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1. Introduction

The generalized 2d Euler-Boussinesq system with fractional dissipation is given by the following
typical system:

0v+v-Vv+Vb=H() if(r,x)€R, xR,

0.0 +v-Vo+«kD|% =0 if(r,x) € R, xR, (1.1)
divy = 0, )
(v, =0 = (v, ©0)>

where v = (v';1?)T is the velocity of the fluid, o represents the density/temperature and the pressure
b is a scalar function. The action of the buoyancy forces are represented by the function H(o) =
(H,(0), H2(0))T. The coefficient x > 0 stands for the thermal diffusivity and the operator |D|* denotes
the fractional Zygmund operator and it is defined formally as follows,

DI f(x) = F~' (|- ["F()(0),
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where F denotes the Fourier transform and F~! is its inverse. In [5], Brenier introduced and studied the
optimal transport and the magnetic relaxation concepts related to the Boussinesq system with general
source term. The system (1.1) is a natural generalization for the 2d classical Boussinesq system, in
fact, the system (1.1) coincides with the classical Boussinesq system when H(s) = (0, s)'. Now, we
list some results regarding the classical Boussinesq system i.e. (H(p) = 0é,). The existence of local
solution of the inviscid system (with k = 0) was proved by many authors in a different spaces, see for
instance [7,8]. For the case x > 0 and @ = 2 Chae proved in [6] the global existence for initial datum lies
in H*, with s > 2. More recently, Hmidi and Keraani [17] extended the result of [6] from the subcritical
regularities to the critical regularities. The study of the classical Boussinesq system in the critical case
(a = 1) attracted the attention of many authors, where, Hmidi et al. [18] established a new technique to
prove the global existence of solutions, this technique uses deeply the structure of the equation and they
introduced the “coupled function” I £ w — Ro with w stands for the vorticity and R = ,|D|™! is the
Riesz transform. Thereafter, Ye [30] gave another approach to studying the classical Boussinesq system
in the critical regime. The method used by [30] is based on a prestigious result obtained by Ye and
Xue [28], (see Theorem 1.6 below). Concerning the existence/uniqueness problem for the Boussinesq
system with general source term (1.1), Sulaiman showed in [25] that the system (1.1) is globally well-
posed whenever @ € (1,2). Recently, Wu and Zheng established in [26] that the system (1.1), with
the presence of the vertical dissipation in the velocity and density equations, admits a unique global
solution. For more results on this subject we may refer to the papers [1,20,22,27].

The notion of vorticity (w = V X v) plays an interesting role in the study of the fluid dynamics. By
performing the operator VX to the Eq (1.1);, we get the following new system:

ow+v-Vw=VxHp) if(r,x)€R, xR?,
0.0 +Vv-Vo+kD[% =0 if (r,x) € R, xR?,
divy = 0,

(W, @)r=0 = (Wo, 00)-

We say that initial data is of Yudovich type if the initial vorticity w, is bounded, where Yudovich
in his famous paper [31] proved the global existence and uniqueness for Euler equation. Recently,
Danchin and Paicu [12] proved that the system (1.1) admits unique solution of Yudovich type when
a = 2. Recently, Xu and Xue [29] extended the results of [12] in the supercritical/critical regime
a € (0, 1], but in the supercritical case, they have imposed a smallness condition on the initial density
0o- A particular sub-class of Yudovich type data is the vortex patch, The initial vorticity wy is said to
be a regular vortex patch, if the initial vorticity wy is the characteristic function of a regular domain
Dy. In [9] Chemin showed that, if the initial boundary dD, is C'*" for iy € (0, 1), then 4D is still C'*7,
where D, = ®(t, Dy) is the flow image of the initial domain and @ is the flow map defined as follows

(1.2)

{ 0.D(t, x) = v(t, (1, x)) if (1,x) € Ry X R?,
(D|T:0(X) = X.

The approach of Chemin consists to control the L* norm of the gradient of the velocity with respect to
the co-normal regularity of the vorticity by introducing the logarithmic estimate (see also Serfati [24]
for another proof). In this context, for the case x > 0, and @ = 2, Hmidi and Zerguine [19] proved that
for a smooth initial boundary then the velocity remains Lipschitz for any positive time. More recently,
the reference [32] investigates the vortex patch issue for the classical Euler-Boussinesq system with
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critical dissipation. Hassainia and Hmidi [14] established the local existence for the regular/singular
patch for the inviscid Euler-Boussinesq system, this result was improved later by Hmidi et al. in [16].
Also, the first author and Zerguine [21] established a similar results to [14] for the system (1.1),-.
For more information and details we refer the reader to [4, 11, 13, 15, 23] and the references therein.
Inspired by the method used by [30] and motivated by the above works, we investigate the generalized
Boussinesq system (1.1) with critical dissipation corresponding to the case @ = 1. The first theorem of
this paper deals with the Yudovich type solutions.

Theorem 1.1. Let @ = 1 and H € C'(R;R?), such that H(0) = 0. We assume that the initial datum
(vo,00) € L*(R?) x L*(R*) N H'(R?), and wy € L*(R?*) N L™(R?). Then the system (1.1),, has a global
unique output (w,0) such that

we LR, LR N LYRY), 0 € LRy, L*®%) N H'®Y)), D70 € LR, LA[R?).

Remark 1.2. In what follows, « is a non-negative parameter (k > 0), and for the sake of simplicity, we
assume that k = 1.

Remark 1.3. Sulaiman [25] assumed that the function H is C>(R;R?) function, this assumption is
rather strong. In the reference [26], Wu and Zheng supposed that the function H belongs to C*(R; R?).
Compared with these results, in this theorem, we have weakened the assumption imposed on the general
source term H(o), where we have assumed that H € C'(R;R?), which is quite natural because we need
to deal with the vorticity equation.

The second result of this manuscript is devoted to studying the regular vortex patch issue, and we
have the following theorem:

Theorem 1.4. Let H € C*(R;R?), such that H(0) = 0 and n € (0,1) and Dy be a bounded smooth
domain of R* with Dy € C'*(R?). Suppose the initial vorticity is of the form wy = 1p, such that
wo € C"(Xp) and oy € L*(R?*) N H'(R?). Then the system (1.1),- has a unique global output

(v,p) € LR WE(R?)) X L™ (R 5 L*(R?) N H' (R?)).

Moreover, the boundary of the advected domain D, € C™'(R?), where D, = ®(1, Dy).
Remark 1.5. This result can be seen as a generalization of the results obtained in [25, 32]:

o Zerguine [32] studied the vortex patch problem for the classical Euler-Boussinesq system (1.1)
with critical dissipation i.e. (H(o) = 0@, and a = 1), where he have used the technique introduced
by [18], that dealing with the coupled function I' = w — Ro. Unfortunately, this method can not
be adopted in our case, because the presence of the general source term H(o) spoils the principle
of the coupled function used in [18].

o Sulaiman [25] established the global well posedness for generalized Euler-Boussinesq
system (1.1) with subcritical dissipation a € (1,2). This paper treats the critical dissipation
a=1

The proof of the above theorems heavily lies on the prestigious theorem proved by [28], which is
given as follows:
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Theorem 1.6. (Differentiability of the drift-diffusion equation) Consider the advection fractional-
diffusion equation with critical fractional dissipation:

{ d.0+v-Vo+kDlo=0 if(r,x) eR, xR,

divv = 0. (1.3)

Let oy € L*(R?). Suppose that v € L (R, ; C°(R?)) for some positive number 6. Then there exists some

loc
constant 1 belongs to (0, 6) such that o € LR, ; C'*(R?)).

Based on this theorem, we prove that v is a 6-Holder function for some positive constant ¢ € (0, %),
thus we obtain a bound for |[w||;~;~. Then we get Yudovich’s type solution. The main tool of the
proof of Theorem 1.4 is to control the Lipschitz norm of the velocity by using the logarithmic estimate
to do so we shall control the co-normal regularity dy w in Holder space of negative index C""!, (see
Definitions B.7 and B.8 in Appendix B for the directional derivative dx ), in the way, we need to
deal with the term [|H(o)||c1+s, to get rid of the nonlinear function H, we use the paralinearization
theorem (see Theorem A.5), which leads us to assume that H is a C* function, and by using results from
Theorem 1.1, we bound the co-normal derivative of the vorticity. The rest of this paper is arranged as
follows: The next section is devoted to prove Theorem 1.1. In Section 3, we investigate the vortex
patch issue for the system (1.1). We finish this paper with two appendices, the first one gives some
basic useful tools and definitions and the second one is devoted to giving some notions and results
regarding the vortex patch.

Notations: (1) We denote by C any positive constant that changes from line to line, we shall use
the notation X < Y instead of the notation 4C, > 0 such that X < CyY and Cj is a positive constant
depending on the initial data.

(2) For every p € [1, o], ||.||.» denotes the L” norms.

(3) The space C" denotes the Holder space. For n € R, \N the Holder space C” coincides with B, .

(4)9; = 7~ and 9;; = & where x = (x1,x,) and dx = dx,dx,.

. Ly Y
X 0x;ix;

(5) s on the involved norms of the initial data and the time.
2. Yudovich type solution

In this part, we perform only the classical A priori estimates. For the existence of solutions can be
done by the classical arguments.

Proposition 2.1. Let (v, 0) be a smooth solution for (1.1) such that divvy = 0. Then we have:

(i) llo@ller < lloollen, V1 € [2, 00],
(it) [[H' @)l < C,
(iii) V@I, + llo@)IE, + [ IIDI'20()IR.ds < po(7).

Proof. For (i) see [10]. For (ii), we use the fact that H is a C' function, so that

IH; @l < sup  [Hi(x)I.

[xI<llo(T)llLe

According to (i) we have [|o(7)]lz= < [loollz=. Thus
[EH: (@)l < sup [IVH(0)Il < C. (2.1)

IxI<llooll Lo
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Regarding (iii), We start first by establishing the L?-estimate of the density, in fact we take the L? inner
product of (1.1), with g, and integrating with respect to time, we obtain

lo(DI7. + f DI 2o()I7.ds < po(7). (2.2)
0

In the next step, we take the L? scalar-product of (1.1); with v and keep in mind divv = 0, we obtain

1d
EEIIV(T)II@ = fRZ H(o) - vdx < [[H(@)ll2[V(D)I| 2.

Since H(0) = 0 we use Taylor’s formula at order 1, we get

1
H(o) = 0 fo H'(0 + ro)dr.

From (i1), we get
IH@)llz2 < llollz2-

In view of (2.2) we obtain the desired inequality (iii). O

Proposition 2.2. Let (v, 0) be a smooth solution for (1.1) such that divvy = 0. Then we have:
VoI, + WDl + f IDF2o()17.ds < po(), (2.3)
0

W@l + llo@llcr < po(T), 2.4)
with 1 € (0,6) and 6 € (0, ).

Proof. Testing the Eq (1.1) with Ap and integrating with respect to space variable, we find

1d
5= IVo(@II7. + IIDFo()I* = lf (v - Vo)Aodyl.
2dT R2

From the incompressibility condition (divv = 0), we obtain

| | (v-Vo)Aody| = | f Dyv;DjoDody|.
R2 R2

From Holder inequality, we get

| f  Dwv;DjeDiody| < IVl NIVllZs,
R

thus

20 2(1-6
| f Dw;DioDiodyl s IVl IVl Vel "
R ’ 2,2

20 2(1-6

< Iwllsliely lll:”

00,00 22
20 3/2 112(1-6
< IwllallellZ 1DF 2ol 752
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From the inequality (ii) in Proposition 2.1 and Young’s inequality, we find out
1
If2 Dyv;DjoDyody| < Clwllyslloollz + ZIIIDP/ZQIIEz- (2.5)
R
Hence

1 d 1
E%IIVQ(T)IIiz + PP, < Clwlslloollz- + ZIIIDIWQIIZ- (2.6)

The classical L3-estimates of the vorticity equation gives:

1d
gEIIW(T)IIig < IVHI|= IVl 2 1wl -

Combining (i1)-Proposition 2.1, Young’s inequality and interpolation theorem, we conclude

A

260 2(1-6 2
VoIl 1Yol “Iwli?,

1 H1/2
00,00 Bz,z

l1d
gallw(ﬂll;

IA

1
Cliwll ool + ZIIIDFell7..
Gathering the last inequality with (2.6) and using Gronwall’s inequality, we obtain (2.3).
At this stage, we prove that the velocity v belongs to C°, with § € (0, %). In fact, since C°
then according to Bernstein inequality, we find

Q
o]
<

00,007

IV@lles s IAV@)lI2 + supf2P||A vl
jeN

A

Lo
V@Il + S.ul\]?{ZJ(“?)IIAjVIILa}-
je

A

From the Biot-Savart law, we have v £ V*A~'w, then according to the fact that § — 3
Propositions 2.1 and 2.2, we infer that

|—
A
L

A

51
IV@lles < IV@ll2 + sup{2/© 1A jwll )
JjeN

IV@llez + W@l S po(?).

A

Hence by using the differentiability of the drift-diffusion equation (Theorem 1.6), we conclude that
there exists & € (0, ) such that o € L™"([0, co); C'*"(R?)). In particular Vo € L™<([0, 00); L*(R?)).
Therefore, we find

Wl < po(7).

The proof of Proposition 2.2 is now achieved. O
3. Vortex patch issue

In this part, we explore the regular vortex patch issue for the nonlinear Euler-Boussinesq system
with general source term.
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Proof of Theorem 1.4. Our first step is to control the Lipschitz norm of the velocity, we start by
estimating the quantity [|dx, ,w||cs-1, for this aim we will use the commutation beetwen the operator
dyx,, with transport operator, then

(0 +v - V)ox, ,w = 0x,,(V X (H(0))).

Using Lemma B.10, we obtain

18x, Wler < eV (Idx, wollert + C f eV, (VX (H@))llcr1ds, (3.1
0

where V(1) = [ |Vv(1)l|~dt. Since dy, ,(V x H(g)) £ div(V X (H(0)) - X)) — V X (H(0))divXy,. Then
10x..,(V X H(@)llert < [|div(V X (H(e)) - Xellert + I(V X (H(@)divXe llcr-t.

Since C7 is an algebra, then the embedding L® < C7! and the paralinearization theorem
(Theorem A.S5), yellowgive

10x,,,(V x (H@))llcr-

A

IV x (H(o)) - Xraller + IV X (H(0))divX: allent
||Q||Cl+n||Xr,A||cv,

A

see the identity (B.1) for the definition of the normﬂ- |lcn. Substituting the last estimate into (3.1), we
deduce that

10, Wlier < e“VO(|dx, wollert + C fo T eV ONo(@)llcral Xeallerds). (3.2)
On the other hand, according to Lemma B.10, we find out
oaller < eV odller + € [ &N vlerds),
We make the following emphasis:

10x, Vller < 110x, Wllert + ldivXzallenlwlize + IXzallenllV VI 2,

and for more information, see, e.g. [9, 14]. Therefore
T
e VNXaller < IXoullern + C f e VI(||ox, w(S)llert + 1divX llenlw ()l )d's
0
.
+ f e VONXAllenlVV(s)llds.
0
From Gronwall’s inequality, we obtain

IXealler < eV O(IXo allen + C f e_c(v(s)(||(3’)<s,ﬂv(~?)llcrz—l + ||diVXs,/l||C’i||W(S)||L°°)ds)- (3.3)
0
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Putting together (B.4) and (3.3), we get
Tkamsemwﬁ%ﬂm+mw&ﬂawmw+61“f”mw%w®MMM)
0
From Proposition 2.2, we find

—CVST
e VX aller

N

.
1Xo.llen + CrlldivXoallen + € f e YOy, ws)llerids
0

.
< l+7+ f e “VNox, w(s)llerrds.
0

Inserting (3.2) into (3.4), we obtain

]
—CV(s)|- —CV(SI-
e (W&ﬂas1+rﬂfe SNXalleollo()lcrnds.
0

Gronwall’s inequality ensures that
X, llen < CreCVOelter,

However, we also have

llollzicren < Tllollz=ci+n-
According to inequality (2.4), we infer that
WXeller s €€07eCVO,
Consequently, (3.2) becomes
10x, Wil < €7V,
Gathering together (3.6) and (3.7), we find
10x, Wller1 + IXraller < €97V,

According to (B.3), we obtain

10, Wllenex,y S €07V,

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Combining the logarithmic estimate Theorem B.11 with the monotonicity of mapping y — ylog(e + f)

and (3.9), we find out

IVV(D)llze

IA

C(lwllzs + lIwllL~ log(e + ”W”C’I(XT)))

.
L+ wllips + Wl + 1 +f IVv(S)ll=ds.
0

A

According to Proposition 2.2, then (3.10) takes the following form

||VV(T)||LmSﬂo(T)+f IVV(s)ll ~dss.
0

(3.10)
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Using Gronwall’s lemma, we obtain

IVV(Dllzs < po(7).
Therefore
Wllenex,) < po(T). (3.11)
To estimate the flow @ in C"(X,) we use the identity dx ®(7) = X, ,o®(7) and dx D(7) = X, - VD(7),
we obtain
1Xr.0 0 @(D)ller < IXallen VO]

On the other hand we have the classical estimate |[VO(7)||;» < Ce“V™ (see for instance [9]).
Therefore, we obtain
X2 0 D(@ller S X allere™™. (3.12)

Putting (3.6) into (3.12), we deduce that

10x, P(Dllen < po(7).

Gathering the last estimate with (3.11), we conclude that

10x, P(Dllcn + Wllenex,) S po(T).

Boundary regularity. Since the boundary 0D is a curve of class C'*", there exists a real function A
and a neighborhood Vj such that

(i) ho € C'*™,  Vho(x) # 0, on V.
(ii) 8Dy = hy'(10}) N V.

Let ¢ be a smooth function satisfying
suppg C VO’ g(X) = l’ Yx e Vl
with Vj is a small nighbrohood of V;. Now we construct an admissible family as follows, we set

—0xho(x)

0
P ) Xou(x) = (1 - g(x))( | )

Xoo(x) = (

Set Xo = (Xo.0).0.11,» We have Xj, belongs to C" as well as its divergence, we can check that X, is
admissible in the sense of Definition B.7, see for instance [19]. Since wy = 1, we obtain

athowo = 0.

On the other hand 1 — ¢ = 0 on V; then dx,,wy = 0 in view of Theorem 1.1, the system (1.1) has a
unique local solution

(v,0) € Lip.(Ry; WH(R?)) X Ly (R, L™(R*) N H'(R?)).

loc

Next, we move to prove the regularity of the transported initial domain D,. We parametrize the
boundary dD as follows:

AIMS Mathematics Volume 8, Issue 8, 18566—18580.
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Let yy € dDy,y° € C'(R,,R?) solves the following equation:

{ 3:Y°(5) = Xo0(y°(s))
7’0(0) = X0

for every t > 0,
¥(1,5) 2 O(1,7°(s)).

Differentiating with respect to the variable s, we get
03y(7, 8) = (Bxy ®)(T, ¥ (5)).

Thus using that dx,,® € L=([0, Ty], C"(R?)), we infer that y(t) € L¥([0, T,], C'"*"(R?)). This completes
the regularity persistence of the boundary 9D;. O

4. Conclusions

In this work, we have shown that the two-dimensional Boussinesq system with critical dissipation
and general source term admits a unique global solution of the Yudovich type. Furthermore, the regular
vortex patch issue has been successfully addressed.

Appendix

Appendix A

In this appendix, we give some useful tools and notions. We begin with the definition of the dyadic
blocks.

Definition A.1. There exist two radial positive functions (¢, ) € D(R?) x D(R? — {0}) such that

VxeR%L  ¢(x)+ Z W(2x) = 1.

720

For every @ € S’(R?), the homogenous dyadic blocks are defined as follows: Let j € Z,

Aw £ y(270)w,

and the nonhomogenous dyadic blocks are defined as follows:

0 if j<-2
Aiw 24 ¢(0)w if j=-1,
Y2 0)w if jeN.

The following result is the famous Bernstein’s inequality, for the proof see [3].

Proposition A.2. Let 1 < p < g < co. Suppose w € LP then for every y € N there exists two
constants Cy, C, such that

— 1_1
supp@ C {|é] < Ap27} = (|07 @l < C 276 ||,

AIMS Mathematics Volume 8, Issue 8, 18566—18580.
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suppw C {A29 < |¢] < Ax29} = ||l < C27% sup |0 @],
lyl=k

where Ay, Ay and A, are non-negative constant.

Now we recall the homogeneous and nonhomogeneous Besov spaces in terms of the Littlewood-
Paley operators.

Definition A.3. The homogeneous Besov space B;’r(Rd) is the set of all tempered distributions v €
S'(R?) with
”w”B,‘,, = (2JS||Ajw||LP)(r(Z) < 00,

for (s,p) e RX[1,4+00]and 1 < r < co. Besides, if r = oo

lwllg,., = sup2”l|A;wl|Lr) < co.
JEZ

Definition A.4. The nonhomogeneous Besov space B;,,(Rd) is the set of all tempered distributions
@ € S'(RY) with
l@lls;, = 7A@l ) < o0,

for (s,p) e Rx[1,+00]and 1 < r < oo. Besides, if r = oo

@l = sup 2”IA;@llLr) < oco.
jENU{-1}

The next Theorem is the paralinearization theorem, see [2].

Theorem A.5. Let H € CI*2, with H(0) = 0 and s € [0,00]. Assume that f € B,, N L®, with
(p,r) € [1,+c0]? then Ho f € B}, and satisfying

I o fllg;, < C(s) sup [H 20l flls5,
WI<ClIfllze

We end this part with an interpolation theorem, for more details see [3].

Theorem A.6. Let 1 < a < b < oo, and a positive number. A constant exists, such that

_ b a
Il < Cliwll? il B=a -1:0=7.
Appendix B

In this part, we provide some definitions and notations concerning the admissible family of vector
fields and the anisotropic Holder space. These quantities constitute the main ingredients concerning
the vortex patch issue.

Definition B.7. Let 7 € (0,1). Let X = (X,)ien) be a family of vector fields. We assert that this family
is admissible of class C" if and only if:

e Regularity: X,, div X, € C".

e Non-degeneracy:

J(X) £ inf sup |X,(x)| > 0.
x€R? pep
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We set _
1Xall, = IXallen + Idiv Xallen-t, (B.1)
and -
1Xall;,
M, (X) = sup ———.
A T30

The action of the family X, on bounded real-valued functions u in the weak meaning as follows:
8X4u = le(LtX,l) - I/ldiVXA.

Now, for all T € [0,T] the transported X, = (X;,) of an initial family Xy = (Xo,) by the flow @, is
defined by
X a(x) 2 (0x,, @) (D (1, x)). (B.2)

The next definition deals with the concept of anisotropic Holder space, denoted by C"*(X). We
refer the reader to [9] for more details.

Definition B.8. Letr n € (0,1) and k € N. We assume that a family of vector fields X = (X)), be as in
Definition B.7. Then, the space C"*(X,) is defined as the space of functions v € W*® such that

D 118"l + sup Iy, il < oo,

lal<k AeA

and we set

||3xlv||C,,+k71
IVllcneiy = Mp(X) E [0V||ze + sup ————
Crk(X) n ] o J(X)

Following that, we list a few family properties. For more information, we reference [9].

Corollary B.9. There exists a constant C such that for any smooth solution (v,0) of (1.1) on [0, T] and
any time dependent family of vector field X, transported by the flow of v, we have for all T € [0, T],

J(X;) = J(X)e €V (B.3)
IdivXealler < IldivXoallene™ . (B.4)
The next lemma is a useful result used in our proof, for the proof see [9].

Lemma B.10. Let v be a smooth divergence-free vector field, and s €]—1, 1[. Consider (@, f) a couple
of functions belonging to L™"°(R, C*) x L"**(R, C*) and such that

{87w+v-Vw=f.

Wpr=0 = Wo-

Then, we have

o (@lles < lmolles e + f 1F(lleseCVdr. B.5)
0

Where the constant C depends only on s and
V() = f IVV(P)llr~dr.
0
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Next, we state the main tool used in the proof of Theorem B.11, which is the logarithmic estimate
introduced by Chemin [9].

Theorem B.11. Let a € (1,00),n € (0,1) and X be a family of vector fields as in Definition B.7.
Consider w € C"(X) N L. Assume v be a divergence-free vector field with vorticity w. Then there exists

C such that
[IW(@)llenex ))

IVl < (Il + I0l-log(e + W)l
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