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1. Introduction

Peng [1, 2] introduced important concepts of the sub-linear expectations space to describe the
uncertainty in probability. Stimulated by the works of Peng [1, 2], many scholars tried to discover the
results under sub-linear expectations space, similar to those in classic probability space. Zhang [3, 4]
proved exponential inequalities and Rosenthal’s inequality under sub-linear expectations. Xu et al. [5],
Xu and Kong [6] obtained complete convergence and complete moment convergence of weighted
sums of negatively dependent random variables under sub-linear expectations. For more limit
theorems under sub-linear expectations, the readers could refer to Zhang [7], Xu and Zhang [8, 9],
Wu and Jiang [10], Zhang and Lin [11], Zhong and Wu [12], Hu et al. [13], Gao and Xu [14],
Kuczmaszewska [15], Xu and Cheng [16, 17], Zhang [18], Chen [19], Zhang [20], Chen and Wu [21],
Xu et al. [5], Xu and Kong [6], and references therein.

In classic probability space, Yan [22] established complete convergence and complete moment
convergence for maximal weighted sums of extended negatively dependent random variables. For
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references on complete moment convergence and complete convergence in probability space, the reader
could refer to Hsu and Robbins [23], Chow [24], Hosseini and Nezakati [25], Meng et al. [26] and
refercences therein. Stimulated by the works of Yan [22], Xu et al. [5], Xu and Kong [6], we try
to prove complete convergence and complete moment convergence for maximal weighted sums of
extended negatively dependent random variables under sub-linear expectations, and the corresponding
Marcinkiewicz-Zygmund strong law of large number, which extends the corresponding results in
Yan [22]. Another main innovation point here is Rosenthal-type inequality for extended negatively
dependent random variables, provided by Lemma 2.3.

We organize the remainders of this article as follows. We present relevant basic notions, concepts
and properties, and give relevant lemmas under sub-linear expectations in Section 2. In Section 3, we
give our main results, Theorems 3.1-3.3, the proofs of which are presented in Section 4.

2. Preliminary

Hereafter, we use notions similar to that in the works by Peng [2] and Zhang [4]. Assume that
(Q, ¥) is a given measurable space. Suppose that H is a set of all random variables on (Q, 7 ) fulfilling
Xy, ,X,) € H for Xj,--- ,X, € H, and each ¢ € C;;,(R"), where C;1;,(R") is the set of ¢
fulfilling

lo(x) — () < C(1 + [x]" + |yI")(x — y]), ¥x,y € R"

for C > 0, m € N relying on ¢.

Definition 2.1. A sub-linear expectation E on H is a functional E : H +— R := [—co, oo] fulfilling the
following: for every X,Y € H,

(a) X > Y implies B[X] > E[Y];

(b) Elc] = ¢, Yc € R;

(c) E[AX] = AB[X], YA > 0;

(d) E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form oo — 00 or —c0 + oo,

Definition 2.2. We say that {X,;n > 1} is stochastically dominated by a random variable X under

(Q,H,E), if there exist a constant C such that Vn > 1, for all non-negative h € Cy1;,(R), E(h(X,)) <
CE(h(X)).

V :F — [0, 1] is named to be a capacity if
(@ V(0)=0,V(Q) =1.

(b) V(A)<V(B),ACB,A,Be¥T.

Furthermore, if V is continuous, then V obeys
(c) A, T Ayields V(A,)) T V(A).

(d) A, | Ayields V(A,) | V(A).

AIMS Mathematics Volume 8, Issue 8, 19442—-19460.



19444

V is said to be sub-additive when V(A |J B) < V(A)+ V(B), A,B € F.
Under (Q, H,E), set V(A) := inf{E[£] : Iy < &,& € HY, VA € F (cf. Zhang [3]). V is a sub-additive
capacity. Write

00 0
Cy(X) := f V(X > x)dx + f (V(X > x) — dx.
0 —o0

Under sub-linear expectation space (Q, H,E), {X,;n > 1} are called to be upper (resp. lower)

extended negatively dependent if there is a constant K > 1 fulfilling

ﬁ gi(Xy)
i=1

whenever the non-negative functions g; € C,,1;,(R), i = 1,2, ... are all non-decreasing (resp. all non-
increasing) (cf. Definition 2.4 of Zhang [18]). They are named extended negatively dependent (END)
if they are both upper extended negatively dependent and lower extended negatively dependent.

Suppose X; and X, are two n-dimensional random vectors under (Q, H,,E;) and (Q,, H>,E,)
respectively. They are said to be identically distributed if for every ¢ € C;1;,(R"),

Ei[v(X))] = B2 [y (Xy)].

{X,,;n > 1} is called to be identically distributed if for every i > 1, X; and X; are identically distributed.

Throughout this paper, we suppose that E is countably sub-additive, i.e., E(X) < },°, E(X,) could
be implied by X < >, X,, X,X, € H,and X >0, X, > 0, n = 1,2,.... Write S, = >, X,
n > 1. Let C denote a positive constant which may change from line to line. /(A) or I, is the indicator
function of A. The symbol a, ~ b, means that there exists two positive constants C;, C, fulfilling
Cilb,| < la,| € Cylby|, x* stands for max{x, 0}, x~ = (—x)*, for x € R.

As in Zhang [18], if X, X,,...,X, are extended negatively dependent random variables and
fix), (0, ..., fu(x) € CiLip(R) are all non increasing ( or non decreasing) functions, then f(X;),
H(X3), ..., fu(X,) are extended negatively dependent random variables.

We cite the following under sub-linear expectations.

Lemma 2.1. (Cf. Lemma 4.5 (iii) of Zhang [3]) If E is countably sub-additive under (Q, H,E), then
for X € H,

E

<k[|Elsxl, nx1,
i=1

ElX] < Cv (IX]).

Lemma 2.2. Assume that p > 1 and {X,;;n > 1} is a sequence of upper extended negatively dependent
random varables with E[X,] < 0, k > 0, under (Q, H,E). Then for every n > 1, there exists a positive
constant C = C(p) relying on p such that for p > 2,

n \P n \P n n p/2
((Z X,} J [Z Xj) < C{Z Cy [(XH)] + [Z E[X?]] } 2.1)

By (2.1) of Lemma 2.2 and similar proof of Lemma 2.4 of Xu et al. [5], we could get the following.

E <Cy

Lemma 2.3. Assume that p > 1 and {X,;;n > 1} is a sequence of upper extended negatively dependent
random varables with E[X;] < 0, k > 0, under (Q, H,E). Then for every n > 1, there exists a positive
constant C = C(p) relying on p such that for p > 2,

i P n n p/2
max ((Z x,.) ) < C(log n)” {Z Cy [(X)] + [Z E[X?]] } . 2.2)
<i<n j:1 P

i=1
AIMS Mathematics Volume 8, Issue 8, 19442—-19460.
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We first give two lemmas.

Lemma 2.4. Suppose that 0 < a« < 2, ¥ > 0, and {a,;,1 <i < n,n > 1} is an array of real numbers
Sfulfilling

Z la,;|* = O(n), for some a > 0. (2.3)

Assume that {X,;,i > 1,n > 1} is stochastically dominated by a random variable X with Cy{|X|*} < oo.
Moreover, suppose that B(a,:X,;)) = 0 for 1 < a < 2 and b, = n""*(logn)*” for some vy > 0. Then

1
— max Z E(Y,;)) < C(logn)>"Cy{|X|*} = 0, as n — oo, (2.4)

n 1<jsn £

where Y,; = @, Xl (|a,i Xyl < by) + byl (@ X, > by) — b,d (4, X, < by,) foreach1 <i<n,n>1.

Lemma 2.5. Assume that {a,;, | <i < n,n > 1} is an array of real numbers fuffilling (2.3) and X € H
under sub-linear expectation space (Q, H,E). Suppose b, is as in Lemma 2.4.
(1) If p > max{a, y(B + 1)/3} for some B, then

< ognp & (¥ CCIXI), fora >y +1)/3,
niﬂ Z f Vian X" > x}dx < {CCy{IX|"log(IX| + 1)}, fora =y(B+1)/3,
=2 CCy{|X]#+D13), fora <y(B+1)/3.
) Ifp=a, B=2, then
w0 n CCy{IX1}, fora >y,
(log n)2 « o
2 Z , llanXI" > 2)dx < 4 COY{IXT log(L + XD}, fora =,
n=2 CCy{|X]"}, fora <.

3. Main results

Below are our main results.

Theorem 3.1. Suppose {X,;,i > 1,n > 1} is an array of rowwise END random variables, which is
stochastic dominated by X under (Q, H,E). Assume that for some 0 < @ <2,0<vy <2, {a,,1 <i<
n,n > 1} is an array of real numbers, being all non-negative or all non-positive, fulfilling (2.3) and b,

is as in Lemma 2.5. Moreover, suppose that B(a,;X,;) = 0for1 < a < 2. If

CullX|"} < oo, fora >y,
Cy{lX|"log(l + |X])} < 00, fora =Y, 3.1
CyflX]"} < oo, fora <y,

then for all € > 0,

J
max Z AniXni
1<j<n ;
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Similarly, moreover, with the condition that E(—a,;X,;) = 0 for 1 < a < 2 in place of that E(a,;X,;) = 0
for 1 < a < 2, we have for all € > 0,

o0

1
Z;V

n=2

J
g]a; [Z(_anani)

i=1

> sbn) < 00, (3.3)

Moreover, suppose that B(X,,;) = BE(—X,;) = 0for 1 < a < 2. Then (3.1) implies
J

Z anani
i=1

=

> 8bn] < 0o, forall € > 0. (3.4)

Theorem 3.2. Suppose {X,;,i > 1,n > 1} is an array of rowwise END random variables, which is
stochastic dominated by X under (Q, H,E). Assume that for some 0 < @ <2,0<vy <2, {a,,1 <i<
n,n > 1} is an array of real numbers, being all non-negative or all non-positive, fulfilling (2.3) and b,
is as in Lemma 2.5. Suppose (3.1) holds. Moreover, suppose that E(a,;X,;) = 0 for 1 < a < 2. Then
for0<1<a,

T

0 J
Z — max Z AniXni — €
n 1<jsn

n=2 i=1

} < oo, forall e > 0. 3.5

+

Similarly, moreover, with the condition that E(—a,;X,;) = 0 for | < a < 2 in place of that E(a,;X,;) = 0
for 1l <a <2, wehave for0 < 1 < q,

Z {[ EJ%Z( i Xni) — 8) } < 0o, forall € > 0. 3.6)

n=2

Moreover, if E(X,;) = BE(-X,;) =0 for 1 < a <2, then

i {{b 1252

j T

Z i X

i=1

- &
n=2

} < oo, forall € > 0. (3.7)

+

Remark 3.1. From (3.7) follows that (3.4) holds. Hence we know that the complete moment
convergence implies the complete convergence.

Theorem 3.3. Under the same conditions of Theorem 3.1, and assume that YV induced by E is countably
sub-additive, we have

"l— m'Xm'
V(limsupz"+ < O) =1,
V(limsup 2icl (;ani ni) < ()) _q

Moreover, if E(X,;) = E(-X,;)) =0 for 1 < @ <2, then

n
Z[:l anani _

v (lim sup 5

n—oo
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4. Proofs of main results

Proof of Lemma 2.4. We will investigate (2.4) in two cases.

Casel.O<a< 1.

By Markov’s inequality under sub-linear expectations and Cv{|X|*} < oo, we see that

~ }njax Z E(Y,) <
<
<

1 ex ZE“) < biiﬁ(m sck ZE((Y;,) )

n 1<j<n £

b—ZCV(Y’ <—Zfbl V{la,i X > x}d
| i=1

C fb" Bla,; X|*
= d
b ; 0 X%

C

b,

—b,” ”‘Z |l C{IX17} < Cog m) = Cuf|X|"} — (4.1)

i=1

where Y. = a,, XI{|a,;X| < b,} + b,l{a,; X > b,} — b,I (a,;X.Dy,).

Casell. 1l <a <?2.
Foralll <i<n,n>1, write

Zni = QpiXpi — Ypi = (anani - bn)I{anani > bn} + (anani + bn)I{anani < _bn}

Then 0 < Zyi = niXpi — bn < Ay X for QX > bn, @niXni < Zpi = AyiXpi + bn < 0 for QX < _bn-
Therefore, |Zm| < |aniXm'|I{|aniXm'| > bn}
From E(a,;X,,;) = 0 for 1 < @ < 2 and Cy{|X|*} < oo follows that

— max Z E(Y,)

n 1<j<n £

AIMS Mathematics

< —maX
n 1<j<n

Z E(Y,)| <

- max Z [E(Y,)

< —E%Z'E(Ym) E(apiXo)|

< ZE|Z,,,|< n;Elz;,-l <4 ZCV 1z,
< bizl] f "V XN HlanX] > by} > x) dx

< 5 Zf {la, X1 la,X] > b,} > xb7 ™"} dx
< b—; f V {la X HlaX| > by} > x}dx/be!
< —mer’cv X1}

”zl
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< C(logn)>"Cy {IX|*} = 0, as n — oo,

4.2)

where Z'. = (a,;X — b,)l[{a,; X > b,} + (a,,X + b,)I{a,; X < —b,}. Combining (4.1) and (4.2) results

in (2.4).

Proof of Lemma 2.5. Without loss of generality, we suppose that

Z la,;|* < n, for some a > 0.
i=1

Write
Lj:={l <i<n:n"G+ 1) <layl <n'j ).

Then by Lemma 2.4 of Yan [22], we have
(log ny <
. Z V{la, X > x)dx
bl /lanl”
_ Z ~1=pla(log ) ?p/yz la, |Pf V{IX)? > x}dx
bl /lanil?
= ot Y S [ e >

n=2 j=1 i€ly;
o0 (j+1)P/“(log n)*”

< > n”'(logny" Z#Inj jrl f V{IXP > x}dx
n=2 =1 0

(k+1)P/*(log n)>P!Y

= Z "(log ny* WZ#I ” ]-P/QZ f V{IX|P > x}dx

p/zr(log n)?p/y

00 (10gn)3p/7
< Z n~'(logn)f=3rl Z#In Pl f V{IX|” > x}dx
0

j=1
(k+1)P/%(log n)*P!”
+ n~'(log n)?=3r/7 #1,] ol f VA{|IX|? > x}dx
Z '(log ny*” Z Z iy V>
=1L+ 12.
First, for I;, when a > 7('8; 1), from Lemma 2.4 of Yan [22] and p > « follows that

=~
A

00 (log n)>/”
C Z n~'(logny? 30/ f V{IX| > x} x’"'dx
n=2 0

IA

00 (log n)*/y
C > n'(logny =l f V{1X] > x} x* (log n)*?~/dx
- 0

IA

C > (lognf I Cy{IXI} < CCH{IXI").

n=2

O
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When a < @, from Lemma 2.4 of Yan [22], and p > @ follows that

) (log n)>/”
I < €Y n(ognyf f V{IX] > x} x"dx
n=2 0

IA

(log my”

= C ) n''(ogny iy’ f V{X] > x} 27 'dx
n=2 m=

(log(m=1))37

o0 (log m)3
= CZf VA{IX| > x} x”_lde n~'(logn)f=r

(log(m—1)3/7 n=m

IA

) (log m)3/7
C f V{IX] > x} x* '(log m)P 3P+ dx
(

log(m—1))3/Y

IA

s (logm)3/7

m=2 (104‘;("1—1))3/7
)
< CCV{|X|’ }

Next for I, from Lemma 2.4 of Yan [22] and p > a follows that

CZ n”'(log ny’ " Z f VA{IX)” > x} de#In, jre

kPl (log n)3rlY =k

(k+1)P/*(log n)>P!Y
I

IA

(k+1)P/%(log n)3P/”

C Z n”'(logny’ =3 Z(k + il f V{IX)” > x}dx
n=2 k=1

kp/(v(log n)3ply

IA

(k+ 1)1 (log m)>/¥

C Z n~!(log nyf =31 Z(k n 1)1—p/af VA{IX] > x} x* ' xPdx

kl/a(log n)3/Y

IA

(k+ D)/ (logn)3/Y

CZn (logn)ﬁ 3“”2[ VA{1X] > x} x* dx

/rr(]og n)3v

IA

(k+ 1)/ (log n)3/7

CZn "log )’ 3“/72 f V{IX] > x} x*dx
1

ke (logn)3/y

= CZn !(log n)yf=3/7 f V{IX] > x} x*"'dx

(logm)3/

IA

(log(m+1 ))3/y

= CZn (logn)ﬁ 3“”2[ VA{IX] > x} x* dx

(log m)3/y

(log(m+1))3/Y m
C Z f V{IX] > x}x*"'dx > 07! (logny 0.

m=p ¥ (logm)3/y n=2

IA

Noting that

" C, for @ > WH)
Z n~'(logny’>" < {Cloglogm, for @ = WH),
n=2 C(log m)ﬂ_%“, for a < @

AIMS Mathematics Volume 8, Issue 8, 19442—-19460.



19450

we obtain
CCy{|X|*}, for @ > XE0,
L <{CCy{IX1“log(1 + |X])}, fora = Y&
cCy {IX1*5Y, for o < XD,
Hence,
CCy{|X|"}, for @ > Y&,
=1 +1 <{CCy{X|*log(1 +|X])}, fora= W“),
CCy {lewm} for a < WH)
The proof is completed. O

Proof of Theorem 3.1. By (2.3) and a,,; = a;. — a,
and )7 a}, < n. We need only to prove (3. 2)
For fixed n > 1, write Z,; as in the proof of Lemma 2.4, and

A= ﬁ Y = auXi},
i=1

B=A=| ¥y # aX) = | JllauXul > b},
i i=1

J
{max Z i X > 8bn}.
1<j<n

i=1

without loss of generality, we suppose that a,; > 0

ni’

We easily see that for all € > 0,

E, = EA U E,BC {1r1<1]a<x2 Y, > eb } U {U lla X, > bn}}.

i=1

Then from Lemma 2.4, for n sufficiently large follows that

+V [U {lananil > bn})

i=1

V(E,)

IA

A% maxz Y, > &b,

1<j<n

IA
<

}E?g; Z(Ym EYni) > gbn - P;ljagz Z EYm +V (U {lananil > bn}]

* V[U {lani Xl > bn}]. (4.3)

i=1

<V maxZ(Ym EY,) > &b, /2

1<j<n

To establish (4.3), we only need to prove that

0

=2

1<j<n
n=2 J=

max Z (Y, — EY,;) > &b, /2] < o0, (4.4)

AIMS Mathematics Volume 8, Issue 8, 19442—-19460.
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For J;, we see that {Y,

under sub-linear expectatlons.

1
- V

(|anani| > bn) < 00,

Mg

S

n=2

- B, 1 <
Therefore, by Markov’s inequality

Lemmas 2.1, 2.3, and similar proof of (2.8) of Zhang [20], we obtain

[Se]

Y5

Ji < max
1<j<n
n=2
< C (log 121)
n=2 nb"
2
< log n)
=2
< log n)
2
< (log n)
n= 2
= Ju+Ji.

[Z(Ym EYm)] > eb /2] < CZ —E[
ZCV 1,1} +CZ
ZCV (1P
Zn: f g Vi{la, X|* > x}dx + C Z
i=1

n n

ZCV (Y = E(Y) )} + Z (¥
(log n)2 (Z B(Y )|)

(log n)2

By Lemma 2.5(i) (for p = 8 = 2) and its proof, we have J;; < oo.
For Ji,, when 0 < @ < 1, by Lemma 2.4 of Yan [22] and its proof, we see that

Jiz

3
%

IA

IA

n=2

IA

n=2

IA

n=2

IA

n=2

IA

AIMS Mathematics

(10g n)

(log n)

C Z n—l—z/a(l og n)2—6/)/
C Z n~ 29 (log n)2 o
C ) n e ogn) o

C > n " (log ny* o

CZn log n)* 6/7[2#1 -WZ

(10g n)

[Z E(|Ym|>] < CZ
2 (e
>

i=1

2.2,

Jj=1 i€ly;

b 2
V{la,;X| > x}d )

8

M

1

~.
Il

H

M

~.
Il
—_

(log )3/ (k+1)1/®
sflvog n)3vitle

4.5)

i < n,n > 1} is an array of rowwise END random variables

under sub-linear expectations,

(- Em]*]z]

max
1<j<n

E E(Ym‘))z))

(Z |E<Ym>|)

[Z B(Y,, |>]

(IOg n)?/ynl/a 2
f VilauX| > x}dx
(log n)3vnt/e
#1,; f VAIX| > xj' 0"} dx

(logn)*7 j1/®
I,,,f V{X| > x}n'/e j7Vdx

2
V{IX] > x}d ]

Volume 8, Issue 8, 19442-19460.
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IA

IA

IA

C i n”'(logn)*~®"” [i f
n=2 k=0

(logn

CZn log n)* 6/7[Zf
1

()g n)*/ykl/a

Ji +C Z n~'(log n)>®"”

Lz
(zk i

Jm"‘{

where for 0 <y < 2,

Ji21

J12

IA

IA

IA

IA

AIMS Mathematics

o (log n)?

n=2

n=2

IA

IA

IA

<

<

n=2

(log n)*"” (k+1)1/e
Og n)?/ykl Ja
(log n)>"” (k+ 1)1/
(log n)3/7k! /e

(log n)>/” (k+ 1)1/

(log n)>/” (k+ 1)1/

VX > x)dx > #,57"

2
(k + D'Vov(x) > x}dx)

C Yo, n (log n)* =%/ (C{|X|7})?* < oo,
C Y, n ' (log n) ™ (C{IX")? < oo,

o (log n)*” 2
C > n'(logny**" f V{IX] > x}dx
n=2 0

2
xa—lv{|X| > x}dx/(log n)S(a—l)/y) ’
2
Xy—1V{|X| > x}dx - kl—y/a/(log n)3(7—1)/y) ’

fora >y,

fora <y,

|

for a > vy,

for a < vy,

00 (logy)*” z
C f vy '(logy)>*dy f V{IX| > z)dz f V{IX| > x}dx
2 0 0

00 (log y)*/”
C f y ' (log y)*~%/7dy f ZV(IX| > z}dz
2 0

c f ZV(X] > 2dz f v (log y? -7 dy
0 malx{Z,eZy/3 }

C+Cf 27X > z}dz
1

C+CCy{X]"} < oo.
When 1 < a < 2, by E(a,;X,;;) = 0, we have

n i=1

C Z(log n)2—6/’yn—l—2/a’

C Z(log )28 12

Z [B(Y,) — Bl m>|] <C Z
SRy, amxn) < CZ e Lk
i=1

zn] Cy llan X1

D lalCy (X {laX| > b))

i=1

INLIAL

Jj=1 i€ly;

2
{lanX| > bn}}]

(log n)2

n 2
[Z B, - amxmo]

2
(Z (Y, am'X|)]

2

2
f V{IXIZ{X] > (logm)*? j'/*} > x}dx]
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IA

2
0 (log n)*/7 j1/e
C > (logny**/n ! ZZ Ve j1fa f V{|X|>(1ogn)3/7j”“}dx]
n=2

Jj=1 i€ly;
o0 0 (log n)3/7 (k+ 1)1/@ 2
+Z(10gn)2—6/7n—1—2/01 ZZ 1/a —1/&Zf V{le > X}dX)
n=2 j=1 iel,; (log n)3/vk /e

= Ji + iz

By #1,; < (j + 1), we see that

IA

S 0 2
S <€ ) ogm T )l (log m) V(K] ><1ogn>3”j”“}]

n=2 j=1

IA

[ ) 2
C Z(log n)2—6/7n—1—2/a Z J . nl/a(log n)3/7V{|X| > (log n)3/yjl/af}]

n=2 j=1
2
C Yo (logn)*rp~! (Z;’-‘;] j - (logn)y**"V{IX|* > (log n)3"/7j}) : for @ >y,
C 32, (ogmyon™! (£, /21 - (log ny V{IXI' > (logn)® /) 272Y | fora <7,
C Yol (log )"~ (Cy{IX|"))* < o0,  fora >,
C 32, (logn)™*n~! (Cy{IXI"})* < oo, fora <.

By Z'J‘.zl #1,,j7' <C, Z];:1 #1,,j7V" < Z];:1 #1,;j717 7V < CE'1®, we see that

Jin < C'Z(logn)2 6/vp=1- Z/Q[ZZ la ; l/aZf

=1 i€l (logn)3/7k!/e

(log n)/Y (k+ 1)V 2
< CZ(log n)> 7! Zf V{IX| > x de#I,,jj‘”“

Ogn)3/ykl/a j:1

o ®  ~(logn) Y (k+1) 2
C ) (logn)* %y [ f V{X| > x}dx - k“”“)
2, 2

1Og n)3/7kl/”

(log )7 (k+1)!/@

2
Y{X| > x}dx)

A

IA

o buly 1 (oo ((ogmY(k+1)lle 4V
€ Sp(logmy St (52, fueerh S (X > x| fora >y,

o _ (l )3/’}/(k+1)1/ll B B o 2
€ Xp(logny* o (S, [, iie VX > xh-de KU fora <y,

C Y2, (logn)>%p=t (Cy{1X|})*, fora >y,
C Yo, (logn)™*n~" (Cy{IXI})*, for a < .

IA

Hence, we prove that J; < co.
Define g,(x) € C;1;p(R) such that I{|x| < u} < g,(Ix]) < I{|x| < 1}, for some 0 < u < 1. Then

Hix| >} 2 1= g,(1x) = H|x| > 1}. For J, by X3, 2

< 1, we see that
1
Jy < Z ;l v (|Clnani| > n]/“(log n)g/y)
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1 anani
ey 8u nl/a(log n)3/7

2

n=2

%222 o i)
n=2  j=1 i€l

2,

n=2

2

S| =
M
&

IA
a

S| =
Ngk
e

IA
a

n'e(log n)3/

IA
a

IA
a

| — #l,; A 3/
-2, U+ DV (IXT> 1t Gogmy)

IA

C Z maxy V{le > uy”"(log n)3/7}
C E02s wisgmr MaXysye y(logn)*” -V {IXl“ > y(log n)3“/7} , fora>y,
cyr, m max,s,e y"’* -V {|X|7 > y"/%(log n)3} cylvie fora <v,

1
Cyo Tog T < 0 fora > vy,
1
CZZO:ZW < 00, foraéy.

The proof of Theorem 3.1 is finished. O
Proof of Theorem 3.2. We only prove (3.5). For all £ > 0, we see that

n=2 i=1
S - [ j . ny
+nz_2:;l | b_n}gjas);;:am ni—&€>1 t
< 0 . . /T
< ; nV {{131%; a,i X, > &b } nz;‘ f {{2?3)’(1; aniXni > bt }d;
= K1 + Kg. (46)

To establish (3.5), it is enough to prove that K; < co and K; < co. By Theorem 3.1, we know K; < co.
For K,, foreach1 <i<n,n>1,andt > 1, write
Y;;i = ananiI”ananil < bntl/T} + bnl]/TI{anani > bntl/T} - bntl/TI{anani < _bnl]/T},

Zr,”' = ananl Y;”, A= ﬂ{Yy,u = am'Xni}a

i=1
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B =A = O{Y' # Qi Xy} U | Xl > but''7),
i=1

i=1

J
E = {max Z i X > b t”’}
1<j<n

i=1
By Lemma 2.4, for all ¢+ > 1 and n large sufficiently, we obtain
J n

’ 1/t v . 1/t
V{E)} < V{{E%Z Y/, > byt } + V{U {la,iX,il > byt }}

i=1 i=1

i=1 i=1

J j n
’ I/t _ ’ v . 1/t
< {lrr<11a<x ;(Y, E(Y;)) > byt!"" - max ; ]E(Ym)} + ; V {lai Xl > byt
J + n
’ 1/7 . ) 1/t
< V{}E%(Z( E(Ym))] > byt /2} + D V{lanXul > bt} 4.7)

To establish K, < oo, we only need to prove that

i +
N 1 ~ ’ ’ ’ 1/t
Ky, = Z; - fl V{lrg% (Z(Ym. —E(Ym.))] > byt /2} dr < o, (4.8)

Ky 1= 2 % j: ) ; \Y {lananil > bnrlff} dt < oo. (4.9)

We know that {Y'. —E(Y'),1 <i <n,n > 1} is an array of rowwise END random variables under sub-
linear expectations. Therefore, by Markov’s inequality under sub-linear expectations, Lemmas 2.1, 2.3,
and the similar proof of (2.8) of Zhang [20], we obtain

) 2
00 1 00 1 j , ,
K < C) - f1 R {{g;gg [[Z(Ym- - E(Ym.))) ) }dt
n=2 n I
N 1 ” (log l’l)2 C ’ 7 \\+\2 - / 7 \\2
< C Z n 22T Z Co{((Y,, =B )"} + Z E[(Y, — E(Y,))*]} dt
=nd b - L
o] (log n)2 , 0o 1 (log n)2 ,
< CZ b2 Z Cy{(Y))*)dr + CZ - R Z E[Y ]|
n=2 : n=2 1 n
1 2 &
< ¢ Z (;2%27/11) Z f V (la, X| > x) xdxdz
1

(logn)* < "
+C Z - f B le VY (la,i X| > x) xdxdt

n

2
logn)* [+
+C Z f (b2%2/7) [ |E[Y’ ]l] = K2]1 + K212 + Kz]g. (410)
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By 0 <7 <a <2 and Lemma 2.5 and its proof, we have

1 2 &
KZU:CZ(Ogn) Zf VY (la,; X| > x) xdx < oo. “4.11)
n=2

By using = x7, Markov’s inequality under sub-linear expectations, Lemmas 2.1 and 2.5, we see that

logn n
Ky, < CZ ( né;z) X Zf V (la,X| > y) ydydx

(logn)z 73
< 0 ; o ; 5 V(IamX|>y)ydydx
(log n)z o 3 n b,,(m+1)
< 7 Z m Z V (la,;X| > y) ydy
00 (10 n)z - b, (s+1)
< C ngl72 ZZm 3Zf V (lanX| > y) ydy
n=2 n i=1 m=1
> (log n)? Pa(s+h) -
< cy ZZf  (aXl > 9 ydy 3
n=2 n i=1 s=1 Ybns m=s
sl (10 n)Z . n(s+1)
< C %92 ZZ ? V (lanX| > ) ydy
n=2 no, i=1 s=1
©\ (logn)? <& - Da(s+1) .
< C gb2 ZZS 2 V (lanX] > y) y™ 'y dy
T g bns
o (logn)> o [ -
< C gT Z V (laiX] > y) y™'dy
= by H b,
oo 1 2 n 00
< ) BN [V (anxr >y <o (4.12)
n=2 nb, i=1 Y

For K33, for 0 < @ < 1, by similar proof of J;, of Theorem 3.1, we see that

(o)

2
1 (ogn) (& ..
I ZEHYmu] ar
n=2 n i=1
1 (logn)? [+ 2
- T Y : . 1/z 1/ ) 1/t
= Z nf e Z;E[lamxll{lale < bt} + bt |, X| > byt }]] dr
o 1 (logn)? [+ 2
- e . . 1/ 1/t ) 1t
< Z n f b%lQ/T Zl CV {laleI{lamxl < bnt } + bnt I{|amX| > bnl }}] dt
1 (log n)? bt /7 2
- _— 1/(2 1/
< Z n f b2t2/T Z Z f |X| > XxXn }d.X] dl'
n= n Jj=1 i€ly;
i s 3y ilja /T 2
1 [ (logn)* Ve —1a (logm)*/7 j!°t
< Z; 0 ), e Zl#lnf" i V(1X] > x) dx | dr
= n j:
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scz

€2,
Z

IA

IA

IA

IA

S (logn)?
C Zn 2 ; 1 (logn(;ﬁg(:;lVIZH/r (CV”X'Q}) dt < 007 fOf a > )’,
K130 +

where

_ (logn)®>
K30+ C Z f (log n)6/yl-2/‘r [Z fl

K>i30 +

(log )7 (k+ D)al/T

2
1 2
(;gt;/? Z#] n'le l/ffo V{1X] >x}dx) dt

lOg n)"ﬂ/ykl/atl/r

2

1 ra 2 (> (log n)>/Y (ke 1)1V 00

L[ foem Zf VX > xjdx Y #l,nt 0| dr
(

nJi bzl‘z/T = Jaognpirictierise

j=k+1

Z Y o l/r ;
(log n)2 f(logn)3/ (k+l)l/ tl/ -

%/ ;Xf > (1 l{ + 17 Ja (1t
‘fl (log (log n)6/72/* 1 (1X] > x} dx( )

0gn)3/7k'/“t]/"

(log )7 (k+ 1) e r/T

2
VA{X| > x} dx(k + 1)1—1/“) dt

Og n)%/ykl/atl/'r

00 2 1 37 (ke 1)@t 2
CYss 2N M(Zk 1f(ogn) o XV A{I1X] > x}dx) dt, fora>vy,

(log n)baly2alt (log n)3/7kl/egl/t

00 2 1 3y k+1 l/(ytl/-r 2
Czn 2 L (log n) (Zk lf( ogn)”’Y (k+1) V{le > X} dxk]—a/y) dl, for a < ¥,

(log n)6r2vIt (log )37k e/t

00 4.13
Cym, L[ 0B (X di< o, fora <y, (*13)

(log n)6r2vIt

. 2
(10 n)z (log n)3/7¢!/
Koo = CZ f (1ogn%6/n2/f f V{IX] > x}dx| dt
1

3yt
_ (logy)® f“"gy) f fz
f f (log y)o/r 2/t Y 0 {1X] > z}dz ; {IX] > x}dx
_ (logy)* f(log yPralle
V{X| > z}d
f f; (logy)ﬁ/)’ﬂ/f 0 ZV{X| > z}dz
" (log y)?
C VA{X| > z}d dt L S |
f(; Z {l | Z} Zf fn;axne(/t]/r)y/}}y(lOgy)6/'yt2/T y

(log y)*
< VA{IX] > z}d dr ——d
L : | | Z ‘ f Inax{Z (5 y/%} y(lOg y)6/yt2/‘r Y

< Cf 27WAIX] > 2 dzf H7dr < CCy{|X]) < o0
0 1

IA

/\

When 1 < a < 2, by E(a,;X,;;) = 0 and the similar proof of J;, for I < @ < 2 in Theorem 3.1, we have

) 2
1 [ (logn)?
K213 < C Z Z X b2l2/T Z |E[ am m]l dt

n=2 n
21 (log n)? ’

< CZ; o R Z;EHY,”- - ananiI]) dt

< C i L (7 (ogny Z Ellau X, — but" 1 {|a Xl > bpt'' )] 2 dr

= _2 n 1 b%t2/7 ._l ni ni n ni ni n
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2
(logn)* (< e r
= CZ; f T le Ella,iX — bt I{layX| > b,t"/"}1| dt

[

o] n :
R ny’ > Co lanX = bt llaX) > byt }}} dr

< n J; b2t2/‘r
n=2 n i=1
1 (™ (logn)* e
= CZ nJ, b Z] Co {lanXI{lauX] > but'"}} | dr
1 (log n)? [« 2
< CZ - [Z Co {lawX|I{|anX] > b }}) < co. 4.14)

Combining (4.10)—(4.14) results in (4.8). By the similar proof of J, of Theorem 3.1, for 0 < u < 1,
we have

B < i%fciv {lauXul > bt} di
n=2

Ci fmdti

j=1

n=2
CZ f drmaxy - V {[X] > uy'"*(log m)*71'/") (4.15)
n=2

y=1

IA

I" a T
S+ DVAIX > e og n)*1''7)

S | =

IA

{c St e Ji £ At max sy y(log n) eV |X|® > y(ogny*viel), for a > v,
C I wiosi [ rrIrdrmax,s,e yY 9 (log n)*/T - V {|X|7 > y"*(log n)3t7/7} oyl fora <y,
{C >, W [T redt < oo, fora >y,
C I wiosi [Frvidt<eo,  fora<y.
(4.15) together with (4.6)—(4.9) completes the proof of Theorem 3.2. O

Proof of Theorem 3.3. The proof here is similar to that of Corollary 3.1 of Xu and Kong [6] with
Theorem 3.1 here in place of Theorem 3.1 of Xu and Kong [6] (also cf. the proof of Theorem 2.11 of
Yan [22]), hence the proof here is omitted. This completes the proof. O

5. Conclusions

We have obtained new results about complete convergence and complete moment convergence
for maximal weighted sums of extended negatively dependent random variables under sub-linear
expectations. Results obtained in our article generalize those for extended negatively dependent
random variables in probability space, and Theorems 3.1-3.3 complement the results of Xu et al. [5],
Xu and Kong [6] in some sense. In addition, Lemma 2.3 is the Rosenthal-type inequality for extended
negatively dependent random variables, which is another main innovation point of this article.
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