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1. Introduction

The problem of Ulam stability can be formulated for various functional equations. The starting
point of Ulam stability theory was a problem formulated by Ulam in 1940 in a talk at the University of
Wisconsin-Madison concerning the approximate solutions of group homomorphisms. Generally, we
say that an equation is Ulam stable if for every approximate solution of the equation there exists an
exact solution of the equation near it (see the papers [10, 16, 18,23,25]). For more details on the Ulam
stability on the functional equations, see the monographs [17,19]. The problem can be also formulated
for difference equations. Since a discrete dynamical system is described by a difference equation,
this type of stability is related to the notion of perturbation of such a system. The Ulam stability of
difference equations was intensively studied in the recent years (see for more details [10]).

Recently many papers on Hyers-Ulam stability of difference equations are devoted to the relation
of it with hyperbolicity and the exponential dichotomy. Remark here the papers by D. Dragicevic¢
concerning some nonautonomous and nonlinear difference equations [12—-14]. D. R. Anderson and
M. Onitsuka gave interesting results on the influence of stepsize in Hyers-Ulam stability of the first
order difference equations and on the best constant of some second order linear difference equations
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with constant coefficients [1,20]. Recall also the results given by A. R. Baias, J. Brzdek, D. Popa
et al. in the characterization of Ulam stability and on the best constant for various linear and nonlinear
difference equations [2-5,7,11, 15].
Let K be either the field R of real numbers or the field C of complex numbers and X be a Banach
space over K. Consider the difference equation
Xn+p :ﬂ(xn’xn+1’---’xn+p—l)’ neN, P EN*a (L.1)
where f, : X? — X and xo, x1,...,x,1 € X.
Definition 1.1. The Eq (1.1) is called Ulam stable if there exists a constant L > 0 such that for every
& > 0 and every sequence (x,),>o in X satisfying
||-xn+p _f;l(xn9xn+ls"'7xn+p—1)” S & n € Na (1'2)

there exists a sequence (y,),>o in X such that

Yn+p = f;l(ynayn+la cee ,}’n+p—1), neN (1.3)
and
X, — vull < Le, n € N. (1.4)

Remark 1.2. If in Definition 1.1, € is replaced by a sequence of positive numbers (g,),s0 and Le by
a sequence (0,),>0 depending on (&,),>0, then we get the notion of generalized Ulam stability. The
number L is called an Ulam constant of the Eq (1.1). Denote by Lk the infimum of all Ulam constants
of the Eq (1.1).

In particular, for p = 1, we consider the linear difference equation
Xnl = ApXy + bna nz 0, (15)

with (a,),s0 a sequence in K and (b,),>¢ a sequence in X.
The following result concerning the generalized Ulam stability of (1.5) can be found in [21].

Theorem 1.3. Let (g,),50 be a sequence of positive numbers such that

En

<1or liminf —— > 1. (1.6)

lim sup
En_1lanl En-1lay

Then there exists L > 0 such that for every sequence (x,),>o in X satisfying
X041 — @nXy — bl < €4, n 20, (1.7)
there exists a sequence (V,)n>o in X such that
Ynil = QpYn + by, 120 (1.8)

and
”xn _yn” < Lgn—la nz 1. (19)

Remark 1.4. If in Theorem 1.3, we take g, = &, n > 0, then the condition (1.6) becomes

< 1 or liminf > 1. (1.10)

a| Ay
On the other hand it was proved that if lim |a,| = 1, then (1.5) is not stable (see [8]).

lim sup

So, we obtain the following result.

Theorem 1.5. Suppose that lim |a,| exists. Then the Eq (1.5) is Ulam stable if and only if lim |a,| # 1.

AIMS Mathematics Volume 8, Issue 9, 20254-20268.



20256

2. Second order equations

Let (a,).s0 and (b,),s0 be sequences in K and (c,),>0 a sequence in X. In what follows we deal with
Ulam stability of the second order linear difference equation

Xp+2 = QpXps1 + bnxn +cCp, 02 0’ (21)

where xg, x; € X.
The following results will be useful in the sequel.

Lemma 2.1. Suppose that (x,),>o satisfies (2.1) and let (u,),>0 be a sequence in K defined by the
Riccati difference equation

by
Upp1 =ap +—, n >0, ug € K. (2.2)
If (z,)n>0 is given by the relation
Tn = Xpal = UpXy, 120, (2.3)
then
Znst = (@p = Upy1)Zp + Cpy 1 2 0. (2.4)

Proof. From (2.1) it follows that

Xn+2 = Upt1Xp+l = QpXpsl — Upr1Xpe1 + bn-xn + ¢y
= (an - un+1)xn+l + bnxn + ¢y
b,
= (an - un+l)(-xn+l + xn) + ¢y
n — Un+l

Uy
= (an - un+1)(xn+1 - b_bnxn) + ¢y
n

= (an - un+1)(xn+1 - unxn) + ¢y

= (an - un+1)zn +Cp, n 2 0.

O
Lemma 2.2. Let (A,),>0, Ap = ( Pn ;],, ), be a sequence of matrices with entries in K and (v,),>o be
the sequence defined by the difference equation
nvn + n
Vn+1=pv q ,n>0, xo e K
FuVp + Sp
Then
’ Vo +ﬁn > 1’
YnVo t 6n
where
An_] Aoz(aln Bn),}’l21
Yn  On
Proof. The proof may be established by using mathematical induction on 7. O
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Remark 2.3. In particular, for the sequence (u,),>o given by (2.1) we get

Uy +ﬁn
u, =

=——— n>1
Ap-1Uo + Bui

—_ b

a, b,

where A, = ( 1 0

), n >0, and

A,,_l-...-AO:( @ B ),nzl.

Lemma 2.4. If the equation x,.| — u,x, — z, = 0 is Ulam stable with the constant L, and the Eq (2.4)
is Ulam stable with the constant L,, then the Eq (2.1) is Ulam stable with the constant L,L,.

Proof. Let € > 0 and let (x,),>0 be a sequence in X such that
X042 = @nXns1 = bpXy — ol < &, 0 2 0.
Put z, = x,,11 — u,x,, where (u,),>o satisfies relation (2.2). Then
lzn+1 = (@n — tns1)zn — €1l < &, 1 20,
so according to the stability of the Eq (2.4), there exists (W,,),>0,
Whet = (@ = Ups )Wy + €y, 120, (2.5)

such that
|z, = wall £ Lye, n > 0.

Taking account of (2.3) we get
1Xp41 = up Xy — will < Lre, n > 0.

Now, since the Eq (2.3) is Ulam stable, it follows that there exists a sequence (y,),>0, satisfying the
relation
Y+l = UpYn + W, 120, (2.6)

such that
I, = yull £ LiLre, n > 0. 2.7)

To complete the proof it remains to show that (w,),s satisfies the Eq (2.1). For this we replace (y,),s0
from (2.6) to (2.5) and we obtain

Yn+2 = Upt1Yn+1 = (an, — un+1)(yn+l - unyn) + Cp.
Finally, taking account of the relation (2.2), we get
Yn+2 = QpYp+1 t bnyn +cy 2 0.

The theorem is proved. O
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The main result on the stability of the Eq (2.1) is given in the next theorem.

Theorem 2.5. Suppose that for the sequence (u,),>o given by (2.2), lim |u,|, lim |a, — u,,,| exist and:

1) lim |u,| # 1;
2) lim |a, — u,4q| # 1.
Then the Eq (2.1) is Ulam stable.

In the following theorem we present a nonstability result for the Eq (2.1).

Theorem 2.6. If there exists uy € K such that lim |a, — u,.1| = 1 and (u,),s0 is bounded, then the

Eq (2.1) is not Ulam stable.

Proof. Let € > 0. Since lim |a, — u,.1| = 1, from Theorem 1.5 it follows that the equation

n—oo

Zn+l = (an - urH—l)Zn + ¢y

is not Ulam stable, i.e., there exists a sequence (Z,),>o in X, satisfying the inequality

I|Zn+1 - (an - Mn+1)zn - Cn” < & n > 0’
such that for every sequence (¥,),>0 with
_)_;n+1 = (an - un+1))_7n +cp, n 2 Oa
we have
sup ”yn - Zn” = 0.
n>0
Let (x,).s0 be a sequence in X defined by the relation

Xpp1 — UpXp = Zp, B 2 0

(it suffices to take xy = O in order to determine (x,),>o step by step).
The inequality (2.8) implies that the sequence (x,),>( satisfies

||-xn+2 — ApXp+1 — bn-xn - cn” < g, nz 0.

Let now (y,),>0 be an arbitrary sequence defined by
Yns2 = ApYns1 + bpyn + €y
and (¥,,),>0 be the sequence given by
Vn = Yut1 = UpYn, 1 2 0.

Then the relations (2.9) and (2.10) hold.

(2.8)

2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Finally, we have to prove that sup,., ||y, — Z|l = co. Suppose the contrary. Then there exists M > 0

such that
”xn _yn” < M, nz 0.

AIMS Mathematics
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From (2.11) and (2.13) it follows that

”)_711 - Zn” = ||yn+1 — UpYn — Xpt+1 + unxn”
< ||yn+l - xn+1|| + |un| : ”yn - xn”
< (1 + ul) - M,

for every n > 0, which contradicts relation (2.10), if we take also into account that (u,),s 1s bounded.

O
The following examples illustrate our theoretical results.
Example 2.77. Suppose that X is a Banach space over C. The linear recurrence
Xpso = —2€™2 Xyt + i(=1)"x,, >0, x0 € X,
is not Ulam stable.
Indeed, in this case u,,; = —2¢"? + % Further, taking uy = i, one can show that (u,),so 1S

n

. . . ink . .
bounded and lim |a,, — u,,1| = 1, since u,, = ie"2, n > 0 (induction on n).
n—oo

Example 2.8. Let X be a Banach space over R. The linear recurrence

2n*—n-2 1
n+2 — -2 n+l T ns > Oa s € X,
TS T D2+ 3) T eyt e e
is not Ulam stable.
Indeed, if we take ug = —1, then u,, = ﬁ n > 1 and hence (u,,),>0 is bounded with lim |a, — u,,1| =

1.

Example 2.9. Suppose that X is a Banach space over C. The linear recurrence
Xn+2 = (_1)n+]xm n >0, xXp € X,

is not Ulam stable. A
Indeed, if we take uy = €7, then u,, = e%’”’, n > 1 and hence (u,,),>0 is bounded with lim |a,—u,,| =
n—o00
1.

We present and discuss finally some particular cases and we give an example of Ulam stability
for (2.1). We also mention that the following result contains in particular the case of stability for the
linear difference equation with constant coefficients proved in [9, 10].

Corollary 2.10. Let a,b € K and ¢ € X. The linear difference equation of the second order with
constant coefficients
Xpio = AXpy1 + bx, + ¢, n >0 (2.14)

is Ulam stable if and only if none of the roots of the characteristic equation 1> — ad — b = 0 lie on the
unit circle.

Proof. If foralln > 0, a, = a and b, = b in (2.1), then u,,; = a + £, n > 0, and by Remark 2.3,

Qg + ﬁn

————, n2x1,
ap-1Ug +ﬁn—l

u, =

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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whereA:( a b

| O)and

An:( En ﬁn ),l’lZl

@y ﬁn—l
Suppose in what follows that the eigenvalues A; and A, of A, i.e. the roots of the characteristic
equation A2 —ald—b =0, are distinct. Thena — 1; = A, and

A" = (1))"B + (1,)"C, n > 0, (2.15)
where B = -1 ( /12_161 :lb )andC: ﬁ( a_l/ll [; )
- 2 -]
Hence,
)" )"
Qulty + B, = () (g(Ay —a) — b) + (%) (up(a — A1) + b)

/12 — /11 /12 - /ll
and consequently,

y = (A" (uo(A2 — a) = b) + ()" (up(a — A1) + b) .
T (g2 — a) = b) + () (ugla — A1) + )

Next we show that the Eq (2.14) is Ulam stable if and only if |1;| # 1 and |4,| # 1. Indeed, to prove
the necessity, let us suppose without loss of generality that |4;| = 1. Taking uy = A,, we get u,, = A,
and lim,_, |a, — u,+1| = |4;| = 1. Hence, according to Theorem 2.6, the Eq (2.14) is not Ulam stable
and we get a contradiction. Conversely, if |[4;] # 1 and |1,| # 1, it is sufficient to consider uy = A;.
Hence u,, = Ay, lim,, |u,| # 1 and lim,,_,, |@, — u,+1| = |22] # 1. It follows that the Eq (2.14) is Ulam
stable and the proof is complete.

Similarly, one can easily remark that the previous assertion remains also true for 4; = A,. In this

2
case, A; = A, = ‘5‘ b= —‘fT and

(2.16)

A" =(1)"(Cn+B), n>0, (2.17)

where B =1, and C :( i :% ),fora # 0.

Hence, ‘

any + B, = (g) ((n + Dug — gn)
and consequently,
¢ ((n + Duy - 4n)
u, = — ,n>1.
nug — 5(n—1)

Furthermore, lim |u,| = lim |a, — u,.1| = |5] and the Eq (2.14) is Ulam stable if and only if |a| #

2. ]

Corollary 2.11. Let (b,),>0 be a sequence in K \ {0} and (c,),>0 a sequence in X. The linear difference
equation
Xp2 =byx,+ ¢, n >0 (2.18)

is Ulam stable if the following two limits exist and

n
[Tezi bar—1uo

n—1
k=0 bZk

HZ:O by
HZ:l bog—1ug

lim =

n—oo

# 1. (2.19)

n—0oo

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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Proof. Indeed, for a, = 0in (2.1), we get u,,; = %, hence A, = ( 0 b,

10 ), n > 0. Further, applying

Remark 2.3, we get

e Dor- o b
) L (220)
IIk:O bZk

Uzp n
[1 k=1 bor—1ug

for all n > 1. Finally, taking into account Theorem 2.5, we obtain the desired conclusion. O
Corollary 2.12. The linear difference equation
Xn+2 = QpXpy1 + (02 —aay)x, +c,, n>0 (2.21)

is Ulam stable if for some 6y € K, the sequence

n k-1
S5, = "6y + (6o — @) Z ok l_[(as —a), n>1 (2.22)
k=1 5s=0

satisfies the relations lim |
n—oo “n-

S| £ 1 and lim |a, — 22| # 1.
1 )
n—oo n

Proof. By Remark 2.3,

Uy +
w, = O—ﬁ n>1, (2.23)
Ap-1Uoy + Bu-1
where
Ay = Ay Aoy + (@ — Q)2
ﬁn = an—lﬁn—l + a/(a/ - an—l)ﬁn—Z, n>?2

and ap = 1,80 = 0, a; = ay, 1 = a® — aay. Observe now that
¥, — a1 = (ap-1 — @)@ — @@y2).

Denoting further y, = @, — aa,—; (n > 1), where y, = ay — @, one obtains y, := (a,-; — @)y,-1 (n > 2)
and consequently,

n—1

o= |@-o.

k=0

Thus, a, = aq,_; + Hz;é(ak — ), n > 1. Further, putting y;—;‘ (n > 1) with yy = 1 instead of the first «
below, we may deduce that y, = =, and finally

n k-1
@, = apd"' + Z ok H(as —a), n>2.
k=2 5=0

Similarly, one may show that

n k-1
Br=(@-aa" = > [ @ -a)n>2
k=2 5=0
Hence, if we take 6y = uy and we substitute the above expressions in (2.23), one obtains an explicit
formula for u,, more precisely u, = 56: , n > 1. Finally, applying Theorem 2.5 we finish the proof. O

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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Example 2.13. The linear recurrence

2n+3 +2
X =2 4T w20 (2.24)
n+1 n+1
is Ulam stable.
Indeed, since the Eq (2.24) is a particular case of (2.21) with @ = 2, a,, = 22153 apd ¢, = 0, we

n+l1
deduce that

S,=m+Dn+2)2"" G -2)+2"", n>1

and, consequently,

On _2(n+ D(n+2)60—2)+4

, n>1.
On-1 nn+1)(06p—-2)+4

On
On-1

difference equation (2.1) is Ulam stable.

Moreover, lim |- |=1lim |a, — 5(”5—”| = 2. Hence, using Corollary 2.12, we conclude that the linear
n—oo n—oo n

3. Third order equations

Consider in the following the third order linear difference equation
Xps3 = ApXpsa + byXy + CuXy +dy, n 20, 3.1

where (a,),50, (by)n>0, (Cn)n>0 are sequences in K and (d,),>o 1S a sequence in X.

Lemma 3.1. Suppose that (x,),>o satisfies (3.1). Consider
Zn = Xpgl = UpXy, 120 (3.2)

and
%y = Xpt1 — UpXy, 120 (3.3)

where (Uy)n>0 and (U)o are sequences in K defined as follows:

b, Cn

Uy = a, + + ,n>0, ug,u € K (34)
Up+1 UnUp+
and b
Ay — Ups2)Upry +
u,;+1:an—un+2+(" ”*?"* “,n>0, uy e K. (3.5)
u,
Then
in+2 = (an - un+2)zn+l + ((an - un+2)un+l + bn) Zn t dn’ n>0 (36)
and
2y = @y — Upir — 1, )z, + dy, n > 0. (3.7

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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Proof. From (3.4) it follows that

Cn
- = (an - un+2)un+l + bn
n

and hence, using (3.1) and (3.6) one gets

Zns2 = (Qn = Ups2) X2 + DpXpsy + CoXy + dyy
= (an = Ups2)(Xn12 = Unr1Xne1) + (Ap = Upi2)Uni1 Xns1
+ byXp1 + Cux, + d,
= (@n = Up42)Zns1 + [(@n — Ups2)Utpi1 + Dp)(Xps1 — UpXy)

Cn
— —U,X, + Cp,x, +d,
n

= (ap — Ups2)Zps1 + [(@y — Ups2 iy + bylz, + d).
Finally, proceeding similarly to the proof of 2.1 one can show that (z),),0 satisfies (3.7). O

Remark 3.2. Observe that the sequence (u,),>o defined above can be written in the following form

u _ apUpUyyl + bnun + ¢y n> 0
n+2 — =
UpUpt ’

and, consequently
@pligUt1 + Bullo + Yn

u, = ,n>1
@1l + Bu-1Uo + Yn-1
a, b, c, a B 7
where A, =1 1 0 O |withAg=]| a1 B1 7y |and
0 1 0 @ Bo Yo
@ Bn VY

Az rAo=| @t But Yuo1 |, 22
-2 ﬁn—Z Yn-2

Lemma 3.3. If the equation x,,| — u,x, — z, = 0 is Ulam stable with the constant L, and (3.6) is Ulam
stable with the constant L,, then the Eq (3.1) is Ulam stable with the constant L, L,.

Proof. Let € > 0 and let (x,),>0 be a sequence in X such that
1Xp43 = @nXns2 = bpXps1 — Cpxpy — dy|l < &, 1> 0.
Put z, = x,,11 — u,x,, where (u,),>o satisfies relation (3.4). Then
zn+2 = (@n = tns2)Zns1 — [(An — Ups2)tti1 + bylz, —dull < €, 120
and there exists (W,,),>0,
Wisa = (Ap = Uns2)Wna1 + [(@n — Uni2)Uni1 + Dylwy + dy, n 2 0, (3.8)

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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such that
|z, = wall < Lye, n> 0.

Taking account of (3.2) we get
||xn+l — UpXp — Wn“ <L), n> 0.

Now, since the Eq (3.2) is Ulam stable and its stability does not depend on z,, it follows that there
exists a sequence (V,,),>0,
Yn+l = UpYp + Wy, B2 0, (3.9

such that
I, = yull < LiLre, n > 0. (3.10)

To complete the proof it remains for us to show that (y,),>o satisfies the Eq (3.1). For this we replace
(W,)n=0 from (3.9) to (3.8) and we obtain

Yn+3 = AnYn+2 + bnyn+l - [(an - un+2)unun+l + bnun]yn + dn

Finally, taking account of relation (3.4), we obtain

Y3 = ApYns2 + DyYni1 + Cuyn + dy.

The following result holds as a direct consequence of Lemma 2.4 and Lemma 3.3.

Lemma 3.4. If the equation x,,,1 —u,x, —z, = 0 is Ulam stable with the constant L,, 2,1 —u,z,—2, = 0
is Ulam stable with the constant L, and (3.7) is Ulam stable with the constant Ls, then (3.1) is Ulam
stable with the constant L L, L.

As a consequence of Theorem 1.5 and Lemma 3.4, we get the following result on Ulam stability for
the Eq (3.1).

Theorem 3.5. Suppose that for the sequences (u,),>0 and (u),),>0 given by (3.4) and (3.5), respectively,
lim |u,|, lim |u;|, lim |a, — u,.o —u) || exist and:
D tim ) # 1

2) Tim | # 1;

3) Tim la, — sz — 1| # 1.

Thz;l)o;he Eq (3.1) is Ulam stable.

Example 3.6. The following linear recurrence

_dn+s 144+ D(n +2)? 2+4(n+ 1) +2)
M T T e+ 12 M T T e )12 "

is Ulam stable.
Indeed, in this case, if we take uo = u; = 2 and u;, = 1, one can see that 4, = 2 and u,, = n% for all
n > 0. Thus, all the assumptions of Theorem 3.5 are fulfilled, which means that we have stability.

AIMS Mathematics Volume 8, Issue 9, 20254-20268.
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A nonstability result for the Eq (3.1), similar to the one obtained for the second order linear
difference equation (2.1), holds.

Theorem 3.7. If the Eq (3.6) is not Ulam stable and there exist uy, u; € K such that (u,),>o is bounded,
then the Eq (3.1) is not Ulam stable.

Proof. Let € > 0. Since (3.6) is not Ulam stable, i.e. there exists a sequence (Z,),>0 in X, satisfying the
inequality
||Zn+2 - (an - un+2)zn+1 - [(an - un+2)un+l + bn]zn - dn” < g, nz 0 (311)

such that for every sequence (¥,),>0 with

)_711+2 = (an - un+2))_)n+l + [(an - un+2)un+l + bn])_)n + dn’ n>0 (312)
we have
sup ||y, — Zall = oo. (3.13)
n>0

Let (x,),s0 be such that
Xpil = UpXy = Zp, 120 (3.14)

(it suffices to take xy = O in order to determine (x;,),so step by step). Inequality 3.11 implies that the
sequence (x,),so satisfies

X043 = @nXpso = DuXps1 — CuXpy — dyll < €, n 2 0. (3.15)
Let now (y,,),>0 be an arbitrary sequence defined by
Y3 = @nYn+2 + DpYns1 + Coyn + dy
and (¥,),>0 be the sequence given by
Vn = Yns1 = Unyn, 1 2 0. (3.16)

Then the relations (3.12) and (3.13) hold.
Finally, we have to prove that sup,. ||y, — Z|l = 0. Suppose the contrary. Then there exists M > 0
such that
I, = yall < M, n > 0.

From (3.14) and (3.16) it follows that

||)_7n - Zn” = ||yn+1 — UpYn — Xn+l + un-xn”
< ||yn+1 - xn+1” + |un| : ”yn - xn”
< (I + ual) - M,

for every n > 0, which contradicts relation (3.13), if we take also into account that (u,),> i1s bounded.
O

The next corollary gives sufficient conditions for Eq (3.1) to be not Ulam stable. To prove this, just
take into account Lemma 3.1, Theorem 2.6 and Theorem 3.7.
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Corollary 3.8. If there exist ug, uy,uy € K such that (u,),>0 and (u},),o are bounded and lim |a, —
Upso — U, | =1, then the Eq (3.1) is not Ulam stable.

Example 3.9. The following linear recurrence

1 N n?+3n+1 1
Xps3 = ——X, ——— X — ——— Xy,
P2 i+ D +2) " n+1
is not Ulam stable. Indeed, letting uo = u; = —1 and u;, = 1, we getu, = —1 and u;, = nlj foralln >0

and consequently lim |a, — u,., — | = 1, which means that we do not have stability.
n—o00

For the case of constant coefficients in the Eq (3.1), we get the result given in [22].

Corollary 3.10. The third order linear difference equation with constant coefficients
Xp43 = AXpyo + bxy +cx, +d, n >0, (3.17)

is Ulam stable if and only if none of the roots of the characteristic equation 2> — ald* — bA — ¢ = 0 lie
on the unit circle.

Proof. Indeed, let 4;, 4, and A3 be the roots of the characteristic equation and suppose without loss of
generality that |4;| = 1 and take ug = u; = A, uj = A3. Then, using Corollary 3.8 and Vieta’s formulas,
i.e. the relations A + A, + A3 = a, 4;A; + 4143 + A3 = —b and A, 4,43 = ¢, one can easily check that
u, = dp,n > 2 and u;, = A3,n > 1. Moreover, lim,_ |a — u,4o —u || = |la — A, — A3] = |4;], which
means that (3.17) is not Ulam stable, a contradiction. Conversely, if [4;| # 1, |4| # 1 and |43] # 1, itis
sufficient to consider uy = u; = 4, and u, = A,. Indeed, due to the choice of the initial values it follows
that lim,, [u,| = |A1] # 1, lim,, o uy,| = |A2] # 1 and lim,, o @ — 40 — 1t || = |la — A1 = Ao| = |A3] # 1.
Finally, the Eq (3.17) is Ulam stable, by Theorem 3.5. O

Finally, it is worth mentioning here that the result on nonstability of (3.1) contains in particular the
case of nonstability for constant coeflicients proved in [6,9, 10,22,24].

4. Conclusions

In this paper we give some results on Ulam stability for the second order and for the third order
linear difference equation with nonconstant coefficients in a Banach space. As far as we know there
are few results on Ulam stability for such equations (see, e.g., [11-13]). The novelty of this approach
consists in the fact that we decompose the second order linear difference equation in a Riccati difference
equation and a linear difference equation. In this way we can use the results on Ulam stability of the
first order linear difference equation.

The importance of these results consists in the fact that they are related to the theory of perturbation
of a discrete dynamical system (see [15]). Remark that for difference equations with constant
coeflicients we get the results obtained in the paper [3].
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