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1. Introduction

Let (M, g) be a Kähler manifold of complex dimension n with Kähler metric g =
∑n

i, j=1 ui jdzi ⊗ dz j.
The Laplace-Beltrami operator with respect to the Kähler metric g is defined by

∆g = −4
n∑

i, j=1

ui j ∂2

∂zi∂z j
, (1.1)

where [ui j]t = [ui j]
−1. Let

λ1(∆g) := λ1(∆g,M) = inf
{
4
∫

M
ui j ∂h
∂zi

∂h
∂z j

dVg : h ∈ C∞0 (M),
∫

M
|h|2dVg = 1

}
. (1.2)

Here dVg is the volume measure of M with respect to the Kähler metric g.
Spectral theory or eigenvalue estimates for Laplace-Beltrami operators are important subject for

mathematics. When M is compact and ∆g is uniformly elliptic, λ1(∆g) is the first eigenvalue of ∆g.
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Researches on its upper and lower bound estimates have a long history with many results (see [1–5]
and the reference therein).

Unlike compact manifolds, for the case when M is a non-compact manifold, λ1(∆g) may not be
an eigenvalue of ∆g, but rather the infimum of the positive spectral of ∆g. This naturally leads to an
interesting problem: study of estimate for λ1(∆g) in the complete non-compact case. Quite a bit of
research has been done on this problem. For examples, the results on upper bounds and lower bounds
estimates obtained by Cheng [6], Li and Wang [7–10], Munteanu [11], Li and Tran [12] are all well
known. The rigidity property of manifold may be further obtained when λ1 achieves its sharp upper or
lower bound estimate. For examples, one may see [7–9, 13, 14] and references therein.

We recall the following estimates for λ1(∆g), in the Riemannian manifolds, a sharp upper bound
estimate for λ1(∆g) is well known from Cheng [6]. For the Kähler manifolds, Li and Wang gave an
important sharp upper bound estimate in [9]. They proved λ1(∆g) ≥ n2 with the assumption that the
holomorphic bisectional curvature of M is bounded below by −1. Later on, Munteanu [11] improved
Li and Wang’s result, and derived another sharp estimate in terms of the Ricci curvature is bounded
from below by −2(n + 1).

As a continuation of the work of Li and Wang [9] and the work of Munteanu [11], Li and
Tran [12] provided many examples of bounded strongly pseudoconvex domains, on which λ1(∆g) can
be explicitly formulated. However, those domains were exclusive of most of non-smooth domains, like
Cartan classical domains. It would be desirable to proceed the study of λ1(∆g) on the Cartan classical
domains.

Suppose RA(n) be the Cartan classical domains of type A(A = III, IV). Let D be a bounded
pseudoconvex domain in Cn and u(z) ∈ C∞(D) be a strictly plurisubharmonic exhaustion function for
D. Let g =

∑n
i, j=1

∂2u
∂zi∂z j

dzi ⊗ dz j be the Kähler metric induced by u. We set

|∂u|2g =

n∑
i, j=1

gi j ∂u
∂zi

∂u
∂z j

(1.3)

and

αg = sup{α :
∫

D
(det[gi j])

αdv < ∞}. (1.4)

This paper aims to provide an estimate for λ1(∆g) on RA(n)(A = III, IV) with g is the Bergman
metric of RA(n). Regarding the estimate for λ1(∆g) on the Cartan classical domains of type I and II, it
has been studied by the first author in [15]. We continue to use some ideas in [15], but the calculations
in the current cases are much more delicate. This is due to the special forms of RIII(n) and RIV(n).

Our study is motivated by Li and Tran [12]. We emphasize that the calculation of |∂u|2g and the
construction of test functions play important roles in our argument, but both are difficult to solve. We
use the Bergman metric g on the Cartan classical domains given by Hua [16] and Lu [17].

Let KA(z) := KA(z, z) be the Bergman kernel function of RA(n) and let

uA =
1

cA
log KA(z), cIII = n − 1 and cIV = 2n. (1.5)

Our goal is to prove the following results.
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Theorem 1.1. Let ∆
A

= ∆g (A = III, IV) be the Laplace-Beltrami operator associated to the Bergman
metric g on the Cartan classical domains RA(n) of typeA. Let u = uA be the strictly plurisubharmonic
exhaustion function forRA(n) and g = gA be the Kähler metric induced by uA. Assuming that |∂u|2g ≤ β,
one has

(i) λ1(∆
A

) ≥ N2
A
/β with NIII = n(n − 1)/2 and NIV = n;

(ii) λ1(∆
A

) ≤ βc2
A

(1 − αA)2, where

αIII :=
1

2(n − 1)
, αIV(n) =

1
2

when n = 1, αIV(n) =
1
n

when n > 1;

and
cIII = n − 1, cIV = 2n.

Corollary 1.1. Let the notations and assumptions as in Theorem 1.1. Then

λ1(∆III ) ∈


[ n(n−1)2

4 , n(2n−3)2

4 ], n = 2k;

[ n2(n−1)
4 , (n−1)(2n−3)2

4 ], n = 2k − 1.

and

λ1(∆IV )
{

= 1, n = 1;
∈ [n2, 4(n − 1)2], n ≥ 2.

The remainder of the paper is organized as follows. In Section 2, we introduce the notion and
provide some preliminary results concerning R

A
(n). In Section 3, our main results are stated and

proved. Section 4 contains a brief summary of our study.

2. Cartan classical domains of type III and IV

Let M(n) be the set of all n × n matrices with entries in C. For any A = [ai j] ∈ M(n), let

A∗ = A
′
= [a ji].

We denote by In the n × n identity matrix. The Cartan classical domains of the type III and IV can be
represented as follows:

RIII := RIII (n) = {Z ∈ M(n) : Z = −Z′, In − ZZ∗ > 0}. (2.1)

RIV := RIV (n) = {z = (z1, · · · , zn) ∈ Cn, 1 + |

n∑
j=1

z2
j |

2 − 2|z|2 > 0, |
n∑

j=1

z2
j | < 1}. (2.2)

Suppose A and B are two n × n matrix. Then we define an n(n−1)
2 ×

n(n−1)
2 matrix [A×̇B]as, which

consists of the entries (A×̇B)(i j)(k`) with i < j and k < ` as follows:

(A×̇B)(i j)(k`) = aikb j` − ai`b jk, 1 ≤ i < j ≤ n, 1 ≤ k < ` ≤ n. (2.3)

In particular,

(A×̇A)(i j)(k`) = a(i j)(k`) = aika j` − ai`a jk, 1 ≤ i < j ≤ n, 1 ≤ k < ` ≤ n. (2.4)

The following result can be found in [17, p317–318].
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Proposition 2.1. [17] Let A and B be two n × n matrices. Then

[A×̇A]as[B×̇B]as = [AB×̇AB]as, ([A×̇B]as)′ = [A′×̇B′]as (2.5)

and
[A×̇A]−1

as = [A−1×̇A−1]as, det[A×̇A]as = (det A)n−1. (2.6)

A straightforward calculation shows:

Proposition 2.2. Let C = [cpq] be a s × s matrix where cpq is a function of z = (z1, · · · , zn) ∈ Cn and z.
Then

∂ log det C
∂zk

=

s∑
p,q=1

cpq∂cpq

∂zk
(2.7)

and
∂2 log det C
∂zk∂z`

=

s∑
p,q=1

cpq ∂
2cpq

∂zk∂z`
−

s∑
i j,pq=1

ciqcp j∂cpq

∂zk

∂ci j

∂z`
, (2.8)

where
s∑

j=1

ci jck j = δik.

For Z ∈ RIII , we set

z = (z12, · · · , z1m, z23, · · · , z2n, · · · , z(n−1)n) ∈ C
n(n−1)

2 .

Obviously 2‖z‖2 = tr(ZZ∗). We know from Hua’s book [16] or Lu’s book [17, Section 3.3] that

KIII(Z) =
1

V(RIII)
·

1
det(I − ZZ∗)n−1 , (2.9)

and
KIV(z) =

1
V(RIV)

·
1

(1 + |
∑n

j=1 z2
j |

2 − 2|z|2)n
. (2.10)

Here V(RA) is the volume of RA.
Consider the Bergman kernel function of RA, we construct uA as (1.5), hence uA is strictly

plurisubharmonic exhaustion function in RA. Furthermore, we define a complete Kähler metric gA
which is induced by uA as follows:

gA =

N∑
i, j=1

uAi jdzi ⊗ dz j, (2.11)

where N = n(n − 1)/2 whenA = III and N = n whenA = IV . Consequently,

|∂uA|2gA =

N∑
i, j=1

uAi j∂uA
∂zi

∂uA
∂z j

, (2.12)

where [uAi j]t = [uAi j]
−1.

Let us mention two important consequences about the complex Hessian matrix for uA on RA.

AIMS Mathematics Volume 8, Issue 8, 19582–19594.



19586

Proposition 2.3. The complex Hessian matrix for uA can be stated by

H(uIII )(Z) = 2[(I − ZZ
∗
)−1×̇(I − ZZ

∗
)−1]as, (2.13)

H(uIII)−1(Z) =
1
2

[(I − ZZ
∗
)×̇(I − ZZ

∗
)]as, (2.14)

H(uIV )(z) =
1

r2(z)

r(z)In − 2
(
z
z̄

)′ (
1 − 2|z|2 zz′

zz′ −1

) (
z
z̄

) (2.15)

and
H(uIV )−1(z) = [r(z)(I − 2z′z) + 2(z′ − zz′z′)(z − zz′z)], (2.16)

where r(z) = 1 + |
∑n

j=1 z2
j |

2 − 2|z|2.

Proof. (i) For Z ∈ RIII , by applying (2.7) and (2.8), a straightforward calculation shows that

∂2 log KIII(Z)
∂z jα∂zkβ

∣∣∣∣
Z=0

= − (n − 1)
∂2 log det(In − ZZ∗)

∂z jα∂zkβ

∣∣∣∣
Z=0

= − (n − 1)
n∑

h,`=1

(
(In + ZZ∗)−1

)
h`

∂2(
∑n

s=1 zhszs`)
∂z jα∂zkβ

∣∣∣∣
Z=0

= − (n − 1)
n∑

h=1

∂

∂zkβ

∑
s

(δ jhδsαzsh − δhαδ jszsh)

= − (n − 1)
n∑

h=1

∂

∂zkβ
(δ jhzαh − δhαz jh)

= − (n − 1)
n∑

h=1

[
δ jh(δkαδhβ − δhkδαβ) − δhα(δ jkδhβ − δ jβδhk)

]
= − 2(n − 1)(δkαδ jβ − δ jkδαβ). (2.17)

Hence, we have

H(uIII )(0) =
[ ∂2u
∂z jα∂zkβ

]∣∣∣∣
Z=0

= 2[Im×̇Im]as. (2.18)

As the proof of equality (3.3.45) in [17], the transformation property of Bergman kernel function and
Möbius transform of RA, (2.13) follows. By Proposition 2.1, (2.14) obtained.

(ii) For z = (z1, z2 · · · , zn) ∈ RIV , by equality (3.3.57) in [17], we have

∂2 log KIV(z)
∂zi∂z j

=
1

r2(z)
[r(z)In + 4zz∗z′z − 2(zz∗z′z + zz′z∗z) − 2(z′z − z∗z)]

=
1

r2(z)

{
r(z)In − 2[(z′ − 2|z|2z′ + z∗zz′)z + 2(z′zz∗ − z∗)z]

}
=

1
r2(z)

r(z)In − 2
(

z′ − 2|z|2z′ + z∗zz′ z′zz∗ − z∗
) (z

z̄

)
=

1
r2(z)

r(z)In − 2
(

z′ z∗
) (1 − 2|z|2 zz′

zz′ −1

) (
z
z̄

) (2.19)
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This implies (2.15). We claim (2.16) holds from discussion of equality (6.1.29) in [17]. �

Proposition 2.4. With the notations above, one has

det H(uIII )(Z) = 2
n(n−1)

2
1

det(I − ZZ∗)(n−1) (2.20)

and
det H(uIV )(z) =

1
rn(z)

. (2.21)

Proof. By Proposition 2.1 and Proposition 2.3, it is easy to deduce that

det H(uIII )(z) =2
n(n−1)

2 det[(I − ZZ
∗
)−1×̇(I − ZZ

∗
)−1]as

=2
n(n−1)

2 det(I − ZZ
∗
)−(n−1)

=2
n(n−1)

2 det(I − ZZ∗)−(n−1)

and

det H(uIV )(z) = det

 1
r2(z)

r(z)In − 2
(
z
z̄

)′ (
1 − 2|z|2 zz′

zz′ −1

) (
z
z̄

)


=
1

rn(z)
det

[(
1 0
0 1

)
−

2
r(z)

(
1 − 2|z|2 zz′

zz′ −1

) (
z̄
z

) (
z′ z̄′

)]
=

1
rn(z)

det
[(

1 0
0 1

)
−

2
r(z)

(
1 − 2|z|2 zz′

zz′ −1

) (
|z|2 zz′

zz′ |z|2

)]
=

1
rn(z)

det
(

1 − 2
r(z) (|z|

2 − 2|z|4 + |zz′|2) − 2
r(z)zz′(1 − |z|2)

− 2
r(z)zz′(|z|2 − 1) 1 − 2

r(z) (|zz′|2 − |z|2)

)
=

1
rn+2(z)

(1 + 2|zz′|2 − 4|z|2 + 4|z|4 + |zz′|4 − 4|z|2|zz′|2)

=
1

rn(z)
.

This completes the proof. �

3. Estimate for λ1(∆g)

In this section, in order to prove the main theorems, we begin to establish an estimate for |∂u|2g. Let

∂

∂z
= (

∂

∂z1
, · · · ,

∂

∂zn
).

Since

(
∂u
∂z

)′
∂u
∂z

=


∂u
∂z1

∂u
∂z1
· · · ∂u

∂z1

∂u
∂zn

...
...

∂u
∂zn

∂u
∂z1
· · · ∂u

∂zn

∂u
∂zn

 , (3.1)

one has

|∂u|2g =

n∑
i, j=1

ui j ∂u
∂zi

∂u
∂z j

= tr
(
[ui j](

∂u
∂z

)′
∂u
∂z

)
. (3.2)
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Proposition 3.1. With the notations in (1.5), (2.11) and (2.12), one has the following estimates:

|∂uIII |
2
gIII
≤ 2

[n
2
]

and |∂uIV |
2
gIV
≤ 1. (3.3)

Proof. (i) For z ∈ RIII , according to (3.2), one has

tr
(
[A×̇A]as

∂uIII

∂z′
∂uIII

∂z

)
=

n∑
i,k=1

∑
i< j,k<`

a(i j)(k`)
∂uIII

∂zi j

∂uIII

∂zk`

=

n∑
i,k=1

∑
i< j,k<`

(aika j` − ai`a jk)
∂uIII

∂zi j

∂uIII

∂zk`

=
1
2

n∑
i,k=1

∑
k<`

[(∑
i< j

aika j`
∂uIII

∂zi j
+

∑
i> j

a j`aik
∂uIII

∂zi j

)
−

(∑
i> j

a jkai`
∂u
∂zi j

+
∑
i< j

ai`a jk
∂uIII

∂zi j

)]∂uIII

∂zk`

=
1
2

n∑
i, j=1

n∑
k=1

∑
k<`

(aika j` − ai`a jk)qi j
∂uIII

∂zi j

∂uIII

∂zk`

=
1
2

n∑
i, j=1

n∑
k=1

(∑
k<`

aika j`
∂uIII

∂zk`
−

∑
k>`

aika j`
∂uIII

∂zk`

)
qi j
∂uIII

∂zi j

=
1
2

n∑
i,k=1

n∑
k,`=1

aika j`qi jqk`
∂uIII

∂zi j

∂uIII

∂zk`
, (3.4)

where

qi j =

{
0, i = j;
1, i , j.

Let D[λ1, . . . , λn] be n × n diagonal matrix with all diagonal entries are λ1, . . . , λn. For Z ∈ RIII ,
since ZZ∗ is the Hermitian matrix, there exists n × n unitary matrix U such that

UZZ∗U∗ =

{
D[λ1, · · · , λn], n = 2k;
D[λ1, · · · , λn−1, 0], n = 2k + 1.

(3.5)

and λ j ∈ [0, 1), λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0. There is no loss of generality in assuming

ZZ∗ =

{
D[λ1, · · · , λn], n = 2k;
D[λ1, · · · , λn−1, 0], n = 2k + 1.

(3.6)

It follows that

(Im − ZZ∗)−1 =

{
D[

∑∞
k=0 λ

k
1, . . . ,

∑∞
k=0 λ

k
n], n = 2k;

D[
∑∞

k=0 λ
k
1, . . . ,

∑∞
k=0 λ

k
n, 0], n = 2k + 1.

(3.7)

Thus
∂uIII

∂zik
= zik(

1
1 − λi

+
1

1 − λk
), i < k; (3.8)
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∂uIII

∂z j`
= z j`(

1
1 − λ j

+
1

1 − λ`
). j < `. (3.9)

Therefore

|∂uIII |
2
gIII

=

n∑
i, j=1

∑
k>i,`> j

ui j,k`
III

∂uIII

∂zik

∂uIII

∂z j`

=
1
2

n∑
i, j,k,`=1

(δi j −

n∑
s=1

zisz js)(δk` −

n∑
t=1

zktz`t)
1
2

qikq j`
∂uIII

∂zik

∂uIII

∂z j`

=
1
4

n∑
i=1

n∑
k=1

(1 − λi)(1 − λk)(
1

1 − λi
+

1
1 − λk

)2|qikzik|
2

=
1
2

n∑
i,k=1

(
1 − λk

1 − λi
+ 1)|qikzik|

2

=
1
2

(
tr(−Z∗(I − ZZ∗)Z(I − ZZ∗)−1) + tr(ZZ∗)

)
=

1
2

(
tr(−Z∗Z(I − Z∗Z)(I − ZZ∗)−1) + tr(ZZ∗)

)
=

1
2

(
tr(ZZ∗) + tr(ZZ∗)

)
= tr(ZZ∗)

≤2
[n
2
]
. (3.10)

(ii) For z ∈ RIV , we have

∂uIV

∂zi
= −

1
2
∂ log(r(z))

∂zi
= −

1
2

1
r(z)

∂r(z)
∂zi

= −
(zz′zi − zi)

r(z)
, (3.11)

∂uIV

∂z j
= −

1
2
∂ log(r(z))

∂z j
= −

1
2

1
r(z)

∂r(z)
∂z j

= −
(zz′z j − z j)

r(z)
. (3.12)

Accordingly,
∂uIV

∂zi

∂uIV

∂z j
=

1
r2(z)

(|zz′|2ziz j − zz′ziz j − zz′ziz j + ziz j). (3.13)

Notice that

A(z) :=
n∑

i, j=1

(δi j − 2ziz̄ j)(|zz′|2ziz j − zz′ziz j − zz′ziz j + ziz j)

=(|zz′|2|z|2 − 2|zz′|2 + |z|2) − 2(|zz′|4 − 2|zz′|2|z|2 + |z|4)
=5|zz′|2|z|2 − 2|zz′|2 − 2|zz′|4 − 2|z|4 + |z|2 (3.14)

and
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19590

B(z) :=
n∑

i, j=1

(z̄i − zz′zi)(z j − zz′z̄ j)(zz′zi − zi)(zz′z j − z j)

=

n∑
i=1

(z̄i − zz′zi)(zz′zi − zi)
n∑

j=1

(z j − zz′z̄ j)(zz′z j − z j)

=(2zz′|z|2 − zz′ − zz′|zz′|2)(2zz′|z|2 − zz′ − zz′|zz′|2)
=|zz′|2(2|z|2 − 1 − |zz′|2)2

=r2(z)|zz′|2. (3.15)

Then (3.14) and (3.15) yield

r(z)A(z) + 2B(z) =r(z)(5|zz′|2|z|2 − 2|zz′|2 − 2|zz′|4 − 2|z|4 + |z|2) + 2r2(z)|zz′|2 = r2(z)|z|2. (3.16)

Consequently,

|∂uIV |
2
gIV

=

n∑
i, j=1

ui j
IV

∂uIV

∂zi

∂uIV

∂z j

=

n∑
i, j=1

[r(z)(δi j − 2ziz̄ j) + 2(z̄i − zz′zi)(z j − zz′z̄ j)]
∂uIV

∂zi

∂uIV

∂z j

=
1

r2(z)

n∑
i, j=1

[r(z)(δi j − 2ziz̄ j) + 2(z̄i − zz′zi)(z j − zz′z̄ j)](zz′zi − z̄i)(zz′z̄ j − z j)

=
1

r2(z)
[r(z)A(z) + 2B(z)]

=|z|2

≤1, (3.17)

which implies the desired conclusion. The proof of the proposition is complete. �

To prove Theorem 1.1 and for the convenience of the reader, we recall the following proposition
from [16].

Proposition 3.2. With the notations above, one has,∫
RIII

det(I − ZZ∗)λdZ < +∞ ⇐⇒ λ > −
1
2
, (3.18)

and ∫
RIV

(µ(z))α(ν(z))βdz < +∞ ⇐⇒ α > −1, α + β > −n. (3.19)

Where µ(z) = (1 − zz̄′ −
√

(zz̄′)2 − |zz′|2), ν(z) = (1 − zz̄′ +
√

(zz̄′)2 − |zz′|2).

Now we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. By Proposition 2.1 in [12], it is evident that statement (i) holds. So we only
need to prove statement (ii). Let

f
A

(Z) = e−τu
A

(z). (3.20)

By Proposition 2.4, one has∫
RA

| fA(Z)|2dVu(Z) =

∫
RA

KA(Z,Z)
−2τ
cA dVu

A
(Z)

=CA

∫
RA

KA(Z,Z)(1−2 τ
cA

)dV(z), (3.21)

where CA and cA are constants which are dependent on RA.
By Faraut and Koranyi [18] and Proposition 3.2, there exists αA > 0 such that∫

RA

KA(Z,Z)αdv
{

= +∞ α > αA,

< +∞ α < αA.
(3.22)

Now we choose τ such that

1 − 2
τ

cA
< αA ⇐⇒ τ >

1
2

cA(1 − αA). (3.23)

Applying the argument of the proof of [12, Theorem 2.2] and Proposition 3.1, one has

λ1(∆
A

) ≤4

∫
RA

∑
uik, j`
A

∂ f
A

∂zik

∂ f
A

∂z j`
dVu

A∫
RA
| f
A
|2dVu

A

=4τ2

∫
RA
| f
A
|2
∑

uik, j`
A

∂u
A

∂zik

∂u
A

∂z j`
dVu

A∫
RA
| f
A
|2dVu

A

=4τ2

∫
RA
| f
A
|2|∂u

A
|2g
A

dVu
A∫

RA
| f
A
|2dVu

A

≤4τ2β. (3.24)

Letting τ→ 1
2cA(1 − αA) we have

λ1(∆A) ≤ 4β[
1
2

cA(1 − αA)]2 = βc2
A(1 − αA)2. (3.25)

Which completes the proof. �

Remark 3.1. Let
KIII(Z,Z) = CIII(det(I − ZZ∗))−(n−1) (3.26)

and
KIV(Z,Z) = CIVµ(z)−nν(z)−n. (3.27)

We conclude from Proposition 3.2 that

αIII =
1

2(n − 1)
, (3.28)

and
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αIV =

{ 1
2 n = 1,
1
n n ≥ 2.

(3.29)

Finally, we prove Corollary 1.1 here.

Proof of Corollary 1.1. (i) For Z ∈ RIII with β = 2[n
2 ] , by Theorem 1.1, and Proposition 3.1, (3.28)

and (3.29) now lead to

λ1(∆III) ≥
(n(n − 1)

2

)2 1
β

=
n2(n − 1)2

8
1

[n
2 ]

and

λ1(∆III) ≤ βc2
A(1 − αA)2 = 2[

n
2

](n − 1)2(1 −
1

2(n − 1)
)2 = 2[

n
2

]
(2n − 3)2

4
.

Therefore,

λ1(∆III) ∈ [
n(n − 1)2

4
,

n(2n − 3)2

4
], n = 2k

and

λ1(∆III) ∈ [
n2(n − 1)

4
,

(n − 1)(2n − 3)2

4
], n = 2k − 1.

(ii) For z ∈ RIV , when n = 1, it is evident that

λ1(∆IV ) = 1.

When n ≥ 2,

λ1(∆IV ) ≥ n2 and λ1(∆IV ) ≤ (2n)2(1 −
1
n

)2 = 4(n − 1)2.

The proof of Part (ii) follows. �

4. Conclusions

In this paper, we investigate estimate for λ1(∆g) on the Cartan classical domains of the last two
types RA(A = III, IV). Based on theories of harmonic analysis in the Cartan classical domains from
Hua [16] and Lu [17]. Firstly, We are dedicated to find the plurisubharmonic exhaustion function uA
under Bergman kernel function of RA. Next, we define a complete Kähler metric gA which induced
by uA. Through constructing suitable test function f

A
(Z) = e−τu

A
(z), we obtain upper and lower bound

estimates for λ1(∆g) on RA under the assumption that |∂u|2g < β. In addition, we provide the value of
β by establishing an estimate for |∂u|2g. This brings us to give an explicit range for λ1(∆g). Attributed
to the special forms of RIII and RIV , the approach examined in this present study requires complicated
but interesting technical work.

As shown in our study, we actually propose an approach which may be adapted to solve the
problem of finding estimates for λ1(∆g) on other important domains. It is well known that any bounded
symmetric domain may be represented as the topological product of irreducible bounded symmetric
domains: the class of irreducible bounded symmetric domains consists of four types of Cartan classical
domains and two exceptional ones. So we are encouraged to work on the estimates for λ1(∆g) on
bounded symmetric domains. This will be the objective of our future study.
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