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Abstract:  This paper examines how properties such as shadowing properties, transitivity, and
accessibility in non-autonomous discrete dynamical systems carry over to their product systems. The
paper establishes a proof that the product system exhibits the pseudo-orbit shadowing property (PSP) if,
and only if, both factor systems possess PSP. This relationship, which is both sufficient and necessary,
also holds for the average shadowing property (ASP) and accessibility. Consequently, in practical
problem scenarios, certain chaotic properties of two-dimensional systems can be simplified to those
observed in one-dimensional systems. However, it should be noted that while the point-transitivity,
transitivity, or mixing of the product system can be deduced from the factor systems, the reverse is not
true. In particular, this paper constructs counterexamples to demonstrate that some of the theorems
presented herein do not hold when considering their inverses.
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1. Introduction

Non-autonomous discrete dynamical systems (NDDSs), also known as time-varying parametric
dynamical systems, are generated by a sequence of time-varying mapping iterations, which is an
important part of the study of topological dynamical systems.

In 1996, Kolyada [1] first proposed the concept of NDDSs. Let N represent the set of positive
integers, X denotes a compact metric Hausdorft space equipped with metricd. f, : X — X (n €
N) is a continuous mapping sequence, and denoted by fi. = (fi, /2, -+) = (fu),-,. This mapping
sequence defines an NDDS (X, f ). Under this sequence, the orbit of the point x € X is Orby, _(x) =
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{x, filx), o0 fi(x), -+, f{'(x),---} (n € N), where f|' = f, 0---0 f, 0 f. Likewise, f,f‘ = fusk1 00
fus1 © fu (n,k € N). Additionally, f represents the identity mapping. If f; = f; (i,j € N : i # )),
(X, f1.-) 1s referred to as an autonomous discrete dynamical systems (ADDSs).

Compared to the ADDSs, the NDDSs offer greater flexibility and convenience in describing various
dynamic behaviors of a system. ADDSs may struggle to capture the complexity of problems in signal
processing, biology, and physics, whereas NDDSs prove to be effective in their description. Obviously,
the NDDSs are natural extensions of the ADDSs, which can solve more complex practical problems.
However, the dynamic behavior of NDDSs is much more complex than that of ADDSs. In fact, there
has been significant research on the chaotic behavior of mappings in ADDSs, yielding substantial
results. The chaoticity of NDDSs has gradually become a hot research direction of many scholars in
recent years.

In 2006, Tian [2] investigated Devaney chaos in NDDSs. In 2009, Shi [3] introduced the concept
of several types of chaotic properties in NDDSs, such as transitivity, sensitivity, Li-Yorke chaos, etc.
In 2011, Canovas [4] discussed the dynamic characteristics between topological entropy and Li-Yorke
chaos on NDDSs. In 2012, Balibrea [5] examined the connection between topological entropy and
weak mixing on NDDSs. Song [6] discussed the Ruelle-Takens chaotic properties of non-autonomous
product dynamical systems. In 2013, Wu [7] proved that Li-Yorke sensitivity and sensitivity of
sequences with the form f ., are inherited under iterations. In 2015, Huang [8] extended some results
of sensitivity or strong sensitivity from ADDSs to NDDSs. In 2018, Ma [9] studied the relations
of sensitivity and transitivity between iterative function systems and their product systems. In 2020,
Li [10] studied stronger forms of transitivity and sensitivity for NDDSs by using Furstenberg family.
In 2022, Anwar [11] studied the relations of some sensitivity between iterative function systems and
their product systems. Additionally, we studied the relations of some sensitivity between NDDSs and
their product systems (see [12]). Some other research about chaotic properties of NDDSs are [13-16]
and others.

In [17], we proved that under a specific metric, the product system having the &?-property is
equivalent to its factor systems also having the property of &7-property, where &Z-property represents
one of the following five properties: d shadowing property, d shadowing property, .#-shadowing
property, and ergodic shadowing property. Naturally, two questions arise: first, whether the conclusion
still holds for other properties, and second, whether the conclusion still holds if other metrics are used.
This paper will explore these two questions.

This paper aims to examine the relationship between accessibility, transitivity, or shadowing
properties of product systems and their corresponding factor systems in NDDSs.

2. Preliminaries

Let fieo = (fu)ye)> &1.0 = (gn),-, b€ two continuous mapping sequences on compact metric spaces
(X, d,) and (Y, d,), respectively. Define f; . X g1, on X X Y as follow

U X gD((x, ) = (fa X gn) 0 -+ - 0 (fi X g1)(x,y) = (f{(%), 81(V)),

for any (x,y) € X X Y, n € N. For any (x,y;), (x2,y2) € X X Y, define

D((x1.y0), (2. y2)) = AJd20x1,32) + (31, y2)
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is the metricon X X Y. (X XY, D, fi .« X g1.c) 1s called the product system of (X, d;, fi ) and (¥, d2, g1.c0)-
Let D; and D, be the metric on X X Y. D; and D, are equivalent metrics if and only if there exist
b > a > 0 such that

aD((x1,y1), (x2,y2)) < Dy((x1,¥1), (x2,¥2)) < bD((x1,y1), (x2,¥2))

for any (xy,y1), (x2,y2) € X X Y. [18]
Example 2.1. Let
Dy ((x1, 1), (x2,¥2)) = di(x1, x2) + d2(y1, y2),
Dy ((x1,y1), (%2, y2)) = max{di(x1, x2) + da(y1, y2)},
for any (x1,y1), (x2,y2) € X X Y. It is easy to get that, D\ and D, are equivalent metric of D.

Definition 2.1. /3, 19, 20] Let f, . be a continuous mapping sequences on X. fi or the NDDS
(X, d, f1.0)) is considered to be

(1) transitive if for any two nonempty open sets U and V in X, there exists an n € N such that
AW)ynv £0;

(2) point-transitive if there is an x € X such that orby, _(x) = X;

(3) accessible if for any € > 0 and two nonempty open sets U,V C X, there exists an n € N and points
x € U,y € V such that d(f]'(x), f{(y)) < &

(4) mixing if for any two nonempty open subsets U,V C X, there exists an N € N such that the set
Ny (U, V) ={n e N: f(U) NV # 0} contains any natural number n > N.

Definition 2.2. [2],22] Let 6 > 0 and {x;}; C X.

(1) The sequence {x;};5 C X is a 6 pseudo-orbit of fi e, if d(fir1(xi), Xiz1) < 0 for any i € Ny =
{07 1, 2” et };
(2) The sequence {x;};5 C X is a 0 average pseudo-orbit of fi «, if there exists an N € N such that

1 n—1
- Z d(ﬁ+k+l(xi+k), Xiks1) <O
n i=0

forany k € Ny, n > N.

Definition 2.3. [20,21] Let f, . be continuous mapping sequences on X.

(1) The system (X, d, fi.~) has pseudo-orbit shadowing property (PSP) if for any € > 0, there is a
0 > 0, for every 6 pseudo-orbit {x;};<) of (X, fi.«), there exists a z € X such that d ( fli(z), x,-) <e&
for any i € Ny;

(2) The system (X, d, f1.~) has average shadowing property (ASP) if for any € > 0, there is a 6 > 0,
for each 6 average pseudo-orbits {x;} 5 of fi., there exists a z € X such that

n—+oo

‘ 1 n—1 '
lim sup ~ D d(fi@),x) <.
i=0
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3. Main results

Theorem 3.1. (X XY, p, fi.c X&1.«) has PSP if and only if (X, d,, f1.~) and (Y, d>, g1.) have PSP, where
p is any equivalent metric of D.

Proof. Since measure p be an equivalent measure of measure D, there exist ¢, > ¢; > 0 such that

¢ - p((x1,y1), (x2,32)) < D((x1, y1), (X2, ¥2)) < 2 - p((x1, Y1), (X2, ¥2))

for any (x1,y1), (x2,y2) € X X Y.
(Necessity) Assume that (X XY, p, 1.« X&1.«) has PSP. Then for any € > 0 such that every 6* (6 > 0)
pseudo-orbit {(a;, b))} 5 of (X X Y, fi 0 X &1,00), there is a (a, b) € X X Y satisfying that

pUfi X gi(a,b), (@], b)) <
for any i € N. O

Claim: There exist {a;}[5 C X, {b;}[5 C Y, for any & > O such that {a;}]§ C X, {b;}] C Y are &
pseudo-orbit of (X, d, f1.) and (Y, ds, g1.-), respectively.

Proof of claim. In fact, forany a € X, b € Y, and 6 > 0, take ay = a,a, = fi(a),a, = flz(a), R =
b,by = g1(b),by = g%(b), -+ . Obviously, di(fi+1(a), air1) = 0 < & and da(gi41(Di), bir1) = 0 < & for any
i € Ny. So, {a;}15 € X, {b;}[§ C Y are € pseudo-orbit of (X, di, fi.) and (Y, d5, g1 ), respectively.

Take 6 = \/gc‘ci*, let {a;}75 C X, {b;};5; C Y be the 6 pseudo-orbit of (X, d\, fi..) and (¥, d>, g1.c),
respectively. Then,

di(fir1(ai),ai1) <0 and  dy(giv1(bi), bis1) <6

for any i € Ny. Then,
p(fir1 X giv1(ai, bi), (@iz1, biv1))

1
< C_D(ﬁ+1 X gir1(ai, bi), (is1, bir1))
i

1
=— \/d%(ﬁﬂ(ai),aiﬂ) + dﬁ(gm(bi), bi+1)
C1

2
< ié =9,
C1

for any i € Ny. This means that {(a;, b;)};5; € X X Y is the 6" pseudo-orbit of (X X ¥, p, fi « X g1.c0)- SO,

1 ) . . .
C_ZD(ﬂ X gll(a’ b)’ (ah bl)) < p(fll X gll(a’ b)’ (ai, bl)) <é&.
It is evident that
d\(fi(a),a;) < c,e and dy(g,(b), b)) < cz6.

Thus, (X, d,, fi.») and (Y, d>, g1 ) have PSP.
(Sufficiency) Assume that f] . and g; . have PSP, then for any & > 0, there is a 6; > 0 such that
every 0; pseudo-orbit {a’}: of (X,d, fi.~), there is a a € X satisfying that d( ff(a),a;") < g; there
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is a 6, > 0 such that every 0, pseudo-orbit {b;} 5 of (¥, d>, g1.), there is a b € Y conforming that
dr(g}(b).b)) < .

Let {(a;, b)}5; € X X Y be the ¢ pseudo-orbit of (X X Y, p, fi .« X g1.00), Where 6 = imin{él,éz}.
Then for any i € Ny, it is obvious that

p(fis1 X gix1(ai, by), (ajv1, bir1)) < 0.

Then
D(fis1 X giv1(ai, by), (ajs1, bir1))
< cop(fis1 X gis1(ai, by), (i1, bit1))
< 0.
Subsequently,

di(f{'(a),ais1) < 26 and  dy(g\(b), biy1) < ¢20.
So, {a;}y € X, {b};5; C Y are the 6" (6" = c,0) pseudo-orbit of f; . and g; ., respectively.
According to the PSP of (X,d,, fi.») and (Y, d>, g1), then for any € > 0 and i € N, there exists
a € X,B €Y, such that

di(fi@ra)<e and dy(gb).b) <e.
Then,
p(fi % g\(a,b), (a;, b))
1 . .
< C_ID(f‘]l X gl] (a7 b)a (ai’ bl))

1 : -
- - Vi), @) + d(gi(b). by
V2

< —&,
(&1

for any i € Ny. Therefore, (X X Y, p, fi. X g1.0) has PSP.
This complete the proof. O

An illustratable example is provided below to demonstrate Theorem 3.1.

Example 3.1. Let X = [0, 1]. The metric d is denoted by d(a,b) = |a — b| (Va, b € X). Three mappings
21(x), g2(x), and g3(x) are defined by g,(x) = |1 —4(x — %)2 for x € X, go(x) = —4x> + 4x for x € X,

and g3(x) = 0 for x € X. Let (h,);" | ={g1,83, 81,83}, (L), = 182,83, 82,83, }-
Forany x € X, € > 0, take 6 = § Let

x; = max{hy (x) - § 0}, x> = min{/, (x) + § 1);
E . E
y1 = max{{;(x) - 5,0}, y2 = min{{;(x) + 3 1}.

and

ao = x, a1 € (x1, %), a3 € [0, g), as € [0, g) :
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& &
bO =X, bl € ()’1,)’2), bZ € [09 g)’ b3 € [09 g)’ .

Obviously,

£ P>
d(hizi(ai), air1) <0 = 3 and  d(€i1(b;), biy1) <6 = 3

foranyi € N. So, {a;};5 C X, {bi} 5 C Y are the § pseudo-orbits of hy  and € ., respectively. Since

d(h(x),a;)) <& and d(li(x),b;) <&

for anyi e N. Thus, (X,d, h; ) and (X,d, {, ) have PSP.
In view of

D((hiy1 X Ciz1)(ai, by), (is1, biv1)) = \/dz(hiﬂ(ai), ai1) + d*(Civ1(b), bivy) < ‘/55

foranyi €N, then {(a;, b))} C X X Y is a 6" pseudo-orbit of fi .« X g1.c, Where 6" = V26. Due to

D((f; % g1)(@.b). (@ b)) = \Jd(fi(a).a) + d(g\(b). b) < V2e
for any i € Ny. This indicates that (X X X, D, fi - X g1.«) has PSP.

Theorem 3.2. (X X Y, p, fi.« X 81.) has ASP if and only if (X, d,, fi1.) and (Y,d>, g1.«) have ASP.

Proof. (Necessity) Since p is an equivalent metric of D, there exist ¢; > ¢; > 0 such that

cr - p((x1,y1), (x2,¥2)) < D((x1,¥1), (X2, ¥2)) < €2 - p((x1,¥1), (X2, ¥2))

for any (Xl’yl)a (XZ’yZ) € X X Y

Assume that (X X Y, p, fi.c X g1.c0) has ASP, then, for any £ > 0 and every ¢* average pseudo-orbit
{(a;, b))} of (X XY, fi.e X g1,00), there exists a (a, b) € X X Y such that

n—+o0o

. 1 o [ [ * *
lim sup - Zp(ff x gi(a,b),(a;,b;)) < e&.
i=0

Take 6 = %5*. Let {a;}155 € X, {b;}5 C Y be ¢ average pseudo-orbits of f; ., and g; «, respectively.
Then there exist m;, m, € N such that

I’l|—] n2—1

1
— Z d\(fisvk+1(@izk)s Aizpr1) <6 and  — Z d>(8itk+1(Disk), Disis1) <O
m 5 2

for any n; > my,n, > m,, and k € N. Then,

-1

1 n

; Z P(fisks1 X Givkr1(Qiskes Divi)s (Qiskes 1, Divks1))
i=0
n—1

1
< § D(fisis1 X Givks1(@isks Disic), (Qivka15 Divis1))
anis
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1 n—1
- cn ; \/dlz(ﬁ+k+1(ai+k)’ ivir1) + A3 (@it (Disk)s Bivis1)

n—1

1
< — Z(dl(ﬁ+k+l(ai+k)’ Aivir1) + A2(8isk+1(Disk)s Disi+1))
cin

i=0

n—1 n—1
1 1
= — Z di(fivk+1(Qizi)s Qigir1) + — Z d>(8ivk+1(Disi)s Divics1)
cin <= an =
2 )
<—0=9,
C1

for any n > m = max{m,,m,}. Therefore, {(a;, b))} C X X Y is a 6" average pseudo-orbit of fi o
8lco- Since fi o X g1 has ASP, then, for any & > 0 and the 6" average pseudo-orbit {(a;, b))} 5 of
(X XY, fl.o X g1.00), there exists a (a,b) € X X Y such that

1
— limsup — ZD((f] X g1)(a, b), (a;, b)) < lim sup — Zp(ﬁ X gi(a,b), (a;, b)) < &.

€2 no+oo n—+oo

In consequence,

lim sup — Zdl(f](a) a;)) <ce and limsup — Zdz(&(b) b)) < cze.

n—+oo n—+oo

Thus, (X, d,, f1..) and (Y, d, g1.) have ASP.

(Sufficiency) Since (X, d,, f1.) and (Y, d,, g1.«) have ASP, then for any & > 0, there exist §; > 0 and
0, > 0 such that, for every ¢, average pseudo-orbit {a}} of (X, fi ) and every 6, average pseudo-orbit
{b7}5 of (Y, g1..), one can select a € X, b € Y satisfying

lim sup — Zdl(f1(a) a;) <& and limsup — Zd2(g1(b) H<e

— —+00
n—+oo i=0 n—+ i=0

Take 6 = é min{d;, 9>} Let {(a;, b))} € X X Y be a ¢ average pseudo-orbit of fi . X gi... Then
there exists an m € N such that

n—1

1

— Z D((fisk+1 X Givk+ 1) (Qiskes i) (Qisics1, Divk+1))
2n i=0

-1

_ITl Zp((f+k+l X Gisk+1)(izk> bivk)s (Qivks1> Disks1))
i=0

<0,

for any n > m and any k € N,. This means that

n—1 n—1

- Z d\(fisks1(Qisk)s Qisir1) < 20 and  — Z dr(8i+k+1(Dis)s Disis1) < €20.
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So, {a;}[5 € X, {bj}; C Y are the 6" average pseudo-orbits of fi . and g; ., respectively, where
0" = cy0.
By the ASP of (X, d,, fi.~) and (Y, d,, g1.~), for any € > 0 and i € N, there exista € X, b € Y such

that 1 1
e . 19
limsup ~ > di(fi(@),a) <& and limsup— > d(g}(b),b;) < &.
n i=0 n i=0

n—+oo i— n—+oo
Then,
1 n—1
limsup ~ " p((f] X &))@, ), (a;, b))
noteo M4
1 1 n-1
< —limsup— " D((f} x g))(a,b), (ai, b))
Cl not+o N par
1 1 n—1
= — limsup — d*(fi(a), a;) + d2(g' (b), b;
oy limsup 5 VA Fi@). ) + digi (). b)
1 1 n—-1
= —limsup — »"(di(f{(@), &) + da(g) (b), b))
Cl pno+o0 N =0
2
< —e.
C1
Therefore, (X X Y, p, fi.« X g1.0) has ASP.
This complete the proof. O

In 2022, [15] proved that some shadowing properties are sufficient conditions for being transitive or
point-transitive for a NDDSs. Next, we will discuss the relations of point-transitivity between product
systems and teir factor systems.

Theorem 3.3. If (X X Y, p, f1.c X 81.c0) IS point-transitive (resp. transitive, mixing), then (X,d, fi.)

and (Y, d,, g1 ) are point-transitive (resp. transitive, mixing).

Proof. (1) Assume that (X X Y, p, f1.cc X &1.~) 18 point-transitive. Then there is a (a,b) € X X Y such
that OI”bfl,ngl,m(a, b) = X x Y. That iS, {(a’ b)9 (fl(a)’ gl(b))’ T (f‘]n(a)’ g}il(b))’ U } = XXY.
Obviously,

orby (a)=X and orb, (b)=Y.

Thus (X, d, fi.~) and (Y, d>, g1..,) are point-transitive.

(2) Assume that (X XY, p, f1.c X 81.00) 18 transitive. Then for any two nonempty open sets U; X V; and
U, xV,in X X Y, there exists an n € N such that (f]' X g/)(U; X V;) N (U, X V,) # 0. To elaborate,
there is a (ay, by) € U, X V; such that (f' X g})(a; X b)) = (f{'(a1), g{(b1)) € Uy X V,. Then,

fla) e U, and gj(b)) € V,.

So,
fWUNNU, #0 and g (V) NV, #0.

By the arbitrariness of U;, V; (i = 1,2), (X, d\, fi..) and (Y, d>, g1..,) are transitive.
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(3) The proof of mixing is omitted as it follows a similar line of reasoning as that of transitivity.
This complete the proof. O

The inverse of Theorem 3.3 may not hold in all cases. This illustrated through Examples 3.2 and 3.3.

Example 3.2. Let X = [0, 1], the set of all rational numbers in X is denoted by {a,,a,,as,---}. For
any x € [0,1], let fi(x) = a1, fo(x) = az, -+ fu(X) = ap,---. For fie = (fu)2) = {1, o, 5, --} it is
obvious that orby, (a) = X for any a € X. So, (X, d, f.«) is point-transitive.

However, for any a,b € X, (f' X f{')(a,b) = (a;,a;) (i € N). Then, orby, «y .(a,b) # X X X. So,
(X XX, D, fi.c X fi.x0) is not point-transitive.

Example 3.3. Let X = [0, 1]. Two mappings ¢(x), w(x) be defined by ¢(x) = x for any x € [0, 1] and

1 1.
2x+ 5 forxe|0,1|;
11].

b

wx) =3 -2x+3 forxe|1,3
-x+1 forxe %,1 .
Let (gn);il = {wa o, w,d, 0,0, }

The function images of g7, g3, g{, and g, are given in Figure 1, and the image of g?(n > 5) can be
inferred.

1

—y2 = gi(7)
0.8} ys = gi(z)| -
—y1 = gi(2)
0.7t 1 ]
06
> 0.5
04 r
031
0.2
0.1
0 . . . .
0 0.2 0.4 0.6 0.8 1

X

Figure 1. The function images of g%, g3, g}, and g.

Figure 1 shows that, for any nonempty open set U € X, there are large enough m,;, m, € N such that
g"(U) 2 (0,1), g*(U) > (3, 1). Then, for any nonempty open set V € X, there is an n € N such that
WU)NV #£0. So, (X,d, g1,) 1s transitive.

Take Uy = Uy = (0,), Vi = (1, 1), V2 = (5, ). Then (g} x g})(U1 x Uz) € [(0, ) x (0, H1U (L, D
(%, 1)] for any n € N. However, (g} X g)(U; X Uy) N (Vy X V3) = 0. Thus (X X X, D, g1 . X g1,00) is DOt
transitive.

Now, accessibility will be discussed by us.
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Theorem 3.4. If (X,d, fi ) is mixing, then (X, d, f ) is accessible.

Proof. Let any two nonempty open sets U, and U, be in X. For any € > 0, there is a V C X such that
diam(V) < &. Due to (X, d, fi ) is mixing, then there is an N; > 0 such that f'(U;) NV # 0 for all
n > Nj, and there is an N, > 0 such that f]'(U,) NV # 0 for all n > N,.

Take N = max{N,, N,}, then, for U, U,, and V in X, f{'(U;) NV # 0 and f'(U,) NV # O for all
n > N. Then, there exist a € U;,b € U, such that f{'(a) € V and f]'(b) € V. Since diam(V) < &, then,
d(fi(a), f{'(D)) < &. So, (X,d, f ) 1s accessible.

This complete the proof. O

The inverse of Theorem 3.4 is not necessarily held. This is illustrated through an counterexample.

Example 3.4. Let X = [0, 1],

F(x) = 2x for x € [0 ;],

-2x+2 forxe|;,1

11.
095 ’
’1 b

b

for x €

f(x) =

|
=
o=
[

-x+1 forxe

x for x € :0, ﬂ,
+% foer»%,l_,
forx e »0, l};
f4()€) 1 1 1 i
—zX Z forx S 201>

1) = { 12,11—,2x 1 for x € [O, %],

—53 X+ 53 for x €

Let(ﬁl 20:1 = {fl9f2"" ’fn’.“}'

The function images of f7, fi, fi, and f7 are given in Figure 2, and the image of f!'(n > 5) can be
inferred.

Figure 2 shows that, f|'(U) — {0}(n — o) for any U € X. For any € > 0 and any a,b € X, there is
an my € N such that d(f]'(a), f'(b)) < & for any n > m,. So, (X, d, f ) is accessible.

Take V = [%, 1], for any U € X, there is an my € N such that f{'(U) NV = 0 for any n > my. Thus
(X, d, fi.0) is not mixing.
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Figure 2. The function images of /7, f7, f{, and f7.

Theorem 3.5. (X X Y,p, fic X g1.00) IS accessible if and only if (X,d, fi.«) and (Y,d>, g1..,) are
accessible.

Proof. Since metric p is an equivalent metric of metric D, there exist b > a > 0 such that
ap(xi, y1), (x2,¥2) < D(x1,y1), (%2, 2) < bp(x1, y1), (X2, ¥2)

for any (xlayl)a (x29y2) eEXXY.

(Necessity) Assume that (X X Y, p, fi.« X g1.) 1S accessible. Then, for any € > 0 and two nonempty
open sets U; X Vi, U, X V, € X X Y, there exist points (a;, by) € Uy X Vi,(az,by) € Uy X Vy,and n € N
such that

1
P((ff X gD(ay, b), (ff X g(az, b)) = p((fi'(ar), g1(b1)), (fi'(a2), g(b2))) < 5
Then,

\/df(ff(al),ff(az)) +dy(g1(b1), g}(b2))
= D((f' x gD(ar, by), (ff' X g1)(az, by))
< bp((f'(ar), g1(b1)), (f{'(a2), g1(b2)))

<E&.

This means that d;(f]'(a1), f{'(a2)) and d>(g|(b1), g|(b>)) are less than e. So, (X,d, fi,.) and
(Y, d>, g1..,) are accessible.

(Sufficiency) By contradiction, if (X XY, p, f1.. X g1.) 18 not accessible, then there exist a &y > 0 and
two nonempty open sets U; XV, U, XV, € XX Y, for any n € N and points (a;, by) € U; X Vi, (az, b,) €
U, X V,, it is obvious that

p((f!" X g)(ai, by), (f' X g1)(az, b)) > &.

Then,
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\/df(f{“(m), fl(a)) + d;(gi(b1), g1(12))

= D((f' x gD(a1, by), (fI' X g1)(az, by))
> ap((f' x gD(ai, by), (fI' X g)(az, b))
> agy.

This means that at least one of d;(f{'(a1), f{'(a2)) and d>(g'{ (b)), g (b>)) has to be greater than %aso.
To be more specific, at least one of (X, d,, f1..) and (Y, d>, g1.-) 1s not accessible. Contradict to that
(X, d,, f1.0) and (Y, d>, g1.-) are accessible. So, (X X Y, p, f1.cc X g1.0) 18 accessible.

This complete the proof. O

The following example demonstrates that, if only one of the (X,d, fi») and (Y,d>, g1.) 1S
accessible, there is not necessarily follow that (X X X, p, fi.« X g1.«) 1S accessible.

Example 3.5. Let X = [0, 1], two mappings h\(x), h,(x) be defined by h;(x) = 1, hy(x) = x for x € X.
Let (fo)y, = thi, hi,hy, -}, (8n)oey = {ha, hoy b, -+ -

Obviously, d(f]'(x1), f{'(x2)) = 0 for any n € N and x;,x, € X. So, (X,d, fi) is accessible. Let
U = (0, é),V = (%, 1), then for any x; € U,y, € V, d(g|(x1),g](n)) > 43'1' Thus, (X,d, g1..) is not
accessible. For U X U,V XV € X X X, any (x1,x;) € U X U, (y1,y,) € VXV, it is obvious that

D((f{" % gD(x1, %2), (ff X D01, ¥2)
3
= \/dz(f{’(xl),ﬁ"(yl)) + d*(g1(x2), g1 (02)) > T

Therefore, (X X X, D, f1.« X 81.c0) is not accessible.

Theorem 3.6. Let f,(n € N) be surjections. If the system (X, d, fi.«) is accessible, then, for any n € N,
the system (X, d, fu.co = (fu, fu+1,--*)) is accessible.

Proof. To illustrate this point, it is sufficient to consider the case when n = 2.

For any two nonempty open subsets U, V C X, taking an inverse image of each element in U and V
under fj, one can get two sets U* and V* in X, separately. Since f; is continuous surjective, then U*
and V* are also nonempty open subsets of X. Due to fj . is accessible, then for any & > 0, there exist
points a* € U*,b* € V* and n € N such that d(f*'(a*), /1 (b*)) < &.

Given that there exist a € U,b € V such that fi(a") = a, fi(b*) = b, then d(f}(a), f;'(b)) =
d(fl””(a*),fl”“(b*)) < e&. So, (X,d, f,..) 1s accessible.

This complete the proof. O

Theorem 3.7. Let f,(n € N) and g,(n € N) be surjections. If (X X Y,p, f1.co X &1.c0) IS accessible, then
(X, d\, fne) and (Y, dy, 8,.~) is accessible for any n € N.

Proof. The result is evident by applying Theorems 3.5 and 3.6.
This complete the proof. O

An appropriate example that aligns with Theorem 3.7 is presented below.
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Example 3.6. Let X = [0, 1]. Two mappings ¢(x), Yy(x) be defined by

6x for x € :O, %:;
-6x+2 forxel|i 1f;
3x for x € 0,% ; f _? ?
| 2 6x—-2 forxe|3,3|;
p(x) =9 =3x+2 forxe|3,5|; and Y(x) = 1 51
5 —-6x+4 forxe 255
3x-2 forx€[§,1 5 2
6x—-4 forxe Ik
5
—-6x+6 forxe {5,1_

Let (f;l ;O:l = {90’ L 28 2R }’ (gn):;l = {lﬁ, W’ lﬁ’ R

Obviously, ¢(x) and y(x) are triangle-tent map. Then there must exist large enough n;,n, € N
such that "' (U) = X and g?(U) = X for any nonempty open set U € X. Take n = max{ny, n,}, then
) N f1(V) # 0 for any nonempty open set V € X. So, there exist points x € U,y € V such that
d(f'(x), f'(y)) = 0. Thus, (X,d, fi) and (X,d, g ) are accessible.

For any two nonempty open sets Uy X Vi and U, X V, in X X X, there exists an n € N such that
(ff X gD(WU x Vi) = X X X. Then, (f]' x g)(U; X Vi) N (f]' X g)(Uz X V2) # 0. So, there exist points
(a1,b1) € Uy X Vy,(az,by) € Uy X V; such that D((f]' X g1)(ai, by), (ff' X g1)az, by)) = 0 for any metric
p of X X X. Therefore, (X X X, D, fi .« X 81.) is accessible.

Corollary 3.1. If (X X Y, p, fi.c0 X &1.c0) IS mixing, then (X, d,, fi ) and (Y,d,, 81 ~) are accessible.
4. Conclusions

Transitivity, mixing, and accessibility are chaotic properties related to Devaney chaos. They
represent a kind of ergodic state of discrete dynamical systems. While shadowing properties are often
used in computer simulation. The orbit obtained by numerical calculation approximately reflects the
local dynamic behavior of the system. The premise is that the difference between each iteration point
and the real orbit is small enough. This paper discusses the relationship between the above properties
of non-autonomous product systems and that of corresponding factor systems. The results tell us that
in practical problems, the method of decreasing (or increasing) dimension is feasible. The reasons
for the infeasibility are explained by counterexamples. In the future, we can combine more specific
applications in physics, electronic information, or computer technology to study the chaotic properties
of high-dimensional systems or low-dimensional systems.
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