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Abstract: In this work, we are interested in studying the existence of nontrivial weak solutions to the
following class of Schrodinger equations

—div(w(x)Vu) fx,uw), xe€ B(0),
u = 0, x € 0B1(0),
where w(x) = (In(1/ |x|))ﬁ for some € [0,1), the nonlinearity f(x,s) behaves like exp((1 +
h(|x]))|s|*’1=#)) and h is a continuous radial function such that 4(r) tends to infinity as r tends to 1.
The proof involves variational methods and a new version of Trudinger-Moser inequality.
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1. Introduction

Let consider the following Schrodinger equation

—Au x,u), xe€Q,
S, u) (1)
u = 0, X € 0Q,

where Q is a bounded smooth domain in R". In the case, N > 3 the nonlinearity is of the form
IfCu) < (1 + uf?), with 1 < g < 2* = 2N/(N — 2) (see Brézis [6], Brézis-Nirenberg [7],
Bartsh-Willem [5] and Capozzi-Fortunato-Palmieri [12]). The behaviour of f is related to the Sobolev
embedding H(l)(Q) c LY(Q) for 1 < g < 2*. In the limiting case N = 2, one has 2* = +oo,
that is, Hy(Q) c L4(Q) for ¢ > 1, in particular, the nonlinear function f in (1.1) may have any
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arbitrary polynomial growth. Also, note that Hé(Q) ¢ L*(Q), for instance ¢(x) = In|In|x]|| for
0 < |xl < 1/2and ¢(0) = 0in Q = By;(0) C R2. An important result found independently by
Yudovich [37], Pohozaev [25] and Trudinger [35] showed that the maximal growth of the nonlinearity
in the bidimensional case is of exponential type. More precisely, it was stated that

e e L'(Q), forall ueHL)Q) and a > 0. (1.2)

Furthermore, Moser [23] stated the existence of a positive constant C = C(a, 2) such that

<C, a<dn
sup f G dx{_ =0 (1.3)
Q

ueH}(Q) +oo, > 4.
[IVull2<1

Estimates (1.2) and (1.3) from now on be referred to as Trudinger-Moser inequalities. The above
results motivate to say that the function f has subcritical exponential growth if

lim £&9) _
1m =

§—+00 e(YSZ

0, forall a >0,

and critical exponential growth if there exists @y > 0 such that

(1.4)

so+o0  pas?

) X, S 0, a > ao,
‘o0, a <.

Equations of the type (1.1) considering nonlinearities involving subcritical and critical exponential
growth were treated by Adimurthi [1], Adimurthi-Yadava [2], de Figueiredo, Miyagaki, and Ruf [15]
(see also [13,14,16,19,20,27-30]). We shall write g(s) < g2(s), if there exist positive constants k and
5o such that g;(s) < g»(ks) for s > sy. Additionally, we shall say that g; and g, are equivalent and write
g1(s) ~ g2(s) if g1(s) < g2(s) and g>(s) < g1(s). Therefore, f possesses critical exponential growth if
only if f(x, s) = g(s) with g(s) ~ et

Several extensions of the Trudinger-Moser inequalities were obtained considering weighted
Sobolev spaces, weighted Lebesgue measures or Lorentz-Sobolev spaces (see [3,4,11,21,22,32-34]
among others). In the above mentioned papers, the growth of the nonlinearity is of the type f(x,s) =
Q(x)g(s) where g(s) ~ " with p = 2 on Sobolev spaces and p > 1 on Lorentz-Sobolev spaces and
for some weight Q(x). Now, we recall some facts about Lorentz-Sobolev spaces. Let 1 < r < +oo,
1 < s < 400 and Q subset of RY, the Lorentz space L"**(Q) is the collection of all measurable and finite
almost everywhere functions on € such that ||¢||, ; < +c0, where

+00 Sd 1/s
lgll,,s = (f [¢"(0)r'"] Tt)
0

where ¢+ denote the spherically symmetric decreasing rearrangement of ¢. In addition, if Q is an
open bounded domain in R", the Lorentz-Sobolev space W, L"*(Q) is defined to be the closure of the
compactly supported smooth functions on €, with respect to the quasinorm

||M||w5m(g) = IVull,.s
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On Lorentz-Sobolev spaces, Brezis and Wainger [8], showed: Let Q be a bounded domain in R? and

s > 1. Then, el T belongs to L'(Q) for all u € WyL**(Q) and @ > 0. Furthermore, Alvino [4]
obtained the following refinement of (1.3), there exists a positive constant C = C(L, s, @) such that

s [<C, a<@n)th,
sup f e dx (1.5)
Q

ueWy L>5(Q) = +oc0, > (47T)s/(s—1).
IVull2,s<1

Trudinger—Moser type inequalities for radial Sobolev spaces with logarithmic weights were considered
by Calanchi and Ruf in [9]. Let B; be the unit ball centered at the origin in R?> and H! 4(B1,w) be the

0,ra
subspace of the radially symmetric functions in the closure of C7°(B;) with respect to the norm

1
. 2 2
el = el 5,00 = (f WOVl dx),
. ;

where w(x) = (In1/|x])’ and 0 < 8 < 1.
Proposition 1.1. (See [9, Calanchi-Ruf]) Suppose that w(x) = (log 1/ |x|)8 and 0 < B < 1. Then,

2
f e dx < +oo, forall ue Hé,md(Bl,w) and a > 0.
B

Furthermore, setting aj, = 2[27r(1 - ,8)]#, then there exists a positive constant C = C(a, 8) such that

25 <C, a<a;

=] = =
sup f e dx ’ o
ueH) (Bi.w) YBi too, @ > ag.

B

llull<1
If the weight is given by w(x) = In(e/|x|) the maximal growth is double exponential type, see [9, 10,
31] for more details). Next, we state a Trudinger-Moser inequality proved by Ngd and Nguyen [24],
where H&ra 4(By) denotes the subspace of H(B;), which consists of only radially symmetric functions.
Let 4 :[0,1) — R be a continuous radial function such that
(hy) (0) =0 and A(r) > 0 for r € (0, 1).
(h,y) There exists some ¢ > 0 such that

h(r) < ¢ , nearto0.
—Inr

(h;) There exists some y € (0, 1) such that

2y In(1 —r)
Inr

Proposition 1.2. (See [24]) Suppose that h satisfies (hy), (hy) and (h}). Then,

h(r) < , neartol.
f exp((a + h(x)lul’) dx < +oo,  for all u € Hy,4(By) and o > 0.
B

Furthermore, there exists a positive constant C = C(a, h) such that

sup f exp((a + h(|x|))|u|2) a’x{
B

1
L’EHO,rad(Bl )
(IVull2<1

<C, a < 4,

= +o0o0, «a >d4n.
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Before to establish a new version of the Trudinger-Moser inequality which will be used throughout
this paper, we give the following condition for the function 4.

(h3) There exists some y € (0, 1) such that

yagIn(l —r)

h(r) < , nhearto 1,

Inr
where ay is given by Proposition 1.1.

Theorem 1.3. Suppose that h satisfies (hy) — (h3) and w(x) = In(1/|x|)? for some g € [0, 1). If a < o,
there exists a positive constant C = C(«a, 8, h) such that

sup f exp((a + h(x))ul ") dx < C.,
B

ueH; ., (Bi,w)

llull<1

and for @ > ay

sup f exp((cx + h(lxl))lulz/(l_ﬁ)) dx = +o0.
uEH(gymd(B| w) vYBj
lull<1

The proof of the Theorem 1.3 will be presented in next section. In this work, we are interested to
find nontrivial weak solutions for the following Schrédinger equation

{—div(w(x)Vu) = fxuw, xe€B, (1.6)

0, xE@Bl,

u

where the nonlinearity is motivated by the Trudinger-Moser inequality given by Proposition 1.3. More
precisely, we suppose the following assumptions:

(H)) f : By xR — R is a continuous and radially symmetric in the first variable function, that is,
f(x,s) = f(y,s) for |x| = |y|. Moreover f(x,s)=0forall xe By and s <0.
(H,) There exists a constant p > 2 such that

0 <uF(x,s) <sf(x,s), forall xeB; and s> 0,

where F(x,s) = [ f(x.1)dt.
(H3) There exists a constant M > 0 such that

0< F(x,s) <Mf(x,s), forall xeB; and s> 0,

(H4) There holds

: 2F(x,s)
lim sup

5 < Ay, uniformly in x € By,
s—0F §

where A, is the first eigenvalue associated to ( — div(w(x)Vu), H(l),er J(Bi,w)).
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(Hs) There exists a constant a > 0 such that

. f(x, s) {o, @ > o,
lim =

5=+ exp((@ + h(x)|sP/AP) |+, @ <a,

where & satisfies (h;), (h,) and the next condition:

(h3) There holds

hr) < ymin{a;,ozo} In(1 —7r)

Inr
(He) There exist constants p > 2 and C, > 0 such that

f(x,s) > Cps"_l, forall s>0,

where
c (p—2)P 2280 ao\1-pp-2)12
L P22 a
and
12
(f w(x)|Vul? dx)
. B
S, = inf ‘ 1 )
0#ucH, , (B1,w) ( ]? dx) /p
B

, nearto 1 and for some y € (0, 1).

Throughout what follows, we denote the space E := Hé’m ,(B1,w) endowed with the inner product

{(u, v = f w(x)VuVvdx, forall u, vekE,
B

to which corresponds the norm

ull = ( f WVl dx) ",
B

and by E* the dual space of E with its usual norm. We say that u € E is a weak solution of (1.6) if

f w(x)VuVe dx = f f(x,u)¢pdx, forall ¢e€E.
B B

Using the function f, we consider the Euler-Lagrange functional J : E — R defined by

J(u):% f w(x)|Vul|? dx — f F(x,u) dx.
B B

Furthermore, using standard arguments (see [17]), J belongs to C!(E,R) and

J' (u)¢ = f w(x)VuVe dx — f f(x,u)pdx, forall u, ¢ €E.
B B

The following theorem contains our main result.

(1.7)
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Theorem 1.4. Suppose that f satisfies (H,) — (Hg). Then, the problem (1.6) possesses a nontrivial
weak solution.

First, we observe that (1.6) represents a natural extension of the problem (1.1). From assumption
(Hs) the nonlinearity f behaves like exp((a + h(|x]))|s|*!)) as s tends to infinity. Moreover, if 8 = 0,
we have that w = 1 and the equation (1.6) is reduced to problem (1.1), the case for§ = 0Oand h = 0
were treated in many works considering (see [1, 2, 15] among others). Additionally, condition (/3)
implies that 4 could be approach to infinity as |x| is close to 1. Also, if 8 is close to 1 the power of |s|”
where p = 2/(1 — B) can be sufficiently large. The above properties motivate to say that f possesses
supercritical exponential growth and represents an extension of other previously studied works. Finally,
note that the class of functions which satisty conditions (H;) — (Hg) is not empty, for instance consider
the following function f : B; X R — R defined by

AsP™U + p(1 + |x|)sP~leMHHDs” g > 0,

f(x’s):{o, 5 <0.

for some positive constants 17, p = 2/(1 — ) and A sufficiently large.

This paper is organized as follows: Section 2 contains some preliminary results and the proof of
the supercritical Trudinger-Moser inequality. In section 3, we show that the Euler-Lagrange functional
possesses the geometry of the Pass Mountain theorem. In Section 4, It is established some Palais-
Smale properties and estimated the minimax level of the functional. Finally, in sections 5, we present
the proof of our main theorem.

2. Preliminaries

Let H(l)’m 4(B1,w) denote the subspace of the radially symmetric functions in the closure of C;(B))
with respect to the norm

1
il = Nl 2= ( [ oIV )

B

where w(x) = (log 1/ |x|)ﬁ for some 0 < 8 < 1. The Sobolev weighted space Hé’m ,(B,w) is a separable
Banach space (see [18, Theorem 3.9]). The next lemma presents some embedding results.

Lemma 2.1. The embedding H(l) (B1,w) — LP(B,) is continuous and compact for 1 < p < co.

, rad

Proof. From the Cauchy-Schwarz inequality, we have

fBl Vil dx < (j;l w0 Vul? dx)”2 . (j;l w(x)™! dx)l/z.

N

Using the change of variable |x| = e~

1 +00 1 +00
— w(x) dx = f e SsPds = f e 5P ds + f e 5P ds.
21 Jp, 0 0 1

1 1 1
f e ¥sPds < f sPds = ——
0 0 1-8
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and

—+00 —+00 6_2
f e s Pds < f e ¥ds = —.
I I 2

Therefore, we can find a positive constant C such that
12
9l < ([ ulwen )"
B

Thus, H&ra JBrw) = WS’I(BI) continuously, which implies the continuous and compact embedding

H},q(Bi,w) = LP(By), forall p>1.

Lemma 2.2. (See [9]) Let u be a function in H&m 4(B1,w). Then,
lu(x)| € ——=——-lull, forall x € B.

2.1. Proof of the Theorem 1.3

Proof. To prove the first statement of the theorem, it is sufficiently to consider @ = aj;. From Lemma
2.2 for each u € E with ||u|| < 1, we have

lu()’P < =2Inr, forall 0<r<I, 2.1)

where r = |x|, and (2.1) implies that
1
wM@MUWM$Osﬁ3 forall 0<r<l. (2.2)

By (h3), there exists ry > 0 such that

ya/; In(1 —7r)

h <
(N =797

, forall ro<r<l.

Using the above inequality and (2.1), we get

2

h(P)|u(r)|™ < —In(1 —r)", forall ro<r<1I1. (2.3)

Note that
1
bf‘ exp«aﬁ-%hﬂxbﬂuﬁ“km)dx::2n\[‘expoﬁyufﬂkﬂuexpodrﬂufﬂkﬂﬁrdn
B \B’O ro

Using (2.2) and (2.3), we obtain

! 1 o (11
ex w*+MMDWWwﬁchSZﬂj\—————drs—— dr.
fBI\B,O p((@ + HD) ) -y S ), A=y

0]
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Therefore,
2n(1 = rp)t~
f exp((a/; + h(|x|))|u|2/(1_ﬁ)) dx < M
Bi\By, ro(1 =)
Other other hand, by (/) there exist ¢ > 0 and r; > 0 such that
c
h(r) < , forall O<r<r.
—Inr

Combining last inequality with (2.1), we get

2
hu@PP < = forall 0<r<r.
04
B

Also, by (2.1), we have

MO/ < O

, forall ri<r<n,.
@
B
From (2.5) and (2.6), we can find a constant M = M(h, 8) such that
hOlu(r)P <M, forall 0<r<r.

Then,
f exp((a/; + h(|X|))|u|2/(1f'B)) dx < er exp(a/;|u|2/(lfﬁ)) dx.

By, By,

Using Proposition 1.1 there exists C = C(B8) > 0 such that

f exp((@j + h(x))|uf ") dx < Ce".

By,

(2.4)

(2.5)

(2.6)

2.7)

The first two assertions of the theorem follows from (2.4) and (2.7). In order to prove the sharpeness,

we consider the following sequence given in [11]

2 1 \1-8
1\a-ppe | k7 In(—) ", 0<|x <e ™2,
i) = () | (i)
’ K7, M2 < < 1.

Then, ||| = 1 for all k € N. Moreover, for @ > a}, we have

1

f exp((@ + (X)) dx > f exp(elyi"P) dx 2 21 f exp(—k)r dr

B, Bi oki2 afﬁ
Then,

k(&1
f exp((a + A(lx)ll ) dx > 27e G )(ek —1) > 400, ask— o
B

and the proof is complete.

O
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Corollary 2.3. Letn > 0 and a < «;, there exists a positive constant C such that

sup f exp((a + [x")u/” ") dx < C. (2.8)
lull<1 J By
If a > ay it holds
sup f exp((a + le”)lulz/(l_ﬁ)) dx = +oo. (2.9)
lull<1 J B,

As it was observed in [24], the statements of the Theorem 1.3 and its corollary are no longer true if
it is consider the space of non radial functions Hé (By,w).

3. The geometry of the Mountain Pass theorem

This section is devoted to establish the geometry of the Mountain Pass theorem for the functional J.

Lemma 3.1. Suppose that h satisfies (hy) — (h3). Then, there exist 0 < ro < 1 and 1 < m < 1/y such
that

f exp(mh(|x))lul" ) dx < C,
Bl\BrO

provided ||u|| < 1, where 7y is given in (h;).

Proof. Let u be fixed in E with ||u|| < 1. From Lemma 2.2 and (h3) there exists ry > 0 such that
1
—h(P)u))"P < —In(1 —r), forall ry<r<Il. (3.1)
Y

Taking positive constants & and m satisfy 1 < m < 1/€ < 1/y. Using the Holder inequality with s > 1
such that ms < 1/£, we obtain

f exp(mh(|x|))|u|2/(1—,8)) dx < 271( fl exp(msh(r)m(,,)lz/(lfﬁ)) dr)l/S( fl ry dr)
Bi\By, " "

< 2z( f 1 exp(éh(r)lu(r)lz/(l_ﬂ)) ar)"".

o

1/s

Combining (3.1) with the fact that the improper integral of 1/(1 — r)?/¢ is finite on the interval [ry, 1],
there exists C > 0 such that

1 1 1
f eXp(éh(r)lu(r)lz/“"””)drs f eXp(-%ln(l—r))dr: f mdrsﬁ

o o 1o

this complete the proof. O

Lemma 3.2. Suppose that (H,), (H,) and (Hs) hold. Then, there exist o, p > 0 such that
J(w) >0, forall ueE with ||ul| =p.

AIMS Mathematics Volume 8, Issue 8, 18354—-18372.
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Proof. Giveng > 2 and 0 < € < A;/2. From (H;) and (H,), we can find ¢ > 0 such that
IF(x, )| < els]” + clsi’exp((2ap + h()Is '), forall (x,s) € By xR.
Thus,

f F(x,u) dx < €lul? + ¢ f jutexp((2arg + A(lx))luf ") dx. (3.2)
B B

Let hy = maxo<,<,, h(r) where ry is given by Lemma 3.1. By the Cauchy-Schwarz inequality and
Theorem 1.3, we have

f Jultexp((2ap + h(lxD)lu 1) dr < f lulexp((2ag + ho)lu’ ') dx
By, B

_p, lul _
< ||u||gqf eXp(2(2a/0 + ho)llufC ﬂ)(M)M ﬁ)) dx
B

< clull,,

provided that |ju|| < p; for some p; > O such that 2(2¢, + ho)pf/ -5 a;. From Lemma 3.1 and the
Holder inequality with m, my,m, > 1 such that 1/my + 1/m, + 1/m = 1 where m is given by Lemma

3.1, we obtain
[ turexp(ao + )P )
B \Bro

< el

(], xolomaon ) ax) ([ explmntap ) )
B

1\DBrgy

gy, lul \2/0- y
< cluf,, f exp(2maaolul' P (=)' P) dx)™
B

[Jull
< cllullt,,,
provided that ||u|]| < p, for some p, > 0 such that 2m2a0p§/ -h < ;. Replacing the above estimates in

(3.2) and using Lemma 2.1, we get ¢ > 0 such that
f FQx,u) dx < —|lull” + cllull?,
B A1
provided that ||u|| < p, for some py > 0 such that py < min{1, py, p,}. Then,
1 1
J(u) 2 Sl - fB Flnudrz (5- A—El)uuuz — cllull”.

Therefore, we can find p > 0 and o > 0 with 0 < p < p; sufficiently small such that J(u) > o > 0, for
all u € E satisfying ||u|| = p. O

Lemma 3.3. Suppose that (H,) — (H;) hold. Then, there exists e € E such that
J(e) <0 and el > p,

where p > 0 is given by Lemma 3.2.

AIMS Mathematics Volume 8, Issue 8, 18354—-18372.
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Proof. Let sg = uM > 0, from (H,), we have

RIDYIEY)
M = F(x,s)

forall x € B; and s > 5.

For x € B, fixed, the above inequality implies that the function

S

h(s) = F(x, s) exp ( - M)’

is increasing in [sg, +00). Consequently,

F(x,s)exp(—%)ZF(x,so)exp(—%)>O forall s> s.

Taking C = inf F(x, s¢) exp ( - &), we obtain
XEEI M
F(x,s) > Cexp (%), forall x € B; and s > s

Let eg > 0 and ey # O fixed. Then, there exists 6 > 0 such that [{x € By : eg(x) > 6} > 6. Thus, for
t > s9/0, we have

J(teg) < —|leol| f ( )dx < —|le ||2 - Co exp (—)
teg) < e F(x,te X ,
0 D 0 - 0 D 0 v

which implies that J(teg) — —oo, as t — +oo. Therefore, we can take e = tyey with 7, > 0 sufficiently
large such that J(e) < 0 and |le|| > p. O

4. Palais-Smale sequence

By Lemmas 3.2 and 3.3 in Mountain Pass theorem (see [26, 36]), there exists a Palais-Smale
sequence at level d > o, where o is given by Lemma 3.2, that is, there exists a sequence (u,) C E such
that

J(w,) > d and ||J'(uy)lle- — O, 4.1)

where d > 0 can be characterized as

d = inf max J(y(1)), 4.2)

yel te[0,1]

and
I'={yeC(0,1],E) : y(0) = 0,¥(1) = e}.

Lemma 4.1. Let (u,) C E be a Palais-Smale sequence for the functional J satisfying (4.1). Then,
lunll < ¢, for every n € N and for some positive constant c.

Proof. From (H,), we have

T = 2y, = (1 -
M

: i)uunu2 - i fB (WF G ) = fC o)) > (% - i)nunnz.

AIMS Mathematics Volume 8, Issue 8, 18354—-18372.
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Using (4.1), for n sufficiently large, we have
Jw,) <d+1 and || (up)lle < p,

Therefore, for n sufficiently large, we obtain

11y
(5- ;)nunu <d+ 1+ |y,

which implies that the sequence (u,) is bounded. O

Lemma 4.2. (See [15, Lemma 2.1]) Let Q be a bounded subset in R, f : Q xR > R a continuous
function and (u,) be a sequence of functions in L'(Q) converging to u in L'(Q). Assume that f(x, u(x))
and f(x,u,(x)) are also L'(Q) functions. If

flf(x, u,)u,| dx < C,
Q

then, f(x,u,) converges in L'(Q) to f(x, u).

Lemma 4.3. Let (u,) be a Palais-Smale sequence for the functional J satisfying (4.1) and suppose that
u, — uin E. Then, there exists a subsequence, still denoted by (u,), such that

fOou) = fxu) in L'(B) (4.3)

and
F(x,u,) — F(x,u) in LY(B)). (4.4)

Proof. According to Lemma 2.1, we can assume that u, — u in L'(B;). By assumption on f and
Theorem 1.3, we have that f(x,u,) € L'(B;). Using Lemma 4.1, the sequence (||u,||) is bounded and
the fact that ||J'(u,)||g- — 0, we obtain

' (et ) < ' ()l llutnll — O.

Thus,

||Mn||2
J n)Upn = -
(u)u >

f f(x, u)u, dx — 0.
B

Therefore, the sequence f(x,u,)u, is bounded in L!'(B;). Applying Lemma 4.2, we conclude that
f(x,u,) = f(x,u)in L'(B)). On the other hand, by the convergence (4.3), there exists p € L'(B;) such
that

f(x,u,) < p(x), almosteverywhere in B; and n sufficiently large.

From (H3), we have
F(x,u,) < Mp(x), almosteverywherein B; and n sufficiently large.

By Lebesgue’s dominated convergence theorem, the convergence (4.4) follows. O

AIMS Mathematics Volume 8, Issue 8, 18354—-18372.
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Lemma 4.4. Let (u,) C E be a Palais-Smale sequence for the functional J satisfying (4.1). Then,

1,Qp\1-8
d< E(a_i) ,

where d is the minimax level given by (4.2).
Proof. Let u, € E be a nonnegative function with |[u,[|, = 1 such that

( f w(IVul dx)

B

S inf

p =
0#u6H&md(Bl,w) (f |l,t|p d_x)l/p
By

= [lupll-

From (Hg), we get

o, 2o, Gyt )
J(tuy,) = 5””1’” - F(x,tu,)dx < §||Mp|| - |u,|” dx.
By p B

Therefore, by the estimate of C,,, we have

£s; c,,rp} _ (=25 a;;)l-ﬁ

< (£
sup J(tu,) < Hllzf(l)x { ) 2pCf,/(p_2) 2\

>0

4.5)

where we have used that the function A(¢) = tsz,/2 — C,t?/p, possesses a critical point at #, =
(S ,/C)"P=2. Now, taking ey = u, in Lemma 3.3, that is, we consider e = fou, with 7, > 0 given by
Lemma 3.3. Setting yo(t) = ttyu,, in particular, we have y, € I' = {y € C([0, 1], E): y(0) = 0,y(1) = e}.
Using (4.2) and (4.5), we obtain

k

d= 1yr€1£ 2%83‘] J(y(1) < g%&ﬁ J(yo(1)) < trer%(e)l’i(] J(ttou,) < IItlZ%X J(tu,) < 5(Z_i)l—ﬂ_
O
5. Proof of the main theorem
Let (u,) C E be a Palais-Smale sequence of the functional J satisfying (4.1). Then,
J (uy)p = fs: w(x)Vu, Vo dx — fz: fOx, u) dx = 0,(1), (5.1)
I I

for all ¢ € C,(B1). By Lemma 4.1, the sequence (u,) is bounded in E. Thus, we may assume that

there exists u € E such that u, — u weakly in E, using this together with Lemma 4.3 in (5.1), we
obtain passing to limit

f w(x)VuVe dx — f f,wpdx=0, forall ¢eCg. (B
By B

AIMS Mathematics Volume 8, Issue 8, 18354—-18372.



18367

Using the fact that C,(B)) 1s dense in E, yields

0,ra

f w(x)VuVe dx = f f,u)pdx, forall ¢ekE.
B B

Therefore, u € E is a critical point of J. To conclude the proof, it only remains to prove that u is
nontrivial. Suppose, by contradiction, that ¥ = 0. From Lemma 2.1, we can assume that

u, » 0 in LP(By), forall p=>1. (5.2)

Using the fact that J(u,) — d, we have

J(u,) =

a2 f F _
- (x,u,) dx =d + 0,(1). (5.3)
2 B

Since, we suppose that u, — 0, by Lemma 4.3, we obtain

fF(x,un)dxﬁfF(x,O)dx:O.
B By

ol

2

Replacing in (5.3) one has
d + 0,(1). (5.4)
By Lemma 4.4, we get
s 1-
P = 2d + 0,(1) < (L) + 0u(1).
Qo
Thus, we can assume that there exists 6 > 0 sufficiently small such that

*

a
0P < £ 5, foralln> 1 (5.5)
@

Taking m > 1 sufficiently close to 1 and € > O sufficiently small such that

*

Y
m(ay +26)(—= - 6) < o (5.6)
@o
From assumptions on f there exists a positive constant C such that
|£(x, 9)| < Cexp((ao + € + h(Ix)|s"" ), forall (x,s)€ B XR.

By the Holder inequality and the above inequality, we have

f Sttty dx < Clt e f exp(mlag + e + ()l PP dx) " (5.7)
B

B

Since # is continuous, there exists r; > 0 such that

h(lx]) <e, forall |x|<r.
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Thus,

f eXP(m(ao + €+ h(|x)))lu,*! ““”) dx < f exp(m(ao + 2e)||un||2/<l-ﬂ>(M)2/“-ﬁ>) dx
B, B,

| | |

Using (5.5), (5.6) and Theorem 1.3, we obtain C; > 0 such that

f exp(m(ag + € + h(lx)lu, ') dx < f eXp(a;(M)z/(l_ﬁ)) dx < C).
B, By,

1 |

By the boundedness of the sequence (||u,||) given in (5.5) and Lemma 2.2, we have

(-Inr)? (a_ﬁ —6)(1_ﬂ)/2.
27(1 - pB)

|u, ()] < foralln>1 and |x]=r,

Qo
which implies

a*
ao_-:e)(_,g —6)( —2Inr), forall n>1 and |x|=r

(g + )lu, (01 < (
(1"8 Q@

By (5.6), we obtain

m(ag + €)lu,(x)[¥"P < —21Inr, forall 0<r<1 and n>1,

and
1
exp(m(ay + Olu, ()P P) < 5. forall 0<r<1 and nxl.

By (53), we can find r, > r; such that

vao In(1 —r)

h(r) < ,
(N < =907

forall r,<r<I1.

Combining above inequality with (5.9), we have

(07

mh(Plit, (D] < —y(—
" - ya0+e

Using (5.10) and (5.11), for n > 1, we obtain

f exp(m(ao + e+ h(lxl))lunlz/(l_ﬁ)) dx
Bl\Br2

|
= Zﬂf CXP(W(O’O + €)|Mn|2/(1_ﬁ)) eXp(mh(r)Iunlz/(l‘ﬁ))r dr

1o

1 1—

1 2n(l —rpy)' ™7
<2 —  dr< —— =~ =(C,.
= ”l;ml—ﬂvr‘ (1 -7) 2

On the other hand, using the boundedness of (||u,||) and Lemma 2.2, we have

lu,(x)| < My, forall ri<|x|<r, and n=>1.

)1n(1—r)s—1n(1—r)7, forall m<r<1 and n> 1.

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Moreover, by the continuity of 4, we can find C5 > 0 such that

f exp(m(ay + € + h(|x)lu, /) dx < C5. (5.13)
B,,\B;,
Replacing (5.8), (5.12) and (5.13) in (5.7), we obtain

f FCeup)u, dx < Cllug|l .
By

By (5.2), we get
f Sf(x, u)u, dx — 0. (5.14)

Br

Using the fact that (||u,||) is bounded and ||J’(u,)||g- — 0, we obtain
' (W)un| < 1 ()l lluall — 0. (5.15)

Since,

J,(un)un = ”un”2 - f f(x’ un)un dx.
B

By (5.14) and (5.15), we have
luall® = T’ (up)uty, + f fOx, u)u, dx — 0.
B

From (5.4), we have |lu,||>* — 2d. Hence, d = 0 which is a contradiction, according to the fact that
d > o > 0. Thus, u is a nontrivial critical point of J. Therefore, u is a nontrivial weak solution of the
problem (1.6).

6. Conclusions

In this work, we apply variational methods to find a nontrivial solution for a class of Schrodinger
equations where the nonlinearities possess maximal growth in the sense of Trudinger-Moser. It is
established a new version of Trudinger-Moser inequality with logarithmic weight which allows to
treat supercritical nonlinearities that generalizes previous results in the literature. According to our
definition of logarithm weight, we restricted the domain to the unit ball. It is of interest to further our
results to extend our Trudinger-Moser inequality on the whole space R.
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