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1. Introduction

The notion of lightlike submanifolds was introduced by K. L. Duggal and A. Bejancu in [1]. The
study of lightlike submanifolds is remarkably more interesting due to non-trivial intersection of
normal vector bundle and tangent bundle. Many geometers enriched the study of lightlike
submanifolds (see [2, 3]). B. Y. Chen [4] defined and studied slant submanifolds of an almost
Hermitian manifold as generalization of complex submanifolds and totally real submanifolds for
which the angle ¥ between o and the tangent space is constant for any tangent vector field . A.
Lotta [5] investigated the concept of slant submanifolds in contact geometry. B. Sahin [6] studied
slant submanifolds of an almost product Riemannian manifold. J. L. Cabrerizo et al. [7] analysed
slant submanifolds of a Sasakian manifold. M. A. Khan et al. [8] introduced slant submanifolds in
LP-contact manifolds. N. Papaghuic [9] introduced the notion of semi-slant submanifolds of Kaehler
manifold. P. Alegre and A. Carriazo [10] introduced and studied bi-slant submanifolds of a para
Hermitian manifold. On the other hand, Crasmareanu and Hretcanu [11, 12] define golden structure o
as a (1,1) tensor-field satisfying 0’ = o + 1. A Riemannian manifold O with a golden structure o is
called almost golden Riemannian manifold. M. A. Qayyoom and M. Ahmad (see [13—15]) studied
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hypersurfaces, warped product skew semi-invariant submanifolds, skew semi-invariant submanifolds
of a golden Riemannian manifold. They also studied submanifolds of locally metallic Riemannian
manifolds [16]. B. Sahin [17] studied slant lightlike submanifolds of indefinite Hermitian manifolds.
R. S. Gupta and A. Sharfuddin [18] studied slant lightlike submanifolds of indefinite Kenmotsu
manifolds. J. W. Lee and D. H. Jin [19] studied slant lightlike submanifolds of an indefinite Sasakian
manifold. Semi-slant submanifolds were defined and studied by V. Khan et al. [20]. Thereafter, many
geometers studied semi-slant submanifolds in various spaces (see [21-23]). Moreover, many authors
studied geometry of bi-slant lightlike submanifolds [24, 25]. N. Poyraz and E. Yasar [3] studied
lightlike submanifolds of golden semi-Riemannian manifolds. S. Kumar and A. Yadav [26] studied
semi-slant lightlike submanifolds of golden semi-Riemannian manifolds. Johnson and Whitt studied
foliations that has great importance in diffrential geometry, they considered each leaf of the foliation
to be a totally geodesic submanifold of the ambient space [27].

In this paper, we introduce bi-slant lightlike submanifolds of golden semi-Riemannian manifolds.
The paper is organized as follows: In Section 2, we define golden semi-Riemannian manifolds and
present some basic concepts of lightlike submanifolds. In Section 3, we define and investigate some
results on bi-slant lightlike submanifolds of golden semi-Riemannian manifolds and give two
examples. We also discuss the integrability conditions of distributions on bi-slant lightlike
submanifolds. In the last section, we obtain necessary and sufficient conditions for foliations
determined by distributions on bi-slant lightlike submanifolds of golden semi-Riemannian manifolds
to be geodesic.

2. Basic concepts

Let (O, g) be a semi-Riemannian manifold. A golden structure on (O, g) is a non-null tensor g of
type (1,1) which satisfies the equation
o =0+l @.1)

where [ is the identity transformation. We say that the metric g is o-compatible if

gd,n) = g, on) (2.2)

for all £, vector fields on O. If we substitute o¢ into ¢ in (2.2), then we have

gd,on) = ged,n) + g, ). (2.3)

The semi-Riemannian metric is called g-compatible and (O, g, g) is called a golden semi-Riemannian
manifold. Also, if

V.on =0V (2.4)

for all ,n € I'(TO), where V is the Levi-Civita connection with respect to g, then (0, 0, g) is called a
locally golden semi-Riemannian manifold.

A submanifold (O™, g) immersed in a semi-Riemannian manifold (5m+n,§) is called a lightlike
submanifold if the metric g induced from g is degenerate and the radical distribution Rad(T O) is of rank
r, where 1 < r < m. Let S(TO) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(TO) in TO, i.e., TO = Rad(TO) L S(TO).
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Consider a screen transversal vector bundle S (7 O*), which is a semi-Riemannian complementary
vector bundle of Rad(T O) in TO+. Since, for any local basis {£;} of Rad(T O), there exists a local null
frame {w;} of sections with values in the orthogonal complement of S(7°0*) in [S(TO)]* such that
g(&;, @j) = ¢;j, it follows that there exists a lightlike transversal vector bundle /tr(T O) locally spanned
by {w;}. Let tr(T O) be complementary (but not orthogonal) vector bundle to 70 in TO|o. Then

tr(TO) = ltr(TO)LS (TO"Y),

TO|p = S(TO)L[Rad(TO) ® itr(T 0)] LS (T O*).

A submanifold (0, g, S (T 0), S (T 0")) of O is said to be

(1) r-lightlike if r < min{m, n};

(i) Coisotropic if r = n < m,S(TO*) = {0};

(iii) Isotropic if r = m < n,S(TO) = {0};

(iv) Totally lightlike if r = m = n, S(TO) = {0} = S(TO").

Let V, V and V’ denote the linear connections on O, O and vector bundle rr(TO), respectively. Then
the Gauss and Weingarten formulae are given by

Vo=V +hom), ¥ {,neT(TO), 2.5)

Ven=-A) +Vim, ¥ { €T(T0),n € Ti(TO),

where {V,n,A,{} and {h({,n), V’gn} belong to ['(T'0) and I'(itr(T O)), respectively. V and V’g are linear
connections on O and on the vector bundle /tr(T O), respectively. The second fundamental form /4 is a
symmetric F'(O)-bilinear form on I'(T'O) with values in I'(zr(T O)) and the shape operator A, is a linear
endomorphism of I'(7T0O). Then we have

Ve =V + () + (), (2.6)
V@ = ~Agl + Vi@) + D', @), @2.7)
Vew = —Aul + Vi) + D', w), ¥ {,neT(T0),w e T(tr(TO)) (2.8)

and w € I'(S(TOY)). Deilote the projection of 70 on S (T O) by P. Then, by using (2.1), (2.3)—(2.5)
and having the fact that V is a metric connection we obtain

g(h*(¢,m), w) +8(n, D'({, w)) = g(Au, 1),

(D¢, w), w) = g(w,Aul).

We set . . .
Vi Pn =V Pn+h'(, Pn), (2.9)

Vi =-AL+ V] (2.10)
for ,n € I'(TO) and ¢ € I'(RadT O). By using above equations, we obtain

g(h'(L, Pn), &) = (AL, Prp),
g (¢, Pn), @) = g(Aul, Pr),
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§(h'(£,6),6) = 0,45 = 0.

In general, the induced connection V on O is not metric connection. Since V is a metric connection, by
using (2.3) we get

(V:8)(11,6) = 2H' . n), o) + BH (. 6).m).

However, it is important to note that V* is a metric connection on S (7'0). From now on, we briefly
denote (0, g, S(T0), S (T 0O*)) by O in this paper.

3. Bi-slant lightlike submanifolds

To define bi-slant lightlike submanifolds, we require a lemma:

Lemma 3.1. [28] Let O be a g-lightlike submanifold of a golden semi-Riemannian manifold O of
index 2q. Suppose there exists a screen distribution S(TO) such that oRad(TO) c S(TO) and
oltr(TO) c S(TO). Then, oRad(TO) N oltr(TO) = {0} and any complementary distribution to
ORad(TO) ® oltr(T O) in S (T O) is Riemannian.

Definition 3.1. Let O be a g-lightlike submanifold of a golden semi-Riemannian manifold O of
index 2¢ such that 2¢ < dim(0). Then, we say that O is a bi-slant lightlike submanifold of O if the
following conditions are satisfied:

(i) oRad(T O) is a distribution on O such that Rad(T O) (" oRadT O = {0};

(i1) there exists non-degenerate orthogonal distributions D, D, and D, on O such that

S(TO) = (@Rad(TO) ®gltr(TO)) L D L Dy L Dy;

(iii) the distribution D is an invariant distribution, i.e., oD = D;
(iv) the distribution D is slant with angle W¥,(# 0), i.e., for each { € O and each non-zero vector { €
(D1);, the angle ¥, between o and the vector space (D), is a non-zero constant, which is independent
of the choice of € O and { € (Dy);;
(v) the distribution D, is slant with angle W,(# 0), i.e., for each { € O and each non-zero vector { €
(D»);, the angle ¥, between o and the vector space (D»), is a non-zero constant, which is independent
of the choice of { € O and { € (D,);.

These constant angle W, and ¥, are called the slant angles of distributions D; and D, respectively.
A bi-slant lightlike submanifold is said to be proper if Dy # {0}, D, # {0} and ¥, # 5, ¥, # 7.

From the above definition, we have the following decomposition

TO = Rad(TO) L (0Rad(TO) @ oltr(TO)) L D L D, L D,.

In particular, we have

(i) If D = 0, and any one of D, and D, is zero, then O is a slant lightlike submanifold;

(i1) If D # 0, and any one of D; and D, is zero, then O is a semi-slant lightlike submanifold;

@) IfD #0and ¥, = g, Y, = ’%, then O is CR-lightlike submanifold.

Thus, the above new class of lightlike submanifolds of a golden semi-Riemannian manifold includes
slant, semi-slant and Cauchy-Riemann lightlike submanifolds as its subcases.
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Example 3.1. Let (Ré6, g) be a semi-Euclidean space of  signature
(= =+, +,+,+,+,+,+,+,+,+, +,+,+,+) with respect to the canonical basis
{021,085, 003,084, 005,085, 07, 083, 0o, 0810, 0011, 0412, 0413, 0814, 0415, 0016} With the golden structure
o defined by

(81,82, 835845 85, L6 875 885 £, C105 L1115 $125 (135 (145 L1535 L16)
=781, 782, 783, T4, Ts, 76, L7, T3, T4, T 10, T 11, TL12, TL13, TS 14, T155 T 16,

where 7 = “T‘E andT =
on R)°.

Let O be a 9-dimensional submanifold of (R}°, g) given by

—1_2‘5 are the roots of > — ¢ —1 = 0. Thus, §2 = o+ 1 and p is a golden structure

Si=m +7Tn — T3, $H =T — o+, G=m +1n + 7113, Gy ==t + M+ 13,

{5 = Tna, {e = 115, {7 = TNy, {3 =115,
{o = 116, {10 = ™07, {11 = 1, 1o = 1177,
{13 = T8, 14 = TN, {15 = 113, {16 = TNo.

Then, T O is spanned by ¢, $2, $3, 64, S5, S6, 7, S8, §9, Where

G1 =00 + 100 + 00 —10Ly, 6 =7T00 — 00 + 700 + 0Ly, §3 = —T10L + 00 + T3 + 0L,
G4 =105 + 10L7, S5 = T0{s + 103, S = 10y + 1011,
§7 = T0810 + 1012, 68 = 1013 + 1015, So = T0L14 + 100 16.

This implies that Rad(T O) = span{s} and S(T'O) = span{cz, §3, G4, S5, S6, 7> S8, So}.-
Now, [tr(T O) is spannned by

w = T T){—3§1 =100 + 043 — 1004}
and S (T O*") is spanned by
wy = 105 — T0L7, wy = T0fs — TOL, w3 = 10Ly —TO11,
w4 = 1010 — TOL 2, ws = 1013 — T 5, we = T0L14 — T 6.

Now, 061 = 2,00 = <3 and o4 = 764,065 = T¢s, which means D is invariant, i.e., oD = D
and D = span{gs,ss} and Dy = span{ss, g7}, Do = span{gs,so} are slant distributions with slant

angles ¥, = arccos(\/‘*—ﬁ) and ¥, = arccos(%) respectively. Hence, O is a bi-slant 1-lightlike
submanifold of R}°.

Example  3.2. Let (R%% be a semi-Euclidean space of  signature
(+,+,—, =+, +,+, +,+,+,+,—, +,+,+,—) with respect to the canonical basis

{041,00,,003,004, 005,006,007, 03,09, 010, 0011, 0812, 0413, 0814, 015, 0416} With the golden structure
o defined by
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(&1, 8, 83, 84y 85, L5 £7, 835 £, C105 C115 125 135 145 £155 S16)
=701, 782, 783, TLa, 75, 76, L7, T8, T4, T10, T 11, TL12, TL13, TS 145 T155 T 16)s

where 7 = 15 and 7 =

2
on RJ°.
Let O be a 9-dimensional submanifold of (R}®, g) given by

1-V5

== are the roots of 2_7—1=0.Thus, 9" = o+1 and  is a golden structure

Si=T1n — 1 — 13, OH =m0+ T + T3, =1 — M+, Lo =m + 71 — T3,

s = s, Lo = T4, {7 =115, {3 =115,
{o = 116, {10 = 16, (=1, 1o =717,
{13 = 1178, 14 = T8, {15 = TN, {16 = T19.

Then, T O is spanned by ¢, $2, 63, S, S5, S6, 7, S8, §9, Where

Sl :T8{1+8{2+T8§3+8§4, g2:—(9§1+7'8§2—8§3 +T6{4, 3 :—8§1+7'6{2+6{3—7'8§4,
G4 = T70Ls + T, ¢s = 1047 + 70, Se = 104y + 7010,
s7 = 1001 +TOl 12, g3 = 10013 + TO 14, S9 = 10{15 + 7016

This implies that Rad(T O) = span{s} and S (T O) = span{sz, 63,64, S5, S6, $75 S8, So}-
Now, ltr(T O) is spannned by

w = T 7_){Té’il + 00> — 1003 — 04},
and S (T0%) is spanned by
wi = T0s — 104, wy = T0L7 — 103, w3 = T70Ly — 1040,
w4 =700 + 101, ws =703 — 1014, we = 7015 + 1016

Now, 061 = ¢, 00 = <3 and 04 = 764,065 = T¢s, which means D is invariant, i.e., oD = D
and D = span{gs,ss} and D, = span{se,ss}, Do = span{g;,co} are slant distributions with slant

angles ¥, = arccos(—\/ig) and ¥, = arccos(\/%) respectively. Hence, O is a bi-slant 1-lightlike

submanifold of R;°.
Further, for any vector field { tangent to O, we put

o¢ = f{+F{, (3.1

where f{ and F{ are tangential and transversal parts of o respectively. We denote the projections on
Rad(TO),0Rad(TO),oltr(TO),D,D, and D, in TO by P;,P,, P3, Py, Ps and Pg respectively.
Similarly, we denote the projections of t+(T'O) on ltr(TO) and S(TO+) by Q, and Q, respectively.
Thus, for any ¢ € I'(T'0), we get

gzP1§+P2§+P3{+P4§+P5§+P6§.

AIMS Mathematics Volume 8, Issue 8, 19526-19545.
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Now, applying o to above, we get

04 = 0P\{ +0Py{ + P3¢ + 0Pyl +0Ps{ + 0Pl

which gives
0l = 0P \{ + 0P2{ + 0P3{ + 0Psl + fPs{ + FPs{ + fPsl + FPcl, (3.2)

where 0Pyl = Ki10P2{ + KyoP2{,0P3{ = LioP3{ + LyoP3{ and fPs{, fPel (resp. FPs{, FPel)
denotes the tangential (resp.  transversal) component of oPs{ and pP¢l. Thus, we get
oP1{ € T'(oRad(T0)), K10P>{ € T'(RadT O), KroP,{ € T'(oRad(T 0O)), LioP3({ € T'(ltr(T 0)), L,oP3{ €
['(ltr(T 0)),0P4¢ € T'(0D), fPs¢ € T'(Dy), fPsl € T'(D,) and FPs(, FPsl € T'(S(TOV)). Also, for any
w € I'(tr(T 0)), we have

w= 01w+ Qw.

Applying o to above, we obtain
ow = 001w+ 0w,

which gives
ow = 00,0 + BO,w + CO,w + BO,w + CQ,w, (3.3)

where BQ,w, BQ, w(resp. CQ,w, CQ,w) denote the tangential(resp. transversal) component of 00> w.
Thus, we get 00 1w € I'(oltr(T 0)), Blea) e I'(Dy), BQ;(U e I'(D,) and CQ,Z(U, CQ;w e I'(S(TOY)).

Theorem 3.2. Let O be a g-lightlike submanifold of a golden semi-Riemannian manifold O of index 2q.
Then, O is a bi-slant lightlike submanifold iff

(i) there exist a distribution oRad(T O) on O such that Rad(T O) ( oRad(T O) = {0};

(ii) there exist a screen distribution S (T O) which can be splitted as

S(TO) = (0Rad(TO)® oltr(TO)) L D L Dy 1 D,

such that D is an invariant distribution on O, i.e., oD = D;

(iii) there exist a constant k, € [0, 1) such that f*¢ = k(0 + D¢, ¥ £ € T(Dy);

(iv) there exist a constant k, € [0, 1) such that f>¢ = ky(0 + )¢, ¥ ¢ € T(D,).

In that case, k; = cos*¥, and k, = cos*¥,, where Y| and P, represents the slant angles of D, and D,
respectively.

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. Then, the
distribution D is invariant with respect to o and pRad(TO) is a distribution on O such that
Rad(TO) (" pRad(T O) = {0}.

For any £ € I'(D,), we have

|f¢l = lollcosYs,
cos¥, = % (3.4)

cosp, = L _ 8ULID _ 81D
1= =5 = == = =
locl 84,00 ¢(,070)

8¢, f20) = cos®¥18(£,0°0). (3.5)
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Since, O is a bi-slant lightlike submanifold, cos®¥, = k; (constant)e [0, 1) and therefore from (3.5),
we have

8¢, f20) = 18, 0°)) = 8¢, k1 0°)).
For all £ € I'(D,),
g, (f* = x@)0) = 0. (3.6)
Since, (f? - K@z){ € I'(Dy) and the induced metric g = g|p,xp, 1S non-degenerate (positive definite),
from (3.6), we have
(f* ~ ) =0,

fL=n0@t =@+ DL Y L eT(Dy). (3.7)

This proves (iii).
Suppose for any ¢ € I'(D,), we have

|f¢1 = [odlcos's,
cosw, = L. (3.8)
lod]
Now, by using similar steps as in proof of (iii), we obtain
fL=r@+D Y L eT(Dy), (3.9)

which proves (iv).

Conversely, suppose that conditions (i)—(iv) are satisfied. From (iii), we have f2¢ = x,0°¢ for all
{ € I'(Dy), where k;(constant)e [0, 1).

Now,

o5, = 8¢, 1O _ 86 0f0) _ 8d, f(fO) + F(fD)
lod11f4l lod11 /¢l lod11f4l '

Using (3.7), we have

8, L) g ki)
T edlfad T Tedife
kg0’ _ kgL, o))
T A T BIfd

k180, 00) _ K1|£_?év|2
lo<1l /¢l loZIlf¢1’
cos¥Y| = Kl%.
1
cos¥,’

os¥

cosV, =

Using (3.4), we have

cos¥Y| = Kk,

cos’¥| = k,(constant).

Further, from (iv) we have f2¢ = K2§2§ for all ¢ € I'(D,), where ky(constant)e [0,1). Now, by
proceeding in the same way as above, we get cos*¥, = k»(constant). This completes the proof. Hence,
O is a bi-slant lightlike submanifold. O
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Theorem 3.3. Let O be a q-lightlike submanifold of a golden semi-Riemannian manifold O of
index 2q. Then, O is a bi-slant lightlike submanifold iff
(i) there exist a distribution oRad(T O) on O such that Rad(T O) ( oRad(T O) = {0};

S(TO) = (@Rad(TO) ®gltr(TO)) L D L Dy L D,

such that D is an invariant distribution on O, i.e., oD = D;
(ii) there exist a constant vy € [0, 1) such that BF{ = vi(o + D, ¥ { € I'(Dy);
(iii) there exist a constant v, € [0, 1) such that BF{ = v,(o + 1){, ¥ { € I'(D;).
In that case, vi = sin®> ¥, and v, = sin® ¥,, where ¥, and P, represents the slant angles of D, and
D,, respectively.

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. Then, the
distribution D is invariant with respect to o and pRad(TO) is a distribution on O such that
Rad(T O) (\ oRad(T O) = {0}.

Now, Y vector field { € I'(D,), we have

o = f{+F, (3.10)

where f{ and F'{ represents the tangential and transversal parts of o respectively. Applying o to (3.10),
we get
0’¢ =of{ +oF¢.

¢ = [(fO + F(fO) + BIFY) + C(FO).
Now, comparing the tangential components, we get
0’ = f2{+BF{, ¥ { €T(Dy). (3.11)

Since, O is a bi-slant lightlike submanifold, f2¢ = x,0°¢, ¥ ¢ € (D), where k(constant)e [0, 1).
From (3.11), we get
0°¢ = K10’ + BF{,
(1 - x)@°¢ = BFY,
BF{ =vig’¢ =vi@ + D¢, ¥ { €T(Dy), (3.12)

where 1 — k; = v;(constant)e [0, 1).
This proves (iii).
Suppose for any ¢ € I'(D,), we have

of = f{+F{, (3.13)

where f{ and F{ are the tangential and transversal parts of o respectively.
Now, by using similar steps as in proof of (iii), we obtain

BF{ =vy0° =@+ D¢, ¥ { €T(Dy), (3.14)

where 1 — k, = v,(constant)e [0, 1).
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This proves (iv).
Conversely, suppose that conditions (i)—(iv) are satisfied. From (3.11), we have

0= fA+viod, ¥ LeT(Dy),

=0 -v)e
fl=ko{=rx@+DL ¥ {eT(D)), (3.15)
where 1 — v; = k;(constant)e [0, 1).

Furthermore, from (iv) we have BF{ = v2§2§ , for all £ € I'(D,), where v,(constant)e [0, 1). Now,
by proceeding in the same way as above, we get

L =10 =@+ D Y L €T(D), (3.16)

where 1 — v, = ky(constant)e [0, 1). Now, the proof follows from Theorem 3.2.
Hence, O is a bi-slant lightlike submanifold. m]

Corollary 3.1. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then for any slant distribution D" of O with slant angle ¥, we have

g(f¢, fn) = cos®Plg@L, ) + g, )],

g(F¢, Fn) = sin®P[g(@L,n) + g(Z, )],

VZ,nel(D).
The proof of the above corollary follows by using similar steps as in the proof of Corollary 3.1
of [17].
Theorem 3.4. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, the integrability of Rad(T O) holds iff
(i) g(h'(L, om), &) = g(h'(n,00), &);
(it) g(h* (¢, om), @) = g(h* (1, 00), w);
(iti) g(Vzon = V300, J¢) = g(Vion — V304, ),
(iv) 8(Vzon = Vyol, f61) + g(h* (¢, 0m) — h*(n,00), F¢1) = 8(Vyon = Vy0l, 61);
(v) (Vyon — V300, f62) + g(h*(, 0m) — I (1, 00), F2) = 8(V,0n = V3,00, 62)
V¢,n,&€l(RadTO),s € I'(D), s € I'(Dy), s € I'(D,) and @w € T'(Itr(T O)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. Rad(T O)
is integrable iff

8¢, n),08) = g([¢, nl, ow) = g([Z, 1], ¢) = &<, nl. 1) = g([£,m). 62) = O,

VY ¢,n,é € T(RadTO),s € T'(D),¢1 € I'(Dy),5; € I'(Dy) and w € T'(ltr(TO)). v being a metric
connection and using (2.3), (2.6), (2.9) and (3.1), we obtain

gL, 1, 06) =g(Vn = V,£,06) = 8@(Ven = V,0),6)
=2@ V-0 V,0),6) =8V, 0n -V, 00,6 (3.17)
=g(h' (L, on) - ' (1,00), ),
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g(Z.n).0w) =3(Ven — V,{.0w) = 8@(Vn — V). )
=3@ Ven -2 Vi), @) =3V, on -V, 0, @) (3.18)
=g(h" (¢, on) - " (0, 00), @),
([Z.n).¢) =3(2l¢. 7). ©5) — 8@IL. 7. §)
=@V, - V,0).05) - 8@V = V,0).6)
=g(Veon — V,00,05) — 8(Veon — V,0L,6)
=2(Vson — V0L, 05) - 8(Vson — VoL, 6),
(. 7). s1) =g(@l<. n).0s1) — 3@IL. 7). 51)
=g(Veon — V00, fs1 + Fs1) = 8(V.om — V0L, 61) (3.20)
=5(Vyon - V.04, fs1) + 8 (¢, on) — B (,00), Fs1) — 8(Vion — Viol, §1)-
(. 7). s2) =g(@l<. ). 052) — 31, 7). 52)

(3.19)

=g(V.on — V, 0L, fs2 + F§2) — 8V on — V0L, 2) (3.21)
Now, the proof follows from (3.17)—(3.21). O

Theorem 3.5. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, the integrability of oRad(T O) holds iff

(i) (W' ©¢, m) — W'(on, £), 0€) = —g(h' (¢, m) — K (on, ), €);

(i) g(Azom, 06) = 8(A04,06);

(iii) g(Azon — Ayod, fer) = g(h*(on, O) — h* (@4, m), F1);

(iv) g(Azon — Aol f62) = g(h*(on, §) — *(0d, ), Fs2);

(v) 8(Az0d, 0n) = g(Az0n, 00)

V,n,&€el(RadTO),s € I'(D), s, € (D)), s> € I'(D,) and @ € T(ltr(T 0)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. gRad(T O)
is integrable iff
g([od, onl, 06) = g(log, onl, §) = g(le¢, onl, s1) = g([0d, 0nl, ¢2) = g(lod, onl, w) =0,
V £,n,& € TRad(TO),¢ € T(D),¢; € T(Dy),s, € I(D,) and @w € T(Itr(TO)). V being a metric
connection and using (2.3), (2.6), (2.7), (2.10) and (3.1), we obtain
2((2Z,2m), 2€) =8(Vacon — Vay0¢, 06) = 8@ Vacrl - @ Vol 06)
=8@(Von ~ Vr0).86) = 8@V = V). &) + EVen = V. €)

S e o S (3.22)
=&V = Vg, 06) + g(h (@4, m) = hien, ), &)
=g @¢.n) = W'(@n.£).06) + 3 @L.m) = H@n. 0).€).
g((6¢, oml,§) =8(V:on = Va2t §) = B@ Vet =@ Vand )
=20V = Vind): §) = 8Vgen = Vard',06) = 8(Vaen, 06) 8Vl 08) (350

= —8(A,0¢,0¢) + g(Az01,05)
=g(Azon,05) — 8(A 04, 05),
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g([02. 211, 1) =8(Vzon — V0L 61) = 80 Varn — @ Vand. 61)
=2@(Varn — Vanl): 1) = 8V — Vanl o 061) = 8V — Vanls f&1 + Foy)
=g(Varn, fs1 + Fs1) = 8(Val, fs1 + Fs1) (3.24)
= —8(A0¢, fo1) + 8L, m), Fsy) + 8(Ajon, fs1) — g(h*(on, ), Fsy)
=g(Ajon — Ao¢, fs1) — g(h*(@n, &) — h* @4 ), Fey),
([0, 211, $2) =8(V3:0n — V5,00 52) = 8@ Vaen — 0 Vanl. 52)
=2@(Varn — Vand): 62) = 8V — Vil 062) = 8V — Vanls f&2 + F2)
:§(€§§n’ for+ Fgy) —§(§§n{,fg2 + F¢y) (3.25)
= - 8(A10¢, f52) + 8L, 1), F$2) + 5(Ajon, fs2) — g(h*(on. ), Fs»)
=8(A}on - AL0¢, f$2) — 8(°@n, &) — h* @4 1), Fs»),

g([0¢, onl, @) =g(Va0nm — V5,0, @) = g(Vg01, @) — §(V5,0¢, @)

= - 21, V@) + 8©L, Vo) = —2(Vgcw, o) + 3V, 2) (3.26)
=8(Az0d, 0n) — g(Amon, 00).
Now, the proof follows from (3.22)—(3.26). |

Theorem 3.6. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, the integrability of oltr(T O) holds iff

(i) 8(Az\ 0W2 = A 01, 0W) = —8(Ag 0W2 — Ay, 0@, @),

(ii) 8(Ap 02, 06) = §(Aw,0w1,06);

(iii) §(Aw, 02 — A, 01, f61) = §(D*(0w2, @) — D*(0w 1, @2), F1);

(V)8(Ag,0W2 — Ag,0w1, f§2) = (D' (0w, @) — D’(0w, w2), F»);

(v) (Ao, 0@3) = §(Am0w), 0w))

V@, @y, @ € [(tr(TO)),s € I'(D),s) € I'(Dy) and ¢, € I'(D;).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. gltr(T O)
is integrable iff

g([éwl’EWZ]’ EW) zg([éwl’EWZ]’ g) = g([éwhaZ]a gl)
=8(low1,0w>], §») = g(low1, 0], w) = 0,

Y @, @, w € I'(ltr(TO)),¢ € I'(D),¢; € I'(Dy) and ¢, € I'(D,). v being a metric connection and
using (2.3),(2.6),(2.7),(2.9) and (3.1), we obtain

2([0w1,0w:],0®) =8(V50,0@2 — V50,001,0@) = (@ Vo, @2 — 0 Vg, @1, 0D)
=20(Vg0, @2 — V50,1, 00)
:g(g(%mwz :%mwl), @) + g_(%w, @2 - Vs, @1, T) (3.27)
=8V, @2 — Vi, @1, 0@) + g(V50,@2 — Voo, @1, @)
=3(~A0, 001 + A, 02, 0W) + §(~A0, 001 + Ay, 02, @)
=2(A0, 002 — A, 01, 0) + §(A, 02 — Ay, 01, @),
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8([0w1,0w:1,6) =8(V50,0@2 — V5,001, 6) = @ Vg0, @2 — 0 V0, @1, S)
:E@(g@mwz - 6@wﬂﬂl), ¢) = §(€§w17ﬂ2 - 6@wzwl,@g)
=8(Voe, @2, 05) = 8V, @1,06) = ~§(A,0®1,06) + 8(A, 02, 05)
=8(A\0@2,06) — 8(Ag,0@1, 06),

(3.28)

80w 1,0®:1,61) =2(V50,0@> = V50, 0@1,61) = 8@ Voo, @2 = © Vi, @1, 61)
= = 8(Ap,0m1, f§1) + §(Aw,0@2, 1) + (D’ (0w, @2), F61) — g(D* (0w, @ 1), F§1)
=8(Ag,0@2 — A, 01, f61) — 8(D* (02, 1) — D' (0@, @2), F &),
(3.29)
g([o@, 0], 62) :g(ﬁ@zf}@wz - 6@1::2@131, ) =g gézm @) — 0 6@1::21?1, $2)
= = 8(Ap,0m1, [62) + 8(Ae, 02, fS2) + 8(D’ (0w, @2), F$2) — g(D* (0w, @ 1), F2)
=8(A, 0w — Ap,0@1, [62) — (D’ (0w, @) — D' (0@, @2), F &),
(3.30)
20w 1,003, @) =8(V0, 02 — Vo, 001, @) = 8V, 002, @) — 8V, 0@ 1, @)
=~ 32, Vou, @) + @01, Vo, @) = ~&(Vow, @, 02) + §(Vgw, @, 0w1) (3.31)
=8(Az0w 1, 0W2) — §(Az0W2, 0W1).
The proof follows from (3.27)—(3.31). |

Theorem 3.7. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, the integrability of D holds iff

(i) §(Vzon = V08, f61) + 8(h'(¢,0n) — h*(n,00), Fs1) = g(V,on — Vy00, 61);

(it) g(Vzon = V,00, f62) + (W' (L, 0m) — B (n,00), F$2) = g(Vzon — V300, 62);

(iii) g(Vyon = V3ol ow) = g(h*({, 0m) = h*(n,00), @);

(iii) g(Axd, 0n) = 8(Agn, 00); ¥ {,n € I(D), 1 € I'(D1), 62 € I(D,) and w € I'(ltr(T 0)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. D is
integrable iff

gd,nl.¢1) = g, 1l s2) = &[4, n), @) = g([£, n), 0w) = 0,

YV ¢,n € T(D),s; € I'(Dy),s; € T'(Dy) and w € T'(ltr(TO)). v being a metric connection and
using (2.3),(2.6), (2.7),(2.9) and (3.1), we obtain

8¢ 11, 1) =g(@©[¢, 11, 051) — 8@IL, 1), 61)
=2@(V - V,0), fo1 + Fs1) — 8@V, - V,0), 61)

c T S (3.32)
=g(Veon = V,0¢, fe1 + Fe1) —8(Von—V,00,61)
=g(Vson — VoL, f&1) + 8(h*(&.om) — h*(1,00), Fs1) — 8(Vson — VoL, s1),
8¢ 1], s2) =g(©[¢, 1), 052) — 8(@IL, 1], 62)
=2@(Vn =V, 0), for + Fy) = 3@(Ve = V1), 62) 333)

=5(V.on - V,0¢, fs2 + F&3) — 8(V,0n — V,00, 62)
:g(VZETI - V;;@g, f§2) + g(hs({’ @7) - hs(n? Eéu)’ FgZ) - g(VZ’ETI - V;E{a gl)’
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([, 7], @) =g@IZ, 11, 0w) — 3@IZ, ), )
=2@(V, - V,0),0@) — 3@(V.n - V,.0), @)

_ _ _ _ (3.34)
=g(V,on - V00, 0w) - (V01 - V,0(, @)
=5(V;on - V.04, 0w) — g(h" (£, o) — I (1,00), ),
g(¢.n, 0@) =g(Vn - V4, 00) = 8(V,n,0@) — 8(V,{, 0@))
= - g(on, V,@) + 8©¢, V@) = —g(V, @, 0n) + 8(V, @, 00) (3.35)
=8(Axl,0n) — §(Aun, 00).
The proof follows from (3.32)—(3.35). O

Theorem 3.8. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, any slant distribution D" (in particular Dy, D) is integrable iff

() EVef — Al 86) + BV L = Arc.§) = BVofn — Aryd§) + BV f L — Arcin 86):

(il) 8V 11 = Aryl o 00) + 8V, fE = Aren, @) = BV f11 = Apgl, @) + BV, f£ = Aper, 0);

(iii) SV f1 — Aryls @) = BV, fC — Aren, @)

Y £,n € T(D) (in particular T(D,),T(D,)), ¢ € T(D) and @ € T(Itr(T O)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. D’ is
integrable iff

8(Z,nl, ¢) = g, nl, w) = (¢, nl,0w) = 0,

V ¢,n € T(D") (in particular I'(D,),T(D,)), ¢ € I'(D) and @ € ['(Itr(T 0)). Then, from (2.3), (2.6), (2.8)
and (3.1), we obtain

(.l ) =g@[¢. 1, 05) — 8@IL, 1), §)
=5©@(Vn - V,0),05) - 80V, — V,0).6)
=g(V,on - V,0¢,05) — 8(Vion - V,0¢,6) (3.36)
=g(Vefn—Arpd,08) — gV, f{ — Apm,05)
—B(Vef = Apgls §) + E(Vof L = Arent,§),

(¢, 1), @) =2@[¢, 1), 0w) - @4, 7], @)
=3@ (V1 - V,0).00) - 3@V - V,0), @)
=2(V.on - V,0¢.0@) — (Vo1 — V, 00, @) (3.37)
=2(V 1~ Apol, 0@) — 8V, f{ — A1), 00)
—g(Vefn—Apl, @)+ gV, f{ — Apn, @),

2([¢. n).0w) =3(V.on - V,0(, @)
=g(Vefn—Apd, @) — 8V, f{ — Aren, @).
The proof follows from (3.36)—(3.38). O

(3.38)
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4. Foliations determined by distributions

This section includes the necessary and sufficient conditions for foliations determined by
distributions on a bi-slant lightlike submanifold of a golden semi-Riemannian manifold to be totally
geodesic.

Definition 4.1. [2] A bi-slant lightlike submanifold O of a golden semi-Riemannian manifold O is
said to be mixed geodesic if its second fundamental form 4 satisfies 4({,n) = 0O for all £ € I'(D;) and
n € I'(D,). Thus, O is a mixed geodesic bi-slant lightlike submanifold if 4/(£,7) = 0 and A*(¢, 1) = 0
forall € I'(D;) and n € I'(D;).

Theorem 4.1. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, Rad(T O) defines a totally geodesic foliation iff

8(V Ki0P>¢ + VK>0P>6 — A gp,el + Vi LyoP36 + V,0Pss
+ Vi fPs¢ — Appyl + Vi fPsS — Appyl, 0m)

=g(h'({, K10P1s) + H'({, K20P56) + VLioP3s + B'({, LygPs6) + h'(£,0Pss)
+ h'({, fPss) + D'({, FPss) + W'(L, fPss) + D'({, FPss),m)

V {,n € I'(Rad(T 0)) and ¢ € T'(S(TO)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O. The
distribution Rad(T O) defines a totally geodesic foliation iff V. € I'(Rad(T O)) ¥ {,n € I'(Rad(T O). v
being a metric connection and using (2.3),(2.6),(2.7),(2.8) and (3.1) V {,n € I'(Rad(TO) and
s €I'(S(T0O)), we get

g(Ven.6) = —3m.V5) = —8(@n.0 Ves) + 3@n. Vs6)
=50 V) — 51,0 Vs6)
= = 3(©n, V:0P2s + V,0P36 + V0Puss + V; fPs¢ + V,FPss + V[ Pss + VF Pes)
+ 30, V0Ps + V,0P36 + VoPus + V fPs¢ + V FPsg + V, f Pss + V FPgs),

8(Vin,¢) = — g(V K0P + VK>0Pr¢ — Ay 5pyed + Vi Lr0P35
+ V0P4s + V fPs¢c — App,d + V fPss — Appecl, 0n)
+ g(h'(¢, K10P2s) + W, K20Ps6) + VLioP3s + W', LyoPs6) + h'(£, 0Pss)
+h(L, fPss) + DL, FPs¢) + h'({, fPss) + D'({, FPss), m).

Thus, the theorem is completed. O

Theorem 4.2. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, D defines a totally geodesic foliation iff

(0) g(vffg — Argl,0n) = E(V(fg — Arel,m);

(ii) 8(V,on, 0w) = g(h* (£, o), @);

(iii) h*({, 0n) has no components in I'(Rad(T O))

VY ¢,n € T(D), ¢ € T(D)(in particular T(D,),T(D,)) where D" is any slant distribution and w €
['(ltr(T 0)).

AIMS Mathematics Volume 8, Issue 8, 19526-19545.



19541

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold 0. The
distribution D defines a totally geodesic foliation iff V. € I'(D), ¥ {,n € I'(D). V being a metric
connection and using (2.3), (2.6), (2.8) and (3.1), VY £, € (D) and ¢ € I'(D"), we obtain

(V. 6) = — g, V,6) = 300, V.6) — 8@, 0(V,6))
=g(1,0(V;5)) — 8(@1,2(V;5))
=g, Vfs + ViFs) —8(on, Vi fs + V. Fs),

8(Vin,¢) =g, Vefe—Arl) — 8(on, Vefs — Apd).
Now, from (2.3),(2.6) and (2.9), VY {,n € I'(D) and w € I'(Itr(T O)), we obtain

8V, @) =5(V, @) = 3@V, 0) - 30(V 1), @)
=2(V,0n, 0w) - 2(V.01, @),

g(Vm, @) = g(Vzon, 0@) — (W' (£, 0m), @).
Also, from (2.2),(2.6) and (2.9), V £,n € I'(D) and @ € I'(Itr(T O)), we obtain

(V. ow) = 3(Vn. @),
which implies
8(Ven, ow) = g(h*({, om), @),
which completes the proof. O

Theorem 4.3. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, the slant distribution D (in particular Dy, D,) defines a totally geodesic foliation iff

(i) g(fn, V05) + g(Fn, h'({,09)) = 8(V06,1);

(i1) Vo fn — Aryl . 8@) = E(Vofn = Apyl . ©);

(iii) V. fn — Ap,{ has no components in I'(Rad(T O))

V ¢,n € T(D") (in particular T(D,),T(D,)), ¢ € I(D) and @ € T(Itr(T 0)).

Proof. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold 0. The
distribution D" defines a totally geodesic foliation iff V,n € T(D') ¥ £,n € [(D’). V being a metric
connection and using (2.3), (2.6) and (3.1), V £, € I'(D") and ¢ € I'(D), we obtain

g8V, ¢) = -8, Vs5) = 8on, Ves) — 8@, 0(V.5))
=8(1, V05) — 3(fn + Fn,V(25)),

which implies
8(Vn.s) = 8(n, V.06) — 8(fn, V.06) — §(Fn, h*(£, 06)).
Now, from (2.3), (2.6), (2.8) and (3.1), ¥ ¢,n € (D) and @ € I'(Itr(T 0)), we obtain

gV, @) =5(Vap, @) = 50(V.n), 0@) — 8@(V,n), @)
=g(V,0n, 0w) - 2(V.01, @),

AIMS Mathematics Volume 8, Issue 8, 19526-19545.



19542

which implies
g(v,{n’ ?D') = g(V{fn - AFné/’ EW) - E(V{fn - Aan’ W)
Now, from (2.2), (2.6), (2.8) and (3.1), ¥ ¢,n € (D) and @ € T'(Itr(T 0)), we obtain

8(Vn,00) = g(V,n,00) = 2@V, @) = §(Von, @) = §(Vefn + Vo Frp, @),
which gives
8(Ven,0w) =g(Vefn - Apyd, @).
This completes the proof. O

Theorem 4.4. Let O be a mixed geodesic bi-slant lightlike submanifold of a golden semi-Riemannian
manifold O. Then, the slant distribution D' (in particular Dy, D,) defines a totally geodesic foliation iff
(i) 8(fn, V.09) = 8, V05);

(ii) §(V 0w, fn) + g(h’({,0w), Fn) = g(Veow, m);

(iii) V,fn — Ap,{ has no components in I'(Rad(T O))

V ¢,n € T(D") (in particular T(D,),T(D,)), ¢ € I(D) and @ € T(ltr(T 0)).

Proof. Let O be a mixed geodesic bi-slant lightlike submanifold of a golden semi-Riemannian
manifold O, we have h*({,0¢) = 0,V ¢ € I(D') and ¢ € T'(D). The distribution D" defines a totally
geodesic foliation iff V,n € (D). v being a metric connection and using (2.3), (2.6) and (3.1), V
Z,n e T(D) and ¢ € (D), we obtain

8(Ve1.6) = = 8. V6) = @1, V.8) ~ @1, 8(V,5))
=8(1. V05) = §(fn + Fn,V@5))
=8, V.05) — 8(fn, V.05) — 8(Fn, h*({,05)),
which implies
8(Ven, ¢) = g(1. Ve05) = 8(f1. V,06).
From (2.3), (2.6) and (3.1), VY £,n € (D) and @ € I'(Itr(T O)), we obtain

2V, @) = - 801, Vw) = 3@, Vo) - 3@n, (Y, ))
=81, V. 0w) ~ (fn + F1,V,(0w))
=8, Veow) — g(fn, Vow) - g(Fn, h°({, o)),
which implies
8V, w) = g(Vow,n) — 8(V0w, f1) — g(h'({, 0w), Fn).
Now, from (2.2), (2.6), (2.8) and (3.1), ¥ £,n € (D) and @ € I'(Itr(T 0)), we obtain

(V. 0w) = 8(Vn, 0w) = 5@(V), @) = g(Veon, @) = g(Vofn + V. Fr, @),

which gives
8(Ven,0w) = g(Vefn — Ay, @).

This completes the proof. O
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Theorem 4.5. Let O be a bi-slant lightlike submanifold of a golden semi-Riemannian manifold O.
Then, O is mixed geodesic iff the following holds

() F(Vefs = Apgl) = =C(R({, ) + VFo);

(ii) H'({, f§) + D'(¢, Fs) = (¢, f¢) + ViFs

V ¢ € T(D) and ¢ € T(D) (in particular T(D,),T(D,)).

Proof. From (2.5), (2.6), (2.8), (3.1), (3.2) and (3.3), we obtain

h((.s) =V.5 - Vs
=00 V5) —0(Vis) - Vs
=0(V:05) - (V,05) - Vs
=0(V,fs + V,Fs) = (Vefs+ VFs) = Vs
=0(V;fs + WL f§) + KL, f§) = Apel + ViFs + D'({, F¢))
— (Vefs+h (L, )+ W, fs) — Apl + ViFs + D', F¢)) - V5.

Taking transversal part of above equation, we get

h(¢,6) =F(Vfs = Apd) + CUR (L, f5) + ViFS)
-1 f) = W', f¢) = ViFs = D'({, F).

Hence, h(,¢) = 0, iff (i) and (i) hold, which completes the proof. |
5. Conclusions

We investigate some interesting results on bi-slant lightlike submanifolds of golden
semi-Riemannian manifolds and give two examples on such submanifolds. We also discuss the
integrability of distributions on bi-slant lightlike submanifolds. Certain conditions on foliations
determined by distributions on bi-slant lightlike submanifolds of golden semi-Riemannian manifolds
are derived.
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