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Abstract: This article studies a class of variational inequality problems composed of non-divergence
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1. Introduction

Variational inequalities are often used in American-style option valuation analysis, and they provide
a good description of early exercise provisions in the presence of uncertain equities. As an application
of variational inequality, we investigate the pricing problem of American-style options on two risky
assets. Assuming the existence of two risky assets in the financial market, their prices follow:

dSi(H) = wiSi(Hde + oS {(HdWi(1),i = 1,2,

where y; represents the return rate of the i-th asset, and o; represents its volatility, i = 1, 2. {W,(¢), ¢ > 0}
and {W,(¢), t > 0} are two standard 1-D Brownian motions used to describe the background noise of the
financial market. Investors who purchase American-style options have the right to choose between risk
assets {S1(¢),7 > 0} and {S,(¢), t > 0} for holding, in terms of value, expected return rate, turnover rate,
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and asset volatility, with the aim of maximizing their gains while minimizing fluctuations. According
to the literature [1-3], the value v of American-style option is suitable for the following variational
inequality model:

{ min{—Lv,v — max{S,S,}} =0, 0

v(S1,82,T) = max{S, S},
where r represents risk-free interest rate and
Lv=dv+ 10252 Lr2s20 510 S50
V= ,V+§O'l 1 5151V+§O'2 505,85,V + 15105,V + 15705,V — FV.
Many documents indicate that when there are costs in stock trading, sigma in Lv is often related to the
first spatial gradient of v. The famous Leland model can rewrite sigma as

o? = o§(1 + Le - sign(div(|Vs|P 2 V). (2)

In this equation, the variable o) denotes the initial volatility, while Le represents the Leland number.
The value of p is greater than or equal to 2.

Taking inspiration from Leland’s fee model for American-style options, this paper examines a
variational inequality initial-boundary value problem:

—Lu >0, (x,1) € Qp,
u—1uy =0, (x,1) € Qr,
Lu(u —up) =0, (x,1) € Qr, 3)

u(0,x) = up(x), x€Q,
u(t,x) =2 =0, (x,1)€dQx(0,T),

incorporating the non-divergence parabolic operator
Lu = 0,u — ulyu —y|Vul’, Ayu= div(|VulP>Vu), p > 2. 4)

Different from (1), we restrict Q to be a bounded and open subset of RY, and Q; = QX (0, T). In terms
of the parameter y, we continue to employ the hypothesis conditions from the study in reference [4,5]
to verify the presence of weak solutions, which is represented by y € (0, 1).

Theoretical research on variational inequalities has been extensively expanded in many aspects.
Some examples include the study of the existence and uniqueness of solutions for 2-D variational
inequalities in [4], and with fourth-order p(x)-Kirchhoff operators in [5]. The existence of solutions
in whole Ry can be found in [6]. Furthermore, the existence and uniqueness of solutions for mixed
variational-hemivariational inequality were discovered in [7], without Lipschitz continuity in [8] and
with nonlocal fractional operators in [9]. Additionally, stability analysis for variational inequalities,
hemivariational inequalities and variational-hemivariational inequalities was analyzed in [10], as well
as in reflexive Banach spaces in [11]. Finally, the regularity of weak solutions to a class of fourth-order
parabolic variational inequalities was proved in [12].

Inspired by the literature [4-6], we studied the Holder estimate and Schauder estimate for weak
solutions of variational inequalities formed by a class of non-divergence parabolic operators. On one
hand, starting from the weak solutions constructed in [4—6], we obtained several gradient estimates
using techniques such as Holder and Young inequalities, and obtained the Holder estimate results
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based on [13]. On the other hand, we constructed test functions for weak solutions using time and
space truncation factors, and obtained the Caccioppoli inequality that is suitable for the variational
inequality (3), which serves as the cornerstone for proving the Schauder estimate. By varying different
parameters in the Caccioppoli inequality, we obtained the Schauder estimate for weak solutions of the
variational inequality (3).

In summary, this section provides a definition of the weak solution for the variational inequality
based on references [4—6], along with a set of maximal monotone maps specified in [1-3,5,6]:

G = {ulu(x) = 0,x > 0, u(x) € [-M,,0], x=0} &)

Here M, is a positive constant.

Definition 1.1. A pair (u,&) is said to be a generalized solution of variation-inequality (1), if (u,&)
satisfies u € L*(0, T, W'P(Q)), d,u € L*(0,T, L*(Q)) and ¢ € G for any (x,t) € Qr,

(a) u(x, t) > up(x), u(x,0) = up(x) for any (x, 1) € Qr,

(b) for every test-function ¢ € C’(Qr) and t € (0, T], there admits the equality

ff At - @ + ulVulP>VuVedxdt + (1 —y) ff [VulP dxdt = ff & - pdxdt. (6)
Q Q Q

It should be noted by the reader that the above formula implies

ff 0,u-<p+uApu-<pdxdt—’yff|Vu|pgodxdt:ff§-<pdxdt. (7)
Q, Q Q

Note that uy > 0 in Qr . Then, using the second condition of inequality (3) and with ease, we can see
that u > 0 in Qr.

2. Holder estimates of solution
This section considers the Holder estimate of weak solutions, and first provides several gradient

energy estimates for weak solutions. For any ¢ € (0, T'], define Q, = Q X (0, ¢). By choosing u as the
test function in (6), we can obtain

ff At - ¢ + ulVulP>VuVedxdr + (1 —y)ff |VulP pdxdt = ff & - pdxdr.
Q; Q Q

After simplification, the equation can be written as follows:

1
—ff 6tu2dxdt+(2—)/)ff IVulpudxdt:fff-udxdt. (8)
2 Q, Q, Q

Now using the Holder and Young inequalities to analyze f fg ¢ - udxdt, we have

1
f &-udxdt < MGT + — f f u*dxdr )
Q, 4 Q
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from (5). Thus, substituting (9) into (8) and integrating with respect to f fg 0,u*dxdt, it is not difficult

to obtain
1 1 1
—fuzdx+(2—)/)ff |Vu|”udxdt§M§T+—ff uzdxdt+—fu3dx. (10)
2 Jo Q 4 ) 2 Jo

On the one hand, it should be noted that 2 — y > 0. By removing the non-positive
term (2 — ) [ [, IVul’udxdr, we obtain

!
fuzdx—Zf f uzdxdtS2M8T+fu%dx.
Q 0 Jo, Q

Using Gronwall’s inequality,

f udx < (2M§T + f ugdx) exp(2T). (11)
Q Q
On the other hand, by removing the non-negative term % fQ u*dx in (10), it is easy to obtain
1 1
2-7) f \VulPudxdt < MIT + — f f uldxdt + = f uidx. (12)
Q, 4 Q, 2 Q
Combining (11) and (12), it is easy to see that
f f |VulPudxdt < C(y, My, T) + C(y, My, T) f ubdx. (13)
t Q
It is worth noting that using integration by parts yields, f fQ ulA udxdt = — f fQ |Au|Pdxdt, and

thus (13) can also be used to obtain ulA,ul € L>(0,T; L*(Q)).We will now prove
ulA,ul € L=, T; L*(Q)). Assuming ¢ = ul,uin (7), it is easy to see that

J [, 0 ubpudxde + [ [ A uPdxde —y [ [, [VulPul,udxd:
= f fgtf - uA pudxds.

Here, we attempt to estimate f fQ uzlApulzdxdt in (14). With the help of the Holder and Young

inequalities, it is easy to discover that
1
< f f |0,ul*dxds + — f f |uA jul*dxdz. (15)
Q, 4 Q

ffﬁ,u'uApudxdt
1
sC(T,lQl,M0)+—ff|uApu|2dxdt. (16)
Q

Combining with (5), we obtain
4

l f & - ul udxdt
Q

From (9) we know that u € L*(0,T; W'*(Q)), such that we use Poincaré insert theory [14, P15] to

arrive at sup u < ||ullz~r.w1 ), such that Using the multivariate mean value theorem and integrating
Q
by part gives

(14)

[ Jo, IVuPut x|

< C(p,||u||W1,,,(Q))' NS uApudxdt| = C(p, lullwir) [ J, IVulPdxdr (17)
< C(p, ||u||W14’(Q))“u”W1~P(Q) =C(p,T, ||u||L°°(O,T;W1vP(Q)))-
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Substituting (15)—(17) into (14), we obtain
1
5 ff u2|Apu|2dxdt < f |0,u|*dxdt + Cly,p,T,|Ql, Mo, lullL=0.7:w1 @)))- (18)
Q, Q

From reference [13], we have the following result established by Eqs (13) and (18):

Theorem 2.1. For any (x1,t),(x2, 1) € Qr and any « € (0, 1), there exists

lu(xy, 1)) — u(x2, 1) < C(Ity — 6" + x; — x2|*).
3. Schauder estimate of solution

This section considers the Schauder estimate of weak solutions. For any (xo, ty) € Qr, define
Br = Br(xo) = {x|lx — xo| < R},

Ip = Ip(l()) = (tO _PZ, fo +P2), Qp = BR X Ip’
where R and p are given positive numbers.

Lemma 3.1. (Caccioppoli Type Inequality) If (u,§) is a weak solution to the variational inequality
problem (3), then for any Bgr C Qr and A € R, there holds the following estimate:

C

1 C
sup f (u— A)’dx + — f VulPdxdr < =+ > | (= 2)’dxde.
tel, P Q R-p)" (R—-p) Jox

Proof. For spatial variables, use the tangent function i on By, relative to B, that is

C
€Cy(Br),0<n<1,p=1inB,,|Vn| < .
n € Cy'(Br) n<ln o, 1Vl R—p)
For a time variable, let k € C’(R) be defined such thatO <k<1.Ift<ty—R? wehave k = 0, and if
t >ty — p*, we have k = 1. Moreover, 0 < k' (f) < =5 in [0, T].
Defining Oy, as

(R-p)
Br X (tg — R, 5), s € Iy
and selecting test function ¢ as n°k*(u — A), it is easy to obtain

fo;e O - Pk (u — A)dxde + for ulVulP~2Vu - V[n**(u — A)]dxdt

<@-D[[, VuP- PP — Adxds + [ [, € PP — dxdt. (19)

Note that u(t,x) = a = 0 for any (x,f) € 0Q X (0,T). Thus, by applying integration by part on
J Jo, 0P (u = 27%1dxdr and [ [, ulVul”>Vu - VIn’k*(u - A)ldxdr, we obtain
R

ff Gt[nzkz(u — )?]dxdr = ff ou - 772/<2(u — Adxdr + 2 ff 772K1<’(u — 1)*dxdt, (20)
(08 Oy (078
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[ [, ulVulP=2Vu - V[n*k*(u — A)]dxds
R
= fo 7 k2u|VulPdxdt + 2 fo K*nVnu|VulP2Vu(u — )dxdz.
Substituting (20) and (21) into (19), we can obtain
foS 7k (u — )*]dxdr — 2foj 2k’ (u — A)*dxdt
+[ fQY n2K2u|Vu|dedz+ 2 [ Jo, €0V ulVul2Vu - (u = A)dxds
<=1 [ f IVl 7w = Adxds + J Jp &P = dxdr
which means
fo O,k (u — A)?dxdr + fo 72 u|VulPdxdt
<@-D[ [, IVulP - i — Ddxde + 2 [ [, nPk’ (u — 2)*dxdt
R R
—2fos K*nVn - ulVulP2Vu - (u — )dxdt + fo & -7 2 (u — )dxdt.

Using the Holder and Young inequalities, and applying [V < we have

(R )2’

f |Vu|p K (u — /l)dxdt< )4p f f — )*dxdt,
_p N

ZJ:ESKUVU'WVMVQVM'Ut—ﬂtht
< ijl fo;e K>n?|VulPdxdt + %ffg} K2Vl - (u — )P dxdt.
Substituting (23) and (24) into (22), we have that
I Jo, 0P = D% dxde + [ [, PulVul dxde
R R
< —(R—i);‘” + % f fQ‘fe k> (u — /l)zdxdt +2 f fQ% kK’ (1 — A)*dxdr
+2L [ [, @ IVulpdxds + 5 [ [, @199 - (u = D dxdr.

Rearranging the above inequality yields
f nzkz(u = AP dxl + 5 [ fo, PHulVul dads

(R_pw, o fQY 2(u ) Sdxdr + 2 i f kK’ (u — A)*dxdt
L [ [ I = Pdxdr + [ [, €7 w - Ddade,

21)

(22)

(23)

(24)

(25)

Since 0 < ¢ < M, using the Holder inequality to f st k3 (u — A)*dxdr, f st °k&’ (u — A)*dxdt and

f fQ & - n*k*(u — )dxdt, we have

I nzkz(u—ﬂ)zdxlt s+ & [ Jp, iVl dxdi
C
<o ) o (u— 1) dxd

Removing the non-negative terms % f fQ 1°k*|VulPdxdr from which implies that for any s € I,
R

fBR I]2K2(u - /l)zdxlt s f 772K2(M - /1)2dx|t:S

< (R—(;)“P (R—p)2 J fQS (u — A)"dxdr
<o t wr | Jp, (= dxdr.

(26)

27)
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On the other hand, by removing the non-negative term fBR 17k*(u — A)*dx|,—, in (26), we can easily
obtain

C C
f VulPdxdr < f f 1Vl dxde < =+ . f (u—-Pdxdr.  (28)
0O Or (R _p) P (R _p) Or

Combining (27) and (28), the desired conclusion follows and the proof is completed. O
Now, we analyze the Schauder estimates for weak solutions of the variational inequality (3). On
the one hand, choosing p and R to be %R and %R, respectively, in the Lemma 4.1 and setting 4 = 0, we

obtain
sup f 2dx+— f f |Vu|”dxdt<— f f 2dxdt+— (29)
el , 03,
2

N
.a;

On the other hand, in Lemma 4.1, we choose p = %R and R, respectively, and set A = 0,

f f |Vu|2dxdt<— f f 2dxdl+— (30)
Q Or

Combining (29) and (30), we can obtain the following Schauder estimates.

Theorem 3.2. Let (u, &) be a weak solution of variational inequality (3), then

sup f wdx + — f f |Vu|”dxdt<— f f 2dxdt+—.
tEI%R Ql Or

%R
4. Conclusions

This paper studies the variational inequality problem associated with non-divergence type parabolic
operators as follows:

Lu = 0,u — ulyu —y|Vul’, A,u= div(\Vul’>Vu), p > 2.

First, the Holder estimate for the weak solution of the variational inequality (3) was analyzed. By using
the maximal operator G to overcome the inequality constraints in model (1), combined with the Holder
inequality, Young’s inequality, Gronwall’s inequality, etc., the energy estimates for the spatial gradient
and spatial second-order gradient of the weak solution of the variational inequality (3) were obtained,
thus obtaining the Holder estimate for the weak solution of the variational inequality (3).

Second, the Shauder estimate problem for weak solutions of the variational inequality (3) was
studied. By utilizing weak solutions constructed with maximal operators, and combining spatial
cutoff factors and time cutoff factors, the Caccioppoli inequality for the variational inequality (3) was
obtained. Based on this, the Shauder estimate for the weak solutions of the variational inequality (3)
was obtained by selecting different parameters.

There are still some areas for improvement in the current paper. The non-linear structure A ,u present
in Lu ( see (4), for details) restricts the possibility of obtaining higher-order Holder and Schauder
estimates through spatial partial derivatives. In addition, the inequality constraints in model (3) make it
impossible to obtain higher-order Holder and Schauder estimates through partial derivative operations.
We will attempt to overcome these limitations in future research.
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