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Abstract: In this paper, we consider the simultaneous Pell equations (a>+2)x*>—y? = 2 and x*—bz> = 1
where a is a positive integer and b > 1 is squarefree and has at most three prime divisors. We obtain
the necessary and sufficient conditions that the above simultaneous Pell equations have positive integer
solutions by using only the elementary methods of factorization, congruence, the quadratic residue and
fundamental properties of Lucas sequence and the associated Lucas sequence. Moreover, we prove
that these simultaneous Pell equations have at most one solution in positive integers. When a solution
exists, assuming the positive solutions of the Pell equation (a* + 2)x*> — y* = 2 are x = x,, and y = y,,
with m > 1 odd, then the only solution of the system is givenbym =3 orm=5orm =7orm = 9.
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1. Introduction

The study of positive integer solutions of Pell equations has a wide range of applications in finding
integer points on elliptic curves, which is an important part of many scientific problems, as shown in
the reference [1-3]. In [4], A. Thue showed that the system Diophantine equations

a1x2 - b1y2 =Cq, a2y2 — b222 = C, Cl1b2 * a2b1 (11)

have at most finitely many solutions. Let sq f(b) denote the square-free part of positive integer b. In [5],
Cipu proved the following

Theorem CIPU. Let a and b be integers greater than 1, with b not a perfect square.
a) Assume b is odd and its square-free part has at most two prime divisors. Then the system

P —@ -1y =y -bP =1 (1.2)
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is solvable in positive integers if and only if b divides 4a*> — 1 and the quotient is a perfect square. When

it exists, this solution is
(x,y,2) = 2d® — 1, 2a, \/(4a® — 1)/b).

b) Assume sqf(b) = 2p with p either prime or equal to 1. Then the system (1.2) is solvable in
positive integers if and only if (2a®> — 1)/p is a perfect square and b divides 8a*(2a®> — 1) and the
quotient is a perfect square. When it exists, this solution is

(x,y,2) = (4d> — 3a,4a* — 1, \/8a2(2a® — 1)/b).

Bennett [6] showed that the system Pell equations
¥-ay=y"-b* =1 (1.3)

has at most three solutions, where a and b are distinct positive integers. Yuan [7] conjectured that for
any positive integers a and b, (1.1) has at most one solution and he proved that the conjecture holds for
a =4m(m + 1). Walsh [8] proved that the system Pell equations

¥ —m -y =c, Yy -b?=1, celxl,+2,+4) (1.4)

has at most one solution, where m and b > 1 are positive integers with b squarefree, and m?> — c is a
positive nonsquare integer. In [9], the authors considered the simultaneous Pell equations

@+ D —y=x-b? =1 (1.5)

where a > 0 is an integer and b > 1 is squarefree and has at most three prime divisors. Assuming the
positive integer solutions of the Pell equation (a*> + 1)x*> —y?> = 1 are x = x,, and y = y,, with m > 1 an
odd integer, they proved that the only possible solution of system (1.5) is given by m = 3 orm = 5 or
m=7Torm=09.

In this paper, we consider the simultaneous Pell equations

(@ +2x*-y* =2, x¥*-bF=1 (1.6)

where a is a positive integer and b > 1 is squarefree and has at most three prime divisors. By the results
of Walsh [8], we know that (1.5) and (1.6) has at most one solution for any positive integer a and b > 1
squarefree. Assuming the positive integer solutions of the Pell equation (a® + 2)x> — y* = 2 are x = x,,
and y = y,, with m > 1 an odd integer, we prove that system (1.6) has solutions only when m = 3 or
m=5orm="7orm=9. We prove the following results.

Theorem 1.1. Let p be a prime and let a be a positive integer. Then the simultaneous Pell equations
(@+2x*-y* =2, ¥*-pt=1 (1.7)

have positive integer solutions if and only if a*> + 1 is a product of p and a square integer. When a
solution exists there is exactly one solution. The only one solution is given by

x2 -1 241
(x,y,2) = [X3,y3, 3 ] = (2a2 +1,2a% + 3a,2a L
p

4
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Theorem 1.2. Let p and q be two distinct primes and let a be a positive integer. Then the simultaneous
Pell equations

@+2)x> -y =2, xX*-pg =1 (1.8)

have at most one positive integer solution. Moreover, the solution exists if and only if one of the
following two conditions holds:

@) a® + 1 is a product of pq and a square integer.

B)a=2 (mod 4), a*> +1 = pb?, 2a> + 1 = ¢?, and 2a* + 3 = gd*.

When it exists, the solution is given by formula

/Xz -1 241
(x,y,2) = x3,y3, > =124’ + 1,24° + 3a,2a a in case ).
rq rq
x;—1 )
(x,,2) = | x5,s, in case pf).
rq

We shall denote by O an unspecified perfect square.

Theorem 1.3. Let p, q and r be distinct primes and let a be a positive integer. Then the simultaneous
Pell equations

@ +2)x* -y =2, xX*-pgrt=1 (1.9)

have at most one positive integer solution. Moreover, the solution exists if and only if one of the
following conditions holds:

a)a’ + 1 = pqro.

B)a*+1=p0, 2a*>+1=gq0, and 24> +3 = rdor

a2+1:pl:|, 2¢+1=n, and2a2+3:qr|:10r

a=2 (mod4), a2+1:pq|:|, 2¢*+1 =0, and24* + 3 = ro.

y)a*+1 =20, 2a* +4a* + 1 = pO, 2a* + 1 = g0, and 2a*> + 3 = rdor
a=2 (modd), p=2,a*+1=q0,2a* +4a*+1=0, 24> + 1 =0, and 24° + 3 = r00.

o) a*+1 =20, 2a* +4a* + 1 = pO, 4a* + 64> + 1 = g0, and 4a* + 10a*> + 5 = rO.
When it exists, the solution is given by formula

-1 2+ 1
(x,y,2) = x3,y3, > =12a* + 1,2a° + 3a,2a in case ).
prqr pqr
x:—1 )
(x,y,2) = | Xs,Ys, in case p).
par
Bv-1| .
(x,,2) = | X7, 7, in case 7).
par
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2 _
X5 1

pqr

(x,y,2) = {x9,y9, ] in case 0).

We organize this paper as follows. In Section 2, we present some basic definitions and some
lemmas which are needed in the proofs of our main results. Consequently, in Sections 3-5, we give
the proofs of Theorems 1.1 to 1.3, respectively. In Section 6, we give some examples of applications
of Theorems 1.1-1.3.

2. Some tools and basic definitions and some lemmas

In the proof of our main result, Lehmer sequences and the associated Lehmer sequences play an
essential role. So, we need to recall them. Let P > 0, Q be nonzero coprime integers, let D = P —4Q
be called discriminant, and assume that D > 0. Consider the polynomial x> — VPx + Q, called
characteristic polynomial, which has the roots

_VP+ D VP - VD
= 5 7 .
For each n > 0, define the Lehmer sequence U, = U,(P, Q) and the associated Lehmer sequence

V, = V,.(P, Q) as follows:
= if2n,
U=\ 2 irop
a2_B27 D)

a

and =

and

o
V. = v if 2 Jn,
a"+ g, if 2n.

Consider the Pell equation
kxz—lyzzc, c=1,2, 2.1
X1 ‘/];‘*')’1 Vi :8 _ X \//;—M Vi

withk > 1whenc =1. Leta = , Where x; Vi + Vi V1 is the minimal positive
integer solution of the Eq (2.1), then all positive integer solutions of this equation are given by

X, Vk+y, VI
=

T =
with 7 > 1 an odd integer. Moreover, o? is the fundamental solution of the equation

X —kly* =1, (2.2)
all positive integer solutions of this equation are given by

X, + Y, Vkl = o™

withn > 1.
The next results are classical, so well known and frequently employed that it is very difficult to
locate their first appearance in print.
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Lemma 2.1. Let x; Vk+y, Vi be the minimal positive integer solution of the Eq (2.1). Then all positive
integer solutions of the Eq (2.1) are given by

4kx2 4kx1
Xy = x1Vo(——, 1) and y,=yUy,(

.y

with n an odd integer. All positive integer solutions of the Eq (2.2) are given by

4kx$

—, 1) 4kx1
X, = — and Y, = xy;

1)
withn > 1.

The following identities are fairly well known and valid for the numbers U, = U,(P,1) and V,, =
Vu(P, 1):
If d=ged(m,n), then ged(U,,U,) = Uy, (2.3)

U,, =U,V,. 2.4)
Letm =2%,n=2% kandlodd,a,b>0,and d = gcd(m, n).

Vi, if a>b,

ng(U'"’V”):{ 1 or 2, if a<b. 23)

If P is even, then V,, is always even and U,, is even iff m is even. When P is even and a < b, we get
gcd(U,,, V,) = 2 if mis even and gcd(U,,, V,) = 1 if m is odd. Moreover, if n is odd, we have

Ur=1=(@+B UpiUpi, Vi=1=(a@=B UpiUp. (2.6)

We omit the proofs of the following lemmas, as they are based on straightforward induction. The
details can be also seen in the references [10-13].

X1\f+y1 IB_xl\f—yl\f

Lemma 2.2. Let a = 7 then we have

0, if 2 /n,
v(Un(P 1)) = { »(n)—1, if 2,
and f 2/
0, if 2 fn,
v (Va(P, 1)) = { 1, if 2l

Lemma 2.3. ( [14]) Let the minimal positive integer solution of the equation Ax* — By* = 1 be & =
xo VA + yo VB, where A > 1 and B are coprime positive integers with d = AB not a square. Then the
only possible solution of the equation Ax* — By* = 1 is given by x VA + y* VB = &' where y, = Lf? for
some odd squarefree integer l.

Lemma 2.4. ( [15]) Let A > 1 and B be coprime positive integers with d = AB not a square. The

Diophantine equation
AX* - BY* =1 (2.7)

has at most two positive integer solutions. Moreover, (2.7) is solvable if and only if x, is a square,
where € = xo VA + yo VB is the minimal positive integer solution of the equation AU> — BV? = 1. And
ifX*VA+yVB =6\ thenk=1o0rk=p=3 (mod 4) is a prime.
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Lemma 2.5. ( [16, 17]) Let the fundamental solution of the equation v* — du® = 1 be a + b\d. Then
the only possible solutions of the equation X* — dY? = 1 are given by X* = a and X* = 2a®> — 1; both
solutions occur in the following cases: d = 1785, 7140, 28560.

Lemma 2.6. ( [18]) Let D > 0 be a nonsquare integer. Define
T, + U, VD = (Ty + U, VDY,
where Ty + U, VD is the fundamental solution of the Pell equation
X*-DY’=1. (2.8)
There are at most two positive integer solutions (X, Y) to the equation
X>-DY*=1. (2.9)

(1) If two solutions Y, < Y, exist, then le = U, and Y22 = U,, except only if D = 1785 or
D =16 - 1785, in which case Y} = U, and Y; = U..

(2) If only one positive integer solution (X,Y) to Eq (2.9) exists, then Y*> = U; where U, = IV* for
some squarefree integer l, and either l = 1, | =2 or | = p for some prime p =3 (mod 4).

Let (x;,y;) be the minimal positive integer solution to (2.1) with ¢ = 2, and define

_ x Ve +y Vi

V2

Furthermore, for n odd, define

" X, Vi + y, VI

where x,,, y, are positive integers.
Lemma 2.7. ([19]) (1) If y, is not a square, then equation
kx> —ly* =2 (2.10)

has no solutions.
(2) If yy is a square and ys is not a square, then (x1,yy) is the only solution of (2.10).
(3) If y1 and y3 are both squares, then (xy,y,) and (x3,y3) are the only solutions of (2.10).

Lemma 2.8. ( [20]) The Diophantine equation
kx* -1y =2

has at most one solution in positive integers, and such a solution must arise from the minimal positive
integer solution to (2.1) with ¢ = 2.

Lemma 2.9. The Diophantine equation
¥ —ad @ +2yt =1 (2.11)
has at most one positive integer solution other than (x,y) = (a* + 1, 1), which is

(x,y%) = 2@ + 1)* = 1,2(a* + 1)).
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Proof. ltis easy to see that (x,y) = (a®+ 1, 1) is the fundamental solution of (2.11) with D = a?(a® +2).
The result immediately follows by Lemma 2.5. O

Lemma 2.10. The simultaneous Diophantine equations
¥ =-2y"=1,372-x*=2 (2.12)

has no positive integer solutions.

Proof. Assume that (x, y, z) is a positive integer solution of (2.12). By Lemma 2.1 we know that
2= Vonst, X = Uy

for some positive integer m. We shall discuss separately two cases.
The case m is even, say m = 2k for some positive integer k. Since Uﬁk -1 = 2y?, it follows
from (2.6) that 6UxyUsir = (a + B)*UsnUsisr = 2y*, where a = \/3%1 , = L Using the fact that

V2
gcd(dk, 4k +2) = 2, we get gcd(Uy, Uggs2) = U = 1 by (2.3). Then either

Uy = b, Uy =3¢ (2.13)

or
Uy =3b*, Upp=c’ (2.14)

for some positive integers b and c.

The former equation of (2.13) yields Uy Vy = b?, so that Uy, = b3, Vo = b3 for some positive
integers by and b,, which is impossible since v,(V,;) = 1 by Lemma 2.2.

The latter equation of (2.14) yields that (%, c) is a solution of X*>—3Y* = 1. We get by Lemma 2.5
that ¢ = 1, which leads to Ug,» = 1 = U,, a contradiction, or Uy, = ¢ = 4 = V,, which s impossible.
Hence, both of these are impossible.

The case m 1s odd, say m = 2k + 1 for some nonnegative integer k. Since Ufk a1l = 2y?, it follows
from (2.6) that 6Uy 4 Ussr = (@ + B)?UsrraUsisn = 2y*. Using the fact that gcd(4k + 4,4k +2) = 2,
we get ng(U4k+4, Ugyr) =U, =1 by (2.3). Then either

Usira = bz, Uiz = 3¢ (2.15)

or
Usisa = 3b%,  Ugy = ¢ (2.16)

for some positive integers b and c.
The former equation of (2.15) yields Uz Varsz = b%, s0 that Uy = b, Vo = b3 for some
positive integers b, and b,, which is impossible since v,(Vyi42) = 1 by Lemma 2.2.
According to the above discussion of (2.14), we know that (2.16) is impossible. Hence, both of
these are impossible.
O

The first equation of (1.6)
@ +2)x*—y* =2 (2.17)
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has the minimal positive integer solution Va? + 2 + a with a odd. Then all positive integer solutions of
the Eq (2.17) are given by

X = Vo1 2@ +2),1), y=aUsp1(2(@*+2),1), m>0
by Lemma 2.1. If a is even, then let a = 2a,, the equation

Qat + x> —2y* =1 (2.18)

has the minimal positive integer solution ./2a} + 1 + a; V2. Then all positive integer solutions of the
Eq (2.18) are given by

x = Vo1 2@ +2),1),  y=aiUpi(2(@ +2),1), m>0

by Lemma 2.1. In the sequel, we write V,, and U, instead of V,,(2(a*> + 2),1) and U,,(2(a*> + 2), 1),
respectively. We have the following:

Lemma 2.11. Let a be positive integer.
(a) If U,,, = 20, then the equation there is no positive integer solutions.
(b) If, form >0, Uy, =0, thenm=1and x =1 orm = 2 and a* + 1 =20

Proof. (a) Assume that U,,, = 2x* for some positive integers m and x. We get by Lemma 2.2 that m is
even. Write m = 2k. This yields Uy —* Y = 2 so that Uy = u?, V“ = y? for some positive integers u
and v odd since v,(Vy) = 1 by Lemma 2.2. Then (V*,u) is a solution of (2.11) by Lemma 2.1. We get
by Lemma 2.9 that ¢*> + 1 = v, which is impossible for a > 1, or

2@+ 1) =1=v} 2@®+1)=u*

Therefore 8 (%) —v? = 1. It follows v* = —1 (mod 8), which is impossible.

(b) Assume that U, = x* for some positive integer m and some positive integer x. This yields
(VZ’" )1s a solution of (2.11). We get by Lemma 2.9 that U,,, = 1 = U, or Uz,,, =x*=2d*+1)=V,.
The former case means that m = 1 and x = 1. The latter case yields m = 2, a> + 1 = 20. O

Lemma 2.12. Let p be odd prime.
(a) If. for m > 0, U,,, = 2p0, thenm =2 orm =4, a*> + 1 =20, 2a* + 4a*> + 1 = p0.
(D) If, for m > 0, Ugpio = p0, then2m + 1 = P =3 (mod 4) is a prime and a is even.

Proof. (a) Assume that U,,, = 2px* for some positive integers m and x. We get by Lemma 2.2 that m
is even. Write m = 2k. This yields U2 Ya = px?, so that Uy, = u?, VQ" = pv? or Uy = pu?, Vz" =2
for some positive integers u# and v odd. By Lemma 2.11 and the former equation, we have k =1or
k=2,a>+1=20and 2a* + 4¢® + 1 = 2 = po. The latter equation yields (v, pu?) is a solution of
x* — a*(a* + 2)y* = 1. Since a*(a®> +2) # 1785,4 - 1785,16 - 1785, we get by Lemma 2.5 that pu?® = 1,
a contradiction, or Uy, = pu? = 2(a* + 1) = Uy. It follows that k = 2 and 2a* +4a* + 1 = % =122 Ja.
Taking modulo 8 yields 7 = v* (mod 8), which is impossible.

(b) Assume that Uy, Vams1 = Usmss = px* for some positive integer m and some positive integer
x. This yields Usyii = pu?, Voper = V2 01 Uspyt = U2, Vouy1 = pv2.
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We first consider the case 2 fa. If Usyi1 = pu?, Vo1 = V2, then (v, pu?) is a solution of (a® +2)x* —
a*y? = 2. We get by Lemma 2.8 that pu? = 1, which is impossible. If Va1 = pv?, Uyny = u?, then
(pv?, u) is a solution of (a* + 2)x*> — a*>y* = 2. We get by Lemma 2.7 that pv? = 1 or u?> = 2a*> + 3. Two
cases that are obviously not true.

We now consider the case 2la. If Uype1 = u?, Va1 = pv?, then (pv?,u) is a solution of (2a? +
1)X* — 2a7Y* = 1. Since (1, 1) is the minimal positive integer solution of (2a7 + 1)U?* — 2a7V?* = 1,
we know that is impossible by Lemma 2.3. If Ui = pu?®, Vo1 = V2, then (v, pu?) is a solution of
(2a? + 1)X* —2a}Y* = 1. Then we get by Lemma 2.4 that pu® = 1, a contradiction, or Vy,.1 = v* = Vp
for some prime P = 3 (mod 4). O

3. Proof of Theorem 1.1

Case 1: a is odd. Assume that (x,y,7) is a positive integer solution of (1.7). By Lemma 2.1 we
know that
x=Vour1, ¥y =alUyuy (3.1

for some positive integer m. We shall discuss separately two cases.
The case m is even, say m = 2k for some positive integer k. Since ka . — 1 = pz%, it follows from
(2.6) that 2a?U Us,r = pz°. Using the fact that gcd(4k, 4k + 2) = 2, we get gcd(Uyy, Usiin) = Us = 1

by (2.3). By Lemma 2.2, we have 2|Uy, 2 fU4+2. Then we get by Lemma 2.10 that
Uy =2pb*, Ugyr = ¢ (3.2)

for some positive integers b and c.

We get from the latter equation of (3.2) and Lemma 2.11 that k = 0, which contradicts k > 0.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since V, , — 1 = pz?, it
follows from (2.6) that 2a>Uy4Usss = pz*. Using the fact that ged(4k + 4,4k + 2) = 2, we get
gcd(Uypra, Ugksn) = Up = 1 by (2.3). By Lemma 2.2, we have 2|U 14, 2 [Ugps2- Then by Lemma 2.11,
we have

Usirs = 2pb°,  Uspar = ¢ (3.3)

for some integers b and c¢. Again by Lemma 2.11 and the latter equation of (3.3), we get that k = 0.
This means that m = 1 and 2(a® + 1) = U,V, = U, = 2pb?, which implies a®> + 1 = pb*. Conversely,
when a? + 1 = pb?, by calculation one can easily find that

2

(x,y,2) = [x3, V3, ] = (2a* + 1,24° + 3a, 2ab)

is a solution of (1.7).
Case 2: ais even. Let a = 2a;. Then (1.7) becomes

Qa+ D)X’ =2 =1, ¥ -p=1. (3.4)
Assume that (x,y, z) is a positive integer solution of (3.4). By Lemma 2.1 we know that

X=Vone1, Yy =a1Uppsi (3.5)
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for some positive integer m. We shall discuss separately two cases.

The case m is even, say m = 2k for some positive integer k. Since V},,, — 1 = pz?, it follows from
(2.6) that 2a? U4 Uysr = pz>. Using the fact that ged(4k, 4k +2) = 2, we get ged(Ug, Ugern) = Up = 1
by (2.3). By Lemma 2.2, we have 2|Uy4, 2 fU4+2. Then we get by Lemma 2.10 that

Uy =2pb*, Ugyr = (3.6)

for some positive integers b and c.

We get from the latter equation of (3.6) that k = 0, by Lemma 2.11, which contradicts the
assumption k > 0. Hence (3.6) is impossible.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since ij+3 -1 = p, it
follows from (2.6) that 2a>Uy4Usyss = pz*. Using the fact that ged(4k + 4,4k + 2) = 2, we get
gcd(Ugpra, Usiy2) = Uy = 1 by (2.3). By Lemma 2.2, we have 2|Uyi14, 2 [U4i42. Then

Usisa = 2sz, Usisr = ¢ (3.7)

for some integers b and c.

By Lemma 2.11, we get from the latter equation of (3.7) that k = 0. This means that m = 1 and
2(a* + 1) = U,V, = Uy = 2pb?, which implies a®> + 1 = pb?. Conversely, when a®> + 1 = pb?, by
calculation one can easily find that

)C2

(x,y,2) = [X3,y3, ] = (Q2d* + 1, 8af + 3ay,2ab)

is a solution of (3.4) and
(x,y,2) = 2a*> + 1,2a° + 3a, 2ab)

is a solution of (1.7). This completes the proof of Theorem 1.1.
4. Proof of Theorem 1.2

Case 1: a is odd. Assume that (x,y,z) is a positive integer solution of (1.8). By Lemma 2.1 we
know that
X =Vous1, y=alouy 4.1)

for some positive integer m. We shall discuss separately two cases.

The case m is even, say m = 2k for some positive integer k. Since V3, | — 1 = pgz?, it follows from
(2.6) that 2a* U4 Usi» = pqz*. Using the fact that ged(4k, 4k+2) = 2, we get gcd(Usy, Usgisn) = Uy = 1
by (2.3). By Lemma 2.2, we have 2|Uy, 2 fU442. Then

Uy =2pgh*, Uy = 4.2)

or
Use = 2p0°,  Upier1 Varst = Ugerz = g7 (4.3)

for some integers b and c.
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Lemma 2.11 and the latter equation of (4.2) give k = 0, which contradicts k > 0. By Lemma 2.12
(2), we know that the latter equation of (4.3) is impossible. Hence, both (4.2) and (4.3) are impossible.

The case m is odd, say m = 2k + 1 for some nonnegative integer k. Since V3, ,—1 = pgz?, it follows
from (2.6) that 2a*Us4Usss = pqz*. Using the fact that ged(4k + 4,4k + 2) = 2, we get ged(Uspps,
Ug2) = Uy = 1 by (2.3). By Lemma 2.2, we have 2|Uyiy4, 2 fU4rs2. Then

Usisa = 2pgb*, Uga = ¢° 4.4)

or
Ugers = 2pb%,  Unst Va1 = Usan = qC° 4.5)

for some integers b and c.

Lemma 2.12 (1) and the former equation of (4.5) give k = 0. Thus U, = 1 = gc?, which is
impossible. Hence, (4.5) is impossible.

Lemma 2.11 and the latter equation of (4.4) give k = 0. Substituting the value into the former
Eq (4.4) gives 2(a®> + 1) = U,V, = U, = 2pgh®. Tt follows that a®> + 1 = pgb®. Clearly, when
a* + 1 = pgb?, we get that

2

X3 2 3
(x,y,2) = [X3,y3, ] = (2a° + 1,2a’ + 3a, 2ab)
Pq

is a solution of (1.8).
Case 2: a is even. Let a = 2a;. Then (1.8) becomes

Qai + )x*-2y* =1, x*-pqz* =1. (4.6)
Assume that (x,y, z) is a positive integer solution of (4.6). By Lemma 2.1 we know that
X =Vous1, ¥y =a1Upny 4.7

for some positive integer m. We shall discuss separately two cases.
The case m is even, say m = 2k for some positive integer k. Then, as see before, either

Uy =2pgb*, Ugyar = (4.8)

or
UViVa, = Uy, = 2pb*, U1 Vst = Uggsn = g7 4.9)

for some integers b and c.

Lemma 2.11 and the latter equation of Eq (4.8) give k = 0, which leads to a contradiction. Hence,
(4.8) is impossible.

Lemma 2.12 (1) and the former equation of (4.9) yield k£ = 1. Substituting the value into Eq (4.9)
gives 2(a®> + 1) = V, = 2pb* and 2a*> + 1)(2a*> + 3) = U3V3; = qc? that implies a*> + 1 = pb?,
2a* + 1 = ¢}, 2a* + 3 = gc; since 2a* + 3 is never a square. We claim that @ = 2 (mod 4). Otherwise
4la. We get by Lemmas 2.1 and 2.2 that ¢; + a V2 = (3 + 2V2)" for some even n. It follows that
¢ +avV2 = (17+ 12V2)y",ny = n/2, so 3la. We get from the equation 2a> + 3 = gc? that ¢ = 3 and
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¢ —2a* = 1, 3¢} — ¢} = 2, which is impossible by Lemma 2.10. Clearly, when a* + 1 = pb®,2a* + 1 =
u?,2a* + 3 = gv?, we get

x2-1

: ] = (4d* + 64 + 1,64a; + 804’ + 5a,, 2abuv)
q

(x,y,2) = [X5,ys,

is a solution of (4.6) and
(x,,2) = (4a* + 6a* + 1,4a° + 10a° + 5a, 2abuv)

is a solution of (1.8).
The case m is odd, say m = 2k + 1 for some nonnegative integer k. From ka R pqz? we get
that one of the following holds:
Usisa = 2pgb®,  Ugya = ¢° (4.10)

or
Usis2Vorsr = Usjss = zpbz, Usis1 Vorr1 = Uspsr = qcz (4.11)

for some integers b and c.

Lemma 2.12 (1) and the former equation of (4.11) yield k = 0. Thus we get from the latter equation
of (4.11) that U, = 1 = gc?, which is impossible.

Lemma 2.11 and the latter equation of (4.10) give k = 0. Substituting the value into the former
Eq (4.10) gives 2(a* + 1) = U,V, = U, = 2pgb®. Tt follows that a*> + 1 = pgb*. Clearly, when
a* + 1 = pgb?, we get that

2 _
X3 1

(x,y,2) = [X3,y3, ] = (2a* + 1,8a; + 3ay, 2ab)

is a solution of (4.6) and
(x,y,2) = 2a* + 1,2a° + 3a, 2ab)

is a solution of (1.8). This completes the proof of Theorem 1.2.
S. Proof of Theorem 1.3

Case 1: a is odd. Assume that (x,y,z) is a positive integer solution of (1.9). By Lemma 2.1 we
know that
X = Vo1, y=aUy (5.1)

for some positive integer m. We shall discuss separately two cases.
The case m is even, say m = 2k for some positive integer k. From V},,, — 1 = pqrz* we get that one
of the following holds:
Uy =2pgrb®, Uspua = c* (5.2)

or
UnVar = Uy = 2pgh*,  Uss1 Vst = Uggyn = 1c? (5.3)
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or
Uy =2pb*, U1 Vst = Uggsa = grc? (5.4

for some integers b and c.

By Lemma 2.12 (2), we know that the latter equation of (5.3) is impossible. Lemma 2.11 and the
latter equation of (5.2) give k = 0, which contradicts the assumption k > 0.

Lemma 2.12 (1) and the former equation of (5.4) give k = 1 or kK = 2. Substituting the value k = 1
into the (5.4) leads to

2a° + 1) = U,V, = Uy =2pb?,  (2a° + 1)2d® + 3) = UsV3 = Ug = grc?.

Neither 2a® + 1 nor 2a® + 3 is square since a is odd. Therefore we get
a+1= pbz, 2a° + 1 = quz, 2a> + 3 = n’.

Clearly, when a® + 1 = pb?, 2a*> + 1 = qu?, 2a*> + 3 = rv?, we get that

2

Xs 4 2 5 3
(x,y,2) = [x5,y5, ] = (4a" + 6a” + 1,4a’ + 10a’ + 5a, 2abuv)
prqr

is a solution of (1.9).

Substituting the value k = 2 into the latter Eq (5.4) gives 4a* + 6a> + 1 = Vs = qu?, 4a* + 10a®> +
5 =Us = n?. Clearly, when 2@+ 1) =, 2@+ 1) -1 = pbz, 4a* + 64> +1 = Vs = quz,
4a* +10a®> + 5 = Us = rv?, we get that

xg—1
X9, Y9,

(x,y,2) =
pqr

= (16a® + 56a° + 60a* + 20a* + 1,164° + 724" + 108a° + 60a> + 9a, 2abuv)

is a solution of (1.9).
The case m is odd, say m = 2k + 1 for some nonnegative integer k. As before, we get that one of the
following holds:

Usira = 2pqrb*, Ui Vagsr = Ugpaa = (5.5)

or
Ui Varsr = Usgra = 2pgb®,  Usar = 1C° (5.6)

or
Unis2Varsz = Usgra = 2%, Uniet Vet = Usgsa = qrrc? (5.7

for some integers b and c.

By Lemma 2.12 (2), we know that the latter equation of (5.6) is impossible.

The latter equation of (5.5) yields k = 0 by Lemma 2.11. Substituting the value k = 0 into the
former Eq (5.5) gives 2(a*> + 1) = U,V, = Uy = 2pqrb?, so that a®> + 1 = pgrb*. Clearly, when
a* + 1 = pqrb?, we get that

x2 -1
3 ] = (2d® + 1,24° + 3a,2ab)
”

(x,y,2) = [X3,y3,
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is a solution of (1.9).

By Lemma 2.12 (1) and the former equation of (5.7), we get k = O or k = 1,a*> + 1 = 20,2a* +
4a’> + 1 = pn. If k = 0, substituting the value into the latter Eq (5.7) gives 1 = U, = grc?, which is a
contradiction. Substituting the value k = 1,a4> + 1 = 20, 2a* + 4a* + 1 = pO into the Eq (5.7) leads to

@+1=20, 2d*+4+1=po, d+1=2+1=qi, 2a°+3=n".
Clearly, when a® + 1 = 20, 2a* + 4a*> + 1 = pO, 2a> + 1 = qu?, 24> + 3 = rv?,we get that

2

] = (8a® + 20a* + 12a* + 1, 84" + 28a° + 28a> + Ta, 2abuv)
pqr

(x,,2) = (X7,y7,
is a solution of (1.9).
Case 2: a is even. Let a = 2a,. Then (1.9) becomes
Qai+DHx* -2y =1, x*—pqrz =1. (5.8)
Assume that (x,y, z) is a positive integer solution of (5.8). By Lemma 2.1 we know that
x= Vo, ¥y =a1Unpns (5.9)

for some positive integer m. We shall discuss separately two cases.
The case m is even, say m = 2k for some positive integer k. As before, we get that one of the
following holds:

Uy =2pgrb®, Uspua =’ (5.10)

or
Ukvk% = % = pgb®,  Usis1 Vet = Ussr = 1 (5.11)

or
UZk% - % = pbz’ Uoi+1Vors1 = Uggsr = C]”C2 (5.12)

for some integers b and c.

Lemma 2.12 (2) and the latter equation of (5.11) give 2k + 1 = P = 3 (mod 4) is a prime. We
claim that k = 1. Otherwise k > 1, then we know that V; is not a square again by Lemma 2.4. The
former equation of (5.11) yields one of U, and % is a square. If U, = u?, then (V,,u) is a solution
of (242 + 1)X* — 2a7Y* = 1. Then we get by Lemma 2.3 that V;, = p0 = 1, which is a contradiction.
If 2 =2, then (v, Uy) is a solution of X* — a*(@® + 2)Y* = 1. Thus we get by Lemma 2.5 that
pq0 = Uy = 1, which is impossible or Uy, = 2(@®> + 1) = V, = U,. It follows that k = 2, which
contradicts with 2k + 1 = P =3 (mod 4). Hence

k=1, a2+1:qu2, 2a +1=u>, 2d4°+3=n?
with @ = 2 (mod 4) according to the discussion of (4.9). Clearly, when a®> + 1 = pgb?, 2a* + 1 = u?,
2a* + 3 = rv?, we get that

2

Xs 4 2 5 3
(x,y,2) = [xs,)’5, ar ] = (4a” + 6a” + 1, 64a;] + 80a; + Sa;, 2abuv)
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is a solution of (5.8) and
(x,9,2) = (4a* + 6a*> + 1,4a° + 10a® + Sa, 2abuv)

is a solution of (1.9).

Lemma 2.11 and the latter equation of (5.10) give k = 0, which contradicts the assumption £ > 0.
Hence (5.10) cannot hold.

The former equation of (5.12) gives k = 1,a> + 1 = pb? according to the discussion of (4.9).
Substituting k£ = 1 into (5.12) leads to

Qd® + NQd* +3) = UsV3 = Ug = grc?.

It is easy to see that 2a* + 3 is not a square. Therefore we get a®> + 1 = pb?, 2a*> + 1 = u?, 2a*> +3 = gr?
ora’>+1=pb? 2a> +1 = qu?, 2a* + 3 = n?. Clearly, when a®> + 1 = pb?,2a*> + 1 = u?, 24> + 3 = gr?
ora’+1=pb?, 2a> + 1 = qu?, 2a*> + 3 = rv?, we get that

2

x
> ] = (4a* + 6a* + 1,64a; + 80a; + 5a;, 2abuv)
r

x,y,2) = [xs,ys,

is a solution of (5.8) and
(x,,2) = (4a* + 6a* + 1,4a° + 10a° + 5a, 2abuv)

is a solution of (1.9).
The case m is odd, say m = 2k + 1 for some nonnegative integer k. Then

Usisa = 2pqrbz, Usis1 Vore1 = Uspsr = c (5.13)

or
Usii2Varsa = Usirs = 2pgh*,  Uns1 Varsr = Usggyn = 1> (5.14)

or
Usis2Vorsr = Uspss = 2pb2, Usis1 Vore1 = Ussr = qu2 (5.15)

for some integers b and c.
According to the discussion of (5.11), we know that the Eq (5.14) leadsto k = 1 and 2a*>+1 = U; =
u?. Substituting the value k = 1 into the former Eq (5.14) yields

28 +1=0, 28 +3=r0, 4@ +1)Qd*+4a*>+1)= 2qu2.

Therefore we get
p=2 a+1=q0, 2a*+4d’+1=n0.

Clearly, when p = 2, a* + 1 = g0, 2a* + 4a* + 1 = 0, 2a*> + 1 = O, 2a* + 3 = r?, we get that

2

X7 6 4 2 7 5 3
(x,y,2) = [X7,y7, - ] = (8a’ +20a” + 12a° + 1,512a; + 448a; + 112a;] + Ta,, 2abuv)
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is a solution of (5.8) and

2

X
! ] = (8cz6 +20a* + 12a% + 1,84’ + 284’ + 28a° + 7a, 2abuy)
.

(x,y,2) = [X7,y7,

is a solution of (1.9).
Lemma 2.11 and the latter equation of (5.13) gives k = 0. Substituting the value into the former

Eq (5.13) gives 2(a* + 1) = 2pgrb?®. 1t follows that a*> + 1 = pgrb?*. Thus in this case we proved that

2

1
% ) = 2 + 1,84} + 3ay, 2ab)
-

(x,)’» Z) = (X3’)’3’

is a solution of (5.8) with @ + 1 = pgrb* and
(x,y,2) = 2a* + 1,24’ + 3a, 2ab)

is a solution of (1.9) with @ + 1 = pqrb>.

Lemma 2.12 (1) and the former equation of (5.15) give k = 0. Substituting the value into the latter
Eq (5.15) gives 1 = U, = grc?, which is a contradiction.

This completes the proof of Theorem 1.3.

6. Applications

In this section, we give some examples of applications of the results.
(1) Let p be a prime such that x?— py? = —1 has solution, and let (a,, b;) be its fundamental solution.
Define

an+bn\/ﬁ:(a1+b1\/ﬁ)"

for some odd integer. Let a = a,,. Then
(x,y,2) = (Zaﬁ + 1, 2af, + 3a,, 2anbn)

is the only solution of the simultaneous Pell equations (1.7).
Let p = 2. Then (a;, b;) = (1, 1) is the fundamental solution of

x?—2y* = —1.

Define
a,,+bn\/§:(1 + \/5)’Z

for some odd integer n. Then
(x,y,2) = (Zai + 1, 261,31 + 3a,, 2anbn)
is the only solution of the simultaneous Pell equations

(@+2)x* -y =2, x¥*-272=1
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(results of n = 1,3, 5,7 see the following Table 1).

Table 1. Some examples of applications of Theorem 1.1.

n a=a, b=b, x=2a>+1 y=2a’+3a z=2ab
1 1 1 3 5 2

3 7 5 99 707 70

5 41 29 3363 137965 2378
7 239 169 114243 27304555 80782

(2) Let p and g be two distinct primes such that x> — pgy* = —1 has solution, and let (a;, b;) be its
fundamental solution. Define

an+bn\/ﬁ:(a1+bl@)n

for some odd integer n. Let a = a,,. Then
(x,y,2) = (Zai + 1, 2af, + 3a,, 2anbn)

is the only solution of the simultaneous Pell equations (1.8) satisfying the condition @) of Theorem 1.2.
Let p =2, g =5. Then (a1, b;) = (3, 1) is the fundamental solution of x*> — 10y? = —1. Define

a, + b, V10 = 3 + V10)"
for some odd integer n. Then
(x.y.2) = (2a} + 1,2a} + 3a,, 2a,b,
is the only solution of the simultaneous Pell equations
(@+2)x* -y =2, ¥-10=1
(results of n = 1,3, 5,7 see the following Table 2).

Table 2. Some examples of applications of Theorem 1.2 (satisfying the condition «).

n a=a, b=b, x=2d*+1 y=2a’+3a z=2ab

1 3 1 19 63 6

3 117 37 27379 3203577 8658

5 4443 1405 39480499 175411865943 12484830

7 168717 53353 56930852179 9605202587421777 18003116202

(3)Leta=2.Thena®>+1=5,2a>+1 =32, and 24> + 3 = 11. Thus
(a,p,q,x,v,2) =(2,5,11,89,218,12)

is the only solution of the simultaneous Pell equations 6x> — y* = 2, x> — 55z = 1 satisfying the
condition B) of Theorem 1.2.
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Leta = 70. Then a®> + 1 =29 - 13%, 24> + 1 = 992, and 2a* + 3 = 9803. Thus
(a,p,q,x,y,2) = (70,29,9803,96069401, 6726230350, 180180)

is the only solution of the simultaneous Pell equations 4902x* — y> = 2, x*> — 29 - 9803z = 1 satisfying
the condition S) of Theorem 1.2.

(4) Let p, g and r be three distinct primes such that x*> — pgry? = —1 has solution, and let (a;, b;) be
its fundamental solution. Define

an + by \pgr = (ai + by \pqr)".
for some odd integer n. Let a = a,. Then
(x,,2) = (2a,3 +1,2d + 3a,, 2anb,,)

is the only solution of the simultaneous Pell equations (1.9) satisfying the condition a) of Theorem 1.3.
Let p =2, =5, r = 17. Then (a;,b;) = (13,1) is the fundamental solution of x> — 170y* = —1.

Define
a, + b, V170 = (13 + V170)".

Then
(x.3.2) = (2a} + 1,24} + 3a,, 2a,b, )

is the only solution of the simultaneous Pell equations
(aﬁ +2)x% —y2 =2, x¥-170%=1
(results of n = 1, 3, 5 see the following Table 3).

Table 3. Some examples of applications of Theorem 1.3 (satisfying the condition «).

n a=a, b=b, x=2a*+1 y=2a’+3a 7z =2ab

1 13 1 339 4433 26

3 8827 677 155831859 1375527837047 11951758

5 5984693 459005 71633100608499  428702115779991675193 5494008020930

(5)Leta=1.Thena’+1=2,2a*>+1=3and 2a*> + 3 = 5. Thus
(a,p,q,r,x,y,2) =(1,2,3,5,11,19,2)

is the only solution of the simultaneous Pell equations 3x*> — y* = 2, x> — 307> = 1 satisfying the
condition B) of Theorem 1.3.
Leta=7.Thena’?+1=2-5%2a>+1=11-3%and 2a> + 3 = 101. Thus

(a,p,q,1,x,v,2) =(7,2,11,101,9899, 10099, 210)

is the only solution of the simultaneous Pell equations 51x* — y* = 2, x*> — 22227% = 1 satisfying the
condition ) of Theorem 1.3.
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Leta=6. Thena®>+1=237,2a>+1 =73 and 2a®> + 3 = 3 - 5%. Thus
(@ p. g, 1 x,y,2) = (6,37,73,3, 33294, 5401, 60)

is the only solution of the simultaneous Pell equations 38x> — y> = 2, x*> — 8103z> = 1 satisfying the
condition ) of Theorem 1.3.

Leta = 110. Then a® + 1 = 12101, 24> + 1 = 2689 - 3% and 2a* + 3 = 24203. Thus

(a,p,q,r,x,y,2) = (110, 12101, 2689, 24203, 64433710550, 585712601, 660)

is the only solution of the simultaneous Pell equations 12102x> — y* = 2, x* — 7875556725677> = 1
satisfying the condition ) of Theorem 1.3.

Let a = 160. Then a®> + 1 = 25601, 24> + 1 = 5689 - 3% and 2a® + 3 = 51203. Thus

(a,p,q,1,x,y,2) = (160,25601, 5689, 51203, 419471360800, 2621593601, 960)

is the only solution of the simultaneous Pell equations 25602x* — y* = 2, x? — 7457414289067z> = 1
satisfying the condition ) of Theorem 1.3.

(6)Leta=1.Thena®>+1=2,2a*+4a> +1=7,2a> +1 =3 and 2a*> + 3 = 5. Thus

(a,p,q,r,x,y,2) =(1,7,3,5,41,71,16)

is the only solution of the simultaneous Pell equations 3x> — y? = 2, x*> — 105z = 1 satisfying the
condition ) of Theorem 1.3.

Leta=2.Thena?>+1=5,2a*+4a*>+1=7%2a*>+1=3%and 24> + 3 = 11. Thus

(a,p,q,1,x,y,2) =(2,2,5,11,881,2158,989801, 84)

is the only solution of the simultaneous Pell equations 6x> — y? = 2, x> — 110z> = 1 satisfying the

condition ) of Theorem 1.3.
Leta = 7. Then 2(a® + 1) = 10%,2a* + 4a®> + 1 = 4999, 24> + 1

11-3? and 24* + 3 = 101. Thus
(a,p,q,1,x,y,2) =(7,4999, 11, 101, 7068593, 989801, 420)
is the only solution of the simultaneous Pell equations 51x* — y? = 2, x> — 5553889z> = 1 satisfying
the condition ) of Theorem 1.3.
(7)Leta=1.Thena’?+1 =2,2a*+4a>+1 =7,4a*+ 64> +1 = 11 and 4a* + 10a*> + 5 = 19. Thus

(a,p,q,1,x,v,2) =(1,7,11,19, 153,265, 4)

is the only solution of the simultaneous Pell equations 3x* — y* = 2, x> — 1463z*> = 1 satisfying the
condition ¢) of Theorem 1.3.
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7. Conclusions

Let a, b be distinct positive integers and b has at most three prime divisors. We proved that the
system Pell equations
@+2x*-y* =2, ¥*-bF=1

has at most one solutions and get the sufficient and necessary conditions for it to have a solution. When
a solution exists, assuming that x; Va2 + 2 +y; is the fundamental solution of (a* +2)x*> — y* = 2, then
the only solutions of the system is given by

xVa?+2+y=x,Va*>+2+y,, me{3,57,9},

m
5 N2y _ ( V@ 24y, ) , m is odd.

where 7 75
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