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1. Introduction

In this paper, we consider the following inhomogeneous incompressible magnetic Bénard equations
in R%:
p; +div(pu) = 0,
pu;+pu-Vu+Vp=uAu+b-Vb+ pbes,

P0; + pu - VO — kA0 = pu - es, (1.1)
b;+u-Vb=nAb+b-Vu,
divu = divb = 0,

which is equipped with the following initial conditions:

(p9pu9p99 b)(xa O) = (,00’ pUuOnDOGO, b())(x) for x € R3' (12)

Here, the unknown functions p, u, 6, b and p are the density, absolute temperature, magnetic field
and pressure of the fluid, respectively. u > 0 stands for the viscosity constant and « > 0 is the heat
conductivity coefficient. 7 > 0 is the magnetic diffusive coeflicient. e; = (0,0, 1).
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The magnetic Bénard equations (1.1) illuminates the heat convection phenomenon under the
dynamics of the velocity and magnetic fields in electrically conducting fluids such as plasmas
(see [12] for details). If we ignore the Rayleigh-Bénard convection term u - e;, system (1.1) recovers
the inhomogeneous incompressible MHD equations (i.e., §# = 0), which have been discussed in
numerous studies on the existence, uniqueness, and regularity of the solutions, please
see [1-4,6,7,9,11,14-16,22] and references therein.

When b = 0, system (1.1) reduces to inhomogeneous incompressible Bénard system. For the
initial density allowing vacuum states, imposing a compatibility condition on the initial data, Cho-
Kim [5] showed the local existence of strong solution in bounded domains Q c RY(N = 2,3). Later
on, Zhong [17] removed the compatibility condition, and extended the Cho-Kim’s results to the whole
space R%. Meanwhile, Zhong [18,19] showed the global existence of strong solutions to the 2D Cauchy
problem and 2D initial boundary value problem with general large data, respectively. Recently, using
time-weighted estimates, Zhong [20] investigated the global existence and exponential decay of strong
solutions without a compatibility condition, provided that some initial conditions are suitably small.

Similar to the results achieved for inhomogeneous Bénard system, the authors [8, 21] respectively
showed the local and global existence of strong solutions to the Cauchy problem of (1.1) and (1.2) in
R2. However, the global existence of strong solution to the 3D Cauchy problem of (1.1) and (1.2) with
vacuum is not addressed. In fact, this is the main aim of this paper.

Before formulating our main results, we first explain the notations and conventions used throughout
this paper. For simplicity, we set

ffdxsz3fdx, u=k=n=1.

For 1 < r < oo, k > 1, the Sobolev spaces are defined in a standard way.

b ROID Y € L'(RY)},

L'=L®’), DY=D"®R)={vel,
Wk,p — Wk,p(RB)’ Hk — Wk,2’ Dk — Dk,2_

The main result of this paper is formulated in the following theorem.

Theorem 1.1. For constants p > 0, assume that the initial data (py, uy, 6y, by) satisfies

1.3
(Vuo, V@()) S Lz, b() S Hl, diVI/t() = diVb() =0. ( )

{0 <po<p. po€L'NH' "W, (+pouo, vpobo) € L2,

Then, there is a positive constant €, which depends only on p and the initial data, such that if

p +1bolls := xo < €, (1.4)

AIMS Mathematics Volume 8, Issue 8, 18528—18545.



18530

then the problems (1.1) and (1.2) has a unique global solution (p,u, 8, b) on R3 x (0, T) satisfying

0<pel™0,T;L'NL>), Vpe L¥(0,T;L* N L,
p € L0, T;L>N L%, pe C([0,T];LY), 3 <q < oo,
o, Vi, t7 \Jpuy, 11V2u, 11V p € L0, T; L?),

V0, V6, 15 \Jpb,, 13 V20 € L0, T; L?),

b,Vb,1:V2b,t2b, € L=(0,T; L?), (1.5)
Vu, Viu, ti \pus, tiVu, € LX0,T; [2),
V6, V26,13 \[pb,, 14V, € L0, T; L?),
Vb, V2b,12b, € L2(0,T; L?).
Moreover, it holds that
sup IVollrzars < ClIVpollz2azs, (1.6)

0<t<co

and there exists some positive constant C depending only on p and initial data, such that for all t > 1,

_1
I Voullez + 1 Vobllz2 + IVullp2 + IVOll2 < Cr3,
1
I Voud iz, + | VpBill7, + IV2ullZ, + IV pIIZ, + IV?6ll7, < Cr 3, (1.7)
1
IVl + 1Bl +11V?Dll2 < Cr 2.

Remark 1.1. Very recently, Zhong [20] establish the unique global strong solutions with vacuum to
the Cauchy problem of the inhomogeneous incompressible Bénard equations. However, the
corresponding strong solutions admits the exponential decay-in-time property which is quite different
from Theorem 1.1 for magnetic Bénard system. This means that the magnetic field acts some
significant roles on the large time behaviors of solutions. In particular, this decay rates of solutions
are new for the magnetic Bénard system.

Remark 1.2. When b = 0, Theorem 1.1 is different from Zhong’s [20] result, since the initial velocity
uy and initial temperature 6y need not to be small in our result.
2. Preliminaries

We begin with the local existence and uniqueness of strong solutions whose proof can be performed
by strategies as those in [5,21].

Lemma 2.1. Assume that (0g, ug, 6y, by) satisfies (1.3). Then there exists a small time T, > 0 and a
unique strong solution (p,u, 6, b, p) to the problems (1.1) and (1.2) in R? x (0, T) satisfying for some
constant M, > 1 depending on T. and the initial data

1
sup £2(IVully, + IV, + b1, + I Voudlly, + | VoB.Z. + 1bi[7.)

O<I<T.
T
+ f (IVullz. + IViII7. + IVB[7)de < M. 2.1
0
Next, the following well-known Gagliardo-Nirenberg inequality (see [13]) will be used later.
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Lemma 2.2. (Gagliardo-Nirenberg inequality) Assume f € W™ N L', it holds that

Il < CIVANL AL, (2.2)

where ¥ = (% - é)/(% - % + %), and if m < 2, then q is between r and 22__mm ifm=2, then q € [2,00), if
m > 2, then q € [2, 00 and constant C depending on g, m and r.

Next, we have some regularity results for the Stokes equations, which have been proven in [9].

Lemma 2.3. Suppose that F € L" with 1 < r < co. Let (u, p) € H' X L? be the unique weak solution to
the following Stokes problem

—uAu+Vp=F, in R3,

divu = 0, in R3, (2.3)

u(x) — 0, as |x| — oo,
then (V*u,Vp) € L" and there exists a constant C depending only on u and r such that

IV2ullr + IV pll < CIFIl.. (2.4)
3. A priori estimates

In this section, we will establish some necessary a priori estimates, which together with the local
existence (cf. Lemma 2.1) will complete the proof of Theorem 1.1. To this end, we let (o, u, 8, b, p) be a
strong solutions of (1.1) and (1.2) in R*x [0, T']. For simplicity, we use the letters C and C;(i = 1,2,...)
to denote some positive constant which dependent on p and the initial data, and write C(«) to emphasize
that C dependent on a.

We first aim to get the following key a priori estimates on (p, u, 6, b, p). Set

X (@) = |IVully, + 1IVBIZ, + V0I5, K = Vuollz, + IVboll7. + V67, + lIboll7..

120
Proposition 3.1. Assume that
Xo < €,

there exists some small positive constant €, depending only on p and the initial data, such that if
(0, u, 6, b, p) is a smooth solution of (1.1) and (1.2) on R? x (0, T] satisfying

p+ bl <2x. X(5) < 6K, 3.1)
then the following estimate holds
3.
5+ bl < 5)(3, X(t) < 5K. (3.2)

Moreover, we have

sup ([Vull}, + IVOII7, + IVAII7,)

0<t<T

T
+ f (I Voully, + I VROilIT, + IbdI7, +11V2lI7,)dt < C. (3.3)
0
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Proof of Proposition 3.1. 1) It following from transport Equation (1.1),, and making use of (1.1)s (see
Lions [10, Theorem 2.1]) that

0 < p(x,t) < sup po(x) = p. (3.4

xeR3
2) Multiplying (1.1), 34 by u, 6 and b, respectively, and integrating by parts over R?, one obtains by
using divu = divb = 0,
1d
2dt
< Cfp|u||9|dx < CllVpully, + CllVpoll7

< CIIPIIL%(HMII%G + 1161176
2

< Cllpoll},p* (IVullZ, + IV6IIZ,)

(I Voully, + VPOl +1b117.) + IVullz, + 11V, + VA7,

2 1
< Clllpollil)(S(IIVulliz +[IVall7), (3.5)
which leads
4 2 2+ (bl Vul]? Vo Vb|)? 6
dz(” vVoully, + 110l + 1bl7) + pllVull,, + «lIVOll,, +nllVbll;, <0 (3.6)

provided yy < € := min {1, m}. Integrating (3.23) over [0, T'] yields that

T
sup (Il vioully, + Il Vool + lIblI7.) + f (IVully, + IVOII7, + IVBIZ,)dt < Eo, (3.7
0

0<t<T

where

Bo = Il vPotull} + Il VBoboll: + ool

3) Multiplying (1.1), 5 by u; and 6, respectively, and integrating the resulting equality by parts. We
infer from Gagliardo-Nirenberg inequality and Young’s inequality, (3.4) that

1d
37 f(IVulz + V6 )dx + f(]t)lutl2 + pl6,)dx

:—fpu-Vu-utdx—fpu-VH-thx—f@pe3-u,dx
d
—f@,pu-@dx—d—tfb-Vu-bdx—fbt-Vu-bdx
—fb~Vu-btdx

d
<— f b+ Vi~ bdx + Cp* || ypudl 2 lulls [Vl

_1
+ Co? || VOl 2 llull VOl + Cll Vool ozl Vioullr2
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+ ClIbl DAl MV ullzs + Cllvpol 21l Vipud |2

d | 3 1
< 7 fb - Vu - bdx + Cp2|| \/ﬁuzllelqullzzllvzulliz

1
= 110l sll Vioudll 2

1
+ CIIpIIZ%IIMIIlel Vbl + CIIPIIL%

1 1
+ Cp2 || Vbl IV ull V61, V61,
+ ClIbll 3 1Bl 2 11Vl 2
d 1 , 1 N T
<~ | b Vu-bdx+ Sl pul + SIIVpOI: + Slibd,
+ CRlVUll,IIV2ull 2 + CRlIV Ul V6|2 11V26l,2
+ CIBIEIV2ul?, + CH3|IVull2, + Cp VL.,

which yields
d 2 2 2 2
7 IVl + 11Vl + ] VPOl + | Vpoudl}»

12

d 1 i )
=" f b Vu-bdx + ZlIbl}, + C@ + DIV ully, + CHIV6;
+ ClIVull, + CIVEI,.

4) Multiplying (1.1), by b, in L? and integrating by parts, we obtain

1
Edit f \Vb?dx + f |bldx = f (b-Vu—u-Vb)-bdx

< ClIbl2 (1161 21Vl s + [lulls IV 12)
1

IA

4 2
2 2 2. 112 2 271113 3
1517, + ClDIIVull, + CIVUllLIV=BILL1IBIL

IA

1
IB17, + ClIBIZ IV ully, + CIVul$ bl + CIVBIL 1B,

IA
FN N

1
1b:17. + ClIBIZIVZully, + ClIVully, + ClIbILIIVZ5I..
5) According to Lemma 2.2 and F = pu, + pu - Vu + b - Vb + pfes, we derive

IV2ull2 + IVl < Cllow, + pu - Vi + b - Vb + pbes| 2

_1 _ _1
< Cp? || pudlzz + CollullslVullz + C52 | bl
+ ClIbl IV Bll.s
3 1
< Cp2 || Vpullz + CAIVUlZIIV?ull?, + Cp3 1160
+ ClIbl V5]l
1

_1 -
< §”V2u”L2 + Cp2l Vpull2 + Co°(IVully,
+

_2
Cp31IVAll.z + ClIblls11V2Dll 2,

(3.8)

(3.9)
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which directly leads that

1 _2 —
IV2ull2 + IVplle < Cp21l pul2 + Cp3 IVl + Cp2lIVull 2
+ CilIbll V2Dl 2

< Cllvpudllpz + ClIVOlIz + ClIVull + Cox IV2bll.2. (3.10)
It follows from (1.1),, Holder’s and Gagliardo-Nirenberg inequalities, we get

IV2bll2 < CIbAlz + Il - VBl + 16 - Vull2)
< Cllbilzz + CllullslIVDIls + ClIbl sV ullps

< Clib > + CIVBILIVBILITull> + ClITull VI 1L
< ZIVBil: + Cllbl: + CIVBlVul
+ Cllbll 1Vl (3.11)
which together with (3.10) implies that

IV2ull2 + IVplle + IV?BlI.2 < Clibillzz + Cll Vpuillz + ClIVullz + ClIVl2, (3.12)

which provided y( < & = min{e, ﬁ}.
2

Similarly, by using the following L*-estimate of elliptic system, we have

V26l < CllpBillz> + llow - VOl + llou - e3]l2)
_1 _ 1 1
< Cp2 I Vpbillez + CpllullslIVOIlLs + Colpoll? ; lluells

3
L2
=1 =1 2 12012 -2
< Cp2|Vpbillrz + Cp2IIVull2NIVOI LIVl L, + Co3 I Vull 2
1 _1 _
< EHVZQHLZ + Cp2 || Vpbill2 + Cp(lIVull2 + IVOl,2),
that is

IV26ll,2 < Cp2ll VPl + CAIVull2 + 11V62). (3.13)
6) Combining (3.8), (3.9), (3.12) and (3.13), it is easy to deduce that
d 1
E(IIVulliz +IVOII7, + VDI + VRO + | Vioull;, + E”bt”iz
d
S-7 fb - Vu - bdx + C@ + |IBI2 )V ull2, + 1V>6l17,)
S w2 h2 2 2
+ ClIbIILIIVEBIl + CliVully, + ClIVE,
d 1.
s-7 fb - Vu - bdx + xZCUIb, + I Voully> + | Vooll7.)

+ Cl[Vully, + ClIVOII7,.
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Hence, choosing y suitably small, we have

d

E(IIVulliz +[IVOIIZ + IVBIL) + VP8l + | Voull: + b1
d

<-= fb - Vu - bdx + C||Vull?, + CIIVO|[>,.

Integrating (3.14) with respect to ¢, and using (3.1), one obtains

T
sup (|[Vully, +IVOII7, + IVBI7,) + f (INPOIIT, + I Voullz, + lIbdI7,)dr
0

0<t<T

< M + Cliboll s IVuoll2llbolle + C sup [|bl] 5[ Vul| 2Bl o

0<t<T

T
+Cf (IVull7, +11V6I17,)d
0

1 1
<2M+ EIIVMolliz + C3lIbolI7: 11V boll + 5 sup IVull7,

0<t<T

+ C3IbII7 VhI17,

5 1
< SM + = sup [[Vull7, + 4Cs sup xolVbIl7..
2 2 0<t<T 0<t<T

As a consequence, we have

T
sup ([Vully, + IVOII7, + IVBIZ,) + f (IVPOIIT. + | Voull7, + lIbdI7,)de < 5M,
0

0<t<T

) . 11
provided yy < & := min{e,, 3Cy? ﬁ}'

7) Mmultiplying (1.1), by 3|b|b and integrating by parts, we derive

d
d—tllblliz +3 fIbIIVblzdx +3 fIbIIVIbIIde < fIbIIVblzdx + CIIVMIIiZIIbIIi%-

Consequently,

d
Ellbll‘zg + 2f|b||Vb|2dx +3 fIbIIVIbIde < CIIVullizllblli%-

(3.14)

(3.15)

(3.16)

To deal with the right-hand side of (3.16), we need to use the following variant of the Kato inequality

30 3 3
IVIbI2] = Z[BIZIVIBIl < =|bI2| V],
2 2
which combined with Holder’s inequality and Galiardo-Nirenberg inequality leads to
[Lally
L

9
2

Thus, substituting (3.17) into (3.16), we obtain from Young’s inequality that

d
d—tllbllis + fIbIIVblzdx < CIIVullp, |11

3 3 3 3 3 3 3 1
< IBIINBIE, = 1B 11D12 s < ClDIL IV ADI)I 2 < ClBI DI VDI 2.

(3.17)
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This together with (3.7), (3.15) and Gronwall’s inequality yields

1

T 1 2

3 X

sup [[bll, < exp {C f IVullizdt} lIbollr < Caxo < =

0<t<T 0

provided ¢ < € = min {63, ﬁ} Thus, choosing g = min{e,, €} (¢; can be chosen in the following
4

lemmas), one obtains

11 31
llollz + 1Bllzs < llpollzs + [1Dllzs < xo + 5)(8 = 5)(3- (3.18)
Finally, combining (3.15) with (3.7) and (3.12) imply the desired (3.3). We completed the proof of
Proposition 3.1. O
Lemma 3.1. Under the conditions of Proposition 3.1, it holds that
T
sup #[|Vbl[7, +f t(lb 17, + IV?DII7,)dr < C, (3.19)
0<i<T 0
1 r 1
sup 72 (| voull7> + | veoll7) +f 2(|IVully, +IVOI[;.)dr < C, (3.20)
0<i<T 0
T
1 1
Sup 2(IVully, + IVOI.) +f 12 (I Voudlz. + | Voo, )dt
<i<T 0
T
+f 22 (IV2ully, + VPl + IV26l12)de < C. (3.21)
0

Proof. 1) Using (1.1),, Holder’s and Gagliardo-Nirenberg inequalities, we have
d 2 2 271112
EIIVbIILz + 1ol + VDIl

= f b, — Ab|*dx = f |b-Vu—u-VbPdx

< Clbliz-I1Vully, + Cllul 76V
< CIIVDII2 1Vl 2 IV a7

1
< EIIVszIiz + ClIVul[LIVDII,
which implies

d t
E(t”Vb”iz) + b7, + illeblliZ < IVBIE, + CHIVull;,IIVBII7,. (3.22)

This along with Gronwall’s inequality, (3.7) and (3.3) yields the desired (3.19).
2) It follows from (3.5) that

d
2 Voullz, + 11VpoIIZ) + IVully, + V67

1 1
< ZIIVulliQ + Csx§ (IVullz, + IVAII7,) + ClIblI2 VA,
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which implies
d 2 2 2 2 3
7 Voullp + 1Vpoll2) + IVully, + VOl < ClIbll2lIVDIl,,, (3.23)

provided yo < &5 = min{e, ﬁ}. Multiplying it by £2, we arrive at

T
sup 2 (|| VpullZ, + 1| Vool + f E(IVull, + IVOI2,)dt
0

0<t<T

1 T
< sup (| vpul’®, + 1 vpol%) f 2dt+C f (IVull?, + V6|2, )dt
0 1

0<r<1

T
+C sup ||bf|> sup léIIVbHyf IVbII7,dr
0

0<t<T 0<t<T

<C. (3.24)

3) In the view of (3.14), one obtains

d
E(IIVulliz +IVOI, + IVBIIL) + | Vool + Il Voullz, + b7

12°

d
<-= f b-Vu-bdx + C||Vull2, + C||IVOI|; (3.25)

which together with (3.3), (3.7) and (3.19) yields that

T
sup 22([Vully, + IVOI, + IVDII7,) + f (VRO IT, + IV, + IbiI7)dr
0

0<t<T

1 T
< sup (|IVully, + IVOII7, + IIVbIIiz)f 12dr + f (IVully, + IV, + IVBIZ,)dt
0 1

0<<1

T
_1 1
+Cf 2Bl IVull 2 11Blsdt + sup 2]1bl sVl 211B]l s + C
0

0<t<T
1 T
-1
< C sup (IVullf, + IIVbIIiz)f t 2dt+f (IVully, + IVBIIZ,)dt
0<t<1 0 1

1
+ sup 22||B|| s [[Vull2||Bl|zs + C

0<t<T

<C. (3.26)

Thus, we directly obtain (3.21) from (3.12), (3.13) and (3.26). The proof of Lemma 3.1 is
completed. O

Lemma 3.2. Under the conditions of Proposition 3.1, it holds that

T
sup 2 (Il VpuilZ, + 11 VobiII2,) + f 2 ([Vul2, + IV6)2,)dr < C, (3.27)
0<t<T 0
T

sup (b2, + IV2bII2,) + f HIVb,|Pdr < C, (3.28)
0<t<T 0

1 2 12 2 2412
sup 2(IV2ull, + VI, +1IV2601%,) < C. (3.29)
0<t<T
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Proof. 1) Differentiating (1.1), 5 with respect to time variable 7 give

puy +pu-Vu, — Au, + Vp, = —p,(u; + u - Vu) — pu, - Vu + (pfez), + (b - Vb),, (3.30)
00, +pu -V, — A0, = —p, (6, + u - V) — pu, - VO + (ou), - es. (3.31)

Multiplying (3.30), (3.31) by u,, 6, respectively, and integrating it by parts, we arrive at
1d
EE(” Voul7, + | VpoilI7.) + 1IVudlz, + V617,
= —2fpu~Vu,-utdx—fpu,-Vu~u,dx—fpu~V(u~Vu-ut)dx

- fpu -V(u-V06,)dx + f(p@e3)t s u,dx + f(pu)ﬁ, -e3dx

9
= I,'. (332)

i=1
By using Holder’s, Gagliardo-Nirenberg inequalities, and (3.4), one gets
I < CB2 || Npuylloull sl Vot 2
< CpHlI U2 | VB IVall 2 Va2
< CH w2V Vel
< 1—10||Vut||iz + P Nl IV ulls,
L < CllVpul[7lVull 2
< CH VPl IV 2Vl
< 1—10||Vuz||22 + Cp° | Vo 111Vl

~ 2 2
I; < Cpllullgslludlze(IVall;s + lleell o]V ull22)
~i112
+ Cpllull;elVullzs| V|2

< lionvm@ + CRAIV2ulR IVl
Iy < Cliblol Vit 2 1Bl
< %nwtn; + CIBIE VIR,
I5 < Cp I Ol ol1V6, .2
< CPHI VPO VDO IV all2198)
< CpHlI POV IVl

1 _
< gIIV@IIEZ + CP VRO IV ull
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_1
Is < Cp2|IVOll2ll Vioull o116l s
_3 3 3
< CpHIVpudl Ll 61V EI 21V 6 2

1 1 _
< gIIV@IIiz + E”V”t“iz + CP’ | Vpudl 11V 61l .,

I < Cfp|u||9t|(|VM”V9| + |ullV26l)dx + CfplulleGIIVGzldx

< CpllullZoIVOl NIV 6llLs + Collull sVl 2161161Vl o
+ CpllO V6l 2 lul 7
< CRlIVUllL IV, 1.2 11V26l 2

1
< gIIVHzIIiz + Cp|Vully, V6l

L 120

Is + 1y < Cplullu,||VOldx + Cfpl@llulqu,ldx +C fplullQ,IIVuldx

+CfPIMIZIVQzIdX+Cfp|9t||utldx

1 —
< Cp|lull sl Vioudlz31VOll 2 + ColIVull 21l Voulls 16 s
_1 _1
+ Cp2 |lullzsll VoOills I Vullz + Co2 Il Vioull s el s IV 6l 2

+ Cll Vbl Il Vioudll 2

1 1 _
< EIIV%IIZ + §||V9zlliz + Cpll VoudlIz: V6l
+ CP VRO IV ull}, + CIVEIIZ, + ClIVull7,

+ Cll vousll7 + CllNPOI.
Putting all above estimates into (3.32), we show

d
pl Voullz, + 11VpOlI2) + IVully, + IVE17,

< Clivpuliy, + CllNpE:IIT. + CEAIVully, + IV?6II7.)
_1
< Cp3 (lull7s + ClIBAG) + CUIVully, + IVOII7.)
+ CllbiIZ 1V ully,

1
< Coxg (IVull7, + CIIVE/I,) + CAIVull7, + IVEII7,)
+ CllbI |Vl

which yields

d 1 1
2 Voull7, + 1 Vpbili7.) + EIIVutIIiz + EHVQtHiz
< CIbILIIVully, + CAIVully, +11V6I17,), (3.33)

6
provided yy < € := min{es, (2176) }. Hence, multiplying (3.33) by 12, and integrating by parts, we infer
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from Lemma 3.1 and (3.3) that

T
1 1
sup 72 (|| vioudll7, + 1 Vpbill7.) +f E(IVull7, + IV61I7,)dt
0

0<t<T

T T
< Cf 2 (| Vioudl7: + 11 VobiII7.)dr + Cf £2|blI7 | Vull ) dt
0 0
T
+Cf t%(IIVulliz + IV6II7,)dt
0
1 fo 1 T
< C sup £2(|| Vouslly, + II\/ﬁgzlliz)f tdr + Cﬁ3f (V7. + IV6,I7.)dt
0<r<ny 0 0]

+C sup £Vl f Ibd.di

0T
< C(M )ty + C7)(§ f t%(IIVuzlliz +[IVE,II7,)dt + C, (3.34)
0
that is
1 r 1
sup (|| voul2, + | Vpbill3.) +f 2 (IVully, + IV6,|12,)dt < C, (3.35)
0<t<T 0

6
provided yy < & := min{e;, (2c ) 1.

2) Differentiating (1.1), with respect to ¢, and multiplying the resulting equality with b, and then
integrating by parts over R3, we arrive at

1d
o f b,[>dx + f Vb, |*dx

< C(llulblllz2 + MeelloAll 2NV bl 22
< Cllugllzs DN 31V Dill 2 + Cllullgsl 1ol [V Dyl 2

< ClIIVB I Vudll2l1Blls + CIIVullellthI%QIIVbrII%Z
< %IIVbzlliz + ClIblI7 Vw7, + CIVully b7
which leads
dit f b /Pdx + f IVb[*dx < ClIbIG:IVullz, + ClIVully 1517 (3.36)
Multiplying (3.36) by ¢, and using Gronwall’s inequality, we infer from (3.35) that

T T |
sup 1l|biI7 +f HIVbI7.dt < Cf ol I1VA ZIIVuzII dr+ IIb I17.dt
0 0

0<t<T

< SUP(IIIVbIIiz)éf C1IVu|Zdt + C
0

0<t<T
<C. (3.37)
Then, the desired (3.27) follows from (3.12) and (3.13). We completed the proof of lemma. O
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Lemma 3.3. Under the assumption of Theorem 1.1, it holds that

T
sup (IIVpllzznzs + llodlzznzs) + f IVull~dt < C(T).
0

0<t<T

(3.38)

Proof. 1) It follows from the Lemma 2.3, Holder’s and Gagliardo-Nirenberg inequalities that for r €

(3, min{g, 6}),
IV2ully + VPl <Cllouillzr + Cllpu . Vullu + Cllp6ll- + Cllb - VD||-
<C(.0)|I\/_uz|| IIVutII +CF_)”M”L6”VM||L%
+C(.0)||\/_9| II\/_GII +C||b||L°°||Vb”L’
6r-6
<C(P)||\/_Mz|| IIVuzll +C(ﬁ)||Vu||L{
_ L or _ |
+ C(P)(IIpIIZ%IIQIIm) 7 (pllolle) > + EHVZMHL"
3o w3
+ CIVBIL Vb2
6-r 36 -6
<CllvpulZ IVull 3~ + ClIVull,; + CIIVEl.2
I, E R
+ EIIV uller + CIIVDILIIV7DI S
which yields
IVuller + IVpllr < Clivpud| 5 IVull 3 + ClIVull 5 + ClIVE|.

) 2r=3
+ CIVDIILIIV7hl 5

2

Then, one derives from the Gagliardo-Nirenberg inequality and (3.12) that
IVull = < CIIVZMIIS"GIIVMIIS"g < ClIVullz + ClIVZull,r

<l \/_uzl IIVutII T4 CIIVMIIf + C[[VOl .2

+ Cl[Vull2 + CIIVbIILZIIVzbllL2 ,

which together with Lemma 3.2, (3.7) and (3.3) implies

T 6-r T 3r-6 T r+6
f IVull~dt < € sup (1 vpul) " ( f 2 |ValFde) 7 ( f rrsd) |
0 0 0

0<t<T
l 1
+c f ||V9||L2dt +c f ||Vu||L2dt +C f IV2bI[2,dt

2r=3
+C( sup [IVull?,) ’ f IVul,dt + C
0

0<t<T

<C.
2) Differentiating the continuity equation (1.1); with respect to x; gives rise to

©x): + Vo, -u+Vp-u, =0.

(3.39)

(3.40)

(3.41)
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Multiplying (3.41) by slpxils‘szi (s = {2, 6)) and integrating the resulting equation over R? indicate

that J
E”VPHLZQL"’ < ClIVullz=IVpll2ngs-

It follows from the Gronwall’s inequality and (3.40) that

IVoll2nre < ClIVpollr2ngs-

Noticing the following facts

llodl2nrs < Cllulls(IVolls + IVPollzs)
< ClIVull2lIVpll2as < ClIVpollz2azs-

This ends the proof of Lemma 3.3.

Lemma 3.4. Under the assumption of Theorem 1.1, it holds that for

T
f 2(IV3b|P,dr < C.
0

Proof. Taking V operator to (1.1),, we get
—VAb =V(b-Vu—u-Vb->b,).
Using the L2-estimates of elliptic system, we derive

IVBlI7, < CAIVBI, + 11V - VH)IIT, + V(b - Vu)ll7,)
< CIIVBII7, + ClIVull VBT, + ClllulV2blIZ, + ClIBIVullly,
< CIIVBI7, + CIIVUllL VB, + Cllullz V2Bl
+ ClIblIZ-IV?ull7,
< ClIVbIZ, + CIVull 2 IVl 21V, + CIVul[2IV2BIIE,
+ CIIVD 2 IV?BlI 2|V ull;

L2
which yields to

T T
f EIV3BIP,dr < C sup (¢4 [[V2ull 2% |V 2) f HIV2bI%,dt
0 0

0<t<T

T
+C sup (12[|Vh|| 21 [VB]| ) f £ 1V2ull2,dt
0

0<t<T
T
272012 1 2
+C sup AIV?B2, | £2IIVull?,dt
0<t<T 0

<C.

We complete the proof of this lemma.
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(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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4. The proof of Theorem 1.1
By Lemma 2.1, there exists a T, such that the problems (1.1) and (1.2) has a unique local strong
solution (o, u, 8, b) on R* x (0, T, ]. In what follows, we shall extend the local solution to all the time.
Set

T* = sup {T| (o, u, 6, b) is a strong solution of (1.1) and (1.2) on R* x (0, T1}. 4.1)

First, forany 0 < 7 < T, < T < T* with T finite, it follows from Proposition 3.1, and Lemmas
3.1-3.4 that for any p > 2,

Vu,Vo,Vb € C([r,T]; L), (4.2)
where we used the following standard Sobolev embedding
L, T;HYNH'(+,T;H") = C(x,T; L.
Moreover, one deduces from (3.4) and (3.38) that
p€CO,T;L: N W"). (4.3)
Now, we claim that
T = co. (4.4)
Otherwise, if T* < oo, in the view of Lemmas 3.1-3.4, we have
(o, u,0,b)(T", x) = tl_i)r%(p, u,0,b)t, x) 4.5)
satisfies (1.3) at = T*. Thus, we can take (o, u, 6, b)(T", x) as the initial data, and Lemma 2.1 implies

that one can extend the local solutions beyond 7. This contradicts the assumption of 7 in (4.4). The
proof of Theorem 1.1 is completed.

5. Conclusions

This paper deals with the Cauchy problem of 3D inhomogeneous incompressible magnetic Bénard
equations. Through some time-weighted a priori estimates, we prove the global existence of strong
solution provided that the upper boundedness of initial density and initial magnetic field satisfy some
smallness condition. Furthermore, we also obtain large time decay rates of the solution.
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