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Abstract: In the present paper, we focus on the study of the asymptotic behaviors of solutions for the
Cauchy problem of time-space fractional superdiffusion and subdiffusion equations with integral initial
conditions, where the Riemann-Liouville derivative is used in the temporal direction and the integral
fractional Laplacian is applied in the spatial variables. The fundamental solutions of the considered
equations, which can be represented in terms of the Fox H-function, are constructed and investigated
by using asymptotic expansions of the Fox H-function. Then, we obtain the asymptotic behaviors of
solutions in the sense of LP(RY) and L”*(R%) norms, where Young’s inequality for convolution plays a
very important role. Finally, gradient estimates and large time behaviors of solutions are also provided.
In particular, we derive the optimal L?- decay estimate for the subdiffusion equation.
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1. Introduction

The aim of this paper is to consider asymptotic behaviors of solutions for the following time-space
fractional superdiffusion equation with integral initial conditions and @ € (1, 2):

ReDGu(x, 1) + (=A)'u(x, 1) = f(x,1), x e R, 1> 0,
Dy u(x, 0) = o(x), x € RY, (1.1)
RLDg;lu(x9 0) = w(.X), X € Rda

and subdiffusion equation with integral initial condition and @ € (0, 1):

{RLDg,,u(x, 1)+ (=A)u(x, 1) = g(x,1), xeRY, 1> 0, 12

reD§ u(x, 0) = ¢(x), x € RY,
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where g, Dg u is the Riemann-Liouville derivative of u, (—A)* denotes the integral fractional Laplace
operator with s € (0, 1), and ¢(x), ¥(x), ¢(x), f(x,1t), and g(x,?) are given functions. Moreover, the
symbols D7 * in Eq (1.1) and D" in Eq (1.2) are Riemann-Liouville integral operators, and the
symbol RLD&;I in Eq (1.1) is Riemann-Liouville derivative operator.

It is well known [14, 19, 28] that the Riemann-Liouville fractional integral of a function f(¢) €
L'[a,b] (—c0 < a < b < +00) can be defined by

RL a,f(t)—r( )f(t ) f()dr, @ >0, a <t < b, (1.3)

and the Riemann-Liouville fractional derivative may be represented in the form

n

d
rDg (@) = < (D (1)
n—a—1
mdt"f(t Ty f(o)dr, a <t < b, (1.4)

where n — 1 < @ < n € Nand f(t) € AC"[a,b], here AC"[a, b] denotes the set of functions with an
absolutely continuous (n — 1)st derivative.

For a function v(x) € H*[R?) = {v € SR |(=A)*v € L*R?),s € (0,1)} with S(RY) being the
Schwartz space, the integral fractional Laplacian of the function v(x) is given by [8]

v(x) = v(y)

d
=y dy, x € R, (1.5

(=A)'v(x) = C(d, s) P.V.f
R4

where P.V. denotes the Cauchy principal value and C(d, s) is a dimensional constant

I —cosy; , \-!
Cd,s) = (‘[Rd W@’) .y =06y ) €RY

Superdiftfusion and subdiffusion equations in the forms of Eqs (1.1) and (1.2) have drawn much
interest in developing existence, uniqueness, stability as well as asymptotics of the solutions, due to
their excellent modelling capability for various applications such as theory of viscoelasticity [23],
signal and image processing [31], anomalous diffusion [24], control theory [26], epidemic phenomena
in biology [1], economics [4], etc. For more widespread applications on fractional differential
equations we refer the reader to other works [3,9, 10, 12, 14, 19, 27, 28, 33] and the references cited
therein.

As far as the asymptotic behaviors of solutions of fractional partial differential equations is
concerned, we review some results on this topic in the current literatures. For the fractional
superdiffusion (or call diffusion-wave) equation, the authors in [25] first studied the asymptotics of
solutions in the sense of L™ norm, where time derivatives are the Riemann-Liouville and Caputo
ones respectively and spatial derivative is the standard Laplace operator. After that, the article [7]
investigated the asymptotic estimates of solution under L” norm with 1 < p < oo, where the Riemann-
Liouville derivative replaced by Caputo derivative in Eq (1.1) and the initial conditions are written
as u(x,0) = up(x) and u,(x,0) = u;(x). Recently, Li and Li [21, 22] discussed the same problem as
above and derived similar asymptotic behaviors, in which the temporal derivative are taken as Caputo-
Hadamard and y-Caputo fractional ones.
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On the other hand, concerning the fractional subdiffusion equation, Ma et al. [25] considered the
asymptotic properties of such equation in the cases of the Riemann-Liouville and Caputo derivatives
for Eq (1.2) when the force term is equal to zero, where the spatial direction is the standard Laplacian
and the initial value is u(x,0) = uy(x). Subsequently, the paper [17] generalized these conclusions
of [25] and they established the asymptotic analysis of solution in terms of L” norm in which the
Caputo derivative is used as temporal one. Shortly after, the results in [17] are further extended to time-
space fractional subdiffusion equation [ 18] with the Caputo derivative and integral fractional Laplacian.
Very recently, Li et al. [20, 22] devoted to asymptotic properties of solution of Eq (1.2), where the
Caputo-Hadamard and y-Caputo derivatives substituted for the Riemann-Liouville one. For other
related studies we refer the reader to [16,32]. However, to the best of our knowledge, the asymptotic
behaviors of solutions for Egs (1.1) and (1.2) with the Riemann-Liouville derivative have been less
studied and the literature [25] only considered very special cases for which the results obtained there
can also be further improved.

Based on the above reasons and existing research works, the goal of this paper is to study the
asymptotic behaviors of solutions of Eqs (1.1) and (1.2) in the sense of more general L” or weak
L? norms. Specifically, we first investigate asymptotic estimates of the solution to Eq (1.1). Using
the technique of integral transforms the solution of convolutional form of Eq (1.1) is constructed and
the fundamental solutions are also explicitly expressed by the Fox H-function. Then we estimate
the fundamental solutions by means of asymptotic expansions of the H-function and further obtain
the asymptotics of solution with the help of Young’s inequality for convolution. By applying similar
argument we can derive gradient estimates and large time behaviors of solution to Eq (1.1). For the
subdiffusion Eq (1.2), we likewise discuss the asymptotic properties, gradient estimates and large time
behaviors of solution. In particular we obtain the optimal decay rate in the sense of L?> norm. We find
that these results with the Riemann-Liouville derivative in time are different from the Caputo case, for
example, see Theorem 3.1 of this paper and Proposition 5.7 in [18].

The remaining part of this article is organized as follows. In Section 2, the asymptotic behaviors
of solution of the fractional superdiffusion Eq (1.1) are studied by means of Young’s inequality for
convolution. Further, the gradient estimates and large time behaviors of the solution are also presented.
By using the almost same methods, Section 3 discusses decay estimates of the solution for the fractional
subdiffusion Eq (1.2) and the optimal L?-decay rate is particularly derived. Some conclusions and
remarks are presented in Section 4. At last, the Appendix recalls several integral transforms and
concept of the Fox H-function. Throughout the paper we denote by C a generic positive constant
whose value may vary from line to line.

2. Asymptotic estimates of solution for Eq (1.1)

In this section, we shall study asymptotic analysis of the solution to Eq (1.1). First, the solution of
convolutional form for Eq (1.1) is constructed in terms of Fourier and Laplace transforms, where the
fundamental solutions are written via the Fox H-functions. We subsequently investigate asymptotic
behaviors and estimations of L”-norm for the fundamental solutions. Then, the asymptotic estimates
of solution of Eq (1.1) are established by means of Young’s inequality for convolution. Finally, we
present gradient estimates and large time behaviors of the solution to Eq (1.1) by using the almost
same argument.
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2.1. Asymptotic behaviors of the solution

We first deduce the fundamental solutions and solution of Eq (1.1) by using integral transforms.
Making use of the standard Laplace transform for temporal variable ¢ and the Fourier transform for
spatial variable x, and taking the formulas (A2) and (A4) into account, it follows that

X, A) ~ AP(w) — ) + P iw. D) = Flw, ). -
Furthermore, _ — = =
(@, 1) = G(w, Dg(w) + Gy(w, (@) + Gylw, Df(w, D). 22)
— = = 1

Applying the inverse Fourier transform and inverse Laplace transform to the identity (2.2) we obtain
M(.X', t) :th(-x’ t) * (,O(X) + Gl,b(x, t) * Ql’(x) + Gf(x’ t) * f(x7 t)
= f ,Gelx =y Dp(y)dy + f [ Gux =y, Dib(y)dy
R R

+ f f Gi(x—y,t—1)f(y,7)dydr, (2.3)
0 Jre

where the character = denotes the standard convolution with respect to spatial variable, and the
symbol * is used as a convolution in time and space directions.

In the following part, we present the explicit expressions of fundamental solutions G, (x, 1), G,(x, 1),
and G¢(x, 1) in (2.3). In terms of the relation (A3) for Laplace and Mellin transforms, one has

Golw.8) = MG w.1).] = ml_ S AZIG (0,0, 1,1 ]
= =g /(G .1 -
) F(ll—f) e +ﬂ| |25’1_§]
- g TN - 1)

The inverse Fourier transform of the above equality yields
~ _ 1 = —iw-x
G =55 | Gulw o dw

_ 1 1 2-¢ 2-¢ N s
“Griari=e' )F(l‘T)Ld(lez) Lo " de

1 1 2-¢ 2 - &\ @2m)f
_(27r)daF(l—§)r( @ )F(I_T)mdz

f (0™) % 0ty (plddp,

where J%_](plxl) is the first kind of Bessel function, see [14] for related definition and property.
Observing that the formula (2.6.4) in [15], one has
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Therefore, we arrive at
(-2 TEONA = ZH0(E = s(1 - Z5)
alx]dnd20-552s T(—(EL - D1 - &) '

Finally, it follows from the inverse Mellin transform that

G, (x, &) =

1 Cc+i00 .
G¢(x,t):2_m, f G,(x, )1t dé

:1_Lfmn¥mvéW@ﬂuiﬁkﬁwy?ﬁqb_j)
etde® 2701 Joe-io M- - D91 - §) 2% @
o2 1cwnhmﬂ—mm+@inmvw4¥—m

" dnd 2mi T@-1+a(=E - 1) -1-sEE - 1))

C e 1)

_ ta—Z (|x|23 (1 ) (a ) )
Cdad P\22 | (1,1, (5, s) (1,9)
that is, . i
oy T (L D (e -1, a)
%uﬁ_u%f%QMQUJuémuﬁﬂ' 24)

Similarly, we can derive the expression of fundamental solutions Gy (x, t) = G¢(x, t) in the form

_ et L) (e, a)
(;¢(x’t)"(;f(x’t)"| | d}753(22Sﬂt (1,1),(4,5);(1, 5) )

x|4m2
By using asymptotic expansions of the Fox H-function at infinity and zero [15], we can prove the
following lemma on the fundamental solutions G,(x, 1) in (2.4) and G, (x, 1) = G¢(x,1) in (2.5).

(2.5)

Lemma2.1. Letd €N, 1 <a <2and0 < s < 1. Suppose R = t~®|x|**. For the fundamental solutions
Gy(x,1)in (2.4) and Gy (x,1) = G¢(x,1) in (2.5), the following asymptotic behaviors hold.
() IfR > 1, then

IGy(x, D] < CP*2 |77, (2.6)

and if R < 1, then
Cro2x %, d > 4s,

G (x, 1) < {Cro7? (1 + 'log ((x/2)2r)

), d =4s, 2.7)
Crr % ,d < 4s.
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(2)IfR > 1, then
Gy (x, )] = |G p(x, )] < CP* a2, (2.8)
and if R < 1, then

Crox|™*, d > 4s,

Gol 01 = 1Gx, ) < € (14 flog (€172 ) d = 4, 2.9)

C1 =% | d < 4s.

Proof. (1) For the fundamental solution G,(x,) given by (2.4), we need to estimate asymptotic

Y
22spa

expansions of the H-function H§31 ( ) which is the most important step. Noting that

2 2
(B _ (P
23 22.vta - 22sta

then we find thata® =2 —a > 0.
We first prove (2.6) for R > 1. Using Theorems 1.4 and 1.7 in [15] gives

21 |x|23 I o |2s "}—‘1‘ *© |x|2s -k
23(22%“) ZZh (22%“) :Zh”‘(ZZW) ’

=1 k=0 k=0

(1, D (a@-1,q)
(1, 1), (4, 5);(1,5)

),x;&O,

where
rareg) T4 + s)

(e - DIO) - I'QCa - DI'(-s) g

11 — =
2s 2s -1 2s \—1 2s
arf 7Y |x] | x| |x|
H23(225toz) - h11(225t0 to 225ta ’ 22sta —
Furthermore, there holds
| |2s

N ) X
Gelor 0 < Cr a1y (35—

10 =

Hence, one get

) S Ct2(l—2|x|—d—2s’ R = 0.

This illustrates that there is a positive constant M satisfying

IG,(x, )| < C*2|x™"*, R > M. (2.10)

In light of analyticity of the H-function H§31 ( L ) we find that it is bounded for 1 < R < M. Hence,

22Atﬂ/
—4—da-2 x> 2a-2) 1-d-2
IGo(x, 1) < Cr 2 x|t = =C e O x|
< CMP a2 < CP72 x>, 1 <R< M. 2.11)
Combining (2.10) and (2.11) we obtain

IG,(x, )| < C*2|x| ™7,
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Next, we show (2.7) with R < 1. If d > 4s, then b, = —2Z = —(o + 1) and by, = —42* for

o,k=0,1,2,.... Therefore, by is a simple pole and Theorems 1.3 and 1.11 in [15] implies

o (PP o ()
23 22spa _Z 1 22sa '

=0

Since

*

_TE-9ra) _ T(§ =290
0T T=DIGs) M I(=a - DIQ2s) e

s s\2 25 \2 2s
o (PN L (X |x| |x|
H23 (22st0) - h“ (2251‘“ to 22spa ? 22sga - O’

| x|2s
22sta

*

then it follows that

which indicates

2
d .
G, (x, 1) < Cr™2|x™1*2h7, ( ) < Cro? xR — 0.

Consequently, there exists a positive constant ¢ such that

IG,(x, 0| < Ct* 2| R < 6. (2.12)
Exploiting again analyticity of the H-function H3; (2";'—2{0) we get
G (x, )| < Cat a2 = C (";ﬁ)_z 12 s
= I%t_"_zlxl_d+4“' SCro2x ™, 6 <R < 1. (2.13)

Using (2.12) and (2.13) yields
|G¢(x, l)| < Ct—(1—2|x|—d+4s

for d > 4s, and which is the first inequality in (2.7).
If d = 4s, then the poles by is simple and the poles by = byy = —2 are coincided. In view of
Theorems 1.5 and 1.12 in [15] we have

s s\2 2s 25 \2 2s 2s
Y W R |x| |x| |x| |x|
H23 (22sta) - H201 (225ta log 22spa T 0[ 225y log 22spa ]’ 22spa - O’

Q)
o | x|2s
g 223ta

where H;), = T T # 0. As a result,

2
_LI —_ a— * |x|2s
|G¢(X, t)' <Cr 2|X| dt 2|H201| (22&1‘0)
lo Ll
g 225ta’
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That is to say that there exists a positive constant ¢, such that

|
g 22sta ’ 1

o | x|25
g 22s g
for d = 4s, and the second inequality in (2.7) is proved.
Finally, we show that the third inequality in (2.7) holds when d < 4s. To do this, we consider three

IG,(x,0)| < Ct™*?

We further derive

G, (x,0)] < Ct*? (1 +

cases respectively. If d = 2s, then the poles b1y = —1 and b,y = —% are coincide, but the coefficients
Hj,, = Hj,, = 0 by a direct calculation in terms of Theorems 1.5 and 1.12 in [15]. If d > 2s, then
bip = —1 is a simple pole, but we find &}, = 0 in this case. If d < 2s, then byy = —2% is a simple pole,

by using Theorem 1.11 in [15] one has

I(1-4r)
sT(@—1-9Hr¢4 )

hy =

In either case, we can obtain

|x|2s h* |x|2s % N |x|25 % |x|23 0
= 1o) . —
223ta 2 22stoz 225la 223ta

Consequently,

| |2s

1G5, D) < Cr 4 a3 (W,

2?
) S C a— 2—— R — 0
Furthermore it holds that
ad
G, (x,)| < Ct* > %

for d < 4s, and the third inequality holds.
Similarly, we can prove (2.8) and (2.9) by using the same technique as the above (1) and omit them.
The proof is now completed. m|

In our further consideration, ||-||, and |||, « are used to simplify ||-||.»ge) and ||+ || r~ ) respectively,
where L7~ (R?) means weak L(R“) space on R?, for example, see [11]. We can also introduce

_d_
k(d,s) = { 5 4>4s,

oo, d<4s,

and

d_ d+2>4s,

* — d+1-4s
"(d’s)‘{ o, d+2<4s.

The following estimates of the fundamental solution G,(x, 1) and G, (x,t) = G¢(x,1) in LP(RY) and
L7 (RY) norms are crucial in proving the asymptotic behaviors of the solution of Eq (1.1).

AIMS Mathematics Volume 8, Issue 8, 19210-19239.
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Lemma 2.2. Letd e N, 1 <a <2and0 < s < 1. Then for any t > 0, it holds that G,(x,1) € LP(RY)
and o
IG,(x, DI, < C172 507, (2.14)

forevery 1 < p < k(d, s). Moreover, if p = d_d4s ford > 4s, we have G,(x,1) € Lﬁ’“’(Rd) and
IGe(x, Dll_a_, < Cr72, (2.15)

Proof. Firstly, we prove (2.14). Note that

|IG¢(x,t)|IZ=f IG¢(x,t)|de+f Gy (x, D) dx.
R>1 R<1

From (2.6) one can get

f IG,(x,)lPdx < C f 120 2P x| 2P d x
R>1 R>1

< Ct(20—2)p fa p—dp—Zsppd—ldp
t2s
< CreP2r=5 (-,
namely,
1 @
( f Go(x, D" dx)" < CA2 509 1 < p < oo, (2.16)
R>1
On the other hand, when d > 4s and 1 < p < «(d, s), it follows from the first inequality in (2.7) that

f IG,(x,HlPdx < C f T B It Y
R<1 R<1

@

t2s
< Cl(—(l—Z)p f p(4s—d)ppd—1dp
0

—2p—2d (1
< Ctor~-%0p ),

i.e.,
( fR 1Gy( t)|de)% <Cr T EID 1 < p < k(d, 9). 2.17)
If d = 4s, applying the segond inequality in (2.7) we obtain
f G, (x, DPdx < C f (=227 (1 + |log(xl/2)*1|)" dx
R<1 R<1 1
< ctr e [T+ logaray

< Ct(—a—Z)p+2a/

for 1 < p < oo. Consequently,

2a

1 @
( f Go(x, 0P dx)" < Cro% < €507 1 < p < oo, (2.18)
R<1
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For d < 45, we use the third inequality in (2.7) to derive

(43

12s
f G (x,)Pdx < C f P20 %rdx < C f (P2 Erdy < Crr s
R<1 R<1 0
for 1 < p < oo, which leads to
l Qo
( f Go(x, D" dx)" < CE2 509 1 < p < oo, (2.19)
R<1

Collecting the above estimates (2.16)—(2.19), it follows that

ad

1 1
||G<P(xa l)”p < (f |G<P(xa t)lde)p + (f |ch(x, f)lpdx)p < Cl‘a_z_ﬁ(l_%’)
R>1 R<1

for1 < p<«k(d,s)ywithd >1and0 < s < 1.
We next show (2.15). Let R = r*|x|* and p = ﬁ for d > 4s. Due to the fact

G (X, Dllp.co = (IG(x, DX (Ro1) (1) + Gp(X, DX R<1) (D]l p.00)
< 201G (x, Dx g1y Dl p.oo + 1G (X, DX R<1) Dl p.00),
where yg(f) means the characteristic function of the set E. In terms of (2.16), there holds
a-2-4 (-1 —a—
IG(x, Do) (Dl po < NG (X, xRy DI, < CH727 5070 = Cro2, (2.20)
To estimate ||G (X, t)xir<1}(t)lly., We may use the first inequality in (2.7) to obtain
do, () = 0 € RY 2 |G (x, 0] > y and R < 1))

< Q({x eR?:y< Ct“’_zlxl“_d})

<C (lranyfl)p ’
where o stands for the measure on R?. Thus we have

1 o
Y(de(X»t)X(Rgl}(t) (7)) r < Ct 2 .

That is
G (x, D ir<t) ()l oo < CE*72 (2.21)

Therefore the required result follows by using (2.20) and (2.21) and the proof is thus completed. O

Remark 2.1. If d < 4s, we infer from the third inequality of (2.7) in Lemma 2.1 that G,(-,t) € L™ (RY)
and ||G ,(x, D)l < Ct* 2% forall t > 0.

Lemma 2.3. Letd €N, 1 <a<2and0 < s < 1. If1 < p <«(d,s), then Gy(x,t) = G¢(x,1) € LP(RY)
foranyt > 0 and o
Gy (x, DIl = IG f(x, DI, < Ce* 72070 > 0. (2.22)

Moreover, if p = ﬁ and d > 4s, then Gy (x,t) = G¢(x,1) € Lﬁ’“(Rd)for any t > 0 and

1Gy (e Da oy = GOl o < Cro 1> 0. (2.23)

AIMS Mathematics Volume 8, Issue 8, 19210-19239.
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Proof. The proof is similar to that of Lemma 2.2 above. O

Remark 2.2. For the case d < 4s, it follows from the third inequality of (2.9) in Lemma 2.1 that
Gy(-n 1) = G4(- 1) € L*RY) and |G y(x, Dlloo = |G 4(x, Dlloo < C1*"=% for any t > 0.

Let us now turn our attention to the asymptotic estimates of the solution to Eq (1.1) when the force
term f = 0 and the initial values ¢ = ¢ = 0, respectively.

Theorem 2.1. Letd e N, 1 < @« <2 and 0 < s < 1. Suppose f = 0. Then the solution u(x,t) =
G,(x, 1) * p(x) + Gy(x,1) * Y(x) to Eq (1.1), where ¢, € LIRY) for 1 < q < oo, has the following
asymptotic estimates:

(1) If g = oo, then

uCx, Dlloo < CE @)oo + CE* (X)o7 > O. (2.24)
(2)If1 < g < oo, then
lu(x, Dll, < Cr22EG Dol + CoF G Dyl 1> 0, (2.25)

for any

dq
' 4
re[q,d_4sq), if d>4sq,

r € [gq, ), if d =4sq,
r € [gq, o], if d <4sq.
Moreover, it holds that
[|ee(x, l)lld%,oo < Cr ey + Cr* Mgl £ > 0, (2.26)

ifd > 4sq.

Proof. Let 1 < p,q,r < oo satisfy the relation

1 1 1
r

=—+ (2.27)

l+—-—=—+-.
P q

In view of Young’s inequality for convolution, see (57) in [21], we get

lluCx, DIl < NIG(x, Dllplle(0)llg + [1Gy (x, DIl ()llg- (2.28)

(1)If g = oo, then r = oo and p = 1 by (2.27). Observe that (2.14) in Lemma 2.2 and (2.22) in
Lemma 2.3 for p = 1, one has
IG,(x, Dll < C*2, 1> 0,

and
||Gl/1(~x’ t)”l < Cta_l, t> O’

which together with (2.28) yields

llu(x, )lleo < CE2 (Do + CLH P (X)l|eos £ > O.

AIMS Mathematics Volume 8, Issue 8, 19210-19239.
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(2)If 1 < g < oo, then for r € [q, d—dqu

Therefore, substituting (2.14) and (2.22) into (2.28) there holds

)whend > 4sq, we have 1 < p < —4- when d > 4s.

_n_adcl_1 _q_adcl_1
lu(x, p)ll, < Ct* > %G Plp(x)ll, + C =G (), £ > 0,

as required (2.25). Similarly, we can prove (2.25) for r € [g, ) if d = 4sq and r € [g, oo] if d < 4sq.
Finally we show (2.26) for d > 4sq. Recalling that Young’s inequality for weak L”-norm, see (58)
in [21], combining (2.15), (2.23) and (2.27), it follows that

leaCox, Dl <Cr*Hlp)lly + Cr* My (x)lly, £ > 0,
which is expected inequality (2.26) and the proof is thus complete. O

Theorem 2.2. Letd € N, 1 <a <2and0 < s < 1. And let 1 < q < co. Assume that f(-,t) € LI(RY)
for any t > 0 and there exists some 'y > 0 such that

If(x,Dll, <CA+1)7, t>0. (2.29)
Then for every
d
relq, q , for1 < g<ooandd>2sq,
d-12sq
r € [g, o), for1 < g <ocoandd < 2sq,

the solution u(x,t) = G¢(x,t) * f(x,1) has the following estimates:

. ad /1 1
lu(x, Ol < Cr*™™IN=5G=0 > 0,

ify+1, and
ad 1 _1
lu(x, D, < C* 5GP log (1 +1), 1> 0,
ify=1
Proof. The proof of this theorem can be referred to that of Proposition 5.15 in [18] or Theorem 3.9
in [20]. O

2.2. Gradient estimates and large time behaviors

This subsection will develop gradient estimates and large time behaviors of the solution for Eq (1.1).
Let us start with estimates of the derivatives for the fundamental solutions.

Lemma24. Letd € N, 1 <a <2and0 < s < 1. Suppose R = t~%|x|**. Then the spatial derivatives
of Gy(x,t) and Gy(x,t) and the temporal derivatives of G ¢(x, t) have the following estimates:
() IfR > 1, then

IVG,(x, 1) < C*2|x| 7@ D72, (2.30)
and if R < 1, then
Cro?x @D d 4+ 2 > 4,

VG, (0 < { € 21xl 1+ flog ((/2%77)

), d+2 = 4s, 2.31)

a(d+2)

Ctr %275 |x|, d + 2 < 4s.
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(2)IfR > 1, then

|VG¢,()C, t)l < Ct20[—1|x|—(d+l)—2s’
and if R < 1, then

Cr ot |x["@D*s g + 2 > 4s,

IVGy(x, 1) < {Cr7' |l (1 + ‘log (xd/2717)

),d+2:4s,

d+2)

a(
Cr* """ |x|, d + 2 < 4s.

(B)IfR > 1, then
|ath(-x’ t)l < Ct2a_2|x|_d_2sa

and if R < 1, then
Cro2|x™*, d > 4s,

0.G (el < o 1+ flog ((1/2r)

), d=4s,
C1o 2% d < 4s.

(2.32)

(2.33)

(2.34)

(2.35)

Proof. We only give the proof of (1), while (2) and (3) can be handled by similar method. Recalling

that Property 2.8 in [15] results in

VG, (x, 1)
3 —1*2 31(|xlzs (1,D;(@—-1,a),(d,2s) )(ﬁ X ﬁ)
Tt 22| (d 4 1,25), (1,1, (4, 9): (L) Nl [x 7 [

—1*% (P (L D (@ - 1 a), (d, 25) X X Xq
_m“w%34?wvaJLﬂxxu+1@nmeXETM“”’M>X¢O

Thus the modulus of VG, (x, 1) is

a-2

31( x>

|VG¢()C, Dl = 34\ 22570

(1,1),(4,5),(d +1,25); (1, 5)

x4+ s

First of all, we prove (2.30). By means of Theorems 1.4 and 1.7 in [15] we find that

[Se]

. |x|2s |x|25 —k
H34 (22%0) = Z hlk (22sta) ’
k=0

T+ Dr§) _ TQI(G + )@+ 1 +25)
T Ta-Dr@ro) > ™M~ TTQa- D@+ 29)(=s)
Hence, it follows that

2s 25 \ 1 25\~ 1 2s
s ) |x| |x] |x]
H34 (22”(1) - hll (22sta to 22sya ’ 225y — ©0,

where

10

(1, 1); (@ - 1,@),(d, 25) »xia

(2.36)
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from which one has

|x|25 -1
22sta) < CtZa—lel—(d+1)—25’ R — oo.

IVG,(x, )| < Cr2|x "% 2hy, (

|x|25

3% ta), we conclude that there exists a

Using this inequality and the analyticity of the H-function H;i (
positive constant C such that

|VG¢(X, t)' < Ct2a/—2|x|—(d+l)—2S

for R > 1 and which gives (2.30).
Next we show (2.31). According to Theorems 1.3 and 1.11 in [15], we find hj, = h5, = h;, = 0.
Hence, by; = -2 is a simple pole when d + 2 > 45 and

2 2
|x|25 |x|2s |x|25
H3) = h] +o0
34 (22stw 11 22sta 22stw

F(‘—; =29 d+1-45I(2)
[(—a - DHI(d — 45)[(2s)
Thus there is a positive constant C such that

|x|25
’ 225 - Y

where

* —_—
hll__

|x|2s

22s 1

2
d
IVG ,(x, 1) < Cyr-z|x|-d—1t“-2|h;|( ) < Cro7?|x @+ R — 0.

We further obtain
IVG,(x, 1)] < Ct 72 |x|7 @D+ (2.37)

forR<1landd+?2 > 4s.
If d + 2 = 45, we see that the poles by, = by = b3; = —2 are coincided, then

s s\2 2s 25 \2 2s 2s
af 2\ L (P |x| |x| |x| |x|
H34 (22sta) - H”l (22St(z IOg 22sga to 22sa 10g 225y ’ 22sa - O’

where H7 |, # 0. Then one gets

Cta—Z . |x|2s 2 |x|2s e |x|2s
IVG,(x,0)| < W—lﬂlHllll(W log 25 < Cr*7|xl |log 225 )| R — 0.
Furthermore, it follows that
VG, (x, 0] < Cro=2a (1 + [log ((x1/2%r72) ) (2.38)

forR<1landd+ 2 = 4s.

It remains to show the case d + 2 < 4s. Since the poles by = b3y = —dx2

2s

H31 |x|2s _H* |x|23 % |x|2s % |x|25 0
34 225 - 77210 22sa to 22sa ’ 22spa - Y
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with HJ,, # 0, which leads to

C1*? A\ o ad+2)
|VGLp(-x’ t)l < 7 |H;10| | | < Ct* =75 |X|, R — 0.
|x|4+1 775 225y

So we have
VG, (x, 1) < Ct*>57 x| (2.39)

forR<1landd+2 < 4s.
Based on (2.37)—(2.39), the desired assertion (2.31) is obtained and the proof is now completed. O

According to Lemma 2.4, we can establish estimates of ||[VG,(x, )|, [[VGy(x, D)ll,,, and [[VG ¢(x, 1)]|,
and further derive asymptotic properties of Vu(x, f) to Eq (1.1), whose proofs are very similar to those
of counterparts in the previous subsection and omitted.

Lemma 2.5. Letd e N, 1l <a <2and0 < s < 1. Assume that 1 < p < k*(d, s). Then it holds that
VG, (x, 1) € LP"(RY;RY) for any t > 0 and

a-2-L_ad_Ly
IVG(x,Dll, < Ct 70 > 0. (2.40)

Moreover, if p = d+1d_4s ford+2 > 4s, then VG, (x,1) € Lﬁ""’(R"; RY) for all t > 0 and

IVGo(x, Dl _ oo < Cr72, 1> 0, (2.41)

Lemma 2.6. Letd e N, 1l <o <2and0 < s < 1. Assume that 1 < p < k*(d, s). Then it holds that
VGy(x,1) = VG (x,1) € LP(RY;RY) for all t > 0 and

IVG,(x, Dll, = IVG(x, B)ll, < C£~' 550D 15 0. (2.42)
Moreover, if p = ﬁfor d+2>4s, thenVGy(x,1) = VG4(x,1) € Lﬁ""’(Rd; RY) for all t > 0 and
INGy(5 Dl o = NG Dl < CE 15 0 (2.43)

Theorem 2.3. Letd e N, 1 <a <2and0 < s < 1. Suppose that 1 < g < oo and f = 0. Then the
following estimates hold on the gradient of solution Vu(x, 1) = VG,(x, 1) * ¢(x) + VG, (x, 1) * Y(x) with
o, € LYRY).
(1) If g = oo, then

IVu(x, )l < C1* 5000 + C7 5 (0l £ > O.

(2) If 1 < g < oo, then for any
dq
I S I 4s — 1
re[q,d_(4s_l)q), if d > (45— 1)q.
r € g, ), if d<(4s -1,

one has

ad

_a_adcl_1 B 1_1
Vu(x, )|, < Ct* 575G Do), + Cro 755G D y(x)ll,, ¢ > 0.
@ q q

Moreover, if d > (4s — 1)q, then
IVu(x, l)”#il)q,oo < Cr?lle)llg + CHg)lly, 1> 0.
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Theorem 24. Letd e N, 1 < a <2and0 < s < 1. Let 1 < g < oo and the condition (2.29) be
satisfied. Then for every

dq
d—(4s—-1)q
r € [g, ), forl <g<ooandd< (4s—1)g,

FE[(], ),f0r13q<ooandd>(4s—1)q,

the gradient of solution Vu(x,t) = VG¢(x,t) % f(x,t) has the following relations:

a d 1

IVu(x, B, < Cra™MMIN-£-5G=D 45 0, (2.44)
ify+#1,and
IVu(x, )ll, < C7 556D log (1 +4), ¢ > 0, (2.45)
ify=1L1
The last two theorems present the large time behavior of the solution u(x, ) for Eq (1.1).

Theorem 2.5. Letd € N, 1 <a <2and0 < s < 1. Denote M, = fRd (x)dx and M, = fRd Y(x)dx
with ¢, € L'(RY). Assume that f = 0and 1 < p < k*(d, s). Then we have the following results.
(D) If ll el < o0 and || |xly(x)ll1 < oo, then

BN, 1) - MyG(x.1) — MyGy(x,0)ll, < CrE™ + Crs (2.46)
for any t > 0. Moreover, when p = ﬁ, one gets
CE N, 1) = MyGo(x 1) = MyGy(e o, < Crl 4 Cr (2.47)
foranyt > 0.
(2) It follows that
(E (e, 1) = MGy (x, 1) — MyGy(x, Dll, — 0 (2.48)
ast — oo,

Proof. (1) Note that the conditions ¢,y € L'(R?) and || |x|o(x)|l; < oo and || |x|y(x)|l; < oo. It follows
from the decomposition lemma ( see Lemma 8.4 [18]) that there exists functions ®, ¥ € L!(R¢;R?)
such that

0 = M5, +divd, v = M,5, +div¥,

where ||®||; < C|||xle(x)|l; and ||¥|l; < C|||x¥(x)|l;. Therefore we find that

u(x, 1) =G, (x, 1) % (M6, + div®d) + Gy(x, 1) * (M6, + div¥)
=M G,(x, 1) + VG (%, 1) o ¥ D(x) + MyGy(x, 1) + VGy(x, 1) « % P(),

where .* means the convolution between two vector functions. Further there holds

u(x,t) = MyGy(x,t) — MyGy(x,1) = VG, (x,1) o % D(x) + VG, (x, 1) o * P(X). (2.49)
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By using Young’s inequality for convolution (57) in [21], and taking (2.40) and (2.42) into account, we
obtain
llueCx, 1) = MyGy(x, 1) — MyGy(x, DI, IVG,(x, DI IPOI + [[VGy (x, DI I (0l
cCrE40-h  cpni-ga-b)

for 1 < p < k*(d, s), which gives
B, 1) = MyGy(x,1) = MyGy(x, 0, < Cr 571+ Cr &,

and the claim (2.46) holds. For the limit case p = ﬁ, applying Young’s inequality for

convolution (58) in [21], (2.41) and (2.43) to (2.49) we immediately know that (2.47) is true.
(2) Let a sequence {1n,,(x)} € Cg"(Rd) satisfy fRd Mm(x)dx = M, for all m and 77,,(x) — @(x) as
m — oo in L'(R?Y). Likewise, set a sequence {¢,(x)} € Cg(R?) satisfy fRd Ly(x)dx = M, for all n and
£(x) = Y(x) as n — oo in L'(RY). Now we use Young’s inequality for convolution (57) in [21], (2.14),
(2.22) and the conclusion of (1) to derive for any m, n
llu(x, 1) = M,Gy(x,1) — MyGy(x, 1),
<G, 1) * 9(x) = MyGy(x, D)l + Gy (x, 1) % w(x) = MyGy(x, 1)l
<UG (5, 1) % (@) = Dl + 1G5, 1) % 7 (X) = MGy, Dl
+ |Gy (x, 1) 5 (Y(x) = SOy + [1Gy(x, 1) % £u(x) — MyGy(x, D)l
<Ct > ECDlp = pylly + Cut* BB £ Iy - g+ Ot ETECD

Consequently,
adi_Lyi1_o - —a_ -
=T, 1) = MG y(x, 1) = MyGy(x, ll, < Cr'llp = il + Clly = Ll + Cut 57" + Cut ™%,
from which we have

. (11—
lim sup 122" \u(x, 1) — M, Gy(x,t) — MyGy(x,Dll, < Clly — &ullhs

t—00

and the claimed result (2.48) can be achieved by letting n — oco. The proof of this theorem is now
ended. O

Theorem 2.6. Letd €N, 1 <a <2and0 < s < 1. Let o = = 0 and denote My = [ [, f(x,)dxdz.
Moreover, let us assume that f(x,t) € L' (Rd x (0, oo)) and there exists some y > 1 such that

If (ol <CA+077, 1> 0.

Then it holds that o
£ S, 1) = MG y(x, Dl — 0
ast — oo for any
1 <p<oo, if d < 4s,
1<p<kd,s), ifd>4s.
Proof. The proof can be completed by using the methods provided by Theorem 2.21 in [18] or
Theorem 3.16 in [20] and the details are omitted here. O
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3. Decay estimates of solution for Eq (1.2)

In this section we shall deal with decay behaviors of the solution for Eq (1.2). Similar to the
previous section, we present the asymptotics of the fundamental solution, decay estimates of the
solution, gradient estimates and large time behaviors. In particular the optimal L>-decay estimates
are provided by virtue of Plancherel’s theorem and the boundedness of Mittag-Lefller function. For the
most of theorems and lemmas in the section, we directly give results without proofs since their proof
techniques are very similar to ones of corresponding conclusions in the previous section.

3.1. Decay behaviors of the solution

We first construct the solution of Eq (1.2) by integral transforms. Applying Fourier and Laplace
transforms to Eq (1.2), and noticing that formula (2.248) in [28] and equality (A4), there holds

(w, D) — p(w) + [wu(w, 1) = g(w, D). (3.1)
Then we get
= _ - 1 =
u(w, ) = mff’(w) + Wg(w, A)
= G(w, V(W) + G(w, Vg(w, D). (3.2)

Performing the inverse Fourier transform and inverse Laplace transform on both sides of (3.2), the
solution of Eq (1.2) reads as

u(x, 1) =G(x, 1) * p(x) + G(x, 1) * g(x, 1)

= f G(x =y, H)p(y)dy + f f G(x -y, t —1)g(y, 7)dydr, (3.3)
R4 0 Jre
where the fundamental solution [18]
_ (P AL D (@)
Glx D) = Ix|dns 23(22St" (1,1),(4,):(1,5) ) 34)

Lemma3.1. [I8]Letd €N,0 < a < 1and0 < s < 1. Suppose R = t~%|x|*. Then for the fundamental
solution G(x,1) in (3.4) we have

IG(x, D] < CP* x> (3.5)
for R > 1, and
Crolx™%, d > 4s,
Ge.) < 1€ (14 Jlog (17271 ). d = 4, (3.6)
Ct"_l_%, d<4s
forR < 1.
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Lemma 3.2. [I8] Letd ¢ N, 0 < a < 1and 0 < s < 1. If 1 < p < «k(d,s), then we have
G(x, 1) € LP(RY) for all t > 0 and

IGCx, ), < 7 ED, 1> 0. (3.7)
And if moreover p = ﬁfor d > 4s, then it follows that G(x,t) € Lﬁ’“(Rd)for allt > 0 and
16 Dll_a_co < CE71, 1> 0. (3.8)

Remark 3.1. Ifd < 4s, é?y the third inequality of (3.6) in Lemma 3.1, it is clear that G(-,t) € L°(RY)
and ||G(x, Dl < Ct*~1=% hold for all t > 0.

Theorem 3.1. Letd e N0 < a < land0 < s < 1. Let 1 < g < oo and g = 0. Then the solution
u(x,t) = G(x, 1) * ¢(x) to Eq (1.2) with ¢ € L1(R?) has the following decay estimates:
(1) If g = oo, then

lu(x, )l < C*MP(x)llco, £ > 0.

(2)If 1 < g < oo, then

p_ad(1_1
lux, Ol < C7 =5 G ()l £ > 0

holds for any
dq
9 b } d 4 b
re[qd_4sq) if d>4sq
r € [gq, ), if d =4sq,
r € [q, o], if d <4sq.

If moreover d > 4sq, then
G, Ol e, < Cr* Mg, ¢ > 0.

Theorem 3.2. [I8] Letd e N, 0 <a < 1land0 < s< 1. Let1 < g < oo and ¢ = 0. Assume that
g(-, 1) € LYRY) for all t > 0 and there is some y > 0 such that

llgCx,Dll, <CA+1)77, 1> 0. (3.9)
Then the solution u(x,t) = G(x, t) % g(x, t) satisfies the following
luCx, DI, < CmmINHG 1,

and
ad 1 _ 1
luCx, Oll, < Ct*' =56 log(1 + 1), y = 1,

forany t > 0 and
dq

), for1 < g <ocoandd > 2sq,
sq

r € [g, ), for1 < g <ocoandd < 2sq.
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3.2. Gradient estimates and large time behaviors

The gradient estimates and large time behaviors of the solution for Eq (1.2) are provided in the
subsection.

Lemma 3.3. [I8]Letd € N,0 < a < 1 and0 < s < 1. Suppose R = t~®|x|*S. Then the spatial and

time derivatives of the fundamental solution G(x,t) in (3.4) have the following decay behaviors:
() IfR > 1, then

IVG(x,1)| < CAP*7 x| D2 g >1,0<s<1, (3.10)
and if R < 1, then
Cro M d 12 > 4s,

VG ) < Ol 1+ [log ((u1/271)

a(d+2)

Cr* """ (x|, d + 2 < 4s.

),d+2=4s, G.11)

(2) If R > 1, then
10,G(x, 1) < CP72 x>, d>1,0< s < 1, (3.12)

and if R < 1, then
Cr o2 |x™™, d > 4s,

0.GCx, 0 < 1 Cr 21 1+ Jlog ((/2%77)

Ci* %, d < 4s.

Lemma 34. Letd e N, O <a < 1and0 < s < 1. For1 < p < «*(d, ), it holds that VG(x,t) €
LP(RY;RY) for any t > 0 and

), d = 4s, (3.13)

IVG(x, p)ll, < 1~ =5-50-) 150, (3.14)
Moreover, if p = d+1d_4s ford +?2 > 4s, we have VG(x,t) € Lﬁ’“’(Rd; RY) for any t > 0 and
VG, DNl o < cro' t>0. (3.15)

Theorem 3.3. Letd €e N, 0 < a < 1land 0 < s < 1. Let 1 < g < o and g = 0. Then for
Vu(x,t) = VG(x, 1) * ¢p(x) with ¢ € L1(R?), we have:
(1) If g = oo, then
IVu(x, Hlleo < Ct* 7% G(X)|eo, £ > 0.
2)If 1 < g < o, then
IVu(x, Oll, < e~ 5 G D g0, £ > 0
for any
dq
€lq———— |, ifd>“4s—- 1),
r € [g,), if d <(4s—1)q.
Moreover if d > (4s — 1)q, then

—a-1
IVu(x, ﬁ“#j’,nq,m < Cre Mgl 1> 0.
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Theorem 34. Letd e N, 0O < a < 1and0 < s < 1. Let 1 < g < oo and ¢ = 0. Assume that
g(-, 1) € LYRY) for any t > 0 and the assumption (3.9) holds. Then Vu(x,t) = VG(x, ) * g(x, t) has the

estimates
ad

i a _adcl 1
IVu(x, D, < C™nIN-5-5G=D o 2 1,

and
IVu(x, B)ll, < Cr7 "5 5GP log(1+1), y = 1,

for all t > 0 and for every

ré[q,m), if 1 <g<ooandd> (4s— 1)gq,

r € [g, ), ifl<g<ooandd < (4s - 1)q.

Theorem 3.5. Letd € N, 0 <a < 1land0 < s < 1. Let1 < p <«*(d, s) and g = 0. Assume ¢ € L'(RY)
and denote M, = fRd ¢(x)dx. Then the following results hold.
(D) If I 1xlg(0)lly < oo, then

ad_1 @
S Nu(x, 1) — MyG(x, 0ll, < Ct 2, 1> 0.

When p = ﬁ, one gets

a(4s-1)
l_l—a/+ 5

(e, 1) = MyG(x, DIl_o_ o, < C1 5, 1> 0.

(2) It follows that
D, 1) - MyGx 1), — 0

ast — oo,

Theorem 3.6. Letd € N, 0 <a <1and0 < s < 1. Let ¢ = 0 and denote M, = fooo fRd g(x,t)dxdt. Let
us assume g(x,t) € L! (Rd x (0, 00)) and there exists some y > 1 such that

llgCx, Dl < C(L+077, 1> 0.

Then for all
1 <p<oo, if d <4s,
1 <p<«(ds), ifdz=4as,
it holds that
1-a+%4(1-1) _
t P |lu(x, 1) — MG (x, D)ll, = 0
ast — oo,
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3.3. The optimal L*-decay estimate

In this subsection our attention will be restricted to decay estimate of the solution for Eq (1.2) in
the sense of L?-norm when g = 0. To do this, let us consider the solution of Eq (1.2) under the Fourier
transform. By using the inverse Laplace transform on both sides of (3.1) we obtain

Ww, 1) = Gw, NP(w) + f G(w,t - T3, 7)dT,
0
where _
g(w’ t) = ta_lEa,a(_|w|2sta)~

To derive optimal L? decay rate, we need investigate some properties of the Mittag-LefHler function

Lemma 3.5. [13] Let O < a < 1. Then the Mittag-Leffler function E, .(—n) > 0 for n € (0, o).

Lemma 3.6. [13] Let0 < a <1 and B > a. Then the Mittag-Leffler function E, z(—n) is completely
monotone for n € (0, o).

Lemma 3.7. Let 0 < a < 1. Then there are positive constants C; and C, such that

&)
1+n

1+ 772 < Ea,a(_n) <

n=>0.

Proof. First of all, we know that £, ,(—1) > O for 0 < @ < 1 and n > 0. In fact, one has E, ,(0) =
1/T(a) > 0. For n > 0, it is evident that E, ,(—n) > 0 by Lemma 3.5.

In view of asymptotic expansions for the Mittag-Leffler function (see Theorem 1.4 in [28]) we
obtain

1 1
E,.(-n) = —m¥ +007), n — 0.

This implies the function E, ,(—1) behaves as Cy/n* when n — oo with some positive constant Co, i.e.,
there exist a positive real number X and two positive constants C3 and C4 such that
Cy

Cs
S EQQ - S o A > X- 3.16
T3P (=1 T3P n (3.16)

Since the Mittag-Leffler function E, ,(—7) is analytic for any n € R, then it is bound on the interval
[0, X]. Moreover, it follows from Lemma 3.6 that the Mittag-Leffler function E, ,(—7) is monotonically
decreasing for i € (0, o). Therefore, there are positive constants Cs and Cg satisfying Cs < E, ,(—n) <
Ce with 0 < 7 < X. We further obtain

Csg
SE o (-n) < ——, 0,X 3.17
Tv s o(=1) T+ 17 n € [0, X] (3.17)
with positive constants C7 and Cs.
The desired result follows from (3.16) and (3.17) and the proof is complete. O

We first present the estimates of lower bound for the solution u(x, t) = G(x, 1) * ¢(x) to Eq (1.2) with
g = 0 in the sense of L?*-norm.
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Theorem 3.7. Letd e N, 0 < a < 1,0 < s < 1l,andd # 8s. Let g = 0in Eq (1.2). If ¢ €
L'(RY) N L*(RY) and fRd ¢(x)dx # 0, then the solution u(x,t) = G(x,1) * ¢(x) to Eq (1.2) has the lower
bound estimate

lu(x, D]y > Cr~ ™Mbt 5 p 5 g0 50,

Proof. Letp = p(t) € (0, po] with t > 0 and py > 0. According to Plancherel’s theorem and the estimate
for the Mittag-Lefller function in Lemma 3.7, it follows that

lluCx, DIl = [u(w, HI5 = fR ) G(w, D p(w)Pdw

> f 117! Eo(—lw* 1) Pip(w) dw
By(0)

CtZ(t—Z f . )
> w)|"dw
(1 + p4sl-2a/)2 8,0 |¢( )l
Ct2(z—2 J J . )
Y (P_ f At dw)- (3.18)
B,(0)

From the Plancherel’s theorem and Riemann-Lebesgue lemma, it is easy to verify that ¢ €
Co(RY) N L*(R?) holds. By making use of Lebesgue differentiation theorem we have for a sufficient
small p,

_ 5(0)2
p f Boido > PO0 e 0,p0.
B,

,(0) 2
Substituting this into (3.18) leads to

C2p(0)p?

lluCx, 1)ll5 = A phiy (3.19)
Now letting p = py in (3.19) one gets
luCx, H)F = Ct72*72, t > 15 > 0. (3.20)
On the other hand, we may take p = W in (3.19) to derive
lluCx, DIR > CRY2% 1> 14> 0. (3.21)

Together with (3.20) and (3.21), the desired lower bound is established and the proof is thus
completed. O

The upper bound for the solution u(x,1) = G(x,1t) * ¢(x) to Eq (1.2) is estimated in the following
theorem when g = 0.

Theorem 3.8. Letd e N, 0 < a < 1,0 < s < 1,andd # 8s. Let g = 0in Eq (1.2). If ¢ €
L'RY N L*(RY) and fRd ¢(x)dx # 0, then the solution u(x,t) = G(x,t) * ¢(x) to Eq (1.2) satisfies the
upper bound estimate

lu(x, D)l < CrMmerli=e+ 51 5 (3.22)

For d = 8s one has
Nu(x, Do < CEE, 2> 0. (3.23)
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Proof. We divide into two cases to prove the assertion (3.22). When d < 8s, applying Plancherel’s
theorem and Lemma 3.7 one gets

lu(x, D5 = lw, 1)ll5 = f IG(w, D ¢(w)Pdw
Rd

_ . t2(z—2

< Bl ,DPdw < Cllol? f ————d
B [ G0 do < Ol [ st
) pd—ldp

0 (1 +p4st20)2

00 d—1
q—2—ad Py doy
— CPo? 25”¢”%f 1—4S2’
0 (1 +p1 )

2 2a-2
= CllglRr

i.e.,
luCx, D, < C1o 175 (3.24)

If d > 8s, then ¢ € L'(RY) N L2(RY) implies ¢ € L7%(R?) by interpolation. Furthermore,
Theorem 8.5 in [18] gives
(=A@l < Cllgll 22 < co. (3.25)

It follows from Plancherel’s theorem and Lemma 3.7 that
lluCx, D5 = lu(w, 15 = f ) G(w, DPIp(w)Pdw
R

l-2(l’—2 . 2
<¢ [ o
|w|8st4a

< Cr2e? f lwl™*¢(w)PPdw
]Rd
= Cr272|[(-A) > ¢ll3. (3.26)

= C 202 ™ p(w)*dw

Substituting (3.25) into (3.26) we have
lux, t)ll, < Cr". (3.27)

Based on (3.24) with (3.27), the expected inequality (3.22) is proved.
If d = 8s, then by using Young’s inequality for convolution and (2.15) in Lemma 2.2 it is evident
that
lu(x, Dllz.c0 = IG(x, D) % pX)|2.00 < CNGX, Dl2eoliplly < C77', 1> 0,

which is the required result (3.23). This finishes the proof of theorem. O

Remark 3.2. For 1 < a < 2, we have not give the optimal L*-norm estimates for the solution of
Eq (1.1). The reason is as follows. We can apply the inverse Laplace transform to equality (2.1) to
obtain the solution of Eq (1.1) in the Fourier domain

Ww, 1) = Gy(w, NP(w) + Gy(w, HP(w),
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where
Gy(w,1) = 1" ?Eg 01 (—|w|*1%)

and
Gy(w, 1) = " ' E, o (—|w*t™).

However, we can not derive positive lower bounds for the Mittag-Leffler functions E,,-1(—n) and
E,o(-n) withn > 0 and 1 < @ < 2 as Lemma 3.7 since these two functions have zeros on the
real axis. In fact, using the result of Theorem 2 in [29] we immediately see that the Mittag-Leffler
function E, ,_(—n) exists real zeros. For the Mittag-Leffler function E,.(—n), it is obvious that
E,.(0) = 1/I'(@) > 0. Additionally, In view of asymptotic expansion of the Mittag-Leffler function, see
Theorem 1.4 in [28], we have

I4 k
(-n) -1- 1 -3
Eaa_ = - —+ 0 PN=e— 4+ 0O
a(=1) ;:1 T - ab) ") My ™)
when n — oo. Since 1 < a < 2, then one gets I'(—a) > 0. Hence the Mittag-Leffler function E, ,(—1n)
behaves like

1
Ea,a(_n) ~ _ﬁ’ n — oo,

which implies E,.(—n) < 0 for sufficiently large n. Combining the above analysis and taking the
analyticity of the Mittag-Leffler function E,.(—n) into account, we find that E, ,(—n) has one real
zeros at least. In Figure 1, we depict graphs of the Mittag-Leffler functions E, ,—(-n) and E, .(-1)
with n € [0, 50], where the parameter « takes @ = 1.2,1.5, 1.9, respectively.

*— By 02| | k $— By 50507
BB 5057 1 BEis1s) | A
0.6 E 08| 1 I E g1gtm

0.8

a1 ()

E
a

-0.8

(a) Ea,a—l(_n) (b) Eoz,oz(_n)
Figure 1. Plots of the Mittag-Leffler functions E, ,-;(—n) and E, ,(-7).

4. Conclusions

This work investigates asymptotic behaviors of solutions of Cauchy problems for superdiffusion
equation (1.1) and subdiffusion equation (1.2) with integral initial conditions in the sense of L”(R?)
and LP*(R¢). For these two kinds of equations, we construct their fundamental solutions and solutions,
analyze asymptotic behaviors of solutions, and study gradient estimates and large time behaviors. In
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particular, the optimal L? decay estimate of solution is derived for Eq (1.2). Compared with the cases
of Caputo derivative in the time direction [7, 18] in Eqgs (1.1) and (1.2), it is not difficult to see that the
asymptotic rates are faster in the cases of Riemann-Liouville derivative.
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Appendix

In the appendix we recall several concepts of integral transforms [5] such as Laplace transform,

Mellin transform and Fourier transform, which play an important role on the process of deriving the
solutions of Egs (1.1) and (1.2). Moreover, we introduce the definition of the Fox H-function too.

The standard Laplace transform of a function f() is defined by

F) = LU0, = f " f(dr, A € C.
0

Correspondingly, the inverse Laplace transform is given by

In

Cc+ico

fO) = Z7f), 1 = % f eY f(dA, ¢ =Re(Q), 1> 0.

c—ioco

particular, the Laplace transforms of the Riemann-Liouville fractional integral (1.3) and

derivative (1.4) with the starting point a = 0 can be written as [28]

LlrDoy f(0), ] = T Z[f(0), ] (AD)
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and

n—1
LDy, f(1), 4] = 2 LT, = > A e Dy Dl (A2)
k=0

forn—-1<a<neN.
The standard Mellin transform of a function f(¢) is defined by

F&) = M1f(1).6] = fo £ F(tdr £ € C.

The inverse Mellin transform is correspondingly represented as

. 1 C+i0o .
0 =2 FO.1 = 5 f FEFEE, ¢ = Re(@), 1 > 0.

—ico

The relation connecting the Laplace transform and the Mellin transform has the following form [6]:

AMNf(0), €] =

= g)//l[-i” [f(®),4],1=¢]. (A3)

The Fourier transform of a function f(x) is defined by

]T(w) =Flf(x),w] = f e f(x)dx, w € RY,

R4

while the corresponding inverse Fourier transform can be written as

F00) = F [ Flw), «] f -ix0 T w)de, x € RY.

" @ny

Then the Fourier transform of the integral fractional Laplacian (1.5) is given by [8]
FL=A)v(x), w] = [P F(x), ], x € RY, s € (0,1). (A4)

Next, let us briefly recall the definition of the Fox H-function. The Fox H-function are special
functions, where the fundamental solutions of Eqs (1.1) and (1.2) are written by means of these
functions, and they paly a basic role in asymptotic analysis of the solutions.

According to the contour integral of Mellin-Barnes type, the Fox H-function can be represented as

mn — pymn (Cl],d]) (an,an); (an+1’an+l)’ T ,(a;uay)
HE@ = B Gy iy (e iy )
! W’"”(T)z “dr, (A5)
2711
where
H () = [T T + B0 - 1F(1 —a;— ) (A6)
. a I= n+lr(al+aﬂ-) H] m+1 bj_,BjT)’
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and m, n, i, v are nonnegative integers with 0 < m < vand 0 < n < u, and «;,3; are positive real

numbers and a;, b; are complex numbers for / = 1,...,u; j=1,...,v. All the poles
bj+0' .
bj, =— ,j=1,...,m;o0c=0,1,2,...
Bj
of the gamma functions I'(b; + 8;7) and
1—a +k
ap = —1T 1 k=0,1,2,...
a;

of the gamma functions I'(1 — a; — @;7) are not equal, i.e.,
abj+o)#pila—k-1), j=1,....m;1=1,...,n;, 0, k=0,1,2,...

The contour £ is an infinite contour in the complex plane which separates all the poles b, from all the
poles ay, and it may take € = £_, or ¢ = £, or & = £, withy € R and i> = —1. Besides, we denote

n M m v
a* :Za/l— Z al+2ﬁj— Z Bj.
=1 I=n+1 Jj=1 Jj=m+1
A comprehensive and detailed description for the Fox H-function can be available from [2, 14,15, 30].
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