp where 9s,, hs, lp, € B(U). Also,
(g, N hg, N 1g,) € B(U).

(931 A th A 133) * (th A lBs A gBl) * (133 A 9B, A th) = (g31 * th * 133) and
(95, N hs, Nlg,) * (hs, N 15, 1 gp,) * (s, N g5, T s, ) E (hs, * 15, * g5,) and
(931 A th N lBs) * (th A lBS N gBl) * (lBs A 9B, N th) = (lBs *9p, * th)'

Thus,  (gs, M hg, Alg,) * (hs, N lg, 1 gp,) * (Is, 1 gs, N hs,) € (g5, * hs, * 15,) 1 (hs, *
lp, * gs,) O (I, * gp, * hp,) € fr. Since fr is SSBHI of K, then (gp, N hp, N lz,) € fz. Als0 fz
is SISBHI of K, so either gz, € fz or hg, € fz or Iz, € fz. Thus, proved.

Proposition 3.9. Let f € B(U) with fz(x) =T where x € K and T € P(U), then there exists an
ISBHI I of K suchthat fz € Iz and lz(x) = T.

Proof. Let X = {hg:hg € B(U),hs(x) =T where T € P(U) and fz € hs} be a partially ordered
set under inclusion. Then X # &, since fz € X. Let V = {hsl. t 1L E I} be a subset of X which is
totally ordered. Consider, forall a,b,c € K and x € Lo m o n.

n (o hsi)(x);U( n hsl.(x))

XElomon \i€l i€l \xElomon

2y (hsi(l) N ks, (m) N b, (n))

- {iLEJI (hsi(l))} n {iLEJI (hsi (m))} n {iLEJI (hsi (n))}
= (5 1) 00 (G he) 0 () o,

So, ,L;JI hs, is a TSSHG of K over U.
L
Now, forall I,m,n,p,q € K and y Elopomoqon.

n (G hsi)(y)=U< n hsi(Y)>

yElopomeoqgon \i€l i€l \ yElopomeogon

2U (hs, () N hs,(m) 0 hs ()
=1 (s @)} 0 (ram) 0y, (s m))
(G ) O (G om0 (G )

Hence, ,L;JI hs, is SBHI of K. As fr € hg, for all i €1, so fr §,L;JI hs,. Also (.L;JI hs)(x) =
l l L
Y (hs)(x) =T. Thus, Y hs, is the supremum of V. So, there exists a SBHI [ of K that is
l l
maximal, fz € Iz and lz(x) = T. Now we have to prove that Iz is an irreducible. Suppose lp =

AIMS Mathematics Volume 8, Issue 9, 20269-20282.
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dp, N gp, N jp, Where dg ,gp, and jp, are SBHIs of K. Then Iz € dg or Iz € gp, or Iz C jp..
We claim that lg = dg, or [z = gp, OF lg = jp,. Suppose on contrary that [z % dp, and lg % gg,
and lp % jp,. Since lp is maximal with respect to the property that I5(x) = T. It follows that dp (x) #
T,ggp,(x) # T and jp (x) # T. This implies T = lz(x) = dp, N gp, N jp,(x) # T . Which is a
contradiction. Hence either Iz = dg or lg = gg, or lgp = jp,. Hence proved.

Theorem 3.10. For a ternary semihypergroup K, there is a correspondence between the following
statements.

(1) fg* fg * fz = fp forall fz € B(U).

() (gs, * hs, * 1s,) 0 (hg, * lg, * gp,) N (Ip, * gs, * hs,) = gp, N hy, N g, for all gz, hp, and
lg, € B(U).

(3) Every f € B(U) issemiprimei.e., gp, * gp, * gp, E fp implies gg, € fp forall gz € B(U).
(4) Every proper SBHI f; € B(U) is the intersection of all irreducible semiprime SBHIs of K which
are the supersets of fz.

Proof. (1) = (2). Let gp,, hg,,lp, € B(U), then gg N hg, N1z, € B(U). By supposition

(gB1 A th A lBg) = (gBl n hBZ n lB3)3
= (931 N th N lBg) * (931 N th 2l l33) * (gB1 n th n 133)
= (931 * th * lBs)'

Similarly, (gp, N hg, N 1p,) € (hp, *lp, * gs,) and (gp, N hp, N 1z,) E (I, * gs, * hs,)-

S0, (gp, N hs, N ls,) € (95, * hs, * 15,) 0 (hs, * L, * 95,) T\ (Ig, * gs, * hs,).

Conversely, (gp, * hp, * lp,), (hp, * lp, * gp,) and (ls, * gp, * hp,) are SBHIs of K. Also,
(gp, * ha, * 1g,) 0 (hg, * lg, * g, ) N (Is, * gs, * hp,) is a SBHI of K. Then, consider

(931 * h'Bz * 133) N (th * 133 * 931) N (lB3 *9p, * th)

3
= ((gB1 * th * 133) n (th * lB3 * g31) n (lB3 *9p, * th))
c (g31 * th * l33)(h32 * lB3 * gBl)(lBS *9p, * th)
c (931 * gk * QK)(QK *9dp, * gK)(gK * gk * 931)
= g, * (k * gk * gx) * I, * (G * gk * Ix) * B,
c 9, * 9k * 9B, * 9k * 9B, c ): 8
Similarly,
(98, * ho, * 1p,) N (hs, * s, * g5,) O (I5, * g5, * hs,) E hs, and (gs, * hs, * Is,) A (hp, * I, *
g31) n (133 *9p, * th) c 133'
Thus, (gs, * ha, * ls,) 1§ (hs, * lg, * g5,) 1 (Is, * gp, * hs,) € g, 1 1, 1 L.

Hence, (gBl * hBZ * lBS) ﬁ (hBZ * lBS * gBl) ﬁ (l33 * g31 * h’Bz) = gB1 ﬁ hBZ ﬁ lBS'
(2) = (1). Let g, bea SBHI of K. Then

9B, = 9B, N 9B, N 9B,
= (931 * Jp, * 931) N (931 * Jp, * 931) N (931 * Jp, * 931)
= gBl * gBl * gBl'

AIMS Mathematics Volume 8, Issue 9, 20269-20282.
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So, gp, is idempotent.

(1) = (3). Let fz € B(U). To prove f5 is semiprime, consider gg. * gp, * gz, S fp for any
gs, € B(U). Then, by supposition gp = gp, * g, * gp, € f - Implies, gz, € fz . Hence proved.

(3) = (4). Let {fBi P I E I} be a family of all ISBHIs of K which are the supersets of fz. Then,
fs §_QI f5,;- Now, let x € K. Then by Proposition 3.9, there is an ISBHI f5 of K such that fz(x) =

l

fs, (). Thus, fa, € {fs, : i€1I}. Hence, ir; fa, € fa,- SO, irél fa,(¥) € fi, (X) € fy(x). Thus,

_él fz; € fz- Consequently, ,r;wl fz, = f3-
l l
(4) = (1). By Proposition 2.2, fg = fz * fg € fz forall fz € B(U). By supposition, fg * fz *
fs =N fs, Where fp are irreducible semiprime soft bi-hyperideals of K for all i € I. Thus, fp *
l

fg*fz € f5, forall i. Hence, fg c f5, forall i because each fg. issemiprime. Thus, fg éirewl f5, =

fs * fg * fg. Hence f is idempotent.

Theorem 3.11. Each SBHI fx € B(U) is strongly prime iff it is idempotent and B(U) is totally
ordered by inclusion.

Proof. First, suppose that each SBHI of K is strongly prime, then it is semiprime. Thus by
Theorem 3.10, each SBHI is idempotent. Let f5 , f5, € B(U), then

f31 ﬁfBz N fi = (f31 *fB2 * fi) N (]CB2 * fi *fBl) N (fi *f31 *fBz)-
Implies
(f31 *fB2 * fi)D (]CB2 * fi *fBl) N (fi *f31 *fBz)g (f31 ﬁfBz)-

By hypothesis, fp,, fp, are SPSBHIs of K, sois (fp, N f3,).
Then fp, c fB, ﬁfB2 or fg, c /B, ﬁfBz or fx ngl ﬁfBz- Thus, fp, c fB, O fg, c /B, -
Since fp,,fp, are arbitrary SBHIs of K, so B(U), the set of SBHIs of K is totally ordered by

inclusion.
Conversely, let fz be any SBHI of K and f,, f3,, fz, € B(U) such that

(f31 *f82 *fBg) N (]CB2 *fB3 *fBl) N (fB3 * f31 *fBz) c /5
By Theorem 3.10, we have
f31 ﬁfBz ﬁfBg = (f31 *fBz *fBg) N (]CB2 *fB3 *fBl) N (fB3 *f31 *fBz) c fB-

From our supposition, by using the property of inclusion, there are the following six possibilities.

(i) fs, € fs, € f5, (ii) f5, € f5, € f5, (iii) f5, € f5, € f5,

(V) fs, c /B, c fa; V) fs, c /B, c fz, (V) fg, c /5, c fB,-

In these cases, we have

() fz, Nfp, N fB, = f5, (i) f5, N fp, N [, = fp, (ili) fp, Nfp, N fB, = [B,-

(V) fo, 0 f5, 0 fo, =[5, V) fo, N fp, N fp, = fp, (V) f5, 0 fp, N f, = [,

Hence, according to each case either fz € fz, or fz, € fp, or fz. € fz Hence, fp is strongly
prime.
Theorem 3.12. Let B(U) be atotally ordered set under inclusion, then each SBHI of K is idempotent
iff it is prime.
Proof. Suppose thatany fz € B(U) is idempotentand let f , f3,, fg, € B(U) such that

f31 *fB2 *f33 c /B
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From our supposition, by using the property of inclusion, there are the following six possibilities.

() fs, € f5, € f5, (i1) f5, € f5, € f5, (iii) f5, € f5, € f5,-

(V) f3, c /B, c fa, (V) f&, c 5, c fz, (V) [, c /B, c fB,-

From (i) and (ii), we have

fo, = f, * f5, * f5, € f, * fo, * f5, € fp implies fp, € f as fp, is idempotent.

Similarly, for other choices we have f, € fz or fp, € fp. S0, fp is prime.

Conversely, suppose that each SBHI of K is prime, so by Remark 3.5, it is semiprime. Thus by
Theorem 3.10, each SBHI of K is idempotent.
Theorem 3.13. Let B(U) be a totally ordered set under inclusion, then each PSBHI of K is
equivalent to strongly prime.
Proof. Suppose f5 is a PSBHI of K. To prove that fp is a SPSBHI of K, let fz, f3,, fg, € B(U)
such that

(f31 *fBz *fB3) N (fB2 *f33 *fBl) n (f33 * fBl * fBz) c /B

From our supposition, by using the property of inclusion, there are the following six possibilities.

() fs, E f5, € f5, (1) f5, E f5, € f5, (iii) f5, € f5, E fa,.

(Vi) f5, c /B, c /B, (V) /B, c /5, c f5, (V) /B, c /5, c /B,

From (i) and (ii) we have,

f331 = fB31 N fB31 ﬁfégl c (f31 *]CB2 *fBg) N (fB2 * fB3 * fBl) N (fB3 * f31 * fBZ) c fB-

Implies fz, € fp. Similarly, we have f5, € fg or fz, € fz. So fp is strongly prime.

Conversely, suppose fz isa SPSBHI of K over U. Now we have to prove that f; is PSBHI of
K. For this consider,

fB1 *fBz *st c fg. Implies

(f31 * B, *fBg) ﬁSfBz * fp, * ]%1) A (/3,4 *fBl * fg,) c fB, * I8, * I3, < f5.

Implies either fz, € fg or fg, S fg OF fp, < fg. As fp is SPSBHI of K. This shows that f5 is
a PSBHI of K. Thus every SPSBHI of K is a PSBHI of K.
Theorem 3.14. Let gz € B(U), then the following statements are equivalent.

(1) B(U) istotally ordered by inclusion.

(2) gg isstrongly irreducible.

(3) gg isirreducible.
Proof. (1) = (2). To prove that gg is a strongly irreducible, let g , g5,, g, € B(U) such that

gB]_ ﬁng ﬁ gB3 § gB'

By our supposition, gp N gp, N gp, = gp, OF gp, OF gp,. Thus, either gz € gp or
9s, € gs Of gp, € gp. SO gp is strongly irreducible.

(2) = (3). To show that g is an irreducible, let gg , gs,, gp, be any three SBHIs of K such
that gg, N gp, N gp, € gp. Implies gg € gp, or g € g5, O gg € gs,.

And by hypothesis we have, gz € g or gz, € gg or gz, € gg. Hence either, gz = gp or
gs, = gp OF gp, = gp. Thus, gp is irreducible. Hence, each SBHI of K is irreducible.

(3)=> (1). Let gp,gs €BU). Then, gp Ngp, €BW) and so is irreducible.
Consider, gg, N gp, N gk = gp, N gp, , implies gp = gp, Ngp, OF g, = gp, Ngp, OF gx =
gg, N gg,. Implies either gp c gs, OF gg, c gs,- Hence, B(U) is totally ordered by inclusion.
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4. Conclusions

Hyperstructures are better than the common structures because of the multi-valued property,
which give all the possible results of a problem between individuals. In this section, we describe how
this research work is better and related to previous work. In [43], Naz studied the PSBHIs of
semihypergroups. By extending the work of [43], we worked on ternary semihypergroups. We
introduced PSBHIs in ternary semihypergroups. This technique is more useful than [43] because there
are many algebraic structures that are not closed under binary multiplication but closed under ternary
multiplication, such as Z" (set of negative integers), Q™ (set of negative rational numbers) and R™ (set
of negative real numbers). To remove this difficulty, we studied the ternary operation, and have
generalized all results in ternary semihypergroup. Hence, the technique used in this paper is more
general than previous.

Molodtsov initiated the idea of soft set theory for solving the problems with uncertainty. In this paper,
we use the concept of soft set theory on ternary algebraic structure. We generalized the work of [43] to
ternary framework. Many related theorems, propositions and examples are discussed here with ternary
hyperoperation. We generalize the ternary semihypergroups by the characterizations of PSBHIs. The
main advantage of this paper is that we have proved with ternary operation that each SBHI of K is
strongly prime iff, it is idempotent and the set of SBHIs of K is totally ordered by inclusion.

If data is incomplete and uncertain, the above technique is not appropriate. For this, we will use
parameterization tool with fuzzy set and bipolar fuzzy set. In the future, based on these results, we will
apply soft sets to bipolar fuzzy hyperideals in ternary semihypergroups and extend it to the structure
of soft semihyperrings and soft ternary semihyperrings in a similar way.
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