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1. Introduction

As we all know, the study of variable exponent function space inspired by nonlinear elasticity theory
and nonstandard growth differential equations is one of the key contents of harmonic analysis in the
past three decades, attracting extensive attention from many scholars. In [19], the theory of function
spaces with variable exponent was progressed since some elementary properties were established by
Kovacik and Rdkosnik, and they studied many basic properties of variable exponent Lebesgue spaces
and Sobolev spaces on R”. Later, the Lebesgue spaces with variable exponent LP*)(R") were extensively
investigated; see [7, 8,22]. In [14], Izuki first introduced the Herz spaces with variable exponent
KZE‘S(R”), which are generalizations of the Herz spaces K, /(R"), and considered the boundedness of
commutators of fractional integrals on Herz spaces with variable exponent . In [13], Izuki introduced
the Herz-Morrey spaces with variable exponent MKZ,’ﬁ(,)(R”), which are generalizations of the Herz-

Morrey spaces MKZ”;(R”), and studied the boundedness of vector valued sublinear operators on Herz-
Morrey spaces with variable exponent MKZ”;‘)(R”). On the other hand, in the study of boundary value
problems for the Laplace equation on Lipschitz domains, the classical theory of Muckenhoupt weights

is a powerful tool in harmonic analysis; see [21]. Generalized Muckenhoupt weights with variable
exponent have been intensively studied; see [4,5].
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In [11], Hardy defined the classical Hardy operators as:

1 X
P(f)(x) := ;f f(dt, x>0. (1.1)
0
In [6], Christ and Grafakos defined the n—dimensional Hardy operators as:
1
H()(x) := FT f(®dt, xeR"\ {0}, (1.2)
[#1<Ix]

and established the boundedness of P(f)(x) in LP(R"), getting the best constants.

In [9], under the condition of 0 < B < nand |x| = /X%, xl.z, Fu et al. defined the n—dimensional
fractional Hardy operators and its adjoint operators as:
f(@)

Jdt, Hgf(x):= j|‘| \ mT—ﬁdt’ x e R"\ {0}, (1.3)

H,f(x) = T

[e1<lx]

and established the boundedness of their commutators in Lebesgue spaces and homogeneous Herz
spaces.

Let L] (R") be the collection of all locally integrable functions on R". Given a function b €
LIIOC(R”) and m € N, Wang et al. [23] defined the mth order commutators of n—dimensional fractional
Hardy operators and adjoint operators as:

HE, f(x) = (b(x) = b())" f(n)dt (1.4)

|x|n_'8 I71<|x]

and
(b(x) = b(D))" f (1)
jo"#

Hypf(x) := f dr, x e R"\ {0} (1.5)

[¢1=1x]
Obviously, when m = 0, 7—([9’}7 =H, 7{;% = Hj;, and when m = 1, W/;’b = Hpy, W;lb = H;,. More
important results with regard to these commutators, see [20, 26,27].
Due to the need of future calculation in this paper, let 0 < S < n, and the fractional integral
operator I is defined as:

AS)

BNW = |

dy, xeR". (1.6)

LetO<B<nand f € L] (R"),and the fractional maximal operator My is defined as:

loc

1
Mf) = sup—— [ Oy, xe R (1.7
xB |B|'"% JB
where the supremum is taken over all balls B C R" containing x. When g = 0, we simply

write M instead of M, which is exactly the Hardy-Littlewood maximal function.
Let f € L! (R") and BMO(R") consist of all £ € L! (R") with BMO(R") < 0. b is a bounded mean

loc loc
oscillation function if ||b||gmo < 0, and the ||b||gmo 1S defined as follow:

IbllBmo = Sl;pflb(X) — bpldx, (1.8)
B
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where the supremum is taken all over the balls B € R”" and bg := |B|™! fB b(y)dy. For a comprehensive
review of the bounded mean oscillation (BMO) space, please see the book [10].

Recently, Muhammad Asim et al. established the estimates of fractional Hardy operators on
weighted variable exponent Morrey-Herz spaces in [1]. Amjad Hussain et al. established the
boundedness of the commutators of the Fractional Hardy operators on weighted variable Herz-Morrey
spaces in [12]. Motivated by the mentioned work, in this paper, we will give the boundedness of the mth
order commutators of n—dimensional fractional Hardy operators ?{ﬁ’f; and its adjoint operators (}{;f;’ on

weighted variable exponent Morrey-Herz space MKZ,’ﬁ(,)(a)).

The paper is organized as follows. In Section 2, we provide some preliminary knowledge. The main
results and their proofs are given in Section 3. In Section 4, we provide the conclusion of this paper.
Throughout this paper, we use the following symbols and notations:

(1) For a constant R > 0 and a point x € R", we write B(x,R) :={y € R" : |[x —y| < R}.

(2) For any measurable set E C R”", |E| denotes the Lebesgue measure, and yr means the
characteristic function.

(3) Given k € Z, we write By, := B(0,2¢) = {x e R" : |x| < 2X).

(4) We define a family {A}3> by Ay := Bi\Biy = {x € R" : 2! < |x| < 2%}. Moreover y; denotes
the characteristic function of Ay, namely, yi 1= xa,-

(5) For any index 1 < p(x) < oo, p’(x) denotes its conjugate index, namely, [%x) + Iﬁ =1.

(6) If there exists a positive constant C independent of the main parameters such that A < CB, then
we write A < B. Additionally, A * B means that both A < B and B < A hold.

2. Preliminary knowledge

2.1. Some definitions that need to be used in this paper

Definition 2.1. ([7]) Let p(-) : R" — [1, o0) be a measurable function.
(i) The Lebesgue space with variable exponent LP©(R") is defined by

(FACHIINZE
n( /IX )P

LPORY) := { f is measurable function : f dx < oo for some constant A > O}.

(i1) The spaces with variable exponent L{;((;)(R") are defined by

L (')(R”) := {f is measurable function : f € LP"(K) for all compact subsets K Cc R"}.

loc

The Lebesgue space LP©)(R") is a Banach space with the norm defined by

o = inf{/l 50 fR (If;x)l)pu)dx . 1}.

Definition 2.2. ([7]) (i) The set P(R") consists of all measurable functions p(-) : R" — [1, co) satisfying
1l <p-<px) < ps <oo,

where
p- =essinf{p(x) : x e R"} > 1, p, :=esssup{p(x): x € R"} < co.
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(i1) The set B(R") consists of all measurable function p(-) € P(R") satisfying that the Hardy-
Littlewood maximal operator M is bounded on LPO(R").

Definition 2.3. ([7]) Suppose that p(-) is a real-valued function on R”. We say that
) Clog(R”) is the set of all local log-Holder continuous functions p(-) satisfying

loc

, Xx,yeR". 2.1

| =

Ip(x) — p(y)| < lx—yl <

“log(lx—y)

(>i1) C})Og(R") is the set of all local log-Holder continuous functions p(-) satisfying at origin

lp(x) = pol < eR" 2.2)

_ X
log(e + 1)
(i) CI8(R™) is the set of all local log-Holder continuous functions satisfying at infinity

[p(x) = pool < eR". (2.3)

log(e + 1)
(iv) Cl¢(R™) = C}ff,g(R”) ﬂC}Ef(R”) denotes the set of all global log-Hd6lder continuous functions p(-).

It was proved in [7] that if p(-) € P(R")NC'°¢(R"), then the Hardy-Littlewood maximal operator M is
bounded on LPO(R").

Definition 2.4. ([21]) Given a non-negative, measure function w, for 1 < p < oo, w € A, if

[wa, = sgp (l—;lfl;a)(x)dx)(éj;a)(x)l_p/dx)p_l < 00,

where the supremum is taken over all balls B ¢ R". Especially, we say w € A; if

B \IEI fB w(x)dx
[wla, = WP ssinflw(x) : x € B)

These weights characterize the weighted norm inequalities for the Hardy-Littlewood maximal operator,
thatis,w € A,, 1 < p < oo, if and only if M : L?(w) — LF(w).

Definition 2.5. ([15]) Suppose that p(-) € P(R"). A weight w is in the class A, if

1

_ _ 1
sup Bl w7 xgllppollw™ 7y pll o < o0, (2.4)
B:ball

Obviously, if p(-) = p,1 < p < oo, then the above definition reduces to the classical Muckenhoupt
A, class.

From [15], if p(-), g(-) € P(R"), and p(-) < q(-), then A} C A,y C Ayp.

Definition 2.6. ([15]) Let 0 < 8 < nand pi(-), pa() € PR") such that — = —= ~ £ A weight wis
said to be an A(p;(-), p2(-)) weight if

1-8
I Bl 20 @2 r Bl (10 ey < CIB 7. (2.5)
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Definition 2.7. ([25]) Let p(-) € P(R") and w € A,.. The weighted variable exponent Lebesgue
space L”"(w) denotes the set of all complex-valued measurable functions f satisfying

L"O(w) == {f : fwm € LPOR")),
This is a Banach space equipped with the norm
1
1 2oy == lf PO || Lpe gy

Definition 2.8. ([1]) Let w be a weighton R", 0 < 1 < o0, 0 < g < 00, p(-) € PR"),and a(:) : R" —
R with a(-) € L*(R"). The weighted variable exponent Morrey-Herz space MKZ;)(’j(w) is the set of all
measurable functions f given by

. a(),A . "
MK;0)(@) = (f € LI RNOL ) ¢ I fllygenrr, < o),

where

Q=

ko
| fllyge0r2,,,, := Sup 2"‘04{ Z 2K || [0 } .
MR @) ko€Z P LPO(w)

It is noted that MKZfI;)(’g(w) = KZ,(;(J(“)) is the variable exponent weighted Herz space defined in [2].

Definition 2.9. ([15]) Let M be the set of all complex-valued measurable functions defined on R” and
X be a linear subspace of M.
(1) The space X is said to be a Banach function space if there exists a function || - ||y : M —
[0, oo] satisfying the following properties: Let f, g, f; € M (j=1,2,...). Then
(a) f € X holds if and only if || f||x < oo.
(b) Norm property:
1. Positivity: ||f]|lx > O.
ii. Strict positivity: || f]lx = 0 holds if and only if f(x) = O for almost every x € R".
iii. Homogeneity: [|Af|lx = |4| - ||fllx holds for all A € C.
iv. Triangle inequality: [If + gllx < ll/llx + llglix.
(c) Symmetry: | fllx = lll fllx-
(d) Lattice property: If 0 < g(x) < f(x) for almost every x € R", then ||g|lx < ||f]lx.
(e) Fatou property: If 0 < fj(x) < fj+1(x) for all j, and f;(x) — f(x) as j — oo for almost every
x € R, then lim [|fflx = I/l
(f) For every measurable set F C R" such that |F| < oo, ||y F|lx is finite. Additionally, there exists
a constant Cr > 0 depending only on F so that fF |h(x)|dx < CF||h||x holds for all & € X.

(2) Suppose that X is a Banach function space equipped with a norm || - ||x. The associated space X’
is defined by

X ={f e M:|fllx < oo},

where
Il = sup | | Feogaaa] -l < 1}
g n
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2.2. Some lemmas that need to be used in this paper

Lemma 2.1. ([3]) Let X be a Banach function space, and then we have the following:
(i) The associated space X’ is also a Banach function space.
(i1) || - |lxry and || - [|x are equivalent.
(111) If g € X and f € X’, then

fR 1f0gldx < N1 lxllglhy (2.6)

is the generalized Holder inequality.

Lemma 2.2. ([15]) If X is a Banach function space, then we have, for all balls B,
1 < 1Bl ' lyslixlxsllx - (2.7)

Lemma 2.3. ([16]) Let X be a Banach function space. Suppose that the Hardy-Littlewood maximal
operator M is weakly bounded on X, that is,

-1
Dmrsallx < AN fllx

is true for all f € X and all A > 0. Then, we have

1
sup — |l sllxllysllx < oo. (2.8)
B:ball |B|

Lemma 2.4. ([15]) Given a function W such that 0 < W(x) < oo for almost every x € R", W €
Xloc(Rn) and W_l € (X,)loc(Rn)’
(1) X(R", W) is Banach function space equipped with the norm

I f lxaenwy == 1fWlix, (2.9)
where
XR',W):={feM: fWeX). (2.10)
(ii) The associated space X’'(R", W=!) of X(R", W) is also a Banach function space.

Lemma 2.5. ([15]) Let X be a Banach function space and M be bounded on X’. Then, there exists a
constant 6 € (0,1) forall BCc R" and E C B,

Wollx BN
R —). 2.11
i =G 1D

The paper [19] shows that LPO(R") is a Banach function space and the associated
space L” O(R") with equivalent norm.

Remark 2.6. ([1]) Let p(-) € P@R"), and by comparing the L’ (w”") and L O(w™?") with the
definition of X(R", W), we have the following:
(1) If we take W = w and X = LPY(R"), then we get LPO(R", w) = LPO(wPV).
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(2) If we consider W = w™!' and X = L7 O(R"), then we get L OR", w™") = L O(w ™).
By virtue of Lemma 2.4, we get
(Lp(')(Rn,w))' — (Lp(~)(wp(')))' — Lp'(~)(w—p’(')) — LP'(')(Rn’w—l i

Lemma 2.7. ([17]) Let p(-) € PR™) N C'¢(R") be a log-Holder continuous function both at infinity
and at origin, if w”") € Ap, () implies wP e Ap () Thus, the Hardy-Littlewood operator is bounded
on LP>O(w™"Y), and there exist constants &y, 5, € (0, 1) such that

allomoy el sy B
and Ly
Ell(Lr20(wP20yy |E|\o2
e Xet=y (2.13)

”/\/B”(Lﬁz(')(wl?z(‘)))/ - |B|

for all balls B ¢ R" and all measurable sets E C B.

Lemma 2.8. ([15]) Let p;()) € P(R")NC4(R") and 0 < B < 2% Define ps(-) by pf(x) ml() = fwe
A(pi1(-), pa(+)), then I is bounded from L0 (w?'®)) to L2¢ )(wm())

Lemma 2.9. ([24, Corollary 3.11]) Let b € BMO(R"),m € N, and k, j € Z with k > j. Then, we have

N8l voEs < sup (6 = bp)"xBllro(w) < ClibligpoEn)- (2.14)
B HXB”LP(-)(w)
(b = bg,)"xBllrow) < Ck = )" Ibllgmomny X B Lrow)- (2.15)

3. Main results and their proofs

Proposition 3.1. ([12] Let g(-) € P(R"), 0 < p < 00, and 0 < A < 0. If a(:) € L*(R") N C'°¢(R"), then

koA
WA oers = sup27o Z 2P 0

Kpg @) ez, =

-1
ko2 0 koA 0
< maX{SUPZ 0 p Z 277 )p”fXJ”Lq()(wq())) SuP ! p Z 27 )p“f)(]”Lq()(wq()))

k() €Z

k0<0 J== k0>0 JEmeo
2ol Z 2PN o))
j=0
Theorem 3.1. Let 0 < g; < ¢» < o0, po(+) € P(R™) N C°¢(R™) and p,(-) be such that [#() = [%() - §

Also, let " € A;, b € BMO®R"), 2 > 0 and a(-) € L*(R") N C'°¢(R") be log-Holder continuous at
the origin, with a(0) < a(e0) < A+ nd, — B, where o, € (0, 1) is the constant appearing in (2.13). Then,

m m
I, Flhgioos ooy S Wl s s (3.1
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Proof. For arbitrary f € MKZf;;f(,)(wf’l(')), let f; = f-xj= [ xa, forevery j € Z, and then

Fa) =D f0x0= ) fi). (3.2)

j==eo j==eo

By the inequality of C,, it is not difficult to see that

[H” Fep] <

L f Ib(x) — BOPLFOId - ()
X" e

f Ib(x) — DO DId? - ()
B(0,|x])

<
| x|+

1
< 5 [ b - porisoidr
| x| By

k

< 2-knp) Z f Ib(x) = b f(O)|dt - xi(x)
i Ja,
J .

< 2 k=p) Z f Ib(x) — bAjImIf(t)|dt xr(x)
jm=eo VA

k
#2209 37 10 = by PO () = 1 + Ex (3:3)
j=—co YA

For E|, by the generalized Holder inequality, we have

k
£ =27 3 [ b - by P00
Aj

j:—oo

k
< 27K=h) Z |b(x) — bA_,|m 'Xk(x)llfjllLPI(‘>(w1’1<'))|I/\/j||(LP1(‘>(w1’1<'>))’- (3.4)

Jj=—o0

By taking the (LP2")(w”")))-norm on both sides of (3.4) and using (2.15) of Lemma 2.9, we get

k
—k(n—
”El”(LPZ(')(sz('))) <2 “h) Z |||b(X) - bAjlm 'Xk||(LP2(‘)(wP2(')))”fj”Ll’](')(wl’l('))“/Yj”(LPI(')(wl’l(')))’

J:—OO

k
—k(n— .
< 27K P E (k = D" Ibgpolall o @mopllfillLrownoyll fllwnownoy. — (3.5)

j=—0

For E,, by the generalized Holder inequality, we have

k
B2 =2 3 [ bt = by U0 0
Aj

j=—o

k
< 27 P Z 16() = ba,l™ - x ;w10 @rony il oo @noy - Xix). (3.6)

j:—oo
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By taking the (LP2")(w”")))-norm on both sides of (3.6) and using (2.14) of Lemma 2.9, we get

k
—k(n—
Eall oy < 27 1IBG) = ba " < X llesrowmony IfillmowsonlWall ooy

j:—oo
k
—k(n—
< 275083 Blollx e oron Il oo wn o)l wmon, (3.7)

j==oo

Hence, from inequalities (3.3), (3.5) and (3.7), we get

I F Ml
k

—k(n— .
< 27PNl Y G = D" Iblmolllzrowwrmon e ooy

Jj=—

k
+ D IBlmolbt ooy Iellurmogurmony

Jj=—00

k
—k(n— .
< 27K B by E (k= DSl oo @non D oo @wnony Deell o oy (3.8)

j:—oo
By virtue of Lemma 2.5, we have

“XBA”X |Bk| 5
) = ¢ Cllxilx- 39
el = Qg =€ = Ml < Clills 39)

Note that |y jll120¢e0) < I8llL20@e0) and xg,(x) < 27PIs(xp,) (see [18, p. 350]). By applying
(2.8), (3.9) and Lemma 2.8, we obtain

I i1l L2020y < 1B o @roy S 2_Jﬁ||Iﬂ(XBj)”LP2(‘)(wP2('))
o o o .
<2 jﬁ“/\/Bj”LPl(')(wPl(‘)) <2 jﬁ|l/\,/j||Ll71<‘>(wl’1(')) < 2/ ﬁ)|L\/j||(Lp1(~>(wp1(»>))/' (3.10)

By virtue of (2.7) and (2.8), combining (2.13) and (3.10), we have

2"(5_")|LYJ-||(L,,1<A)(M,,1(A>)),||Xk||L,,2(,>(w,,2(.))
= 2|1y ill 21Oy 27 Dl o oy
< Zkﬁ”)( j”(Lpl(')(wpl(‘)))’|ka||zzp2(‘)(wl)2(~)))/
= Zkﬁ”Xj”(LPl('>(wl’1<‘>))'|L\,/j||(_L1p2<->(wp2<->))f:I/LEZ::ELL:%

< 2kﬁ2"62(j_k)||Xj||(L1’1<‘)(wP1(')))/ |IXj||(_Llp2(->(wpz<~>)),

< 282K I By - p12<->(wpz o llx j||(—L‘p2(,) (w2

ki i—k)~y—Ji —J -
— 2 ﬁ2n62(] )2 Jﬁ(z Jn“le|Ll’2(')(wp2('))”/Yj”([j’z(')(wpz(')))’)

< QB-nG=) (3.11)
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Hence by virtue of (3.8) and (3.11), we have

k
IH, f Xl 12020y S IbllgMo Z (k = )" 287D fill oo gm0 (3.12)

j=—0
In order to estimate || ;][0 ,r0), We consider two cases as below.

Case 1: For j < 0, we get

1

0 0 a1
”f]”[/n()(wm()) = 2 Ja )(ZN( )qlllf] Lpl()(w])l())) :

0 0
<2 Jja( ) Z 21(1( )qlllfllel()(wpl()))

i=—00

J i

i(A—a(0 —ijl o
= 2/ (N g )"

i=—co

< 24O A oo (3.13)

(w”l())

Case 2: For j > 0, we get
1
Wil = 277 (ML, o)
J

1
— ja(c0) v(0)gq a
<2 R 3 g )

j=—00

. 1
— Hj(d=a())[H-jd © "
st 3 2 )

j=—00

< 2J=e@) g (3.14)

MK (@O
Now, by virtue of the condition g; < g, and the definition of weighted variable exponent Morrey-
Herz space along with the use of Proposition 3.1, we get

ko

—ko . k
Sup2 04q1 Z 2 a(- )éllllq'(mf)(kl LP2O) (P20

k() ez

m q1
I, W
k=—oc0

< max { sup 270! Z KON fr

P2 (P2 ()
koeZ Lr20(wr20)’

ko<0 k=meo
-1
—koA ka(0
sup 270 q1( Z ka(0)g1 ||7—[’”f/\/k| LP2O(w0)
k()EZ k=—c0
ko=0
ko
ka(o0)
+ Z ARG ” bf)(kl Lpz()(wpz()))}
k=0
= max{Jy, J, + J3}, (3.15)
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where
ko
_ —koAqy ka(0)q1 m
Jy =sup?2 Z 2 ||7‘{ kale)z()(wpz())’
ko€Z k=—00
ko<0
_ kodq: ka(O)q1 ||
J2 = Sup2 Z 2 ” ka”Lpz()(sz())’
koeZ _
ko=>0 k=
ko
_ —kodq1 ka(oo0)qi m
J; = sup?2 Z 2 H X s
koeZ k=0
ko>0

First, we estimate J;. Since @(0) < a(o0) < nd, + 4 — 3, combining (3.12) and (3.13), we get

ko k
- . _ — q1
Ji < sup2 kodqi Z 2ka(0)q1( Z (k _ ])m”b”gMo2(ﬁ no2)(k ])llfllu’l(')(w”l(')))
kOEZ k=—00 j:—oo
k0<0
q1
< sup 2 ko Z zka(O)ql Z (k= )" 1Bl 2Bk iy oy 0 (wm()))
o<
ko k q
koA ka(0 : —n62)(k= )y j(A-a(0)) \!!
S IS sy SR D, 270 ( D (k= jyr2 iyt
koe — i
k0<0 k=—eo J=me
koA kA k)(noz+A4 0
S Z 2 Z(k Yoo
k0<0 - j==e

mq q
s ||b||BN}O||f|| l a()l (w pl())
p1 ()

The estimate of J, is similar to that of J;.
Lastly, we estimate J3. Since @(0) < a(o0) < nd, + 4 — B, combining (3.12) and (3.14), we get

=) q1
J5 < sup 2701 Zz’““ | Z(k DY B0 24N Fll i)

koGZ k=0

ko>0 J==oo
ko ,
—k /l k o0 5 k /1 00 1
S sup2 qlzﬂ )ql Z(k D" Ibllgpgo2F oI £ ool (wm()))
koGZ k=0 j——oo
ko>0
ko k .
—koA ka(co . 16> (k=) i(1—a(co 1
S I s S22 (D = jrsssiorhoes)
o e k=0 e
0
ko k .
—koA kA . i— k) (16> +A—B—a(co 1
< ||b||g§/}0||f||q' a()l ) 21122 0dq1 ZZ 41( Z (k — ])mz(j Y(nSp+A—p—a( )))
© € — <
ko=0 k=0 Jj=—00

mq q
S ||b||BN}O||f|| l (t()/l ( l’l())
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The desired result is obtained by combining the estimates of J;, J, and J;.

Theorem 3.2. Let 0 < g1 < ¢» < oo, pa(-) € P[R") N C%(R") and p; (") be such that —= = —i= — £

Also, let w”Y € A}, b € BMO(R"), A > 0 and a(-) € L*(R") N C'°¢(R") be log-Holder continuous at
the origin, with A — nd; < a(0) < a(c0), where 6, € (0, 1) is the constant appearing in (2.12). Then,

||7~{Wn.f||1\/ﬂ("()/1 wpz()) ~ ”b”BMO“f”MK”(” (a)”l()) (316)
Proof. From an application of the inequality of C,, it is not difficult to see that

[H fox(x)] < f 1P~"1b(x) = B f (Dl - xi(x)

R\ By

f 1P~ b(x) = bO)"| DIz - xa(x)

Jj= k+l

fmﬂwmbﬂwwwnm

Jj= k+1

+szw@mumwmm

Jj=k+1

=F +F,. (3.17)

For Fy, by the generalized Holder inequality, we have

H<sz%fwmbwwwmmm

Jj=k+1

< Z 2779 PNb(x) = ba, " xSl 10 mn D il omoyy - (3.18)

j=k+1

By taking the (LP*©)(wP>"))-norm on both sides of (3.18) and using (2.15) of Lemma 2.9, we get

(o)

||F1||(L,”2<')(wpz<-))) < Z 2_J(n_ﬁ)|||b(x) - bA,-|m 'Xkl|(L1’2(')(wP2(')))||fj||LPl(‘)(w1’1('>)”/\/j||(L1’1(‘)(w1’1<')))’
Jj=k+1

S Z 2_](n_ﬁ)(j - k)ml|b||gMo|IXkl|(Ll)2(')(wﬂz(‘)))||fj||LP1(‘>(w1’1(‘))”/\/j”(Ll’l(‘)(wl’l(')))" (319)

Jj=k+1

For F,, by the generalized Holder inequality, we have

E<ZWMIW)MWMWM

Jj=k+1

< Z 277 PN = ba,I" - X j O zrio@mon il rogno) - xi(x). (3.20)
Jj=k+1
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By taking the (L”2")(w”?")))-norm on both sides of (3.20) and using (2.15) of Lemma 2.9, we get

||F2||(LP2<')((U1’2('))) < Z 2_](n_ﬁ)|||b(t) - bA_,-|m 'lel(LP1<')(w1’l(')))’”fj”LPl(‘)(wPl('))|LVk||(LP2(‘)(wP2(')))
Jj=k+1
< Z 2_j(n_'8)||b||glMo”Xj”(LP1(‘)(wm(‘)))’||fj||LP1(')(wP1(‘))”Xk”(LPz(')(wPZ(‘)))- (3'21)
Jj=k+1

Hence, from inequalities (3.17), (3.19) and (3.21), we get

||7—(*mf(x)Xk||(LP2( I(wP20)))

S ”fj”Ll’l(')(wP](')){ Z Tj(n_ﬂ)(j - k)m||b||gMo||Xk||(LP2<'>(wP2<'>))|D(j||(Lm<->(wm<'>))'

Jj=k+1
+ Z 2_](n_ﬁ)||l?||’11311v10|I)(j||(m<-)(wm(‘>))’”)(kl|(L”2(‘)(w"2('>>>}
Jj=k+1
< Iblfgvo Z 277G = K" fill 10 gomn el o mony el o @omoy)- (3.22)
Jj=k+1

On the other hand, by (2.7) and (2.8), combining (2.12) and (3.10), we have

2_j<"_ﬁ)|I)(klILp2<~)(wp2<->)||Xj||(m<'>(<upl(‘)))’
= 2P|yl Lp2<->(wp2<-))2_jn||Xj||(L!’I<')(w”1(')))’
2J'B|I/\/k||Ll72()(wl’z())”/\/j”Lﬁ]()(wPl())
I 1l om0
<2 Jﬁzn(sl(k—j)“XAE;I O <->)||X llLr20 20

2Jﬁ2ﬂ51(k J>2J(n_ﬁ)|b(]”

j -1
= 21ﬁ|IXj||LP1(~)(wp1(-))“Xj”U’Z(')(wPZ(‘))

LP1O(P1¢ ))”/YJ”(LM O(wP10yy
. . . . -1 .
= 2JBond (k_])z_]ﬁ(z_]n|l/Yj”Ll’l(')(wl’l('))“)(jl|(LP1(')((UF1(')))') < 2mork=p, (3.23)

Hence combining (3.22) and (3.23), we obtain

||7’(*mf(x)Xk||(Lﬁz<>(sz0)) 1bI5Mo Z (J- ky2ror k= j)||fj||Lm(>(wm()) (3.24)

Jj=k+1

Next, by virtue of the condition g; < ¢, and the definition of weighted variable exponent Morrey-
Herz space along with the use of Proposition 3.1, we get

ko

_ koA k *
= sup 27kt Z pka(: )111”7_[ mek”LﬁzU(sz())

ko€Z h=—oo

IHG AT ko

(wpzt))

ko

< max { sup 2 ~koda: Z 2ka(o)q1||7{*mf)(k||
koEZ
k0<0

LP20)(P20))?
k=—0c0

AIMS Mathematics Volume 8, Issue 9, 20063-20079.



20076

-1

koA k(0 .
sup27° ql( Z kal )ql”?—{ mekl LP20(wP20))
koeZ k=—o00

ko=>0

" Z pka(e0)q ”7_{;be](| U’2<)(wpz()))}
:max{Yl,Y2+Y3}, (325)

where

_ —koAgq ka(0)q m
Y, = sup 270 Z 2 1||7_{517 ka||L,,2()(wp2()),

k() ez
ko <0

k=—o00

-1

Yz = sup 2—ko/lm Z 2k<x(0)¢11||7—[*mf)(k| LP20(P20)y?

ko€Z
ko=>0

k=—0c0

—koA ka(co *
Y; = sup 2~ foa Z ka( )q|||7—{ mf)(k”Lpz()(wpz())

ko€Z
ko0 k=0

First, we estimate Y;. Since 4 — nd; < a(0) < a(co), combining (3.24) and (3.13), we get

ko 00
—ko ka(0 . 51 (k—j a
Y, < sup 2 Fodar Z yka( )m( Z (= k)" |1bl2o2" 1 J)||f||U,l(l>(wp1(.)))
kOEZ k=—0c0 ji=k+1
ko<0 J
ko
—ko ka(0 51 (k— A-a(0 7
< sup27tn ) 20 Z (= BBl 2 “ P24 O fl s o)
0€ k=—00 Jj=k+1
k0<0
|b||’];11(</}0||f||q1 a()A " p2 koAq1 Z zka(O)ql Z (] k)mznél(k ])2](/1 a(O)))
1 ke ol o )I,i - Jj=k+1
0<0
ko 00
. Ve q1
SISO Wt ) SUP27 3 241 ( D (= 2]
o pirs - jkr1

< ||b||'§f,}0||f||q1 RIOA (@m0’
nO@

The estimate of Y, is similar to that of Y;.
Lastly, we estimate Y3. Since 4 — nd; < @(0) < a(o0), combining (3.24) and (3.14), we get

(oo m n q1
Y; < sup2” W‘”Zz"( & Zu 1Bl 2" N ANl o)

ko€Z
kgio k=0 j=k+1
ko
- &) S q1
< sup2 koAqi Z oka( )q1 Z (j— k)m”b”BMoznél(k N jd=a( ))”f”MKQ()A (wpl()))
ko€Z
kggo k=0 j=k+1

AIMS Mathematics Volume 8, Issue 9, 20063-20079.



20077

k() 0
—kol k . 61(k=j)ry j(A— o
< ||b||§§,}o||f||ql o . sup2 04q1 Z 2 a(oo)611( Z (] _ k)mzn 1= jC a(oo)))
MK 510 @17 ez %=0 =+l
ko0 = S
k() 00
—kod ka . j—k)(A=nd) — ¢
< ”b”gg/}o”f”ql o , SllpZ 04q1 Z 2 111( Z (] _ k)mz(J )(A-ndy a(w)))
MK 1m0 @) kyez =0 j=ict1
ko0 - =
mqi q1
S IR s

The desired result is obtained by combining the estimates of Yy, ¥, and V3.
4. Conclusions

This paper considers the boundedness for mth order commutators of n—dimensional fractional
Hardy operators 7‘(52 and adjoint operators 7{;’}} on weighted variable exponent Morrey-Herz

spaces MKZ;)(’,/)I(w). When m = 0, our main result holds on weighted variable exponent Morrey-Herz

space for fractional Hardy operators and generalizes the result of Asim et al. in [1, Theorems 4.2
and 4.3]. When m = 1, our main result holds on weighted variable exponent Morrey-Herz space for
commutators of the fractional Hardy operators and generalizes the result of Hussain et al. in [12,
Theorems 18 and 19].
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