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1. Introduction

The purpose of this article is to study the asymptotic behavior of the high frequency modes of thin
plates when the thickness of the plates goes to zero. The asymptotic methods were used to study
a large variety of problems in thin elastic structures. Let us refer to Ciarlet and Destunder [1] for the
justification of the two-dimensional linear plate model, Ciarlet et al. [2] for the junctions between three-
dimensional and two-dimensional linear elastic structures, Le Dret [3,4] for modeling of a folded plate
and [5] for modeling of the junction between two rods, and Trabucho and Viafio [6] for asymptotic
analysis of linearized elastic beams.

The problem of modeling the vibrations of thin elastic structures using a rigourous asymptotic
technique was first done by Ciarlet and Kessavan [7] in the case of a clamped plate. The techniques
introduced in this article were adapted and used to study different spectral problems: Le Dret [8] for
the vibrations of a folded plate, Bourquin and Ciarlet [9] and Lods [10] for a plate inserted in a three-
dimensional body, Kerdid [11, 12] for a single rod and junction between two rods. All these works are
concerned with the convergence of low frequency modes of the three-dimensional linear elasticity, as
the thickness of the body tends to zero. The limit problems obtained are the classical spectral problems
associated with the flexural displacement of the structure. However, these techniques fail to obtain the
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limit problem for higher frequency modes.

We also refer to some interesting works related to this article, which deal with the asymptotic
analysis of the eigenvalue problem in different thin linear elastic structures: Jumbo and Rodriguez
Mulet [13] and Jumbo et al. [14] for thin elastic rod with non-uniform cross-section, Serpilli and
Lenci [15] for laminated beams, Tambaca [16] for curved rods and Qaudiello et al. [17] for a thin
T-like shaped structure.

A nonstandard technique has been proposed in Irago et al. [18, 19] to study the behavior of the high
frequency modes and their associated eigenfunctions in thin elastic rods. The limit problem obtained is
the coupled one-dimensional spectral problem giving the classical equations for torsion and stretching
vibrations.

In this work, we combine the techniques of [7, 19] to study the asymptotic behavior of high
frequency modes in a thin clamped plate when the thickness of the plate goes to zero. Indeed, we
will construct a suitable families of index {{'}..o, which varies with ¢ and &, and for which the
high frequency eigenvalues 1, converge when the thickness of the plate approaches zero towards
the eigenvalues 7, of a two-dimensional spectral problem. The limit problem is identified to be the
standard eigenvalue problem associated with the classical equations for stretching vibrations of the
plate. The limit eigenfunctions are determined by the couples ({ " {é") of functions of the longitudinal
variables of the plate that are the unique solution of the limit problem and correspond to the stretching
displacements of the plate.

2. The three-dimensional problem

Let w be an open bounded set of R? and ¥ = dw its boundary which is assumed to be sufficiently
smooth. Given € > 0 we define

Q° =wx(-¢g¢), T.=yxX(-¢¢). 2.1)

Q? 1s assumed to be the reference configuration of the plate under consideration. The plate is
clamped on its boundary I';. The material that constitute the plate is assumed to be homogeneous and
isotropic with Young’s modulus E and Poisson’s ratio v, all independent of &.

We will also use the Lame’s coefficients A and u related to E and v by the formulas:

1= vE B E
T d+ni-2 HTo2a+yy

(2.2)

In the sequel, we shall use the repeated index convention, the Greek indices take their values in the set
{1, 2} and the Latin indices take their values in the set {1, 2, 3}.

The classical eigenvalue problem for the plate under consideration consists in finding pairs (n°, u®)
satisfying:

—0joy; =nu; in €%,
oh®) = ey, (u*)si; + 2uef ) in O, (2.3)
w =0 onl,,
onf =0 on 0Q°\I',
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where o¢(u®) is the stress tensor, n° is the outer unit normal vector to 9€2°, and e°(u®) is the linearized
strain tensor corresponding to the displacement u®:

& 8_1 auj 01415 24
eij(u)_iaxf-i_[)_x‘;' ()

In order to put the above problem in variational form, we introduce the space
Ve =¥ = (%) e [H'(Q)]’, v=0 onT,}. (2.5)
So, problem (2.3) is equivalent to finding (1°, u®) € R x V? satisfying
f o (W®)e,(v)dx® = nsf uividx® Vv e Ve (2.6)
& X Qe

Thanks to Korn inequality, the bilinear form

W, v%) e VEX Ve b— f

o u®)er,(v)dx 2.7
QE

is V®-elliptic. From spectral theory, it is known that problem (2.6) has a sequence of eigenvalues
(15)m>1 satisfying

O<mi<ms<ns<..<, < .. (2.8)
with
lim 7%, = +oo, (2.9)

associated with a family of eigenfunctions (u®™),,>, that is
f o u)es;(v)dx" =y, f u;"vidx® YV e Ve, (2.10)
& QE
which can be orthonormalized as

f ;" U dx® = 8y VYmyn > 1, (2.11)
Qé‘

and which make a basis in both Hilbert spaces V¢ and [L*(Q?)]°.
3. The scaled problem

In order to define a problem equivalent to problem (2.6) but posed over a domain which does not
depend on &, we let
Q=wx(-1,1), T=yx(-1,1), 3.1

and
V = H\(Q;R?). (3.2)

We introduce the following mapping:
¢ Q - QF
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x X7 = (X, X, £X3),
and the scaling functions v(g) € V defined as:

Vve(8)(X) = V()  va(e)(x) = VE(X®).

Due to scaling, we have

&0 = ewpW(e)),
et,(v°) g 'eas(v(©)),
e5;(v%) g %e33(v(€)).
Substituting (3.4) in (2.6), we obtain the following scaled variational formulation:
Find (,.(¢), u"(e)) € R X V such that for, all v € V

fbg(um(s), v)dx = n,,(€) {f u, (e)vedx + g2 f ug”(s)v_o,dx} ,
Q Q Q

where
Nu(€) = 1,5
and
be(u,v) = 2uesp(u)es(v) + Adeqo(u)egs(v)
+ &2 [Aues(wes(v) + Aea(wess(v) + ex3()esq(v))]
+ A+ 2pess(ues(v),

with the normalization condition

fuff(s)uﬁ(a)dx +e7? f uy (©us(e)dx = 6,  Ym,n > 1.
Q Q

We define the space of Kirchhoff-Love on € as
Vke ={veV, esv)=0}.
Elements of this space are characterized by

{ Vo(0)(x) = (X1, X2) — x30,43(x1, X2),
v (0)(x) = G(xy, x2),

where £, € H'(w) and &3 € H*(w).

4. Convergence of low frequency modes

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

A first convergence analysis of the low frequencies of the three-dimensional linearized elasticity
system in a thin plate, when the thickness of the plate approaches zero, was done in [7]. It has
been shown that the standard biharmonic two-dimensional eigenvalue problem associated with the
flexural displacements of the plate can be derived mathematically from the standard three-dimensional
eigenvalue problem of linear elasticity through a rigourous convergence analysis as the thickness of

the plate tends to zero.
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More precisely, it has been proven that for each integer m > 1,
An(e) = 8_277111(8) — 4,(0) 4.1)

and
u"(e) - u™(0) stronglyin V 4.2)

with
u"(0) = (—xséhu?(xl, X2), —X352M§n(x1, X2), M'3n(x1, X2)),

where (4,,(0), u7) € R X Hé(a)) are eigensolutions of the limit spectral problem:
Find (1, u) € R X H3(w) such that, for all v € H}(w)

E
m LAMAVXmd)Q =1 fc; leVXmd.Xz. (43)

The pairs (1"(0), u3') are solutions of the eigenvalue problem for the biharmonic operator A?

— ANu-= 4.4
ETET 4

corresponding to the classical equations for the flexural vibrations.
5. Convergence of high frequency modes

Our objective in this work is to characterize the limit problem associated to high frequency modes
when the thickness of the plate goes to zero. Unfortunately, the techniques used in [7] are not adapted
for the asymptotic analysis of higher frequency modes. So, we will be inspired by the idea proposed
in [18, 19] for the convergence analysis of high frequencies in a thin rod in order to characterize the
limit problem for high frequency modes in a thin plate.

Let us start with the following lemma:

Lemma 5.1. There exists an increasing sequence of constants K,, > 0,m > 1, independent of € such
that
(&) < K. (5.1)

Proof. From [7] Lemma 1 we have, for each integer m > 1,£7%15,,(s) < K,, where K,, is a constant

independent of &, which gives (5.1). ]

So, if we fix the index m and we make ¢ tend to zero, all the sequence 7,,(g) goes to zero. indeed,
the high frequency modes are concentrated at infinity when & approaches zero and cannot be obtained
using such a passage to the limit. So, the idea in order to characterize this kind of frequencies, consists
in associating to each integer m > 1, a family of index {{!'}.. that depend on ¢ and such that

lin% Ll = 400, (5.2)
and
Nen(€) < Ky (5.3)
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This family of index can be defined by
¢} =max{j e N" : n;(e) < K,,}. 5.4

It is clear that (5.4) satisfies (5.2) and (5.3).

The family of index {{!'} varies with m and &, and for each ¢ > 0, {{I'},>; 1S an increasing
subsequence of positive integers satisfying £ > m,VYm > 1. It contains the indices of the stretching
modes among all the modes {7,,(€)},,>1 of the plate.

To illustrate this idea and show the layout of the stretching modes {n.(g)} when m and & vary,
let us represent the family {n(g)} in a double-entry table. Consider a decreasing sequence {&,},>
converging to 0, the elements of the sequences {1,,(€,)}.>1 are arranged in rows while the elements of
the sequences {n,,(&,)},>1 are arranged in columns.

mie) - nge) oo e (&)
me) - e (82) -+ Men (€2)
me.) -+ Mg (€n) e Nen (&)
) N N
0 e m@©) - 1m(0)

Since for each m > 1 the family {{7 },>1 1s increasing, thatis £ > £, forn > n’, the elements of the
sequence {n. (€,)}x>1 corresponding to the modes associated to the stretching vibrations of the plate
are arranged diagonally. As the stretching vibrations are high frequency modes and are concentrated
at infinity when & approaches zero, they can only be reached through such a family of indices.

The following theorem summarize the results obtained when passing to the limit on these families
of sequences and constitute the main result of this paper.

Theorem 5.2. For each integer m > 1, there exists a sequence {{;'} such that
ez (&) = 1w(0) (5.5)

where 1,,(0) is an eigenvalue of the limit spectral problem:
Find (n,{) € R X [Hy(w)]* such that, for all ¢ € [Hy(w)]?,

E E
mfeaﬁ(g)eaﬁ(f)dxldXZ + 1_szf€aa(§)€ﬁﬁ(§)dxldxzZU(O)féVafadxldxz- (5.6)

In addition, there exists a subsequence (still denoted ) and u™(0) € V such that

u’ (e) = u™(0) weakly in 'V, 5.7
where
Uy (0) = ' (x1, x2) (5.8)
and
uz (0) =0, (5.9)
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with
o € [Hyw)l™

If ({7, 83 # (0,0) then it is an eigenfunction associated to 1,,(0).

To prove this theorem we combine the techniques in [7, 19]. First, we start by establishing an

appropriate bound for the eigenfunctions.

Lemma 5.3. For each m > 1, there exists a constant C,, > 0 independent of &, such that
t?m
| u= (&) llnrh< Con-

Proof. Let us define the scaled strain tensors

Kip(®) = eaplu (e),
K5(8) = & ewul (8)),
KGe) = & lenul(s)).

Taking v = u% (¢) in (3.5) and using (3.7) and (3.8), we obtain

2ﬂ||K€?(6)||L2(Q;M3) < fbs(ue‘;n(g)a uf'gn(é‘))dxldxz = 775;’(8) < K.
Q

So, we have
||Kf]gl(8)||L2(Q) < Cp,
and consequently, since 0 < € < 1,
lleas(™ ()l < Cns
||ea3(u€?(3))||L2(Q) <Cp,e<C,,
lless (' (@Dll2@) < Cue® < Cp.

Therefor, (5.10) is obtained using Korn inequality in H}(Q; R?).

Lemma 5.4. For each m > 1, there exists a subsequence (still denoted &) such that

Nen(€) = 1,(0)

and
u’ (e) = u™(0) weakly in V

where

Uy (0)(x) = &5 (x1, X2) — x30,45 (X1, X2),

uz (0)(x) = &5'(x1, x2),
with £, € H)(w) and {3 € H3(w).

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
(5.17)
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Proof. Convergences (5.14) and (5.15) come from (5.3) and (5.10). Now using (5.13) we have

e’ (e)) = 0 strongly in L*(Q),

and since
U (€) = u0) weakly in H'(Q),
then
e’ (g)) = e™(0)) weakly in L2(Q).
Thus,

eu™(0)) = 0.
Therefore, u™(0) € Vg, and consequently, we deduce (5.16) and (5.17) from (3.10).

Lemma 5.5. For eachm > 1, if 1,,(0) # 0 then
& =o0.
Proof. Letv = (0,0, v3), v3 € Hj(w) we have
eqs(V) =0, ep3(v) = %60123, and e33(v) = 0.

Substituting in (3.5) and multiplying the equation by £ we have

& f 2UKE(£)Dav3dx = (E) f s (&)vadx.
Q Q

Passing to the limit as € — 0, we obtain

f{é”wdxldxz =0 Vv € Hy(w).

Therefore,
& =0.

Lemma 5.6. For each m > 1, there exists a subsequence (still denoted &) such that
K%(8) = K(0)  weakly in L(Q),

with
K1(0) = eap(C™),

and
K5(0) = 0.

(5.18)

(5.19)

(5.20)

(5.21)
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Proof. Convergence (5.19) comes from (5.12) and from (5.15) we have
Ki(8) = eqpu(0)  weakly in L*(Q). (5.22)

Using (5.16) and (5.18) we obtain
Uy (0) = &5 (x1, x2),
and then
KZ:;;(O) = eqp({™).
Taking now v = (v{,v,,0)in (3.5), with v, € H}(Q), and multiplying the equation by &, we obtain

& f |41k (E)eap(v) + Kio(€)eps(v)] dix + 4u f K% (&)eqs(v)dx + 1 f K () ean(v)dx
Q Q Q

= &1, (&) f utt (£)vadx. (5.23)
Q

Passing to the limit as € — 0, we obtain

4u f Kp5(0)03v,dx = 0, Yy, € H%(Q),
Q
which has as unique solution (see [8])

Ky 5(0) = 0.

Lemma 5.7. For each m > 1, there exists a subsequence, still denoted &, such that
Kg(s) — K5(0) weakly in L*(Q) (5.24)
where

~4_ 0, (5.25)

K33(0) = T2

Proof. Letv = (0,0,v3), v3 € HL(Q), we have
eqp(v) =0 and en3(v) = %Ba\g.
Substituting in (3.5) and multiplying the equation by &%, we obtain
£ fg 2uK’%(£)Dgvadx + A fg Ki(€)dvadx + (A+2u) L K, (£)D3v3dx = ,(e) fQ Uy (&)vadx.
Which gives by passing to the limit as € — 0
fg [AK2,(0) + (A + 20)K55(0)] 3v3dx = 0, Vvy € HN(Q),

and consequently,
A(0) + (A + 24)55(0) = 0.

O
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Lemma 5.8. The stretching displacements ({{',{3') € [Hé(a))]2 satisfy for all (&¢,,&,) € [Hé (w)]?,

E
T+ ; eqp({"Meqp(&)dx dx, + I

E
_szfeaa({'n)eﬁﬁ(f)dxldxz

= ﬂm(O)féinadxldxz- (526)

Proof. Taking v = (£1,&,,0) in (3.5) with (£1,&) € [Hé(a))]z, we have

f [Zykaﬁ(s)eaﬁ(v)+/1K(m(8)eﬁﬁ(v)] dx + f /lkgg(s)eﬁﬁ(v)dx:nm(s) f uf}l (e)v,dx.
Q Q

Q

Passing to the limit when € — 0, we obtain
2u f op(0)eap(§)dxidx; + A f Koo (0)egs(E)d x1d x;
+4 f K35(0)egp(E)dx dx; = 1,,(0) f Uy (0)Edx dx,,
Q w

which can be written, using (5.25)

2ﬂfkffﬂ(0)€aﬂ(§)dx1dxz+ fkga(o)eﬁﬁ(g)dxldXZ :Um(())fu?:(o)fadxldxz-

ul
A+2u

Replacing «7,(0) by their expressions (5.20), we obtain

2p f eap({")eap(&)dx1dx; + f €aa(d™)egs(§)dx1dxy = 17,,(0) f Lo €adxidx,.

u
A+ 2u
(5.26) comes using relations (2.2). O

Lemma 5.9. For each m > 1, the whole family (1,:(€))s>0 converges as € — 0. In addition, if n,,(0) is
a simple eigenvalue of (5.26), then ng (&) is also a simple eigenvalue of (3.5) for € < &y small enough.

Proof. See [7]. O

Proposition 5.10. For each m > 1, the limit eigensolutions (1,,(0), {T', {3') verify the classical equations
of stretching vibrations:

E Zé‘l 2§m 252 _ .
2(1 _ Vz) [ (9 2 1(9 ] - nm(o){] )
. e 24 e (5.27)
2 2 1 _ m
20— [ +(1 - ) 2 +(1+ )c?xlaxz] = Nw(0)43',
with
0=46"=0 onvy. (5.28)
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Proof. Performing an integrating by part in the left-hand side of Eq (5.26) we obtain, for all (¢}, &) €
[Hy(w)]?

E f o’ .\ 1 rer .\ 1 PLr
1+v oxr 2 0x3  20x10x,
E f S W O W

+ + = + =
l+v Oxz 2 0x3  20x0x

62 m 62 m
+ Ev f[ ¢ + & ]&dxldxz

1 —v2 6x] 0x,0x,

62 m 02 m
+ Ev f[ 52 + (1 ]éfzdxldXQ

1 —v2 (9)(3% (9x1 (9)62

]fldx1dxz

] &Erdxidx;

= 1n,(0) f Ly Eudx dxy

which gives, for all (¢1,&) € [Hj(w)]*

624? 2§ P
2(1—v2)f[ (=975 1+ ]fldxldxz

x10x
2 2 2
2(1 _ 2) f[ 52 +( - ) 52 +(1 + ) §1 ]62 dx,dx;

= 1,(0) f V'ér dxidxy + 1,(0) f VEr dxidx;.

(5.27) 1s obtained by taking respectively & = 0 and &, = 0. O
6. Conclusions

In this work, we have proved that the stretching frequencies of an elastic thin plate is the limit
of a family of high frequencies of the three-dimensional elastic model of the plate, as the thickness
approaches zero. We have also shown, that the standard spectral problem associated to stretching
modes in linear elastic plates can be derived mathematically from the standard three-dimensional
eigenvalue problem of linear elasticity through a non-standard asymptotic analysis technique. This
technique can be used to study a wide variety of problems of modeling vibrations for thin structure like
folded plate and junction between different thin structures.
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