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Abstract: Maybe because Cohen-Grossberg neural networks with multiple time-varying delays
and distributed delays cannot be converted into the vector-matrix forms, the stability results of such
networks are relatively few and the stability conditions in the linear matrix inequality forms have not
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sufficient condition in the linear matrix inequality forms. Two examples are provided to demonstrate
the effectiveness of the theoretical results.
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1. Introduction

Cohen-Grossberg neural networks, proposed in 1983, have been applied in parallel memory and
optimization [1,2]. These applications depend on the stability of equilibrium points of Cohen-
Grossberg neural networks. In addition, from the perspective of the model structure, the model
of Cohen-Grossberg neural networks includes some famous neural networks such as cellular neural
networks and Hopfield neural networks as its special cases. So it is important to investigate the stability
of Cohen-Grossberg neural networks.

In implementation of neural networks, time delays are unavoidable because of various reasons such
as the finite switching speed of amplifiers. Usually, time-varying delays in models of delayed feedback
systems serve as a good approximation in many circuits having a small number of cells. Moreover,
neural networks usually have a spatial extent due to the presence of a multitude of parallel pathways
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with a variety of axon sizes and lengths, and hence there is a distribution of propagation delays over
a period of time. So time-varying delays and distributed delays should be incorporated in the models
of neural networks. In addition, it is worth noting that a time delay in the response of a neuron can
influence the stability of a network and deteriorate the dynamical performance creating oscillatory and
unstable characteristics [3]. Therefore, the stability and its related dynamic analysis have received
much attention for various types of delayed neural networks, for example, see [4—16] and references
therein.

As is well known, the stability condition in the linear matrix inequality forms contains some non-
system parameters to be determined and the stability conditions derived by matrix theory, the method
of variation of parameters and differential inequality technique completely depend on the system
parameters. So the stability condition in the linear matrix inequality forms is usually less conservative.
However, as far as our knowledge, perhaps because Cohen-Grossberg neural networks with multiple
delays cannot be transformed into the vector-matrix form, there is relatively little research on the
exponential stability of such neural networks and the stability condition in the linear matrix inequality
forms has not been obtained. Therefore, this paper aims at deriving the sufficient condition in the
linear matrix inequality forms for the exponential stability of Cohen-Grossberg neural networks with
multiple discrete time-varying delays and multiple distributed time-varying delays.

The innovations of this paper are listed in the following.

1) By using Lyapunov-Krasovskii functional and linear matrix inequality simultaneously, the
sufficient conditions in the linear matrix inequality forms are derived to ensure the exponential
stability of Cohen-Grossberg neural networks with multiple discrete time-varying delays and multiple
distributed time-varying delays.

2) It is confirmed that Lyapunov-Krasovskii functional and linear matrix inequality can be used
simultaneously to investigate the neural networks with multiple delays that cannot be transformed into
the vector-matrix form.

3) Two examples are provided to show that the sufficient condition established here is better than the
existing results derived by matrix theory [17], the method of variation of parameters and differential
inequality technique [18].

2. Preliminaries

In this paper, we consider the following Cohen-Grossberg neural networks with multiple time-
varying delays and distributed delays:

X = di(xi(l)){ —ci(xi () + Z a;ifi(xj(0) + Z bijgi(xi(t — (1))
=1 =1

+Zf iy shi =1, o, 2.1

j=1 Y1=pij(®)

in which a;;, b;; and d;; are some constants, other functions satisfy the following assumption:
(Al_) :Fori,j=1,---,n,¢(0) = fi(0) = gi(0) = h;(0) = 0;(0,0) = 0 and there exist some constants
c.d.di, f7, f. 87,8 . h;, b, 7,p and T such that for 7 > 0 and every x,y € R,

0< Tl'j(t) < T,O Spl‘j(t) Sp,‘f’i]‘(t) <7< 1,0 < é < di(.X) < d_l',
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L G —al) _ el - ci()’)|, - < hi(x) — hi(y)

O<c <
X—y lx =yl xX—=y

=i

<hi,x#y,

—gfi(x)_ﬁ(y)gﬁ*,g{ﬁwﬁgf’xqﬁy-

Ji
xX=y xX=y

The initial conditions associated with (2.1) are of the form: x;(s) = &i(s), s € [— max{r, p}, 0], and
E={(&(s), -, &) : —max{t,p} < s < 0} is C([- max{r, p}, 0]; R")-valued function satisfying

€7 = sup €I < oo,

—max{r, p}<t<0

in which C([-max{r, p}, 0]; R") denotes the space of all continuous R"-valued functions defined on
[- max{r, p},0], || - || denotes the Euclidean norm. It is easy to see that by changing the functions of
system (2.1), system (2.1) can convert into the following neural networks studied in [17,18]:

5i(1) = =) + ) ayfix0) + D bigie(t = Ti(0)), (2.2)
=1 j=1

55(0) = =) + > afi0) + D bifi0x(t = Ty (1)). (2.3)
j=1 j=1

3. Main results

Theorem 3.1. The origin of system (2.1) is globally exponentially stable provided that there exist some
positive constants pi,--- , Pn, it, -+ , Wiy, (i = 1,2,3) such that

Ay U F, U,G, Us;H,
| e —2ui 44 0 0
A=, . —2U, + LB, 0 <0, G-
* * * —2U; + p*D,

in which A < 0 denotes that matrix A is symmetric negative definite, * means the symmetric terms of
the symmetric matrix A,

Ay = =2PdC + P*dA, + P*dB, + P*dD, - 2U\F, - 2U,G, — 2U;H,,

Ui = diagluy, - ,up}(i = 1,2,3),C = diagic,, - ,c,},

d = diagldy,--- ,d,},d = diagld,,--- ,d }, P = diag{p:,- - , pa},

Ay =diag)y layl, - Y lanlh Ay = diagly” djlapl, -, Y djlal),
j=1 j=1 j=1

J=1
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By =diagl) | |bijl--+, > bujll, By = diagl ) dilbul-+- . Y djlbjl),
j=1 j=1 j=1 j=1

Dy =diagly_ldijl,+, Y \dyl), Dy = diagl ) dildpl,--- . > djldul),
=1 =1 j=1 j=1
Fy=diagllf; + f{l - \fy + £ Fa = diaglf £, £ )

G = diagllgy + gl - .1g, + &1}, G2 = diag{gigi. -~ . 8,8}

H, = diag{lhi + hi|,--- ,|h, + h'|}, Hy = diaglh{hi,--- ,h, h;}.

Proof. It follows from (3.1) that there exists a positive constant A such that A < 0, in which

A U,F, U,G, UsH,
A _ = =2U; + A, 0 0
|« * —2U, + £2B; 0 ’
* * * —2U; + p*e¥ D,

Ay = AP = 2PdC + P*dA, + PdB, + PdD, — 2U|F, — 2U,G, — 2U H,.

Lyapunov-Krasovskii functional V() is defined as follows:

V() = Vi) + Va@) + Vi),

in which
1 L 1 pAstT)
Vi(r) = e Z pixi(t), Va(t) = Z Z = dilbij|g3(x(s))ds,
i=1 i=1 j=1 Y=t -
0 . non
Vi(1) = f f Z Z di|dij|P€/l(H+p)h§(xj(Q))des.
—p Jr+s

i=1 j=1

Along the trajectory of system (2.1), we obtain

Vi(t) e Z Pix,-z(f) +e" Z { = 2pixi(D)d;(xi(1))ci(x;(2))
i=1

i=1

+ Z 2pixi(t)di(xi(t))a;; fi(x;(1)) + Z 2pixi(1)di(x(1))b;;g j(x(t — 7;j(1)))
=1

J=1

+ 3 2pe (i) f hiCx(s)ds )
J=1 !

—pij(t)

IA

e Z {/lpixiz(f) - 2pié,~£l~xl'2(f) + Z 2p1di|aij||xi(t)fj(xj(t))|
=1

i=1

+ Z 2pidi|bijllxi(0)g {(x (1 = Ti /(D)) + Z 2pidi\d;jl|xi(t) hj(xj(s))dsl}

j=1 j=1 1—p;j(1)

(3.2)
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n

e {ﬂpix,?(r) = 2pidie () + ) dayl[pix (D) + £1(xi(0)]

=1 j=1

IA

t

+ > dilbillp? (1) + & (xj(t = Tiy(D))] + Z aNPEEO + (| hr(odsr1)

j=1 1=pij ()
n

IA
m
¥

> {apid 0 - 2pd e 20 + Z dlai|[p2xe) + F00)]

j=1 j=1 =p

) " (e A =Tij()+7)

() = ZZ{ Zdlbilg(xi(0) = (1 = 10 ————dlbi g}t - 7))
i=1 j=1
n A(t+7)

DR

Tdi|bij|g§(xj(t)) — "'d|byjlg;(x(t - Tij(t)))}£
i=1 j=1

0
V3(t) _ Z Z d Idljlp{pe/l(mp)hZ(xJ(t)) f /1(t+s+P)h§(xj(t + s))ds}
i=1 j=1 P
- ZZd|dl,|p{peﬂ“+'”h2<x,<r» | e i nas)
i=1 j=1 I=p
< Z Z in|dij|,0{Pe/l(t+p)h?(xj(t)) _ e/lzf h?(xj(s))dS}.
i=1 j=1 =p

At the same time, we can also obtain

0

IA

-2 Z url fi(xi(0) = fxOILfi(xi(0) = f; x:(0)]
i=1
= -2 Z w2 (1) = (fiF + fOx0) filx0) + £ f7 x5 (0]
i=1

< -2 Z] i f2(xi(1)) + 2 Z] wil £+ FIxOIfS (o)) — 2 le wif X0

= 2T (x(®)U f(x(1) + 2fT (x())U, F %(t) — 257 (OU, F2 (),

0 < -2 uxlgi(xi(0) - g x(N[gi(xi() — g ()]

IA

—28" (1) Urg(x(1)) + 28" (x(1)) U2 G1 5(1) = 25" (DU G (2)

and

+ > dilbillpi X (1) + g5 (x(r ~ TU(I)))]+Zd|d,,|[p,X,(l)+pf h?(xj(S))dS]}, (3.3)

(3.4)

(3.5)

(3.6)

(3.7
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()
IA

=23 unlhi((0) = xONhia(0) = by x(0)]

_2ﬁ;(x(t))U3fz(x(t)) + 21" (x(1)) Us Hy X(1) - 2&7 () Us HL X(), (3.8)

IA

in which

(1) = (x| @OD", f(x(0) = (i@ @)D,
2(x(0) = (g1, -+ 1gn D" Ax(0)) = (hr 1O, -+, Ira(xu (D
So, from (3.3)-(3.8), we have

IA

V() *f{”(z)(ﬁp 2PAC + P2dA, + P*dB, + P*dD, — 2U\F, - 2UsG — 2U3H2))~c(t)

AT
1 _
+ET(x(t))( _2Us + pze@Dz)ﬁ(x(r)) + 257 (1)UL F f(x(0))

+f7<x(z)>(—2U1 +Az)f(x(t))+ (x(t))( 20, + _Bz)g(x(f)

251 (OU,G13(x(0)) + 257 (1) U3H1h(x(r))}
_ /lt T(l‘)Ay(l) < 0 (39)

in which y(1) = (&7 (1), f7(x(2)), 8" (x(1)), B (x(1)))"".
Integrating from O to ¢ for (3.9) and using (3.2), we obtain

et mirl{pi}IIX(t)ll2 < V(@) < V()

il l|g2
(maxtple@F + ) > f LRI

i=1 j=1

f f ZZdld |pe4<9+p)h2x2(9)deds}

ll]l

IA

n

< {max{p}+  max( i) + ¥ max( " did;lF eI,
1<i<n 1 — 7 1<i<n = =)

which implies the origin of system (2.1) is exponentially stable, in which g; = max{|g;], |g]+.|}, h; =
max{|i; ], A7} j=1,--- ,n
For the systems (2.2) and (2.3), we obtain the following results from Theorem 3.1.

Corollary 3.1. The origin of system (2.2) is globally exponentially stable provided that there exist
some positive COnstants pi,--- , Pn, Uit + - - » Uin(i = 1,2) such that

A] U]F] UZGI
A=] = =2U,+A, 0 <0, (3.10)
* * -2U, + =B,

AIMS Mathematics Volume 8, Issue 8, 19161-19171.



19167

in which
Ay = =2PC + P?A, + P’B, = 2U,F, — 2U,G>, C = diag{cy, -+ , ¢4},

Ay = diagl )" lapl-+, Y lajl), By = diagly 1bjl -+, " Ibyll,
j=1 j=1 j=1

J=1

the other symbols are the same as Theorem 3.1.

Corollary 3.2. The origin of system (2.3) is globally exponentially stable provided that there exist

some positive constants py,--- , Pn, U1, - » Uy, Such that
Ay U F,
A—( B —2U1+A2+1%fB2)<0’ 3.11)

in which
Ay = =2PC + P?A, + P’B, = 2U,F,,C = diag{cy, - , ¢},

A = diag{y lapl,-+, Y lajl), By = diag{ ) Ibal, -+, > bl
=1 =1 =1 =1
the other symbols are the same as Theorem 3.1.

Remark 3.1. It is obvious that Corollaries 3.1 and 3.2 can be applicable to the networks (2.2)
and (2.3) studied in [17,18], since these networks are some special cases of system (2.1). Therefore,
Corollaries 3.1 and 3.2 can be seen as new stability criteria for the networks (2.2) and (2.3).

Remark 3.2. Based on the method of variation of parameters and differential inequality technique,
Theorem 2 in [18] shows that the origin of system (2.2) is globally exponentially stable provided that

_ <&llAll + 7l Bl
@d="—"-=X
Co

1,

in which & = max;c<,{sup, o f"if")},n = max <<, {Sup, 4 giif")},co = min;<;<,{ci}, l|All2 denotes the
square root of the largest eigenvalue of ATA. This stability condition completely depends on the
parameters of system (2.2) and the stability condition of Corollary 3.1 contains some non-system
parameters pi,-- , Pn,Uil, "+ ,Uin(i = 1,2) to be determined. We demonstrate that Corollary 3.1 is
applicable to system (2.2) in Example 1 and Theorem 2 in [18] is not. So the stability condition of

Corollary 3.1 is better.

Remark 3.3. By using matrix theory and inequality analysis, Theorem 2.4 in [17] shows that zero
solution of system (2.3) is globally exponentially stable provided that p(K) < 1, in which p(K) denotes
spectral radius of matrix K = (kij)uxn, kij = ci‘l(laijl + |bijl)a;, a; corresponds to max{lfj‘l, |fj+|} in
this paper. Similarly, this stability condition also depends on the parameters of system (2.3) and the
stability condition of Corollary 3.2 contains some non-system parameters py,--+ , Pn, Ui1,* ** , U1, t0 be
determined. We demonstrate Corollary 3.2 is applicable to system (2.3) in Example 2 and Theorem 2.4
in [17] is not. So the stability condition of Corollary 3.2 is better.

AIMS Mathematics Volume 8, Issue 8, 19161-19171.



19168

4. Examples

Example 4.1. Consider system (2.2) with the following parameters and functions:

I -1 -1 1 -1 1 -1 1

-1 1 -1 -1 -1 -1 1 -1
A=(aipsa=| | _y | |'B=Csa=| | | | _| |

-1 -1 -1 -1 -1 -1 -1 1

C = diag{6,6,5,5}, fi(x;) = tanh(x;), gi(x;) = 0.8tanh(x;), 7;(t) = 0.2sint + 0.2,i = 1,2,3,4.
We calculate that Ay = Ay = By = B, =41, F, = 1,G; =081, F, = G, = 0,7 = 0.2, in which I
denotes identity matrix. By using MATLAB LMI Control Toolbox, we know when

P = diag{258.2100, 258.2100, 450.2626, 450.2626},

U, = diag{324.4595,324.4595,317.0773,317.0773},
U, = diag{337.2718,337.2718, 332.0326, 332.0326},

the condition of Corollary 3.1 is satisfied and so Corollary 3.1 is applicable to system (2.2). Figure 1
shows the solution trajectories of system (2.2) with the initial value (0.3;0.2; —0.2; —0.3)" tend to 0.

On the other hand, we calculate € = 1,1 = 0.8, |All, = V8,||Bll, = V7.4641, ¢y = min <;cufc;} = 5
and a = 5'(,)5—14 > 1 defined in Remark 3.2. Therefore, Theorem 2 in [18] is not applicable to system (2.2)
in this example.

0.08F

Ty

zy |4

0.06

0.04

0.02f

-0.02F

-0.041

-0.06

-0.08

0 1 2 3 4 5
t

Figure 1. The solution trajectories of system (2.2) with the initial value
(0.3;0.2; =0.2; —0.3)7 tend to O.

Example 4.2. Consider system (2.3) with C = diag{5,5,5, 5}, fi(x;) = 0.5tanh(x;), 7;;(t) = 0.2sint +
0.2,7;j(t) = 0.2cost + 0.2,i # j,i, j = 1,2,3,4, the matrices A and B are the same as Example 4.1.

We calculate that Ay, = A, = By = B, = 4,F; = 051,F, = 0,7 = 0.2. By using
MATLAB LMI Control Toolbox, we know when P = 76.13241, U; = 72.48401, the condition of

Corollary 3.2 is satisfied. Figure 2 shows the solution trajectories of system (2.3) with the initial value
(0.3;0.2; —0.2; —0.3)" tend to 0.
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On the other hand, we calculate a; = 0.5,k; = 0.2(G = 1,2,3,4) and p(K) = 1 defined in
Remark 3.3. Therefore, Theorem 2.4 in [17] is not applicable to system (2.3) in this example.

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.08

0 1 2 3 4 5
t

Figure 2. The solution trajectories of system (2.3) with the initial value
(0.3;0.2;-0.2; -0.3)” tend to 0.

5. Conclusions

This paper has investigated the exponential stability of Cohen-Grossberg neural networks with
multiple discrete time-varying delays and multiple distributed time-varying delays. Maybe because
such networks cannot be converted into the vector-matrix forms, the stability results of the networks
are relatively few and the stability conditions in the linear matrix inequality forms have not been
established. By using Lyapunov-Krasovskii functional and linear matrix inequality simultaneously,
the sufficient conditions in the linear matrix inequality forms of ensuring the exponential stability are
derived. It is confirmed that Lyapunov-Krasovskii functional and linear matrix inequality can be used
simultaneously to investigate the neural networks with multiple delays that cannot be transformed into
the vector-matrix form.
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