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1. Introduction

Orlicz spaces have been widely studied since they were introduced by Orlicz [1], see for instance
Orlicz space [2, 3], weighted Orlicz space [4] and fractional order Orlicz space [5]. The regularity
estimates of operators play an important role in various fields of analysis. Several boundedness
properties of integral operators are applied to the study of the regularity of elliptic and parabolic
equations with discontinuous coefficients [6, 7]. Moreover, Abdalmonem and Scapellato [8] have
considered some Morrey-Herz spaces with variable exponents and have examined some boundedness
properties of intrinsic square functions and their commutators in this framework. Additionally, in [9],
Deringoz et al. studied the Calderon-Zygmund operators and their commutators on generalized
weighted Orlicz-Morrey spaces. Recently, Orlicz estimates for some operators have also been
obtained [10-12].
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The analytical study of nonlinear partial differential equations is one of the most interesting
fields of research for many researchers in recent years [13-18]. In this paper, we are interested in
the regularity estimates in Orlicz spaces for the parabolic Schrodinger operator with non-negative
potentials on nilpotent Lie groups. In Euclidean space, many scholars have obtained many regularity
estimates for elliptic and parabolic Schrodinger operators, such as L? estimates [19-21] and Orlicz
estimates [22-24]. Li [25] obtained the L” estimates for the Schrédinger operators on nilpotent Lie
groups, which generalizes the results in Euclidean space [20]. Liu, Huang and Dong [26] obtained
the L? estimates for the parabolic Schrodinger operators on nilpotent Lie groups. Yang and Li [27]
established the boundedness and compactness of commutators related with Schrodinger operators on
Heisenberg groups.

Acerbi and Mingione [28] proposed a new domain decomposition approach, and applied it to study
the local Sobolev estimates for the degenerate parabolic p-Laplacian systems. Wang, Yao, Zhou and
Jia [29] encoded and simplified the iteration-covering procedure used in [28] and extended it to the
whole space, and obtained the Orlicz estimates for the Poisson equation. Moreover, Yao [22, 23]
improved the method in [28, 29], and obtained the Orlicz estimates for the Schrodinger operators in
Euclidean space. We will extend the method of [22, 23] to the nilpotent Lie groups, and apply it
to obtain the Orlicz estimates for the parabolic Schrodinger operator with non-negative potentials on
nilpotent Lie groups, which extend the L? estimates in [26].

Let G be a simply connected nilpotent Lie group, and the corresponding Lie algebra is g. Assume
X = {Xj, ..., X,,} 1s a Hormander system of left invariant vector fields on G. In this paper, we consider
the following parabolic Schrodinger operators on G

Lu(z) = 0,u(z) — Axu(z) + Vix)u(z), z=(x,t) € G X (0, +0), (1.1)

where Ay = Y, X? is the sub-Laplacian on G, and the potential V(x) belongs to the reverse Holder
classon G: V(x) € RH, (1 < g < +00)if V(x) € L! (G), V(x) > 0 almost everywhere, and there is a

loc

positive constant C such that for all metric balls of G,

1/q
(|B,|—1 f Vq(x)dx) <C(|B,|‘1 f V(x)dx). (1.2)
B, B,

The smallest constant C that makes (1.2) true is called the RH, constant of V. If g = +oo, then the
left-hand side of (1.2) is essential supremum of V on B,, i.e.,

sup\/(x)<c(|B,|—1 f V(x)dx). (1.3)
B, B,

It’s clear that V € RH,, implies that V € RH,, for 1 < g < +o0.

Inspired by [22,23] and based on the L” estimate in [26], we will study the Orlicz estimates for
the operator (1.1) on nilpotent Lie groups. When V € RH, (1 < g < +0o0) according to the method
in [22,23], it is difficult to obtain a result similar to (3.7) in [22] or (2.24) in [23]. Therefore, we need
to improve the domain decomposition method and the measure estimation of level sets in [22,23].

The main results of this paper are as follows.

Theorem 1. Assume ¢ € AyNV,andV € RH,, q > max{D/2, a,}. Then for any u € C; (G X (0, +00)),
we have Vu € L? (G x (0, +0)) and

f d(IVul)dz < cf ¢(|Lu|)dz, (1.4)
Gx(0,+00)

Gx(0,+00)
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where the positive constant ¢ is independent of V and u. See Section 2 for the young function ¢, the
global A, condition, the global V, condition, the constant a; and the dimension D.
The proof of Theorem 1 is based on the following local estimate.

Theorem 2. Suppose thatV € RH,,, q > %. If h(x, t) satisfies 0,h — Axh + Vh = 0 in Q4,(20), then there
is a constant ¢ > 0 independent of V, h, r, zo such that

C
sup |h(2)] < —f V|h|dz, (1.5)
o) 2V (B (%0) Jouca)

where zo = (xg,%) € G X (0, +00), Q,(z0) 1s the parabolic cylinders in G X (0, +0), and B,(xy) is the
metric ball of center at x, and radius r in G (see Section 2), V (By,(xg)) = fB4 o) V(x)dx.
Using Theorem 1 and the approximation method, it immediately gets the following corollary.

Corollary 3. Assume that € A, NV, andV € RH,, ¢ > max{D/2,a,}. Then for any u € W;:S(G X
(0, +00)), there exists is a positive constant c independent of V and u such that

f o(|Vul)dxdt < cf &(|Lul)dxdt. (1.6)
Gx(0,+0c0)

Gx(0,+00)
See Definition 11 for the definition of W, (G X (0, +0)).

Remark 4. Theorem 1 generalizes the L? estimate for the Schrodinger operator in [26] to the Orlicz
estimate. In fact, due tot? € Ay N'V,, t >0, p > 1, letting ¢(t) = ", t > 0, p > 1, we immediately
obtain the L? estimates for (1.1) which have been obtained in [26] by the pointwise estimate for the
heat kernel of Schrodinger operators. Here we generalizes the condition V € RH,, to the condition
V € RH,, which is different from [22, 23].

This paper is organized as follows. In Section 2, we introduce the definitions and related conclusions
of nilpotent Lie groups and Orlicz spaces. In Section 3, inspired by [22, 23], the level set E,(1)
(see (3.5)) is decomposed into a family of disjoint parabolic cylinders by using the covering lemma in
homogeneous spaces (see Lemma 14). We prove Theorem 1, Theorem 2 and Corollary 3 in Section 4.
In Section 5, we state the main conclusions of this paper.

2. Preliminaries

This subsection introduces the relevant results of nilpotent Lie groups, and the proofs and more
properties and examples can be found in [30].

2.1. Background on nilpotent Lie groups

Let G be a simply connected nilpotent Lie group, and the corresponding Lie algebra is g. Assume
X = {Xi, X5,...,X,,} is a Hormander system of left invariant vector fields on G. X;, X», ..., X), satisfy
Hormander’s condition [31]. It can be seen from [32] that the left invariant vector field can induce the
Carnot-Carathéodory distance d.: for any 6 > 0, let A(6) be the set of absolutely continuous curves
v : [0,1] — G such that

m

Y = Y a®dXy®), D la0)] <6, ae 10,11,
i=1

i=1
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Then for any &, n € G,

d.(&,m) =inf{6 > 0: 36 € A6), y(0) =&, y(1) =n}.
Let
Bx,r)=B(x)={ye G:d.(y,x) <r}

be the metric ball of center at x and radius r in G. Let dx be the Haar measure on G. For any measurable
set A C @G, |A| denotes the measure of A. Assume that e is the unit element of G, then for any x € G
and r > 0, |B(e, r)| = |B(x,r)|. d and D denote the local dimension and the dimension at infinity of G,
respectively. Let D > d > 2. According to [30], there is a positive constant C; such that

Ci'r'<|Be,r)| < Cir¥, YO<r<l,

Ci'rP < |Ble,n)| < C 1P, V1< r< +c0.
Moreover, there exist positive constants C, = C>(Cy, d, D) > 0 and C3 such that
D

R\’ |B(e,R)| R
C‘l(—) < 2L C (—) , YO0 R < +0o,
2 - |B(€, I’)| 2 . <r< < 400

|B(e,2r)| < Cs3|B(e,r)|, VYO0 <r< +oo. 2.1)
The parabolic metric d, in G X (0, +o0) is defined by

dy(z, 20) = max {de(x, x0), It = 1o/'*},
where z = (x, 1), z0 = (X9, 1) € G X (0, 4+00). For any zy = (xp, fy) € G X (0,00) and r > 0, let
0z0,7) = Qrlz0) = {z = (,1) € G X (0,+00) : do(x,x0) <7, |t —1to] < 7}

be the parabolic cylinders of center at zy and radius r in G X (0, +00).

2.2. Orlicz spaces on nilpotent Lie groups

Here for the readers convenience, we give some definitions and related lemmas in Orlicz spaces,
and more properties and proofs can be found in [23,33-35].

We denote by @ the function class that consists of all monotonically increasing convex functions
¢ : [0, + o) = [0, + c0).

Definition 5. ( [23]) A function ¢ € ® is called a Young function if
=400 t—0*

t—+c0

+00

Definition 6. ( /[23]) A Young function ¢ is said to satisfy the global A, condition, denoted by ¢ € A,,
if there exists a constant K > 0 such that for any t > 0,

$(21) < K¢(1). (2.2)
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Definition 7. ( [23]) A Young function ¢ is said to satisfy the global V, condition, denoted by ¢ € V,,
if there exists a constant a > 1 such that for any t > 0,

d(ar) > 2ap(1). (2.3)
The following lemma can be easily obtained from (2.2) and (2.3). For example, see [35].
Lemma 8. Let ¢ be a Young function. If ¢ € A, N\'V,, then for any 0 < 6, < 1 < 0; < +o00,
P(611) < KO, " ¢(2), (2.4)
P(6a1) < 2a6,"¢(1), (2.5)
where aq = logf, a, = log5+1, a; > ap > 1.

Definition 9. (Orlicz spaces, [33, 34]) Let ¢ be a Young function. Then the Orlicz class
K? (G x (0, +0)) is a set of all measurable functions g : G x (0, +00) — R satisfying

Jul

il @0 1y = inf {k >0 f p (?)dz < 1} . 2.6)
Gx%(0,+00)

Definition 10. (Orlicz-Sobolev spaces, [33,34]) The Orlicz-Sobolev space W;’Z(G X (0, +00)) is the set
of all functions u satisfying u,, X®u € L*(G x (0, o)), 0 < |a| < 2 with the norm defined by

||u||W[}”2(G><(O,+oo)) = ||u||L¢(G><(O,+oo)) + ||XM||L¢(G><(O,+0<:))

+ ||X2u||L¢(G><(O,+DO)) + lttsll o (60,400

m
where Xu = (Xit, ... Xoutt), 1 Xullpooxosowy = 2 IXitlllisxosey, XU = {XiXjul,_
=1

m
2 — X,
”X u||L¢(G><(0,+oo)) - l_jzzl ||X1Xlu||L¢(G><(O,+oo))'
Bramanti et al. [21] defined the function space W‘z,’p (R") is the closure of C° (R") in the norm

il 2 gy = Il + 1Vl
Inspired by this, we introduce the following function space.

Definition 11. The function space W;:S(G X (0, +00)) is the closure of Cj’(G X (0, +00)) in the norm

||u||W¢15:%,(G><(O,+00)) = ||”||W(})»2(G><(o,+oo)) + ||Vu||L¢(Gx(O,+oo))-

Using the proof method of Lemma 2.1 in [23], it can be proved that if g € L (G X (0, +o0)), then

f ¢ (Ighdz = f l{x € G % (0, +0c0) : Ig| > t}ld [¢ (1)]. (2.7)
GX(0,+00) 0

Similar to Byun and Ryu [36], it obtains the following lemma.

Lemma 12. Let Q c G X (0, +0) be a bounded domain. If ¢ € A, N\'V,, then

LY"(Q)c L Q) cL?Q)cL (Q),

where a; and a, are the constant in Lemma 8.
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3. Domain decomposition method

Denoting
p=U+x)/2, (3.1

then we have 1 < p < a», where «; is the constant in Lemma 8. Assume that u € C7(G X (0, +00)).
Some notations are given below for convenience. Denote

1
A0 = f \VulPdz + — f \f1Pdz, (3.2)
Gx(0, + 00) &P Jax(0, + o)
where € € (0, 1) is a small enough constant which will be determined later, f = Lu, dz = dxdt. Let
u f
=—) f1=——,V¥4>0. 3.3
uy o fa 20l (3.3)

Then it infers Lu, = f,. Additionally, for any parabolic cylinder Q in G X (0, +c0), we write

1 1
J = — Vu,y|Pd ’d 34
t01= g [ Wz o | v 34

and the level set as
E:(1)={z=(x,1)eGx(0,+c0) : |Vu,| > 1}. 3.5

Lemma 13. (Covering lemma, [37]) Let E be a bounded measurable set in the homogeneous space
(S.d,w). If {B(x,p,)} is any family of spheres with bounded radius covering E, then there exists at
most countable disjoint subfamily {B (x;, p;)} such that {B (x;, kop;)} covering E with

clEI < ) 1B (xipi),
where the constants ky > 1 and ¢ > 0 only depend on §.
Inspired by [22,23], we decompose the level set E,(1) into a family of disjoint parabolic cylinders.

Lemma 14. For any A > 0, there is a family of disjoint parabolic cylinders {Q (z;, pi)};s; With z; =
(xi, ;) € E (1), pi = p, (1) > 0 such that

DO (@i, pd)] =1, alQ(zi,p)] < 1, Yp > p; (3.6)
and
E,(1)c U 0 (2, kopy) U negligible set, (3.7)
i>1
where ky > 1 is a constant. Moreover, we have
317
|0 @] < 37—
1
(f |Vu,|Pdz + —~ |f4|”dz). (3.8)
{260, @ IVua1> 4} &7 J{ze0,,lfil>5}
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Proof of Lemma 14: For any fixed z = (x,t) € G X (0, +0) and p (1) > po (1) > 0 with A7 |Qp0(z)| =1,
it follows from [33-35] that

5|0 ®)
1

10, @)
1

" (o, @)

< L

<

1
( [ womesradss < [ (oo
Gx(0,00) &Y J6x(0,00)

Thus it infers
sup supJ; [Qp (Z)] < 1. (3.9)

7€GX(0,+00) p=po
Then for a.e. z = (x,1) € E; (1), by (3.4) and Lebesgue’s differential theorem we get

1
| . )
i 1,[0, (0] > lim - | VO, dys

3.10
= [V()ua(x, nI” 10

> 1.

From (3.10) we know that there is p(1) > 0 such that

L, @]> 1.

By using the above formula and (3.9), it can be seen that there is p, € (0, po] such that

p.=max{p € 0.p0] : 1, [Q, 2)] = 1}.

Thus,
L]0 @] =1, L|Q,@)] < 1, Vo> p..

To sum up, for a.e. z € E, (1), there is a family of parabolic cylinders Q, (z) constructed as above.
(G x (0, +00),d,, dxdt) is a homogeneous space, therefore, according to Lemma 13, there is a family

of countable disjoint parabolic cylinders {Qp,- (Zi)}i>1 such that (3.6) and (3.7) hold.
Moreover, from (3.6) we obtain B

1
0@l = [ Wupdzs o [ inrae
0y, (@) €7 Jo, @)

It follows from the above formula that

1
| 0, (z,-)l < f VualPdz + — |pr (z,-)|
{20, @):IVual> 1} 3
1 p 1
.- falPdz + 55 |0, )
& J{zeQ, @yinl>£)

Then (3.8) is immediately obtained. This completes our proof.
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4. Proof of the main results

4.1. Proof of Theorem 2

To prove Theorem 2, three useful lemmas are first given.

Lemma 15. ( /38, Chapter 1]) If V € RH,, q > 1, then there exist 1 < py < +co and a constant ¢ > 0
such that for any nonnegative function g and all parabolic cylinders Q,,

1 Po c
(IQrI fQ,g PV (B) Jo,

where V (B,) = fB Vdx.

Lemma 16. ( [39, Lemma 1.4]) Let E be an open subset of the homogeneous space (S,d,u). F(E)
is the set of all metric spheres in E. If for 0 < g, < pand 0 < f € L} (), there exist the constants
A>1, 1 <0y <oy suchthat

1 ]/p 1 ]/LII
— Pd <A £ , VB: o,Be€ E),
(|B|f3f “) (I(foBI f(mgf “) ToB €7(E)

then for0 < r < gy and 1 < 0 < 0’ < 0/, there exists a constant A" > 1 such that

1 1/p 1 1/r
(ﬁff”d,u) <A’(@f f’d,u) , VB: 0'BeF(E).
B oB

For zo = (xo, 1)) € G X (0, +00) and r > 0, we write
O(z0,7) = {z =(x,1) € G x (0,+00) 1 d.(x,x0) <rty—r><t< to}.
Lemma 17. ( [26, Lemma 2.9]) Assume that V € RH,,q > 2. If h(x, 1) satisfies the homogeneous

2
equation

ath - Axh + Vh = 0 in Q(Z074r)a

then there exists a positive constant ¢ such that

1 1/2
sup |h|<c[~— f Ihlzdz) .
2€0(z0.7) |Q(ZO, 2r )| O(z0.2r)

Now we begin to prove Theorem 2.
PrOOfOfTheOrem 2: DenOting Ql = Q((-xo’ Iy + r2), \/zr)’ Ql = Q((-x()a Iy + r2)’ \/ir)’ 2Q1 = Q((-XO’ Iy +
r),2V2r), 201 = O(x0, 10 + r*), 2 V2r), then

O(z0,7) € 01 € 201 € 201 € Q(z0,37).
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It follows from Lemma 17 that

1/2
1

sup |h| < sup |h| < c[—~f |h|2dz]

0(z0.1) 01 1201| J20,

1 1/2
< c( |h|2dz) 4.1)
|Q(ZO’ "')l 0(z0.,4r)

1 1/2
<ol ——— |h|2dz) )
(lQ(ZO’ 41")| L(Zof“)

Using (4.1) and Lemma 16, we obtain

sup |h| < c

1/1
— Ihl’dz) . Yo<I<2.
0(zo.r) ( 10(z0, 41| J o(z0.4r)

When [ > 2, by (4.1) and Holder’s inequality, it infers

11
sup |h| < C(— |h|ldz) ., YI>2.
0(zo.1) 1020, 41| Jo(z.4r)
Thus,
1 11
sup |A| < c(— f |h|’dz) , VI>0. 4.2)
0(zo.r) 10(z0, 41| Jo(zp.4r)
Letting % = po, from (4.2) and Lemma 15 we get
1 Po
sup |h] < c(— Ihlpodz)
Q(zo.7) 10(z0, 41| J o(z0.4r)

C

<—-—— V|h|dz.
V(B4 (x0)) Joeoan

This completes our proof.

4.2. Proof of Theorem 1

In this subsection, based on Theorem 2 and the domain decomposition method, we give the proof
of Theorem 1.
Proof of Theorem 1: For u € C§’(G X (0, +00)), there exists a parabolic cylinder Qg, such that spt () C
Og,- Combining V € RH,;, ¢ > max{D/2, a,}, (2.2) and (2.3), we obtain

f ¢ (|Vuldz
Gx%(0,+0c0)

- f o (Vul) dz + f 6 (Vul) dz
{zeGX(0,+00):|Vu|>1} {zeGX(0,+00):|Vu|<1}

< Kop(1) f [Vu|"' dz + 2a¢ (1) f |Vu|*2dz
Gx(0,+00) Gx(0,+00)
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< c(sup lu|™* + suplul”} [f V|“'dz +f |V|azdz)
Ok, Ory Ok, Ory

< +o00,

that is, Vu € L? (G x (0, +0)). It follows from (2.7) that

f ¢ (Vuldx
Gx(0,+00)
—+00
= f {z € G X (0, +00) : |[Vu| > 2Ny AgA}d [¢ (A0D)] , 4.3)
0
where N, is taken as
p-1
1\n
No = (—) s, (4.4)
E

and the constants p and a; are the same as those in (3.1) and Lemma 8. In fact, from the proof of the
following Theorem 1, we only need to take Ny > 1 to satisfy lin(} g’N,' " = 0.

Now we begin to estimate |{z € G X (0, +o0) : |Vu| > 2NyAgA}|.
For any i > 1, from Lemma 14 and (3.4) we deduce that

1
— f VualPdz < 1 (4.5)
|Q4k0p,' (Zl)| Q4k0pi (z)

and

1
—f |falPdz < &7, 4.6)
| Qusop; (@) J s

where k is the constant in Lemma 14. Let w satisfy

- L ) € \Zi);
Lw = T = |l 2 Quropi(2i) (4.7)
0,  z€(GXR)\Oup,(z0)-
By [26, Theorem 3.1], we have
f [Vw|Pdz < cf |L_I/£/1|de.
GXxR GxR
Combined with (4.6) and (4.7),
f [Vw|Pdz < f [Vw|Pdz
Qakgp; (i) GxR
4.8)

<c f |Lu,y|Pdz
Qukop; (i)

< cgf |Q4k0p,~ (Zi)| :

Let 4 = uy; — w. Then h satisfies

ath — Axh +Vh=0in Q4kopi(zi)~
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By virtue of (4.5) and (4.8), we get

V4 )4
f |VhPdz < 277! [ f [Vw| dz + f [Vu,| dz]
Qakyp; (i) Qukp; (i) Qakgp; (20)

<c (Ep |Q4k0p,- (Zi)| + |Q4k0p,- (Zi)|)
Sc |Q4k0pi (Zi)l .
Denoting u = Ao, we deduce that
{2 € Qup @) : 1Val > 2Nop
= |{z € Qup @) : Vil > 200

<|fz € Qup @) 1 VA > No)| + [{z € O (@) : 1Vl > ol
=1 + L.

Next we estimate /; and I,. From (4.8) we find that

b = |{z € Qi (@) : 1Vl > Nol|
1

< — [Vw|Pdx
Ny J i)
= |0 @)
< ¢—5 |Qakep; ()] -
P 0Pi 1
N,

Using (1.2), Theorem 2, Holder’s inequality and (4.9), we conclude that

I = [{x € O, @) < 1VAI > No|

< — V\hl?dx
NO Qkopi(zi)
1 q
< —2(kop)’ qux( sup |h|]
Ny Brgp; () ED

q q
1 -
< Cﬁ(kopi)zwkopi (x| "[ f de] [ sup |h|]
0 Bip; (i) Okop; (20
1 | !
< ¢—|Okypy (@) q[f IVhIdZ]
NO Qukp; (i)

1 o) q/p
< 5| Qs @] ”( f IVhI”dz]
Ny Buggp; (%)

1
< CN_g |Q4k0p,~ (Zi)| :
Therefore, we have

'{Z € Quop; (zi) = [Vul > 2N0,u}‘ < c(% +
0

P
;—5) |Q4kop,- (Zi)| .

4.9)

(4.10)
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It follows from (3.7), (4.10) and (3.8) that

{z € G X (0,400) : |[Vu| > 2Nou}|
< D |fe € Qup @) < IVl > 2o

1 »
<ol + = Z | Qusop, (20|

Ny Ny
1 el
<c NI + N Z | Qtop, )|

N
)

1 fod 1
<t [f \VulPdz
Ny Ny (l‘p Z‘ {22 Qup; o Vul> 2}
1
+ f | f17 dz])
EPUP Jze iy, arifi> 2}
1 oer\(1
< c(—q + ip)(— f |Vul"dz
NO No ur {2€Gx(0,+00):|Vu>4 }
1
+ f |f|pdz).
EPUP J{zex(0,+00)1 f1> 2 )

Furthermore, by the above inequality and (4.3) we have

f ¢ (IVuldz
Gx(0,+00)
= fo l{z € G x (0, +00) : [Vu| > 2Nop}ld [¢ (2Nop)]

< ( 1 N gl’)f+°° 1 f |VulPd d[(b(zN )]
K C|— — — ulPdz "
N(()] N(l)) 0 /Jp {zGGX(O,+oo):|Vu|>%‘} 0

1 1 +00 1
NG - Pdz ¢ d ¢ (2N,
e (SpNg ’ Np) L MP {f{‘zer(O,+oo):|f|>£3y} / Z} [ CAws]

0

(1+8p)1+(1 +1)I

S0l T 3T C 7 |14

NI TNT Y

where the constant ¢ is independent of &, Ny. Now we estimate /3 and I;. According to Fubini’s

theorem and integration by parts, we deduce that
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+00 1
n={ = { | |Vu|f’dz}d [6 2Nogo)]
o M {xeG:vul>4}

Vel gl (2N,
:f [Vul? (f dlg 2Now)l )dz
Gx(0,+00) 0 ur

2N,
=37 $(6Ny |Vuldz + |Vul’dz X lim ¢ CNo)
p
Gx(0,+e0) Gx(0, + o) u—0 M

3Vl 5 (DN,
+ pf [Vul? (f Wdu)dz.
GX(0, + o0) 0 H

By using (2.5) and 1 < p < a», it infers

2
Oghmw

< : a=p — X
R 2a¢ (2No)l{11%u 0

Moreover, using Lemma 8, we have

3|Vu|
f ¢ 2Nop) /"' du
0

3V u 1
- H 6Ny [Vl jud
fo ¢(3|Vu| ol M|) /P du

3|V

1
¢ (6Ny |Vul) f w2 P dp
0

[Vul™

<c

<c ¢ (6N |Vul).

[Vul?

Note that 1 < p < a, must also be required in the above integral calculation process. Therefore, from
the above analysis and (2.4), we observe that

I; < cf ¢ (6N |Vul|)dz
Gx%(0,+0c0) (41 1)
<Ny ¢ (Vuldz,
G%(0,+00)

where the constant ¢ is independent of &, N.
By applying Fubini’s theorem, integration by parts and (2.5), I, becomes

Sl |
I = f —p{ f Vi dZ}d [p(2Nop)]
0o M {z€GX(0,400): |f1> %)
A [pQNow)]
- f 1% [ f —)dz
Gx(0,4+0) 0 ur

3if1
P 6N, = P(2N
_ e ¢( olfl)dz+pf WU # oﬂ)dﬂ]dz.
37 JGx(0,+00) & Gx(0,4+00) 0 ur
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Setting 6, = %‘I’ then 0 < 6, < 1. It follows from (2.5) that

e 6Ny |f]
WNpu) = ¢ | L 220
¢ (2Nop) ¢(3|f| - )

_2ae” 1 (6N, lf]
e )

By the above inequality, we obtain

31
= (2N,

f Vil (f #( pou)d,u)dz

Gx(0,400) 0 M

31

2as™ 6N, s

< ae f |f|17—az¢( Olfl) f ’qu/.l dz
3% Jax(0,400) € o MP

2aeP 6Ny |f]
e & dz.
32(az = P) Jox©.+w) €

Additionally, using (2.4), we get

(Y
Iy < cs”f gb(ﬂ)dz
Gx(0,+00) &

<ce f K(%) b () 4.12)
Gx(0,+c0)

1
Nmf ¢ (| fDdz,
gn-r 0 Gx(0,400)

where the constant c is independent of &, Ny.
Therefore, from (4.11) and (4.12) we obtain

1 _
f ¢ (IVul)dz < c[ o tE'Ny! p)f ¢ (|Vul)dz
Gx(0,400) N, Gx(0,400)

1 1
+c— — +8me_p)f ¢ (IfDdz
en (Ng “ 0 Gx(0,+00)

(g=ap)(p=1)

< c(s @@= 4 s)f ¢ (|Vul)dz
Gx(0,+00)
1 (g=ap)(p=1)
toe— (Ei(w +g) f 6 (If)dz,
Gx(0,+00)

g1
where the constant ¢ > 0 is independent of &. Finally, using 1 < p < @; < @; < ¢ and choosing a
suitable € > 0 such that
(g—ay)(p—1)
c(a @-p -+ s) <

we obtain (1.4). This completes our proof.

<c

1
2’
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4.3. Proof of Corollary 3

Proof of Corollary 3: For u € W(;:(Z)(G X (0, 0)), according to Definition 11, there exists a sequence of
{ur} of functions in C3’(G X (0, 00)) such that

”uk - u”W(;'z(Gx(O,oo)) + ||V(uk - u)llL¢(Gx(O,oo)) - 05 k — oo.

Therefore, from the above formula, Theorem 1, the convexity and monotonicity of ¢, and (2.4)
and (2.5), Corollary 3 is immediately proved. We complete the proof of Corollary 3.

5. Conclusions

In this paper, we study the regularity estimates in Orlicz space for the parabolic Schrodinger
operator L = d, — Ax + V on nilpotent Lie groups. There are many essential differences between partial
differential operators on nilpotent Lie groups and partial differential operators on Euclidean space.

m
_ 2 . . . . .
For example, the sub-Laplace operator Ay = Ei X: on a nilpotent Lie group is a degenerate elliptic
62
=

Acerbi and Mingione [28] invented a new domain decomposition approach, which is completely free
from harmonic analysis. Wang et al. [22,23,29] simplified and improved this approach, and obtained
Orlicz estimates for some operators in Euclidean space. We extend the method of [22,23] to nilpotent
Lie groups, and in order to generalize the condition V € RH,, to the condition V € RH,, we have
appropriately improved the domain decomposition method and the measure estimation of level sets
in [22,23]. By using this approach, we obtain the Orlicz estimates for the parabolic Schrodinger
operator with non-negative potentials on a nilpotent Lie groups, which extend the L” estimates in [26].
Because this method needs to rely on the estimate of the metric sphere measure, this method is
applicable to the Heisenberg group, Carnot group, etc, but it may not be suitable for the Hormander’s
vector fields.

m

operator, while the Laplace operator A = in Euclidean space is a uniformly elliptic operator.
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