AIMS Mathematics, 8(9): 20187-20200.
DOI: 10.3934/math.20231029
ATIMS Mathematics Received: 22 March 2023

Revised: 30 May 2023

Accepted: 04 June 2023
http://www.aimspress.com/journal/Math Published: 19 June 2023

Research article

One-parameter Lorentzian spatial kinematics and Disteli’s formulae

Awatif Al-Jedani' and Rashad A. Abdel-Baky>*

! Department of Mathematics, Faculty of Science, University of Jeddah, Jeddah 23890, Saudi Arabia
2 Department of Mathematics, Faculty of Science, University of Assiut, Assiut 71516, Egypt

* Correspondence: Email: baky1960@aun.edu.eg.

Abstract: In this paper, based on the E. Study map, clear terms are offered for the differential equations
of one-parameter Lorentzian spatial kinematics that are coordinate system-independent. This cancels
the request of demanding coordinate transformations that are typically required in the determination of
the canonical systems. With the suggested technique, new proofs of the Disteli formulae of a spacelike
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we address the kinematic geometry of a point trajectory for the one-parameter Lorentzian spherical
and planar movements.
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1. Introduction

Line geometry has a connection to kinematics and thus found applications in mechanism design and
robot kinematics. In the area of spatial kinematics, scholars have focused on investigating the intrinsic
hallmark of the line trajectory via ruled surfaces in differential geometry [1-3]. It is known in spatial
kinematics that, the instantaneous screw axis (ISA) of a movable body creates a pair of ruled surfaces,
named the movable and fixed axodes, with ISA as their common ruling in the movable space and in the
stationary space, respectively. Through the movement the axodes slide and roll relative to each other
in a specific way such that the tangential contact between the axodes is constantly maintained over the
entire length of the two matting rulings (one being in each axode) which together locate the ISA at any
instant. It is considerable that not only does a specific movement give rise to a unique family of axodes
but the converse applies as well. This indicates that, should the axodes of any movement be known, the
specific movement can be reconstructed without knowing the physical parts of the mechanism, their
configuration, the specific dimensions, or the manner by which they are connected [4—6]. The merit
of axodes in the procedure of synthesis becomes evident in terms of the realization that the axodes
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are intermediary in the middle of the physical mechanism and the actual movement of its parts (see
Refs. [7-11]).

One of the most proper ways to research the movement of a line space appears to be defining
a connection through this space and dual numbers. Dual numbers were first introduced by Clifford
after him E. Study utilized it as an apparatus for his developments in differential line geometry and
kinematics. He gave a specified view of the parametrization of directed lines by dual unit vectors
and specified the mapping that is known by his name (E. Study map): the set of all directed lines in
Euclidean 3-space E? is represented by a set of points on the dual unit sphere in the dual 3-space D?.
Supplementary details on the E. Study map and screw calculus can be found in [4-10]. If we occupy
Ef (the Minkowski 3-space Ef) instead of E? the situation is much more interesting than the Euclidean
case. In E';’, the metric function <, > can be positive, negative or zero, whereas the metric function in
the Euclidean space can only be positive. Then, we have to disconnect directed lines on the basis of
whether the metric function is positive, negative, or zero. Directed lines with <, >< 0 (<,>> 0) are
named timelike (spacelike) directed lines and directed lines with <, >= 0 are named null lines. Many
works have been published which deal with the spatial kinematics of line trajectories in both Euclidean
space and Minkowski space [6-10,12-19].

In this paper, the invariants of the axodes of one-parameter Lorentzian spatial kinematics are
examined. New proofs for Euler-Savary and Disteli formulae are specified which demonstrate the
stylishness and logicality of the E. Study map in Lorentzian spatial kinematics. As a result, theoretical
expressions of point trajectories with private values of velocity and acceleration, which can be
addressed as a Lorentzian form of the Euler-Savary formula, are acquired for spherical and planar
movements.

2. Basic concepts

In this section, we give a short outline of the theory of dual numbers and dual Lorentzian
vectors [10-19]. If a, and a* are two real numbers, the equation: @ = a + ea* is named a dual number,
such that & is a dual unit subject to & # 0, and &? = 0. This is in fact very comparable to the idea of a
complex number, with the main distinction being that, given a complex number & = —1. Then the set

D’ = {a:= a+ ea’ =(a1, @, @)},
together with the Lorentzian scalar product
<aa>=4qa -a+a,
defines the named dual Lorentzian 3-space Df. Therefore, a pointa = (a, a4, a3)" has dual coordinates
a; = (a; + €a;) € D. The norm ||§]| of a is defined by

— 1 <a,a> .
||ﬁ|| = |< a,a >|: V< a,a >|+e 2<a,a >
2+|< a,a >[|<a,a>|
I <aa> .
= |aj]|+e——<a,a" >.
llall |< a,a >|

If a is timelike, we have

1 1
fal = llall - e < a.a" >= nall(l —e— <aa >).
lal lal
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If a is spacelike, we have

1
|H| = ”a”+8ﬂ <a,a’ >= ||a||(1 +3W <a,a" >).
a

The Lorentzian and hyperbolic Lorentzian dual unit spheres, respectively, are
2 _ = om3 2_— =0 =
s = {@ent| @l =7 -G+ @ = 1),
and )
H: = {’demi &l =4t -a +a5 =-1L.a > 1}.

Theorem 2.1. (E. Study map). There is a one-to-one exemplification between spacelike (timelike)
directed lines in Minkowski 3-space E? and ordered pairs of vectors (a,a*) € E? X E? such that

fal]" = £1 < Jjall® = +1, < a,a">=0, @.1)

where a;, aX(i = 1,2,3) of a, and a* are the normalized Pliicker coordinates of the non-lightlike line.

The E. Study map yields the following: the ring shaped hyperboloid compatibility with the set of
spacelike lines, the mutual asymptotic cone compatibility with the set of null lines and the oval shaped
hyperboloid compatibility with the set of timelike lines (see Figure 1) Therefore, a smooth curve on
H3 acts as a timelike ruled surface in E3. Also a regular curve on S} acts as a spacelike or timelike
ruled surface in E;.

Figure 1. The dual hyperbolic and dual Lorentzian unit spheres.

Definition 2.1. For any two (non-null) dual vectors Zand ;‘;:in D3, we have the following [10-17]:
a) If { and & are two dual spacelike vectors:
e [f they span a dual spacelike plane, there is a single dual number 6 = 6 + €6, 0 < 6 < &, and

0* € R such that < ZE >= ”ZH “EH cos®. This number is named the spacelike dual angle between Z
and ;9
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e [f they span a dual timelike plane, there is a single dual number § = 6 + £0° > 0 such that
< ZE >= GHZH ”EH cosh 6, where € = +1 or e = —1 given sign(zz) = sign(y,) or sign(/{\z) #* sign(/f\z),
respectively. This number is named the central dual angle betweenZand E
b) If Z and Eare two dual timelike vectors, then there is a single dual number 8 = 6 + &6* > 0 such
that < ZE >=€ HZH ”;EH cosh 6, where € = —1 or € = +1 given Zandghas the same time-direction or
different time directions, respectively. This dual number is named the Lorentzian timelike dual angle
between Zand E
c) IfZis dual spacelike and Eis dual timelike, then there is a single dual number 0 = 0+&6* > 0 such that
< ZE >= e”ZH “E” sinha where € = +1 or € = —1 given sign(Z;) = sign(gl) or sign(Z\Q) * sign(gl),

respectively. This number is named the Lorentzian timelike dual angle between Zand E
3. One-parameter Lorentzian spatial movements

Let a Lorentzian movable space L, perform a one-parameter spatial movement against the
Lorentzian stationary space L, . We assume that the dual coordinate frames {p; ‘e, e (timelike), €3}
and {0; E, E(timelike), E} are rigidly linked to the Lorentzian spaces L,, and L, respectively. The
directed lines’e; and?i are specified by

G =e+se,and f,=f+&ff, (i=1,2, 3), 3.1)

where e/ = pxe;, and f7 = 00,xf;, in which 0 is a stationary point as the origin of E;. This movement
is named a one-parameter Lorentzian spatial movement and will be denoted by L,,/L;. Through the
movement L,, /L, let {S; T|, T2(timelike), T3} be a further right-handed movable relative Blaschke
frame which is specified as T, (1) = 11(t) + er}(7) , i.e., the ISA, and F>(t) := 1,(1) + ex(r) = T, [}
is the mutual normal of T1(7) and (¢ + dr). A third dual unit vector is specified by T3(f) =T X T>. In
this case, the ISA will create two spacelike ruled surfaces named the stationary axode 7y C L and the
movable axode 7,, C L,,. The directed lines T; intersect at the mutual striction point S of the axodes
7 (j = m, f). The dual unit vectors T, and T3 are known as the central normal and the central tangent
of the spacelike axodes, respectively. The origin S is the mutual central principal point of the movable
and stationary spacelike axodes created by the ISAs. Then,

<T,T| >=—<T,h>= <T3r;>=1,
?3 :?1 X?z,?l :?2 X/l'\3,’l'\2 :?1 X?g.

Here, and in what follows, the derivative with respect to ¢ is indicated by a dash over the function
symbol. Hence, for the Blaschke formulae with respect to L.;, we find the following:

—

rl 0 Z?\ 0 ?1 ?1
/I:; = ﬁ 0 ’q\j ?2 :ZDJ-X ?2 , (3.2)
) log o )l® T

where w;(t) := w j(t)+swj.(t):7i]?1 —pr3 is the Darboux vector. The dual functions p(t) = p(t) +&p*(t) =
||’rj|| and g (1) = ¢q;(t) + sqj(t) = <?1 ,?1 X?1> ||’1:‘1||_2 are named Blaschke invariants of the axodes. The
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tangent of the striction curve S(7) is
S (f) = cosojr| + sinor3,

where o(?) is the striction angle of the axode x;. Then, the Blaschke invariants become p(t) = p +
esino; and ¢;(f) = q; + ecoso;. The mutual distribution parameter of the spacelike axodes can be

calculated as ) )
B det(S (1), r,(2), (1)) B sin o

Iriolf P

Corollary 3.1. Throughout the movement L, /Ly, the spacelike axodes have a mutual spacelike tangent
plane on the ISA and slide on each other; that is, the movable spacelike axode makes contact with the
stationary spacelike axode on the ISA in the Ist order at any instant t.

u(7) (3.3)

Comparable with the spatial three-axis theorem, we obtain
W(1) := w(t) + ew'(t) = Wi(1) — Wu(1) = W), (3.4)

where W(7) = w(f)+ew* (1) = q;(t)—qn(?) is the relative dual speed of the spacelike axodes. We shall set
that w* # 0 to leave out the pure translational movements. Also, we disregard zero divisors w = 0, that
is, we shall exmaine only non-torsional movements so that the spacelike axodes are non-developable
ruled surfaces (u # 0).

Corollary 3.2. Throughout the movement L,,/L;, at any instant t € R, the pitch may be obtained by

< w,w> cotoy —cotoy,
h(t) = — =u ;
||| cotpy — cotyy,

@;(t) is the apex angle of the osculating cone of the spacelike axodes n ;.

3.0.1. Disteli formulae for the spacelike axodes

In planar kinematics, at each point of a smooth curve, there exists only one osculating circle, which
is frequently named the curvature circle of the curve. The radius and center of this circle can be
specified by the famous Euler-Savary formulae if the location of the point is given in the movable
plane [1-3]. In spite of the fact that the famous Euler-Savary formulae of a line trajectory had been
proved for various types of geometry [1-3,12—19], some notations should be filtered.

The spacelike Disteli-axis of the axode 7; can be specified as

r, X/l:’ll _/q\ﬁ‘\l - ﬁi’} _ aj(t) (3.5)
o ‘
1 1

T ool

Letyp; = ¢; + &y’ be the apex dual angle (radius of curvature between T, and i;,-). Then, for p # 0, the
spacelike Disteli-axis becomes

b() =

b;(t) = cos@¥| - sin G, with §; = cot™ (3;/p). (3.6)

AIMS Mathematics Volume 8, Issue 9, 20187-20200.



20192

The dual geodesic curvature of the spacelike axodes r; is

—_

q;

Yi(t) = yi(t) + ey} = 5 = coty;. (3.7)
From Eq (3.7), it follows that
Y—Ym = COt@,—cot g, = e (3.8)
p

This equation is a new Lorentzian dual Euler-Savary formula of the axodes of L,,/Ls. If we separate
the real and dual parts of Eq (3.8), respectively, we have

cotyy —coty, = 2’ 3.9)
p

and

O ¢y _w
- — = —(h-p). (3.10)
sin“ ¢, sn“¢; P

Equations (3.9) and (3.10) are new Lorentzian Disteli formulae for the spacelike axodes. At the same
time, Eq (3.9) is a Lorentzian version of the Euler-Savary formula for the polodes of real spherical
movement [ 1-3]. Note that the scalars w, w* and & are invariants of the choice of the reference point.

Velocity and acceleration For L,,/L, each stationary spacelike line of the moveable space L,,
generally generates a timelike or spacelike ruled surface in the fixed space L that will be indicated by
(%), and its generator in L,, by X. We assume a spacelike ruled surface in our study. Then, we may
write

x| x| + &x] T
XO)=XT, x=| % |=| n+ex; |, T=| T2 |, (3.11)
X3 X3 + &x; b2

where
2 2 2 _
X|— X+ x5 = 1,

3 sk k.
x1x) — xx5 + x3x5 = 0.

By the instantaneous screw @(f)=w(1)r}, the velocity X and the acceleration X of X with respect to L,
respectively, we have

X (1) = OXX, (3.12)
and
X = Gpor, + (G0° + G0 )6 + (G0 — X po + X30°)13. (3.13)
Then,
X XX =0’ [(1 - X)aor, — pxsxl. (3.14)
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3.1. Disteli formulae for a spacelike line trajectory

Analogous with the Euclidean Disteli formulae in [1-9], we will give the Lorentzian Disteli
formulae in view of dual angle approximations. This means that we consider the spacelike line X in
the moveable space L,,, which occurs at a constant spacelike dual angle from a given spacelike line y
in the stationary space L. Then, we consider the spacelike dual angle

p(t) = cos™ (<Y, X >)
such thaty and p remain stationary up to the 2nd order at ¢ = ,, that is,

ﬁ(t) |t:t0: 0, /X\[(t) |t:t0: 0,
and ) )
ﬁ (t) |t=10: O, X (t) |t=t0: 0.

Then, for the 1st-order, we have
<X 937> |t:t0: Oa

and, for the 2nd-order properties,
<X ,¥> |i=,= 0.

From the above two equations, we find that
X XX

YZM. (3.15)

Hence, p will be invariant in the 2nd approximation iff y is the spacelike Disteli-axis b of (X), that s,

Substituting Eq (3.14) into the Eq (3.16), we have

@*[(1 - XDar; — px:x]
x|

Since (X) is a spacelike ruled surface, then Eq (3.12) shows that X is a timelike dual vector orthogonal

to both w and X. Therefore, we define the spacelike dual angles 9=0+ e, 0 <9 <2r 9" € Rand
©=p+ep* (¢* €R,and ¢ > 0) to identify its directions, that is,

+ b(t)= (3.17)

X= cos I, + sin9m, with m = sinh @r; + coshgrs. (3.18)
Similarly, a set of coordinates may be utilized to match the spacelike Disteli-axis by using the equation
b= cosar; + sinam, (3.19)

where @ = a + ea*. Thus, from Eqgs (3.17) and (3.19), one finds that

o\~ o — —
(I =XDw+pxsxi  paoxs, DX3 (3.20)
cosa sinasinhy sinacoshyp '
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From Eqgs (3.11), (3.18) and (3.20), we have

w

(cot@— cotﬁ) coshp = —. (3.21)
pP

Equation (3.21) is the dual Lorentzian Euler-Savary formula for point trajectories in both planar and
spherical kinematics (compared with [1-3]). If we separate Eq (3.21) into real and dual parts, we get

(cota — cot?) coshp = Q’ (3.22)
p

and

* *

" (cota — cot?) sinh ¢ — (

- —)coshp = % h—p). (3.23)
Equations (3.22) and (3.23) are new Lorentzian Disteli formulae for the spacelike line trajectory of a
one-parameter Lorentzian spatial movement. In view of Figure 2, the sign of @* (+ or -) defines that
the Disteli-axis is situated on the negative or positive orientation of the timelike central normal vector
=X ”3?”_1 of the spacelike trajectory X at the central point ¢, while the location of tis acquired by

/t\(t) = coshgr, + sinhgrs. Using the fact that the central points ¢ of (X) are existing on the spacelike
plane Sp{x, Xxt}, indicated by n, Eq (3.23) shows that, if the spacelike rulings x are realized by the
dual pairs (5,@ with respect to the fixed axode 7y, we can obtain the Disteli formula in the spacelike
plane 7. Therefore, any arbitrary point ¢(¢*,19*) on 7 is inspected as the central point of the spacelike
ruled surface (X) whose ruling is a spacelike directed line X, and the radius ¥ would be calculated
in Eq (3.23); Figure 2 shows its length at the point p to ¢ on 7. The timelike vector from p to ¢ will
have the same orientation as t if ¥* > 0, and the opposite orientation of tif 9* < 0. The central point
c(¢*,1) of (X) can be on the ISA if 9" = 0, and on the Disteli-axis if " = a*. Then, the central points
of (X) can be acquired by applying a* = 0 in Eq (3.23), which is simplified as a linear equation:

L:(ftanh¢)¢*+(cf’s?‘p)ﬁ*—g(h—y) - 0. (3.24)
p sin”“ ¥ p

Therefore, at any instant ¢ € R, the spacelike lines are in a given direction, which is fixed in L,, and
lie on mr. The spacelike line L changes its location if ¢ is given as a variable value while ¢ is constant.
However, the spacelike lines would create a Lorentzian curve on m. Moreover, 7 varies in position if ¢
varies in value while ¢ is constant. Hence, the spacelike lines given be Eq (3.24) denotes a spacelike
line congruence for all values of (¢*,).

Once again, we can find a second Lorentzian dual version of the Euler-Savary formula, as follows:
Let ¢ = o + &0 be the spacelike dual angle among the spacelike directed lines X and b. Then, the
following relation holds:

coto = <X X >3<X> = wxl/(\ﬁ D +§‘DX3. (3.25)
o w1 =)

From Egs (3.18) and (3.25), we have

_ —~ Tpsinho
coto —cotd = p

— —. (3.26)
wsin’ 9
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Equation (3.26) gives the relationships between X(f), which parametrize the spacelike ruled surface
(X), and its spacelike Disteli-axis b at any instant. From the real and dual parts, we have

coto —cot} = ”S‘i,nlz“*’,
sin? ws];n 19 ' p . (327)
ot = éinzﬂ [(1 - 25 smhtpcotﬁ) 9 — Z(ﬂ + ¢ coth @) 51nh<p] .

Equation (3.27) shows the new Lorentzian Disteli formulae for the movement L,, /L ; the first equation

reveals the correlation among the locations of X and its spacelike Disteli-axis b in L,.. Whereas, the
second one describes the Lorentzian distance from X to the spacelike Disteli-axis b.

Figure 2. The line X and its Disteli-axis b.

3.2. Kinematic geometry of a point trajectory

For L,,/Ly, at any instant ¢ € R, a generic stationary point in L,,, generally, will create a curve in
L. In kinematics, this curve is referred to as the point trajectory. Point trajectories with private values
of velocity and acceleration have some certain characteristics in kinematics.

Via Eq (3.4), the velocity of a stationary point q(x, y, z) € L,, can be defined as follows:

V(1) :=q = 0"+ w X q =(hw, wz, wy). (3.28)
From Eq (3.28), the acceleration is
J1 w” 0 0 pw X
J(H)=: q" =l L |=| pw'+pw |+ 0 o o y . (3.29)
J3 0 -0 w W)\ z

Thus, we may write the curvature of q(¢) as follows:

'_hyqﬂ_wJWh—wﬁ—mk—wm+m5—ym|

k(1) : —
lla'll \/|h2 + w? (=2 + Z2)|3

(3.30)
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Equation (3.30) is named the Lorentzian curvature equation, shows the curvature of the trajectory of
point q as a function of the coordinates (x, y, z) and the instantaneous invariants up to 2nd order of the
spacelike axodes. We may state that the trajectory of points, which are relatively stationary with respect
to the moveable spacelike axode, which has trajectories with the same assigned value of curvature, at
any instant, lie on a spacelike or timelike surface which may be named the curvature surface given
by Eq (3.30). However, various significant private cases for L,,/LL; created by the specific spacelike
axodes exist as described below.

3.2.1. Real Lorentzian spherical movements

In spherical movements, there is one stationary point, i.e., the central point of the ISA, and all points
in the movement generate their paths upon Lorentzian spheres that are concentric around this stationary
point. The spacelike axodes are special types of developable ruled surfaces (spacelike cones) whose
rulings all have a mutual point at the Lorentzian sphere’s center. The ISA governing the movement
changes their orientation, but the central point is connected to all of them, that is, # = u = 0. Then,
from Eq (3.30), we have the following equation:

| + 2 = |~y + (2 + 2) 73] (331)
By using Lorentzian spherical coordinates, we have
x =rcostt, y=rsinidsinhg, z = rsind cosh . (3.32)

Equation (3.31) reduces to

Kwr sin = \/(w — pcotdcosh¢)? + (p cosh p)*. (3.33)

Also, for the Lorentzian spherical curve q(¢), the curvature is

K(t) = e (3.34)
Substituting Eq (3.34) into Eq (3.33) and simplifying it, we have
w coshyp
p sin2¢
or, in view of Eq (3.9), we have
cotys — coty, = Zi?};g (3.35)

Equation (3.35) is a new Euler-Savary formula for the polodes of real Lorentzian spherical movement.

3.2.2. Lorentzian planar movements

The Lorentzian planar movement occurs with the pitch along the ISA equal to zero (h = 0); points
in timelike planes orthogonal to the ISA will existing within their respective timelike planes as the
movement occurs (p* = x = 0). The axodes are spacelike cylindrical surfaces; all of their rulings are
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parallel to the ISA. The striction curves become indeterminate, and the spacelike axodes project onto
a plane to give spacelike pole curves. They are coincident with each other at the pole point p, and the
relative frame is {p; r,, r3}; see Figure 3. This means that the moveable spacelike pole curve x,, and
stationary spacelike pole curve 7r; roll on each other without sliding. In this case, then we have

v(t) = wzry + wars, 1,36
J()= (aﬂy + w'z) r, + (—pa) + w?y + w'z) r;. (3.36)
Then, Eqgs (3.30) and (3.36) lead to
-y - P
k(t) = —————, withnp = (3.37)

(,().

/|y2 — 223

Figure 3. &, / s pole curves.

Lorentzian inflection circle We now aim to have a closer look at inflection points on the
moveable timelike plane L,,. Those are points at which their curve changes from being convex
(concave downward) to concave (concave upward), or vice versa, so their radius of curvature is
instantaneously infinite. Such a point has acceleration J that is directed tangential to the curve, as is
its v velocity. Then, the state of collinearity among those two implies that

l[a xq'[|[=0e«k=0e-y -n=0. (3.38)

Thus, we may state that all points on a moveable timelike plane L,,, which are inflection points of their
path, are located on a circle, particularly, the inflection circle in L.

The Euler-Savary formula If we introduce polar coordinates (r, ) with oz as the polar axis, we
have that z = rcosh# and y = rsinh#, & > 0, —co < r < co. Then, we obtain the following from Eq
(3.37):

- h 9
k= ""HCAY L0, (3.39)

72
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If the curvature radius p is replaced by the curvature «, another form of the above equation is

r2

p= r—ncoshd’ (3.40)
Equation (3.40) is comparable to the quadratic form of the Euler-Savary formula for planar Euclidean
movement [1-3]. When the denominator in Eq (3.40) vanishes, the curvature radius p = +o0. So, the
equation r — ncosh? = 0 is a purely geometric, necessary condition for any point q located on the
Lorentzian inflection circle. The attitude of points in the moveable timelike plane L,, with trajectories
having a given curvature radius is a function of the diameter of the inflection circle depends only on 7.
Let ¢ be the curvature center of the point . These points and the instantaneous rotation of the spacelike
pole p stay on a spacelike line, that is, on an instantaneous normal path that is connected to q at ¢ € R.
In general, a curvature center with respect to a point of a planar curve stays on the normal plane of the
curve with respect to that point. From Eq (3.40), through the points p and ¢(7, ¢#) with ¥ = r — p, we
then have

(1 - i) coshd = 1 (3.41)

ror n

Then, Eq (3.41) is the Minkowski version of the Euler-Savary formula, whose geometrical meaning is
shown by rotation of the spacelike pole p and points q and ¢ in Figure 4. Herein, r and r have to be
interpreted as directed quantities. Equation (3.41) assumes them to be unidirectional. If q and ¢ have
opposite directions, the minus in the parentheses has to be changed to a plus. From Eq (3.41), we also
see that r = +oo if and only if 7 + pcoshd = 0, that is, ¥ = —ncosh}, which is a reflection of the
Lorentzian inflection circle into the y axis. Also, Eq (3.41) can be rewritten as

ncoshd = _L (3.42)
r—r
Once the angle © is known (cosh ¢ # 0), Eq (3.42) gives the correspondence between r and 7 in terms
of the second order invariant 7, that is, every point ¢ belongs to one point q.
Once again, we start with one further implementation of the main formula, i.e., Eq (3.40), as follows:
All points of the moveable plane LL,,, possessing the same curvature radius of their paths, are situated
on a spacelike curve named the p-curve. We get it by resolving Eq (3.40) for r:

4ncosh ¢
ra=% {1 1= 220 ] (3.43)
2 p

The spacelike curve of corresponding curvature centers results from substituting 7 = r — p in Eq (3.43)
and resolving for . Here, we yield

(3.44)

2 4n cosh
rl,z——§1+ - —--].

ol

When the given curvature radius goes to infinity, the p-curve approaches the inflection circle, that is,
r = ncoshd.
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Figure 4. p-curve and inflection circle.

4. Conclusions

The main aim of this work was to exmaine one-parameter Lorentzian spatial movements by means
of the E. Study map. With the suggested technique, new proofs for the Euler-Savary and Disteli
formulae were acquired. In addition, new metric properties have been defined for the Disteli-axis of
a spacelike trajectory ruled surface under one-parameter Lorentzian spatial movement of a body in
Minkowski 3-space.

We hope that our work may contribute to the application of dual Lorentzian spherical motions, four-
bar mechanisms, the theory of mechanism synthesis for higher order approximations, gear theory and
spatial mechanisms in engineering design.
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