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Abstract: Nonlinear matrix equation often arises in control theory, statistics, dynamic programming,
ladder networks, and so on, so it has widely applied background. In this paper, the nonlinear matrix
equation X* + A# F(X)A = Q are discussed, where operator F are defined in the set of all n X n positive
semi-definite matrices, and Q is a positive definite matrix. Sufficient conditions for the existence
and uniqueness of a positive semi-definite solution are derived based on some fixed point theorems.
It is shown that under suitable conditions an iteration method converges to a positive semi-definite
solution. Moreover, we consider the perturbation analysis for the solution of this class of nonlinear
matrix equations, and obtain a perturbation bound of the solution. Finally, we give several examples
to show how this works in particular cases, and some numerical results to specify the rationality of the
results we have obtain.
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1. Introduction

Let P(n) denote the set of n X n positive semi-definite matrices, and M(n) denote the set of all n X n
matrices. In this paper we consider the following class of nonlinear matrix equations

X'+ A"F(XA = 0, (1.1)

where F(-) : P(n) — M(n) is continuous, i.e., F' transforms positive definite matrices into non-negative
definite ones. s > 1, A,Q € M(n), and Q is a positive definite matrix. Note that X is a solution of

Eq (1.1) if and only if it is a fixed point of the map
G(X) = (Q - A"F(X)A)", (1.2)
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so the map G(-) plays an important role throughout this paper.

Several authors have considered such a nonlinear matrix equation problem. In [1], Qingchun Li
and Panpan Liu considered the Eq (1.1), in the case that s > 1 and map F(-) is also defined in P(n).
The authors in [2] discussed an iteration method for the Eq (1.1) in the case s = 1 and with the
condition A“F(Q)A < Q, i.e., G(Q) > O. Moreover when s = 1, the perturbation theory for the
Eq (1.1) can be found in [3]. Other authors discussed this equation for particular choices of the map
F(-). For example, Beatrice Meini [4] established and proved theorems for the necessary and
sufficient conditions of existence of a positive definite solution of the equation as F(X) = +X~!, where
Q is a positive definite matrix. In [5, 6], the case F(X) = +X 2 is discussed. And the case
F(X) = X" m € {3,4,---} is treated in [7, 8]. Xuefeng Duan and Anping Liao [9] considered the
situation where A" F(X)A = — Y7, AYX%A;,(0 < |6 < 1) when the A; (i = 1,2,3,--+) denoted in [9]
are equal with each other, they proved that the nonlinear matrix equation always has an unique
positive definite solution, and multi-step stationary iterative method is proposed to work out the
unique positive definite solution. In addition, Xuefeng Duan and Anping Liao solved a conjecture
which is proposed in [10], and they obtained a conclusion that the nonlinear matrix equation
X* — ATX7'A = [ does not always has an unique positive definite solution unless when some
conditions are satisfied.

Our main contributions in this paper include the following aspects. Firstly, we give the existent
interval of the solution of Eq (1.1) in the case that F maps into P(n) or F maps into —P(n), respectively.
As compared to previous results, the results from which we have obtained have a better estimates for
the solution X in some certain. Secondly, we also give the perturbation analysis of the solution of
Eq (1.1) when F : P(n) — M(n), where the range of values of F is expanded compared with previous
papers. Thirdly, we will promote and replenish the results in [1].

The paper is organized as follows. In Section 2, we shall derive some necessary and sufficient
conditions for the existence of a solution for the nonlinear Eq (1.1) based on the the Schauder’s fixed
point theorem. And we also discuss the existence scope of the solution whenever the equation is
solvable. Section 3 discusses the uniqueness of a solution. In Section 4, we analysis perturbation
theory of the solution for Eq (1.1) and the perturbation bounds for the positive semi-definite solutions
of these equations are given. Finally, Section 5 illustrates the correctness of the results which we have
obtained with some numerical experiments and contains some examples on the matrix Eq (1.1) as well
as the results in the preceding sections.

The following notations will be used throughout the rest of this paper. For A € M(n), 4,(A) and
A,(A) stand for the maximal and minimal eigenvalue of matrix A, respectively. A” is the conjugate
transpose of the matrix A, A~ is the inversion of A”. I is the identity matrix, and O is the O-matrix. ||-||,
and || - || denote the [, norm and the Frobenius norm, respectively. With A > O (A > O) we denote that
matrix A is positive semi-definite (positive definite). As a different notation forA—B > O (A—B > 0),
we will write A > B(A > B), This induces a partial ordering on the Hermitian matrices. When we say
that a Hermitian matrix is the smallest (largest) in some set, then this is always meant with respect to
the partial ordering induced in this way. Further, the sets [A, B] and (A, B) are defined by

[A,B] = {X[JA<X<B), (A,B)=1{X|A<X<B),

whereas L, g denotes the line segment joining A and B, i.e., Ly 5 = {tA + (1 — t)B|t € [0, 1]}. G(G(X))
is denoted by G*(X), and the jth iterate of G on X is denoted by G/(X). For B = (b, bs,--- ,b,) = (bij)
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and a matrix C, B® C = (;;C) is a Kronecker product and vec(A) is a vector defined by vec(A) =
(a,a;, -+ ,a,)". In order to develop the paper , we need that

vec(AXB) = (BT ® A)vec(X) and |[vec(X)|l» = [IX|F,
where A, X and B are n X n complex matrix.

2. Existence and properties of solutions

In this section, we discuss the sufficient conditions for the existence of a positive definite or
positive semi-definite solution of Eq (1.1) based on the Schauder’s Fixed Point Theorem [11], and
some properties of solutions are given.

Lemma 2.1. (see Parodi [12]). IfA > B > O(or A > B > O), then A* > B (or A* > B* > O) for all
a € (0,1], and A* < B*(or O < A* < B?) for all a € [-1,0).

Theorem 2.1. Let F : P(n) — M(n) be continuous, If Eq (1.1) is solvable and X is a positive semi-
definite solution of Eq (1.1), then the following results hold true.

(i) IfF : P(n) = P(n), then 0 < A"F(X)A < Q, and O < X < 05,

(ii) If F : P(n) > —P(n), then X > Q.

Proof (1) Because of X € P(n), we obtain that F(X) > O. ThlS implies that A#F (X)A > O. Note that
X>0,X +APF(X)A = Q, we have APF(X)A < Q, and X' < Q. From Lemma 2.1, we have X < Q5.
This proves statement (i).

(ii) Because F maps into —P(n), we know that F’ (X) < 0, which implies that A¥ F (X)A < O. So
we have

X =0-A"FX)A > Q.
According to Lemma 2.1, we obtain X > Q% , and this proves the second part of the theorem. O

Remark 2.1. The positive semi-definite solution of the nonlinear matrix Eq (1.1) are not always exist,
if the solution is existent, according to Theorem 2.1, we can obtain the existent interval of the solution
in the case that F maps into P(n) or F maps into —P(n), respectively.

Sufficient conditions for the existence of a positive semi-definite solution are derived in the
following discussion.

Theorem 2.2. Let F : P(n) — P(n) be continuous on [ O, Qé], if inequality A" F(X)A < Q are satisfied
forall X € [0, Q%], then Eq (1.1) has a positive semi-definite solution in [O, Q%].

Proof. From F : P(n) — P(n), we obtain F(X) > O, which implies that for all X € [O, Q%v] must have
0 <G(X) = (0 - A"F(X)A): < 0.

So we know that G maps [O, Q%] into [O, Q%]. Moreover, because of the continuity of map F, we
obtain that G is continuous. Obviously, interval [O, Q%] is a compact convex set, so according to the
Schauder’s Fixed Point Theorem, Eq (1.1) has a positive semi-definite solution in [O, Q%]. O
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Theorem 2.3. Let F : P(n) —» —P(n) be continuous on [Qﬁ, +00), if there exists B > Q such that
Q-B<A"F(X)A <0, (2.1)

forall X € [0+, B*], then Eq (1.1) has a positive definite solution in [0, B*]. Moreover, ifthe Eq (2.1)
is satisfied for every X > Q]?, then all solutions of Eq (1.1) are in [Q»]’v, Bs].

Proof. From F : P(n) — —P(n), we obtain F(X) < O for all X € [Q%,B%]. It follows from that
G(X) = (Q — A"F(X)A)s > Q5. Note that O — B < A F(X)A < O, we obtain O — A*F(X)A < B, i.e.,
GX) < Bs. So G(X) € [Q%, B%], which implies G maps [Qi, B%] into [Q%,B%]. Also we can prove
that [Q%, B%] is a compact convex set, so according to the Schauder’s Fixed Point Theorem, Eq (1.1)
has a fixed point in [Q+, B+]. This fixed point is a positive definite solution solution of Eq (1.1).

Moreover, if the Eq (2.1) is satisfied for every X > Qé, and let X be a arbitrary solution of Eq (1.1),
then

0 - A"F(X)A < B.

From Lemma 2.1, we have

0" <X =(0-A"F(X)A): < B~.
This completes the proof. O

An operator F is monotone if and only if F(X) > F(Y) for all X > Y, and the operator F is anti-
monotone if and only if F(X) < F(Y) for all X > Y. More specific characters for these function can be

seen in [13]. For the rest parts of this section we will discuss the map F which is either monotone or
anti-monotone.

Theorem 2.4. Let I : P(n) — P(n) be continuous, monotone and invertible on [ O, Qi], anci matrix A
is  invertible. If Eq (1.1) has a positive semi-definite solution X,  then
X € [max{0, G(Q")}, min{Q*, F~'(A~ QA )},

Proof. From Theory 2.1, we obtain X € [0, Q+] and APF(X)A € [0, 0], i.e., A"F(X)A < Q. So we
have F(X) < A*QA™. Then we obtain X < F'(A™*QA'), which implies
X < min{Q%,F “1(A*QA™")}. Moreover, combine X < Q% and the monotonicity of F, we obtain
F(X) < F(Q5), so AHF(X)A < A"F(Q¥)A,  which implies that
X = (0 - AHF(X)A)s > (O - AHF(Q5)A)s, then we have X > max{O, (Q — AHF(Q+)A)+}.

This complete the proof. 0O

Remark 2.2. From Theorem 2.4, we obtain that if Q > A"F (Q%)A, ie., G(Q%) > O, then the solution
X of Eq (1.1) must be in [G(Q%), Q%]. On the contrary, ifG(Q%) < O, then the solution X must be
in [0, F' (A" QA™Y)]. Compared with Theorem 2.2, we can narrow the scope of the solution when
G(Q%) # O are satisfied, but for the case that G(Q) = O, then the solution can’t be narrowed.

Next we will give the sufficient condition of the existence of the positive definite solution for the
Eq (1.1) when F : P(n) — P(n) be continuous, monotone and invertible on [O, Q%].

Theorem 2.5. Let F : P(n) — P(n) be continuous, monotone and invertible on [ O, Q}’r]. If G(Q%) > 0,
then Eq (1.1) has a positive definite solution in [G(Q%), Q%] . IfG(Q%) < O0,F(Q) < Q, Ais invertible,
and FY(A™*QA™Y) > G(X) are satisfied for every X € [0, F"Y(A™*QA™")), then Eq (1.1) has a positive
semi-definite definite solution in [0, F~'(A™*QA™)].
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Proof. Obviously, the map G is continuous and G(X) < Qﬁ. Because F' is monotone on [G(Qﬁ), Qﬁ],
we can obtain F(X) < F(Q*) when X € [G(Q+), O+]. This implies 0—A?F(X)A > 0—-A"F(Q")A, ie.,
G(X) > (Q — AF(Q5)A)s = G(Q+), so we have G map [G(Q*), O] into [G(Q*), Q5 ]. According to
the Schauder’s Fixed Point Theorem, G has a fixed point which is a positive definite solution of Eq (1.1)
in [G(Q§), Qﬁ]. This proved the first part of the theorem. One step closer, if F~'(A™*QA™") > G(X) are
satisfied for every X € [0, F"'(A~*QA™")], then we have A F(X)A < F(Q)for O < X < F7'(A™QA™")
because of the monotonicity of F. This implies Q — AZF(X)A > Q — F(Q), so we can obtain G(x) >
(Q — F(Q))* > O, which indicate G maps [0, F"'(A™*QA )] into [0, F'(A™QA™")]. Then G has a
fixed point which is a positive semi-definite definite solution of Eq (1.1) in [0, F7'(A™*QA™")]. The
proof is completed. O

Remark 2.3. The assumption that F be continuous on [O, Q%] in the conditions of Theorem 2.5 is very
important to guarantee existence of a solution of Eq (1.1). That is, if the map F is not continuous, then
Eq (1.1) may have no solution in the interval. To show this, we give a simple example in the following.

Example 2.1. Consider the scalar case, take A = 1,Q = b > 1, and let F be a piecewise constant
function as follows:

c, X

\%
NS NS

F(X) =
d, X

IA

b b
where ¢ > —~ and d < 5 clearly there is no solution to Eq (1.1). So this account for the assumption

that F' be continuous play an important role to guarantee existence of a solution of Eq (1.1).

For the case that F' : P(n) — P(n) be continuous, monotone, if the nonlinear matrix Eq (1.1) has
a positive definite solution, then the existence scope of the solution had also been given in Theorem 2
of [1], where the conclusion is proved though mathematical induction. There the map F has some
difference with here proposed in above Theorem, and need to solve two positive solutions of two
equations, respectively. Also in [1] some conclusions had been given when the map F' is anti-monotone,
here we will give the existence scope of the solution when Eq (1.1) is solvable.

Theorem 2.6. Let F P@) - E(n) be continuous, anti-monotone and invertible. If Eq (1.1) has a
positive definite solution X, then X € (F"' (A7 QA™"), G(Q»]?)]. Moreover, if F-' (A~ QA™") < G(X) for
all [F7'(A™0A™), G(Q%)], then Eq (1.1) has a positive definite solution.

Proof. See Theorem 1 of [1]. O
3. Uniqueness of a solution and iterative method
In the previous section, some conditions were derived for the existence of a solution of Eq (1.1)

and some properties about the solution. But nothing was said about uniqueness, here we will apply the
Banach’s Fixed Point Theorem [14] to deduce our conclusion.

Lemma 3.1. For any positive integer s, and X, Y € M(n), we always have

s—1
X - Y = ZXi(X — )y
i=0
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Proof. Obviously by mathematical induction method we can proved the conclusion, here we omit the
proof process. 0O

Lemma 3.2. (c¢f. Theorem 1.1.8 in [15]) Let F : U — M(n) (U C M(n) open) be differentiable at any
point of U, then
IF(X) - F(Y)Il < sup [ID(F@2))IIIX - Y,
ZELX’y

forall X,Y € U.

Lemma 3.3. (Theorem X.38 in [13]) If the operators X, Y satisfy X > al and Y > al for some positive
number a, and 0 < r < 1, then || X" = Y'|| < ra" !||X = Y]|.

In the following discussion ¢(n) will denote a closed and bounded interval in P(n), i.e., ¢(n) will be
of the form [B;C] = {X|B < X < C}, with B,C € P(n). Let S 4, be the smallest positive value such
that SUPZz¢pn) ID(F(Z))|] = maXxzeg) [|D(F(Z))]] < S gy holds.

Theorem 3.1. When s is a positive integer, G(Q )> O, and F : P(n) —> P(n) be continuous, monotone
and invertible, ||AH||F||A||FS¢(n) < s, If Eq (1.1) has a solutlon X in o(n) then X is the unique
solution in ¢(n) which is positive definite. Here ¢(n) = [G(Q 5), Q 1, A=A (G(Q ).

Proof Assurne that X be a solution of Eq (1.1) and X # X, from remark 2.1, we obtain that X, X €
[G(Q 5), Q s], so we have X > /U X > Al According to Lemma 3.1, we can obtain

A7 F(X)A — A" F(X)Allr
IA7(F(X) — F(X))Allr

IX" = X°||

< NA"INANAIFX) = FXI
< NA"NFNANES o lIX = Xl
Also from Lemma 3.1, we have
- _ s—1 L o
X =X = 1) XX =X
i=0

s—1 )
IO X" @ X vecX = Xl
i=0

sANX = Xl

\%

Combine above two inequality, we have sAS! X — X lF < IAZ|IFlIAllES ¢(,,)||)_( - X ||F. Because

A" FNANES g

G(Q*) > 0, 1 > 0 is guarantee, so we have |X — X||r < IX = Xllp < IX = Xl|r.

N

This is a contradiction, so X=X.
The proof is completed. O
When s is not a positive integer, we can also give a sufficient condition for the existence of the

unique solution of Eq (1.1).
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Theorem 3.2. Let H(YY) = Q — A"F(Y %)A, and F : P(n) — P(n) be continuous, monotone. a =
18 10,0lIAIPAYS(H(Q)) < 1. Then the following results hold.

(i) Equation (1.1) has and only has a positive semi-definite definite solution X in [(H(Q))%, Q%]
1 1
= [G(Q%), O~1.
(ii) If we consider the following iterative method:

VYo € [H(Q). Q). Yirs = Q — ATF(Y)A = H(Y). k= 0,1,2, - . 3.1)

Then the sequence {Y}},>, in (3.1) converges to the unique solution Y of the equation Y + A" F(Y %)A =
_ 1

0, and X = Y’, moreover, we can obtain ||Yi41 — Yi|| < allYr — Y-l

Proof. (1) Because F maps into P(n),we have H(Y) < Q for all Y € [H(Q),Q]. Note that F is

monotone, we have F(Y%) < F(Qﬁ), which implies H(Y) > Q — AHF(Qﬁ)A = H(Q). So H maps

[H(Q), Q] into [H(Q), Q]. Moreover, YY;,Y, € [H(Q), O], we have Y| > A,(H(Q))I,Y, > A,(H(Q))I,
combine Lemma 3.1-3.3, we can obtain

IH(Y1) — H(Y)l

IATF(Y,)A — ATF(Y A
= AH(F(Y}) - F(Y, DA

IA

1 1
AP max [ID@)IY; - Y, |
Zel

11
S ys
)’1 ,Y2

1 =S
< ~Suo.lAIFL"(HQ)IY: = Yl

From a < 1, we obtain that H is a contraction map on [H(Q), Q]. Because [H(Q), Q] is a closed
subset of P(n) which implies [H(Q), Q] is a complete metric space. Then it follows frgm Bzglach’s
Fixed Point Theorem that the map H has a unique fixed point Y in [H(Q), Q] i.e., H(Y) = Y. Let

X=7 ¢ [(H(Q)),0*] = [G(Q*), O], then the matrix X is the unique solution of Eq (1.1). This
prove the first part of the Theorem.

(i1) From the proof of the (i), H is a contraction map which maps [H(Q), Q] into [H(Q), O], and
for allY,, Y, € [H(Q), O], we have ||H(Y,) — H(Y,)|| < allY; — Y||. So the sequence {¥;};7, in (3.1)
converges to the unique solution Y of the equation ¥ + A”F (Y% YA = Q,and X = I_/'% is the unique
solution of Eq (1.1), also we have ||Yi11 — Yil| < al||Yx — Yi_1]l. The proof is completed. O

Corollary 3.1. If the conditions of the Theorem 3.2 are satisfied, then we have

k
1Yy =Yl <

a
1Y = Yoll, 1Yk = Y|l £ —— Yk = Yill.
1-a 1-a

Proof. From the prove of Theorem 3.2, we obtain that ||Y,,; — Yi|| < a||Yx — Yi-1ll. So we have

p
iy = Yell < Y57 =y
i=1
< @+ tat DY - Yl (3.2)
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k

IY1 = Yoll.

1-a

Let p — oo, then we get ||V, —Y]|| < %llYl —Y)l, and from the second inequality, i.e.,(3.1) we can obtain
that ||Y; — Y| < ;= |IYx — Y|l This implies that the error of approximate solution can be estimated by
the scope of difference between the iteration sequences Y; and Y;,;. O
For the case that F : P(n) — P(n) is continuous, anti-monotone and invertible had been discussed
in The Theorem 3 of [1], there the conclusion is similar with the above Theorem which we have obtain.
The next corollary describes the number of iterations to be taken to ensure that ||Y; — Y|| < ||€]|.

1 . . .
Corollary 3.2. If Yy, = Qs and € is a convergence tolerance then the number k of iterations to be taken
is at most

‘o [lns+ InJAZF(Q)A||

na ]+1.

ak

Proof. Let Y, = Qv from Lemma 3.1, we have ||V, — Y|| < <= [|Y; - Y|l = 1 |A" F(QH)A]l. If want
—da

to ensure that ||Y; — Y|| < ||&||, we just need make %HAHF(Q%)AII < g, then we obtain

_Ine+n IAHF(QHA|

k

Ina
This implies that the number & of iterations to be taken is at most

Ine +In||[AF(Q7)A
[HS n|| (0%) ||]+1.
Ina

O

Theorem 3.3. If F : P(n) — P(n) is monotone, continuous and G(Q%) > O, then the following results
hold true.

(i) G is anti-monotone on P(X) which maps [G(Q%), Q%] into [G(Q%), Q%], and for any positive
definite matrix X for which G(X) is positive definite we have G(Qﬁ) <G*X) < Q§.

(ii) There always exists either a periodic orbit of period 2 of the map G or a fixed point of G. The
sequence of matrices G* (Q%);‘;O is a decreasing sequence of positive definite matrices converging to

a positive definite matrix X, and the sequence of matrices GZJ'H(Q%);ZO is an increasing sequence of
positive definite matrices converging to a positive definite matrix X_.,, and the matrices X.,, X_., form
either a periodic orbit of G of period 2,0r Xo = X_o, in which case it is a fixed point of G, and hence
solution of Eq (1.1).

(iii) Moreover, G maps the set [X_., X | into itself, and any periodic orbit of G is contained in this
set. In particular, any solution of Eq (1.1) is in between X_o, and X, and if Xoo = X_o, then there is
an unique positive definite solution.

(iv) In the case where X, = X_., this matrix is the global attractor for the map G in the following
sense: For any positive definite X for which G(X) is positive definite as well, we have lim j_,.G/(X) =
Xeo-

(v) In the case where X, = X_o the following holds: if X < X_, then the orbit of X under G
converges to the periodic orbit X_., X in the sense that lim j_,.,G*~1(X) = X, and lim j_,.G*(X) =
X o If X > X, and G(X) is positive definite, then the orbit of X under G converges to the periodic
orbit X_o, Xeo in the sense that lim j_,G*'(X) = X_., and lim j_,.,G¥(X) = X..
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Proof. (i) Noting F is monotone on P(n), for all X, Y € P(n) and X < Y, we have F(X) < F(Y) which
implies G(X) = (Q — A"F(X)A): > (Q — A"F(Y)A)s = G(Y), so G is anti-monotone. Because F
maps into P(n), we can obtain G(X) = (Q — A”F (X)A)% < Q%, also from the monotonicity of F, we
have F(X) < F(Q>) for all X € [G(Q*), O], which implies that O — A"F(X)A > Q — A"F(Q")A,
re., G(X) > G(Q%). For any positive definite matrix X for which G(X) is positive definite, we have
GX) < Q§ and G*(X) < Qﬁ. Combine G(X) < Q§ and that G is anti-monotone, then we have
G*(X) = G(Q).

The proof for (i1)-(v) are similar to the interpretation of Theorem 2.2 in [2], which is omitted by this
paper. 0O

Theorem 3.4. If F : P(n) — —P(n) is monotone, continuous, Then the sequence of matrices
{GQJ(Q )} is a increasing sequence of positive deﬁnite matrices converging to a positive definite
matrix X, and the sequence of matrices {GZJ“(Q )IT is an decreasing sequence of positive definite
matrices converging to a positive definite matrix Xeo. If Xoo = Xowo = X, then X is the unique definite
solution of Eq (1.1).

Proof. Because F maps into —P(n), we have G(X) = (Q — AHF(X)A)% > Q«lv, which implies G(Q«lv) >
Q§ > O and G2(Q§) > Qé. Similar with the proof of Theorem 3.2, we obtain that G is anti-monotone,
and G? is monotone. So we have G3(Q+) < G(Q>), then applying G? repeatedly, we see that the
monotonicity of G on this set implies that the sequence {Gz"“(Q%)}‘;O is a decreasing sequence of
positive definite matrices that is bounded below by the positive definite matrix Q%. Hence it converges
to a positive definite matrix Xo. Also apply the monotonicity of G? to inequality Gz(Qé) > Q%, we
can obtain the sequence {G*/ (Qi)}‘l"’ is a increasing sequence of positive definite matrices. Note G is
anti-monotone and G(Q%) > Q%, we have Gz(Q%) < G(Q%). Combine the monotonicity of G* and
{sz”(Q%)}‘]"’ is a decreasing sequence that we have proved, we can obtain G¥(Q%) < G¥1(Q%) <
GY3(Q3) < -+ < G(Ql) which implies the sequence {sz(Ql)} is bounded above by the positive
definite matrix G(Q s). So it converges to a positive definite matrix X co. Obviously, when Xoo = Xowo =
X, then X is a definite solution of Eq (1.1). In the following we prove u unlqueness

Assume that X is a definite solution of Eq (1.1), then we have X = G(X) > Q so we obtain
G2/+1(Q ) > GZJ(Q ). Hence, lettlng j — oo, we see that X > X_, = X. Moreover, from X = G(X) >
Q we have X = GZ(X) > G(Q *). Then applying G? repeatedly, we see that the monotonicity of G?
implies that sz(Q 7)) < G- l(Q ). So we obtain X < Xo = X. Hence, we obtain X = X, ie. X is the
unique definite solution of Eq (1.1). This complete the proof. O

4. Perturbation analysis

In this section we will consider the perturbation analysis of the solution of Eq (1.1). The perturbed
equation will be as follows:

X+ A"F(X)A = O, (4.1)

where O be positive definite, A and Q is a small perturbation of A and Q, respectively, and s is a positive
integer. Denote AA = A- —AAQ = O — 0,AX = X — X. Then the following theorems give us upper
bounds for ||X — X]||¢, here X is a solution of Eq (1.1), and X is a solution of Eq (4.1).
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Theorem 4.1. If F : P(n) — M(n) is differentiable, |[F()llr < ¢, X, X be the positive definite
semi-definite solutions of Eq (1.1) and its perturbation Eq (4.1). X € [By,C,], X € [B,, C,]. We have
d

d [[aX]|F
AXlr < —% and < — 2
1aXlle < =y and S A1 — 1)

A = max{|X|IFIX € Q) A = min{A,(B)), 4,(Bo)}, d = cA(IA" |l + Al IaAllF + 1aQllr. !
rallAllFIA" ||r, r = maxzeol DF(Z)|lr, Q = {aX + (1 = @)Yla € [0,1],X € [B1,C11, Y € [B,, C2]}.

when | < sA°°!' are satisfied.  Here

Proof. Because X, X be the positive definite semi-definite solutions of Eq (1.1) and its perturbation
Eq (4.1), we have

APFX)A - 0 -A"FX)A + Q
ATF(X)(A - A) + AT(F(X) - F(X))A + (A" = ATYF(X)A + 20. 4.2)

X _ XS

NotmgX € [B1,Cq], X e [B,, Cs], A= max{||X||r|X € Q} A= mln{/l (By), 4,(B>)}, we can obtain
X > B, > A,(B)I > Al X > B, > A (BZ)I > Al and | X||F < /l ||X||F < Combining Lemma 3.2 and
substituting ro = maxzco||DF (Z)||p,d = C/l(||AH||F + ||Al|p)I|2A]lF + ||AQ||F for the Eq (4.2) we get

AP F(X)(A — A) + AT(F(X) — F(X)A + (A" — ATF(X)A + AQ||F
LA IAFOUIXFlaAN + 1A | rmaxze, IDFZ)IIFIX — XIIFlAllF

HIAAIFIFOUEIXNEIAlLE + 1120l
= cA(lA"]lr + IAIRIAAllE + 1aQNF + rallAllFIATIFIX = X]| . (4.3)

X" = X*|Ir

IA

From Lemma 3.2, we have

IvecX" — X*)II,

Hvec ZX(X X1 )H2

X" - X°|Ip

= “ ZXS He Vec(X X)H
> 5% 1||X—X||F. (4.4)
Combining (4.3) and (4.4), we can obtain
sAX = Xlir < cAUA"|F + IAIRI2ANF + 1800F + rall AllFIA™FIX = X7 4.5)

Substituting d = cA(IA ¢ + [AI)IAAlF + 1801k, I = rollAllFIAY || for (4.5), we can obtain
AX||p £ ————.
laXlle < —5—

Moreover, we can get
laXllr __ d

IXIle — (st =)

This complete the proof. O
In fact, if we don’t consider the high order quantity, i.e., [[AA] |?, then we can obtain a simpler error
bound for || X — X||r, which do not need calculate the value of ||A||r.

AIMS Mathematics Volume 8, Issue 8, 18392—-18407.



18402

Theorem 4.2. The conditions are similar to the conditions of Theorem 4.1 which we have obtained, if
we don’t consider the high order quantity, i.e., | AA|[3, then we have the following absolute error

2¢A|AllFlIAANlF + 120llF

s = rallAI

1aX]lF = IX = X]|r <

and the relative error
laX]| < 2cA||AllpllaAllF + [|AQ|F

Xl ~ AP = rollAlR)

Proof. Because X, X be the positive definite semi-definite solutions of Eq (1.1) and its perturbation
Eq (4.1), we have

X -X = A"FXOA-A"FXOA+0-0
= AM(FX) - FX)A + A"F(X)(A - A) + (A" — AMYF(X)A
+(A" — AMFX)A -A)+ 0 - 0. (4.6)

So we can obtain

IX =Xz = IA(FX) - FOO)A + APF(X)(A - A) + (A" — A")F(X)A

+HA" — AMYFX)A - A) + Q- Ollr

IAIZINECO) = FOOIr + AP IFIAANFIFCONlF + IAIFIAANFIF GOl
HIAAIZIFX)lF + 120l

< ralAIGIX = Xilp + cAUlA"|Fll2Allr + cAllAllFI2AlF + [120lIF. 4.7)

IA

Similar to Theorem 4.1, we have
X" = X"llp 2 54X = Xl (4.8)
Combine (4.7) and (4.8), we obtain
sUNIX = Xllr < rallAIFIX = Xl + cAIA"|IF 18]l + cAIAllFIAANLE + 1140l
So we have the absolute error

2cA|AllFllAAllF + 10l
s = rallAll7

1aX]lF = IX = X|IF <

b

and we can also get the the relative error

12 Xllr _ 2cA)lAllFll2AllF + 160l
IXIl; ~ AT = rallAlR)

The proof is completed. O
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5. Examples and numerical results

So far we have considered the general nonlinear matrix Eq (1.1) and achieved general conditions
for the existence of a positive definite solution or a positive definite semi-definite solution for this class
of equations. Now we give several examples to show how this works in particular cases, and some
numerical results to specify the rationality of the results we have obtain above.

Example 5.1. Take F(X) = X* (@ € (0,1]), Q = I, and let A be an arbitrary square matrix with
l|All, < 1. Then Eq (1.1) has a positive definite solution in [(I — AHA)§, 1].

Proof. Because of ||All, < 1, so we have /A;(A#A) < 1, that is, 1;(A#A) < 1, which implies that
A"A < I. So we have APF(Q")A = APIA = AA < I = Q, ie., G(Q%) = (Q — AHF(Q)A)s > O.
Then all conditions of Theorem 2.5 are satisfied. And from the conclusion of Theorem 2.5, we obtain
that equation X* + A X?A = I has a positive definite solution in [(/ — AHA)%, I. O

Example 5.2. Take F(X) = — ), X X>1I,m>1,6€(0,1]), Q = I, and let A be an arbitrary square
i=1

matrix . Then Eq (1.1) has a positive definite solution in interval [I, (I + mAHA)é], in particularly, all
solutions of equation X* — 3, AHX9A = [ are in [, + mAHA)%].
i=1
Proof. From Lemma 3.1, we obtain X° are monotonous for i = 1,2,---,m, s0 X9 are
anti-monotonous for i = 1,2,--- ,m. This implies that X% <I@G=12,---,m)when X > I, ie.,
F(X) > —ml, then A"F(X)A > -mA"A. Let B =1+ mA"A, then Eq (2.1) of Theorem 2.3 is set up for
all X € [Qi, Bi] =[I,d+ mAHA)i]. So all conditions of Theorem 2.3 are satisfied. According to
Theorem 2.3, equation X* — 3 A"X~"A = I has a positive definite solution in [/, (I + mA®A):]. And
i=1

more specifically, all solutions of the above equation are in [/, (I + mAHA)}?]. O

Example 5.3. Letr F(X) = X~',t € (0,1], if Eq (1.1) has a positive definite solution X, then from
the conclusion of Theorem 2.6, we have X e (F'(A™QA™), G(Qﬁ)). Compared with the conclusion
from Theorem 2.1 in [7] that X € (AQ'A" )%, Q%), the conclusion in our paper, i.e., the result from
Theorem 2.6 which we have obtained have a better estimates for the solution X.

Proof. Note that F' maps into —P(n), we obtain G(Q%) < Q%. From F(X) = X', we have
F'A™0A™) = (AQ'A®)i. So X € (F'(A™*0QA™),G(0%)) € (AQ'A¥)r, Q). The proof is
completed. O

The above example (i.e., example 5.4) which we have given show that the conclusion in our paper
may have a better estimates for the solution of Eq (1.1) to some extent.

An application of Theorem 2.4 is given to discuss the property of the positive definite solutions of
Eq (1.1) in the following example.

Example 5.4. For the matrix Eq (1.1), we choose s = 5, F(X) = X3, then F is monotone by
Lemma 3.1. Let

1 00 7.15 3.02 0.11
A=10 1 0], X=|3.02 620 2.0l
0 0 1 0.11 2.01 6.50
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and Q = X* + A"F(X)A = X5 + X°3, i.e

=(4.7204 4.7578 2.7761

5.1837 4.7204 2.1658
0
2.1658 2.7761 2.4251

with every element multiplying 10*.

Obviously, X is an positive matrix, that is, X > O. By using Matlab 7.0 we can obtain
1(Q) = 1.1099 x 10°, ,(Q) = 0.1248 x 10°, 23(Q) = 0.0019 x 10°.

So we have Q > O. Now let us judge if G(Q%) =(0- QJ*O)% > O or not. By the calculation, we obtain
that
7.1500 3.0200 0.1100
G(Q-%) = [3.0200 6.0200 2.0100]
0.1100 2.0100 6.5000

and we also calculate the eigenvalue of G(Q%), and obtain
G(Q%) = 6.5952, 1L,G(Q) = 10.2107, 1,G(Q%) = 2.8641.

This implies that G(Qé) > 0. Equation (1.1) with A and Q above has at least one positive definite
solution as a result of Q = X* + APF(X)A = X° + X%°. So according to the inherent meaning of
Theorem 2.4, all positive semi-definite solutions of Eq (1.1) must be in [G(Q%), Q%], that is all the
positive semi-definite solutions X of equation X> + X*° = Q satisfy

3.0200 6.0200 2.0100| <X <]3.0180 6.0229 2.0085]{.

7.1500 3.0200 0.1100 7.1515 3.0180 0.1109
<X<
0.1100 2.0100 6.5000 0.1109 2.0085 6.5010

In the remainder of this section, we report some numerical results. These numerical results describe
the correctness of Theorem 3.4 that we have obtained. The numerical experiments were carried out
using MATLAB 2010a on ZWX-PC Intel i3 processor with 2.10 GHz and 4.0GB RAM computer with
double precision.The rounding unit is approximately 1.11 x 107!, In the example we take s = 1,Q =
I, F(X) = —X72, then the assumptions of Theorem 3.4 are satisfied. In Table 1, k denotes the number
of iterations, &, denotes ||G*(Q+) — G2k+1(Q Moos X, Y, respectively, denote the iteration results of
G*(Q%), G**1(Q+) of the kth step. X_co, Xeo, respectively, is taken to be the final iterate of G*(Q5),
Gz"“(Q ) after &, < 1078 is satisfied. The algorithm to work out the G¥( Q s) is shown in the appendix
of section seven.

Table 1. Error analysis for Xj — Y.

kK O 1 2 3
& 04098 0.0023 1.8243e¢ —006 8.9540e — 011
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After calculating, we can also give the X;, and Y}, k = 1,2, 3 as follows, where omit the precision
of computer’s mechanical error.

1.0533  0.0698 —0.0318 -0.0657 1.0538 0.0704 -0.0321 -0.0662
X, = 0.0698 1.1242 -0.0536 -0.1185 Y, = 0.0704  1.1249 -0.0540 -0.1191
—-0.0318 -0.0536 1.0269 0.0603 |’ —-0.0321 -0.0540 1.0271  0.0606 |’
-0.0657 -0.1185 0.0603  1.1388 -0.0662 -0.1191 0.0606 1.1393
1.0529  0.0704 -0.0321 -0.0659 1.0531 0.0704 -0.0321 -0.0661
X, = 0.0704  1.1249 -0.0540 -0.1191 Y, = 0.0704  1.1250 -0.0540 -0.1191
—-0.0321 -0.0540 1.0257 0.0606 |’ —-0.0321 -0.0540 1.0269 0.0606 |’
-0.0659 -0.1191 0.0606 1.1390 -0.0661 -0.1191 0.0606  1.1393
1.0538 0.0704 -0.0321 -0.0662 1.0538 0.0704 -0.0321 -0.0662
X; = 0.0704 1.1249 -0.0540 -0.1191 Y, = 0.0704 1.1249 -0.0540 -0.1191
—-0.0321 -0.0540 1.0271  0.0606 |’ -0.0321 -0.0540 1.0271  0.0606

-0.0662 -0.1191 0.0606 1.1393 -0.0662 -0.1191 0.0606 1.1393

Obviously, X3 > X, > X; > Xy, V3 < Y, < Y; <Yy, and X5 =~ V3. In fact, from the numerical
test process we can see that the sequence {X;}{" are increasing and converging to X3, in the contrary,
the sequence {Y,}{" are decreasing and converging to Y3. Here the numerical results we obtained is
consistent with the internal interpretation of Theorem 3.4. Moreover, X_.,, X, and X refer to the
Theorem 3.4 can also be obtained, that is, Xow=X;= G6(Q§), Xow=Ys= G7(Q§), an_cl)? =X o=

X. = X3. Which implies that the equation X — A’ X~2A = I has an unique solution, i.e., X. This result
is true, which can be demonstrated according to the interpretation [5].

6. Conclusions

In this paper, we discuss a general nonlinear matrix equation, which include the existence and
properties of the solutions, uniqueness of a solution, iterative method for solve the equations,
perturbation analysis about the solutions. These results are more general than [5, 16-21], the iterative
procedure there may be better for the special case wunder consideration there
FX)=X'LFX)=+«X2o0or F(X) = X', (t=1,2,3,---), but not readily applied to the very general
case we have under consideration here. In recent years, many authors have dedicated into finding a
good method to solve the nonlinear matrix equation where s = 1, F(X) = X -1 which is a special case
of the discrete algebraic Riccati equation studied in [22,23]. For example, they have proposed the
structure-preserving doubling algorithm [21, 22, 24-26], cyclic reduction algorithm [4],
Latouche-Ramaswami algorithm [27], these methods may have a better rate of convergence in some
cases (where the critical case do not include in). Wether these methods can be applied for our general
case or not is an open problem and remains to be further research.
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