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Abstract: This paper is concerned with solving a class of generalized Boussinesq shallow-water
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are nonlinear partial differential equations (PDEs). By using the method of direct linearization, those
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show theoretical results.
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1. Introduction

In this article, we investigate numerical solutions of a class of generalized Boussinesq equations:

*u 0*u Ou o*u
wﬂglﬁ +ﬁz(u‘ Ec)x+ﬁ3—6‘t26x2 =0, (1.1)
*u »u Ou *u
G B s a)ﬁﬁﬁa—wo’ (2
*u u ,o0u du Ou
w*ﬁ%%(” a)jﬂw”ﬁzo’ (1.3)

where (-), is the derivative for x, s is a positive integer, S, 5, B3 are constants, and 0 < y < l is a
small parameter. For solving the above equations, we take the following initial condition:

u(x,0) = wi(x), u,(x,0)=wy(x), a<x<b, (1.4)
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and the following boundary condition:
u(a,t) = vi(@), ulb,t) =w(t), t=0. (1.5

Then, we obtain three (1 + 1) dimensional nonlinear PDEs. It is remarked that other forms of boundary
conditions may be studied in an identical way.

The Boussinesq equations have various kinds of applications in physics, such as describing
propagation of long waves in shallow water, vibrations in a nonlinear string, nonlinear lattice waves,
iron sound waves in plasma, see [1-5] and references therein. In [4, 5], Daripa et al. discussed some
physical implications of (1.3) under the background of water waves. It is remarked that if y = 0
in (1.3), then (1.3) becomes the standard Bousinesq equation (1.2).

As we know, very complicated behaviors exist in nonlinear differential equations, such as
oscillation, bifurcation, and chaos, see [6—8]. It is natural to solve these equations to obtain their
solutions to study their dynamical behaviors. However, most of nonlinear equations, especially
nonlinear PDEs, can not be solved. Therefore, various of numerical methods for solving nonlinear
equations appeared, for example, the finite element method, the finite difference method, the
boundary element method, and the collocation method, see [9—12]. It is noted that the former three
methods are classical numerical computation methods, which treat the time and space variables
separately when solving PDEs. The last one is very simple but efficient numerical computation
method, especially with fits for nonlinear problems. This method can treat the time and space
variables equally and simultaneously, and establish collocation computation schemes for the initial
and boundary problems of PDEs, see [9-12].

In recent years, the barycentric rational interpolation [13—16] has been proposed by researchers
for the collocation method. Specifically, Floater [17, 18] presented one linear rational interpolation
formula and showed the convergence rate for equidistant partition. Wang et al. [9, 10, 19-21] used
the barycentric interpolation method to study various kinds of linear and nonlinear problems. Luo
et al. [22] has used the barycentric rational collocation method (BRCM) to solve the nonlinear parabolic
PDEs. More recently, Li et al. has used the linear barycentric rational collocation method (LBRCM) to
solve Volteria-differential equations [23,24], biharmonic equations [25], heat conduction and diffusion
equations [26,27], telegraph equations [28], and so on. From the above results, we see that the LBRCM
is very effective in solving nonlinear problems. This motivated us to study numerical solutions of the
nonlinear PDEs (1.1)—(1.3) by using the LBRCM. In addition, Akinyemi et al. [29] also studied the
numerical solutions of PDEs (1.1)—(1.3), where they used the homotopy perturbation technique method
(HPTM), which consisted of the homotopy perturbation method and the Laplace method. The error
between numerical and analytic solutions in their examples had very high accuracy. This showed that
the HPTM is very effective. However, the convergence rate of the errors was not given. Besides, it used
a power series expansion and had to compare the same power to get the coefficients of the power series,
which was very complicated and even difficult to obtain. In this paper, we will apply the LBRCM to
solve nonlinear PDEs (1.1)—(1.3). By using the method of direct linearization, nonlinear PDEs will
be transformed into linear PDEs whose forms can be expressed as simple matrix equations. By using
the LBRCM, the numerical solutions will be obtained. Furthermore, by using an error estimate for
the barycentric interpolation, the convergence rate of the errors will be verified. This shows that the
LBRCM does not require very complicated computations and is very simple and effective.

The paper is arranged as follows. The direct linearization of nonlinear PDEs and differentiation
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matrices of the corresponding discrete forms are given in Section 2. The error estimate is given in
Section 3. Three examples are presented to show validity of theoretical results in Section 4. Finally,
conclusions are made in Section 5.

2. Direct linearization and differentiation matrices

We first give the linearization equations. Let u, be a known initial function. Then, the generalized
Boussinesq equations (1.1)—(1.3) are transformed into linear PDEs on Q := [a, b] X [0, T'] by using the
direct linearization method [10]:

»’u u *u 5-10tto Ou

0 =0, 2.1
Fro B+ ﬁzuo)a P55 EYERS + 5Bt “x I (2.1)
*u Ouy Ou
a2+ 6 +ﬁzuo) +ﬁ3 + spaty 52— =0, (2.2)
*u u u 6614 1 Oug Ou _
— + (81 + fouy)— + B3 — + sBouy 2.3
atz (ﬁl ﬁzuo)axz ﬁ?’ ax4 a 6 5182 0 a ax ( )
Therefore, we can obtain the iterative formats of the above equations on Q as the following:
T 18 ) T S =L 24)
+ (B + =0, .
R 381‘28 A TR
Ty @+ ) e R 2.5)
atz ﬁzup 1 183 5182 ax ax - Y, .
82 ) 06up 8up 1 Ouyy 2.6)
— B+ P4 + + = .
B+ Batt b (9x4 Yowe TP = O
where p = 1, 2, «o-. In practlcal computation, for a given control precision & when

e, (x, 1) — u,—1(x, 0|l < &, iterations will be stopped and an approximate solution for a nonlinear
problem will be derived. This process is called the direct linearization iteration method.

Next, we will apply the barycentric rational interpolation method to derive the differentiation
matrices of (2.4)—(2.6). Two forms of the partition for the domain €2 will be used in this paper. One is
the equidistant partition. Let x; = a + hi, t; = Tj withh = 2%, 7 = L for0 <i <m, 0 < j < n. Then,
(x;, 1) divides € into a uniform mesh. The other is the non-equidistant partition. Here, the second

kind of Chebyshev points x; = cosiﬂ ti = cos— for0 < i <m,0 < j < n, are used to form a
nonuniform mesh. In this case, set # = max (x,+] x;)and T = max (fi4 — ).
0<i<m-1 0<j<n—-1

Let u,,,(x, ) in the following be the approximate function of u(x, 1),

(1) = D > ECOM (D 2.7)
i=0 j=0
where Upj = I/l()C,', l‘j),
Wi
Ei(x) = — 2, (2.8)
>
XX
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Vj
t—t;
njt) = ———, (2.9)
P
prak Rl
and
q+d; 1
- Z(_l)q 1—[ — (2.10)
qeQii p=q.p#i "' p
q+da 1
=200 [ = 2.11)
q€Qs; p=q.p#j 1 P

Qi={qgeQ:i—-d <g<ijfor Oy ={0,1,--- ,m—di}and Qy; ={g € Qr: j—d, < q < j}for
0, =1{0,1,--- ,n—d,}. With a direct calculation, one can obtain another form of u,,,(x, t) as follows:

m+d1 n+d2
P W e reers
- (x .Xi)(t — tj) Y

U (X, 1) = ——— , (2.12)

m+d 1 n+d2

Wij
Z Z (x = xl)(]t—t)

i=0 j=0

where
q1+d; Q@ t+dy 1

wy=irae ST e S

q1€01i p1=q1,p1#i G2€02j p2=q2,p2#]

. (2.13)
|t — 1]
The expression of (2.12) has a barycentric interpolation form and is very suitable for the program
implementation in Matlab. It is obvious that &(x;) = 1, &(x;) = 0 for k # i, and n;(¢;) = 1, (2;) = 0
for k # j. By computing the derivative of the basis function (2.8) at x = x;, we can get the following
results:

g =Y ki g == ) G, @.14)
k=1,k#i
£/ (x ,)_—2w"/w’ o, L) s (2.15)
Xi — Xk Pyt Xi—X;  Xj— Xk
€(x)=- Y &x). (2.16)
k=1k#i

For convenience, denote the p-order derivative of (2.8) at x; as follows:
Cl(p) é:(p)(xi)’ k:O,lv"' , M5 l:O’ 1"” , m, (2'17)

where p is some positive integer. Then, by induction, one can get recurrence formulas for the p-order
derivative of (2.8) at x;

(p) (p-1) ~(1) C,(lf b .
cP =plclPc) - ——|, i#k, (2.18)
Xi — X
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cr=- > cp. (2.19)
k=1,k+i

Similarly, if we take the derivative of the basis function (2.9) at ¢;, we get

, Ve/Vj . o
)= 2 gt g me) == Y ), (2.20)
oo q=l.q#j
v, /vi [~ vilvj 1
My (t) = ——— + . q# 2.21)
7/ ti—t, [i:lz;tjtj—ti ti—1t,
ey =— > ). (2.22)
q=1.g#]

We also denote the p-order derivative of (2.9) at ¢; as the following:

DV =y, ¢=0,1,---,n; j=0,1,--.n, (2.23)
for some positive integer p.
Let
C(p):(cl(]f))’ k:O’l"”am; iZO,l,"’,m, (224)
and
D(P>:(D§f;)), g=0,1,---,m; j=0,1,---,n, (2.25)

be the matrices of order (m + 1) and (n + 1), respectively. Before introducing differentiation matrices,
we need to give some other notations. Let x = (x1, X2, -+ , x,)7, ¥y = (y1, 2, -+ » ¥»)’ be vectors, ¢ be a
real number, m be an integer, define the following operations:

X0y =(X1y1,X2y2, """ » xnyn)T9

c+x:(c+x1,c+x2,---,c+x,,)T,

m __ m m\T
X" =L X))

The Kronecker product of two matrices W = (W;j)ixm, N = (1;j) pxq 18 defined by
W®N = (WijN)kpqu‘

Using the above symbols, and substituting (2.7) into Eqgs (2.4)—(2.6), we can get the corresponding
differentiation matrices of them:

U1 ® D? + diag(By + BoU;_ )(C? ® 1,.1) + B5C2 © DP
(2.26)
+diag(sprUs~} o (CV & L, Ui )N(CP @ 1,11) U = 0,

[Im+1 ® D@ + dlag(ﬁl +ﬁ2U;_1)(C(2) ® In+1) +ﬁ3C(4) ® L1
(2.27)
+diag(sp2U~} o (CV ® Ly )Up-))(CP ® 1,11)1Uy = 0,
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U1 ® D® + diag(By + U3 )(CD @ Ly) + B5CY @ Ly +yCO @ 1,
(2.28)
+diag(spUs} o (CPV @ Ly U NCP @ 1,.1)1U = 0,
where
U = (uoo, Uot, * + > Uons U105 ULl "+ 5 Ulns* " U0y Ul " umn)T,
I,+1 and I, are the m + 1 and n + 1 identity matrices, respectively.

In general, there are three methods to apply initial-boundary conditions (1.4) and (1.5), which are
the elimination method, the replacement method, and the addition method, see [9, 10] for more details.
Here, we take the replacement method to apply initial-boundary conditions.

It is remarked that Eqgs (1.1)—(1.3) with other types of boundary conditions, such as the Neumann
boundary condition, can also be similarly considered. It is also remarked that the most important thing
in our method is to obtain the differentation matrices (2.26)—(2.28). Therefore, the method can also be
generalized to study Eqs (1.1)—(1.3) with the viscous term —u,,, and other types of terms, which will
be our further studying.

3. Error estimate of numerical solutions

In the equidistant partition, the error function between numerical solution u,,,(x, ) and the exact
solution u(x, t) are defined as follows, see [27, 30]:

e(x,t) =u(x,t) — U, (x,1)

m—d n—dp
Z(_l)iu[xi"“ > Xitdy > Xs t] Z(_l)ju[t9 9tj+d2,-x9t]
i=0 j=0
= +
m—d; n—dy
2 1) 2,40 G3.1)
i=0 j=0
m—dy n—dp
Z(_l)l+Ju[-xi"" a-xi+d1atj9"' atj+d27 X, t]
i=0 j=0
+ b
m—d\ n—dy
PNTEPIVIG
i=0 j=0
where {
i(x) = , (3.2)
B =) = xiay)
1
;1) = (3.3)

(=1) - (t = 1jra)
and ulx;, -+ -, Xi4q,, X, t] represents the divided difference of u at x;,- -, x;14,, X, ¢, and the other two
terms of (3.1) have the same meaning. It is remarked that the third term in (3.1) is a high order
infinitesimal of the other two terms, see Theorem 3.1 of [30]. Therefore, the third term in (3.1) can be
ignored when the convergence rate of the error is studied. Li [25] gave the following error estimate of
e(x, t), which was motivated by the error estimate for the univariate barycentric rational interpolation
in [18].
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Lemma 3.1. [25] For the error function e(x,t) given by the first two terms of (3.1), assume u(x,t) €
Ch*h+2[q p] x CB+2(0, T, then

e (x, ) < C(RHTH 4 727, (3.4)

where C is a positive constant and ky, ko = 0,1 ---.

Assume u(x,,, t,) and u(x, t) are numerical and exact solutions of equation Lu(x, t) = 0, respectively,
where L is a bounded operator, then we have

Lu(x,,t,) =0

and
lim u(x,,,t,) = u(x,t).

m,n—oo

For Eq (2.1), we have the error estimate as follows.

Theorem 3.1. Assume that u(x,, t,) satisfies Lu(x,t) = 0, u(x,t) € C%**a,b] x C2**[0,T], L is a
bounded operator, then

Ju(x, 1) = u(xn, )] < CR ™"+ 727, (3.5)
where P p . PR
s—1 U
L——+(/31+ﬁzuo) 2 tBagags + By — s
di > 1,d, > 1, and C is a positive constant.
Proof. For some given initial value u,, we get
|Lu(x, 1) = Lu(x, 1)
4 P Uuo uo Ou
| (x N+ (B + ,82u0) (x 1) + By (x, 1) + sBou ——( )

or20x?
8
—[—Z‘(xm, L) + (B +ﬂzu3) (o) + s

4,

0 ou
26 2(xm’ tn) + SﬁZM (xm’ n)] (36)

2

u o“u
+ 181 +,82u3||@(x, 1) = =3 Coms 1)

_Z(Xma tn)

<|7 Fri

oo

64
|ﬁ3|| t28 2 ) 6t26 z(xma n) |Sﬁ2 (xm, n)

= 61(.x, Z‘) + ez(x’ t) + 63(.X, t) + 64(.X, t),

where
ei(x,1) = |at2 )= o Cons )]
2 2
eZ(-x’ t) = Iﬂl o _l;(xa t) - %(xm’ tn)|,
64
es(x,1) = |,83|| o a (60 = o z(xm, ).
es(x,t) = |Sﬁg —|| (Xm, fn)|-
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For e1(x, t), it follows from Lemma 3.1 that

82

2
-

ei(x,1) = |6t2 0t2 —5 (X, 1)
*u
| e (xm, B + | (xm, 1) = 3 (oms )
m—d; 2 n—dy
0°u
-1)'— v """ s Al B . ( 1)] stttk 2’xm’tn]
) |;( ) 012 [x Xitdys X Z (92 ] J+d 37
- m—dj n—dp
| 2 mc) |2, 410)
i=0 Jj=0
d%e d’e
< |W(xm, f)| + |ﬁ(xm,ln)
S Cl(hd1+l + ng—l),
where ;(x) and A;(¢) are defined in (3.2) and (3.3), C; is a positive constant.
For e,(x, 1), by Lemma 3.1, we also get
ex(x, 1) =16 (x 1 - (xm, In)
*u
<) +,Bzu3|[| S - <xm,t>| + | )~ 5 (s m]
m—d n—dp
Z( 1) [xi"" > Xitdy s Xm» t] |Z( 1) J+d2a-xm9tn]
i=0
= |61 +,32M0|[ o, n—d> ]
| D 1) | > a0
i=0 =0
A[10%e d*e
< B+ ot 5 Con- O] + [ 55 o 1)
< G|6y +,82M8|(]’ld1_1 + Td2+1),
(3.8)
where C; is a positive constant.
By the same way, we get that
d dr-1
es(x,1) < |ﬁ3|[| pREe 2< e D)] + | pREe z(xm, t)]] < CalBal(n™ ), (3.9)
and P g
u u
es(x, 1) < |spoul 22 [| (s 1)] + | ~ G )] | < CalsBoug™ 2|+ 7, (3.10)
where C; and Cy are posmve constants.
Then, combining (3.7)—(3.10), it completes the proof. O

Similarly to Theorem 3.1, we also obtain the error estimate for Eqs (2.2) and (2.3). For simplicity,
we omit their proofs and only state them as follows.
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Theorem 3.2. Assume that u(x,,t,) satisfies Lu(x,t) = 0, u(x,t) € C%*%[a,b] x C>**[0,T], L is a
bounded operator, then

lu(x, 1) — u(xXp, 1,)] < C(hH73 + 7271, (3.11)
where ) ) \
0 0 . 1 0uy 8
L= atz"‘(ﬂl ﬁ2u0)62+'836x4+sﬁ20 R

dy >3,d, > 1, C > 0is a constant.

Theorem 3.3. Assume that u(x,, t,) satisfies Lu(x,t) = 0, u(x,t) € C%*3[a,b] x C2**[0,T], L is a
bounded operator, then
|u(x, ) = (X, 1)) < C(RN + 7271, (3.12)

where
(92 i ot 0° o 1(9u0 0
+(51+,32M0) +,33@ +)’a + spou Ox O
dy >5d, > 1, C > 0is a constant.
Remark 3.1. From Theorems 3.1-3.3, we can see the convergence rate of errors for Eqs (2.1)—(2.3)
can reach O(h®~' + 271, O(h' =3 + 271 and O(h' > + 2"V as h — 0, T — 0, respectively.

4. Numerical examples

In this section, we will provide three examples using the LBRCM to solve nonlinear
PDEs (1.1)—(1.3), and show the validity of the theorems. These examples are done with Matlab
R2013a on a PC (Configuration: Intel(R) Core(TM) 15-6200U CPU @ 2.30GHz 2.40 GHz).

The L., norm is used for maximum absolute error, that is,
= s = max uf = ], (4.1)

where u¢ and u¢ are the approximate and analytic solutions of equations, respectively. The convergence
orders for space or time variables are defined as:

E; E;

In = - In = -

—_ 1+ —_ 1+
o= —TL, p= B, 4.2)

hit1 Ti+l

where E; represents the error during the i-th mesh and 4;, 7; represent the maximum stride length of
partition corresponding to the space or time variables in the i-th mesh, respectively.

Example 4.1. Consider the generalized Boussinesq equation

0*u
0r20x?

(92

2
ﬁ]a +B2 (Lt Ou ) ,83 = O, t > O, (43)

for the cases of s = 1 and s = 2, where By, 32, B3 are constants.
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When s = 1, it has the initial condition

12ﬁ1ﬁ352 2
u(x,0) = ———————sech”(6x),
B2(4B36% + 1)
243, 336° 5?
u(x,0) = - Pifs __Pb sech*(6x)tanh(6x),
B2(4B30% + 1)\ 4p36% + 1
for some constant ¢ with _B < 0 and the boundary condition
4,83(52 +1
126,336° 5
u(a,t) = —Lsechz(aé - ’81 )
Ba(4B36° + 1) C4Bs% + 1
123,856° 62
u(b,1) = —Lsechz(bé - P )
Ba(4B36° + 1) 4837 + 1

The exact solution is

123,856°

B16? )
B + 1)

’t = -
Ul 1) 4855 + 1

echz(dx -

5l %

When s = 2, it has the initial condition

651836>
u(x,0) = —&sech(&c),
Ba(B36% + 1)
65153
u;(x,0) = mézsech(dx)tanh(éx),
for some constant ¢ with % >0, B 5"21_'_ I < 0 and the boundary condition
2 3
_ | 68156 Bi6°
u(a,t) = Wsech(aé— _ﬁ352 3 ),
f - ,31,33 B16”
b,t b(5 — 4 |- t).
ub.0 = B2(B36* + B30* + 1 )
The exact solution is
~618:6° B
, 1) = ————sech|ox — +[— ).
0=\ e 1M\ e
In this example, we always take the parameters 8; = 83 = —1, 8, = —6, and ¢ = 0.1 for simulation.

Figures 1 and 2 give errors of the LBRCM in two kinds of meshes for s = 1,2, T =1, [a,b] =

[0, 11,

interpolation parameters d; = d, = 5 and the number of interpolation nodes M X N = 20 X 20, where

M :=m+ 1and N := n + 1 will be used in the rest of the paper.
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(a) uniform mesh (b) nonuniform mesh

Figure 1. Error for s = 1,7 = 1, [a,b] = [0, 1], MXN = 20x20, d, = d, = 5 in Example 4.1.
(a) uniform mesh; (b) nonuniform mesh.

AN ‘\ NS

NN NN °

“‘\\“** S S
CNRRNNSRRS

(a) uniform mesh (b) nonuniform mesh

Figure 2. Error for s = 2,7 = 1, [a,b] = [0, 1], MXN = 20x20,d, = d, = 5 in Example 4.1.
(a) uniform mesh; (b) nonuniform mesh.

In Tables 1 and 2, the maximum errors of the LBRCM in two kinds of meshes are given, where

the numbers of partition nodes are M X N = 10 x 10 or 20 x 20, and the interpolation parameters
are d; = d, = 3 or 5, respectively. In Table 1, we fix the range of the time variable with 7 = 0.5
and let the range of the space variable changed. In Table 2, we fix the range of the space variable with
[a, b] = [0, 1] and let range of the time variable changed. From two tables, we see the following results:
the maximum errors are small enough even though the space variable and the time variable are bigger;
the maximum errors decrease with an increase in the number of nodes in both uniform and nonuniform
meshes; the nonuniform mesh has a higher precision than the uniform mesh under the same condition.

AIMS Mathematics Volume 8, Issue 8, 18141-18162.



18152

Table 1. Maximum error of the LBRCM in two kinds of meshes for 7 = 0.5 in Example 4.1.

uniform mesh uniform mesh nonuniform mesh nonuniform mesh
s=1 MXN=10x10 MXxXN=20x20 MxN=10x10 MxN =20x20
[a, b] d=d,=3 d=d,=5 d=d,=3 d=d,=5
[0, 1] 7.6952¢-10 8.6596e-13 9.7691e-11 9.4273e-13
[-1,1] 4.2236e-10 3.0771e-12 4.4561e-10 5.7445e-13
[—4,4] 5.9950e-08 5.2432e-11 3.3156e-08 5.1348e-11
[-7,7] 1.3755e-08 1.4022e-09 3.9317e-08 3.0158e-09
uniform mesh uniform mesh nonuniform mesh nonuniform mesh
s=2 MXN=10x10 MxN=20x20 MxN=10x10 MxN =20x20
[a, b] d=d,=3 d=d,=5 d=d,=3 d=d,=5
[0, 1] 1.0874e-09 8.0288e-12 1.4135e-10 1.3115e-12
[-1,1] 5.5934e-10 9.7436e-12 6.6914e-10 6.4977e-13
[—4,4] 1.0782e-07 2.0169e-10 6.1684e-08 4.9593e-11
[-7,7] 1.7317e-07 1.0895e-09 5.8335e-08 1.3287e-09

Table 2. Maximum error of the LBRCM in two kinds of meshes for [a,b] = [0,1] in
Example 4.1.

uniform mesh uniform mesh nonuniform mesh nonuniform mesh
s=1 MXN=10x10 MXN=20x20 MxN=10x10 MxN =20x20
[0,T] di=d,=3 d=d,=5 d=d,=3 d=dy,=5
[0,0.4] 3.0809e-10 3.2769e-12 4.6710e-11 2.2421e-13
[0,0.8] 4.9058e-09 1.7149e-13 4.9952¢-10 5.7051e-13
[0, 3] 3.2533e-07 9.8721e-11 2.8687e-08 8.7594e-11
[0, 6] 1.7394e-06 1.3734e-09 1.5527e-07 7.8177e-12
uniform mesh uniform mesh nonuniform mesh nonuniform mesh
s=2 MXN=10x10 MXN=20x20 MxN=10x10 MxN =20x20
[0,T] di=d,=3 d=d,=5 d=d,=3 d=d,=5
[0,0.4] 4.3389¢-10 1.1278e-11 6.7805e-11 3.5549e-12
[0,0.8] 6.9754e-09 1.0533e-11 7.2195e-10 1.7267e-12
[0, 3] 4.9270e-07 1.0530e-10 4.3784e-08 6.6138e-09
[0,6] 2.9102e-06 1.7312e-09 2.6869e-07 5.7449e-10

In Tables 3 and 4, the maximum errors of the LBRCM in the uniform mesh are given for T = 1,
[a,b] = [0, 1]. In Table 3, if the time interpolation parameter is set to d, = 5, the convergence rate of
space variable can reach O(h%1*!) for both s = 1 and 2. In Table 4, if the space interpolation parameter
is set to d; = 5, the convergence rate of time variable can reach O(t®) for both s = 1 and 2.
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Table 3. Maximum error of the LBRCM with uniform mesh ford, = 5,7 =1, [a, b] = [0, 1]
in Example 4.1.

s=1 MXxXN d =1 a d =2 10 d =3 a d =4 a
6x6 1.2632e-06 3.9814e-09 2.4768e-09 3.1902e-10
12x 12  4.0401e-07 1.6446 4.1952e-10 3.2464 1.0501e-10 4.5599 6.1791e-12 5.6901
24 x24 1.2331e-07 1.7121 5.2585e-11 2.9960 5.3550e-12 4.2934 6.2174e-12 -
s=2 MxN di=1 a d =2 @ d =3 @ d =4 a
6X%x6 2.9792e-06 5.8225e-09 3.5643e-09 3.1517e-10
12x 12 9.5252¢-07 1.6451 6.2638e-10 3.2165 1.5495¢-10 4.5238 5.9169e-12 5.7351
24 x24  29072e-07 1.7121 7.7190e-11 3.0206 2.1501e-11 2.8493 1.9295e-11 -

Table 4. Maximum error of the LBRCM with uniform mesh ford;, = 5,7 =1, [a,b] = [0, 1]
in Example 4.1.

s=1 MxXN d=1 B dr =2 B d =3 B dr =4 B
6x6  3.9029¢-05 1.2994¢-07 6.6685¢-08 3.1902e-10
12x 12  1.7527e-05 1.1550 3.0688¢-08 2.0821 6.3111e-09 3.4014 2.5737e-11 3.6317
24x24 83243¢-06 1.0742 7.3992e-09 2.0522 6.9142¢-10 3.1903 2.1659¢-12  3.5708
s=2 MXN dr=1 B dr =2 B d =3 B d> =4 B
6x6  9.2152¢-05 1.8579¢-07 9.5304e-08 3.1517¢-10
12x 12 4.1427e-05 1.1535 4.3882¢-08 2.0820 9.0293¢-09 3.3998 2.5686e-11 3.6171
24x24 19686e-05 1.0734 1.0583e-08 2.0518 9.9088e-10 3.1878 1.2227e-12  4.3928

In Tables 5 and 6, the maximum errors of the LBRCM in nonuniform mesh are given for 7 = 1,
[a,b] = [0, 1]. In Table 5, if the time interpolation parameter is set to d, = 5, the convergence rate of
space variable can reach O(h*"") for both s = 1 and 2. In Table 6, if the space interpolation parameter
is set to d; = 5, the convergence rate of time variable can reach O(7*%) for both s = 1 and 2.

Table 5. Maximum error of the LBRCM with nonuniform mesh ford, =5, T = 1, [a, b] =
[0, 1] in Example 4.1.

s=1 MxN d=1 a d =2 @ d =3 @ d =4 a
6X%x6 3.7082e-06 7.0792e-09 6.0310e-10 1.3953e-10
12x 12  8.2426e-07 2.1695 4.1327¢-10 4.0984 3.5433e-11 4.0892 2.7931e-13 8.9645
24 x24  1.9224e-07 2.1002 2.6787e-11 3.9475 1.4524e-09 - 3.0495¢-09 -

s=2 MXN d =1 a d =2 a d =3 a d =4 a
6X%x6 8.7362¢-06 1.0558e-08 8.3613e-10 1.4017e-10

12x12  1.9431e-06 2.1686 6.2106e-10 4.0875 5.3119%e-11 3.9764 3.9507e-13 8.4708
24 x24  4.5320e-07 2.1002 4.9226e-11 3.6572 2.5336e-12 4.3900 6.5076e-09 -
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Table 6. Maximum error of the LBRCM with nonuniform mesh ford; = 5,7 =1, [a, b] =
[0, 1] in Example 4.1.

s=1 MxN dy=1 B dr =2 B d =3 B d> =4 B
6x6  1.7984e-05 5.5245¢-08 2.6034e-08 1.3953¢-10
12x 12 4.3535¢-06 2.0464 2.8148¢-09 42947 3.3311e-10 6.2882 1.2744e-12 6.7746
24x24 14107e-06 1.6258 7.2481e-08 - 4.4068¢-07 - 1.9091e-06 -

s=2 MxN dy=1 B d =2 B d =3 B dr =4 B
6x6  4.2477e-05 7.9136¢-08 3.7525¢-08 1.4016e-10
12x 12 1.0253e-05 2.0506 4.0617e-09 4.2842 4.8176e-10 6.2834 1.3340e-12 6.7152
24x24  2.6623¢-06 1.9453 8.6151e-09 - 2.8957¢-08 - 4.0532¢-08 -

Example 4.2. Consider the generalized Boussinesq equation

*u *u ou d*u
— + B + *—| +B83— =0,1>0, 4.4
5 TPiga P (M 6x)x Bsoa (4.4)
for the cases of s = 1 and s = 2, where 8; <0, 8, <0, 83 <O.

When s = 1, it has the initial condition

123562
u(x,0) = %sechz(&c),
2

2436% N =4B36* — 16

u(x,0) = B sech®(6x)tanh(6x),
for some constant ¢ and the boundary condition
u(a,t) = ﬂjézsechz(ad — \/—4B56% — 5,621),
u(b, 1) = 12ﬁ2352 sech*(bS — \—4B56* — 3,6%1).
The exact solution is
u(x, 1) = 126" sechz(éx - \/WZ).

When s = 2, it has the initial condition

u(x,0) = 6ﬂ3262 sech(6x),
u(x,0) = 6%162 —02(B1 + B36%)sech(6x)tanh(dx),
for some constant ¢ and the boundary condition
u(a,t) = 6'83262 sech(ad — \/Wt),
u(b,t) = 030" sech(bs — \—=82(B1 + B02)0).

2
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The exact solution is

2
u(x,t) = 6'856 sech(6x — \/—6%(B; + B36°)1).

2

In this example, we always take the parameters 8 = 83 = —1, 8, = —6 and 6 = 0.1 for simulation.
Figures 3 and 4 give the errors of the LBRCM in two kinds of meshes fors = 1,2, 7 = 1, [a, b] = [0, 1],
interpolation parameters d; = d, = 6 and the number of interpolation nodes M X N = 10 x 10. Figure 5
gives the error of the LBRCM in a uniform mesh for s = 1,2, T = 3, [a,b] = [0, 3], interpolation
parameters d; = d, = 6, and the number of interpolation nodes M X N = 10 x 10. This shows that even
for large ranges of T and [a, b], it can also get high error precision with small interpolation parameters
and small number of interpolation nodes.

X

(a) uniform mesh (b) nonuniform mesh

Figure 3. Error fors = 1,7 = 1, [a,b] = [0, 1], MXN = 10x10, d; = d, = 6 in Example 4.2.
(a) uniform mesh; (b) nonuniform mesh.

X

(a) uniform mesh (b) nonuniform mesh

Figure 4. Errorfor s =2, T =1, [a,b] = [0, 1], MXN = 10x10, d, = d, = 6 in Example 4.2.
(a) uniform mesh; (b) nonuniform mesh.
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(@) s=1

(b) s=2

Figure 5. Error in uniform mesh for 7 = 3, [a,b] = [0,3], M X N = 10x 10,d; =d, = 6in
Example 4.2. (a) s = 1; (b) s = 2.

In Tables 7 and 8, the maximum errors of the LBRCM in the uniform mesh are given for 7 = 1,
[a,b] = [0, 1]. In Table 7, if we take the time interpolation parameter of d, = 6, the maximum error
almost retains the same precision for small M, N, and different d; as s = 1 or 2. In Table 8, if we take
the time interpolation parameter of d; = 5, the maximum error retains the same precision for small M,

N, and different d, as s = 1 or 2.

Table 7. Maximum error of the LBRCM with uniform mesh ford, = 6,7 =1, [a,b] = [0, 1]

in Example 4.2.
s=1 MXxN d =4 d =5 d =6
8x8 2.7003e-07 2.6591e-07 3.3611e-08
10x 10 2.7079e-07 2.5112e-07 3.6145e-08
s=2 MXxXN d =4 d =5 d =6
8x8 3.0872e-07 3.0399e-07 3.0109e-08
10x 10 3.0961e-07 2.8705e-07 3.8406e-08

Table 8. Maximum error of the LBRCM with uniform mesh ford; =5,7 =1, [a,b] = [0, 1]

in Example 4.2.
s=1 MXN dy=2 dy=3 d, =4
8x8 3.4661e-07 2.9365e-07 2.6583e-07
10x 10 3.3222e-07 2.7694e-07 2.5486e-07
s=2 MXN dy=2 dy =3 d, =4
& x8 4.2189¢e-07 3.4445e-07 3.0393e-07
10x 10 4.0375e-07 3.2319e-07 2.9148e-07

In this example, we need to compute the term of % by C?, even if there is an error from numerical
calculation for the elements of C¥. With fewer less points M=N=8, the precision can reach 1077 for

AIMS Mathematics
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s = 1 or 2. By the theorem, as the convergence rate is O(h¥ 3 +1%“7"), we take d; > 3andd, = 4,5, ,
Lack of the compute conditionfewer, we did not obtain the convergence rate.

Example 4.3. Consider the generalized Boussinesq equation

*u u ,O0u du u
W+ﬁ1@+ﬁ2(1/¢ a)x+ﬁ3ﬁ+’y%:0,t20, (45)

for the cases of s = 1 and s = 2, where 3, 5, B3 are negative constants, 0 <y < 1.

When s = 1, it has the initial condition

10583 1 / B3
’0 = T T ~5 h4 ~ 15 s
u(x,0) T 9ﬁ2ysec ( > 1 3yx)
21087 |B:(16981y =363 /1 B3 1 B3
u,(x,0) = _2197,82)/2 \/ B sech (E —Ex)tanh(i —Ex),

and the boundary condition

2

10582 Sech4(1 53 (a- 1 36ﬁ§—169ﬂlyt))

Y
3682 — 1698,y
— t)).

=
S
N
|
|
p—
3
Aoy
N W N
~
—
N =
p—
3=
—_
S
|
e

3682 — 16961y
— t))

When s = 2, it has the initial condition

_ 36 o1 /_ﬁs
u(x,0) = + =T sech (2 SyX)’
385 483 — 258183y 1 | B 1 / B
u(x,0) = i25; & By sechz(i ——S;x)tanh(i __S;X)’

and the boundary condition

By, 1 [482-258y
Ba-g %t))

353 ! 53 1 4{3’% — 2581y
b,f) = +——2 sech?(= ——b——w/— :
u(b,r) = = 0 2ysec (2 Sy( 3 y t))
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The exact solution is

L, Bl [ a1 4B -5
u(x, 1) =+ —10,32’)/S€Ch (2 57()6 5 5 t))

In this example, we always take the parameters 8; = 8, = 53 = —0.1, v = 0.8, and the positive case
as s = 2 for simulation. Figures 6 and 7 give the errors of the LBRCM in two kinds of meshes for
s=1,2,T =1, [a,b] = [0,2], interpolation parameters d; = d, = 9, and the number of interpolation
nodes M x N = 10 x 10. Figure 8 gives the error of the LBRCM in uniform mesh for s = 1,2,
T = 4, [a,b] = [0,4], interpolation parameters d; = d, = 9, and the number of interpolation nodes
M x N = 10 x 10. This shows that even for large ranges of T and [a, b], it can also get high error
precision with small interpolation parameters and small number of interpolation nodes.

(a) uniform mesh (b) nonuniform mesh

Figure 6. Error for s = 1,7 = 1, [a,b] = [0,2], MXN = 10x10, d; = d, = 9 in Example 4.3.
(a) uniform mesh; (b) nonuniform mesh.

(a) uniform mesh (b) nonuniform mesh

Figure 7. Error for s =2, T =1, [a, b] = [0,2], MXN = 10x10, d; = d, = 9 in Example 4.3.
(a) uniform mesh; (b) nonuniform mesh.
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(@) s=1

(b) s=2

Figure 8. Error in uniform mesh for 7 = 4, [a,b] = [0,4], M X N = 10x 10,d; =d, =9 in

Example 4.3. (a) s = 1; (b) s = 2.

In Tables 9 and 10, the maximum errors of the LBRCM in uniform mesh are given for 7 = 1,
[a,b] = [-5,5]. In Table 9, if we take the time interpolation parameter d, = 9, the maximum error
almost retains the same precision for small M, N and different d; as s = 1 or 2. In Table 10, if we take
the time interpolation parameter of d; = 9, the maximum error almost retains the same precision for

small M, N, and different d, as s = 1 or 2.

Table 9. Maximum error of the LBRCM with uniform mesh ford, = 9, T = 1, [a,b] =

[-5, 5] in Example 4.3.

s=1 MXN

d =6

d =17

dy =8

10 x 10
12x 12

3.2646e-07
4.6582e-07

2.2205e-07
2.4354e-07

7.5916e-08
2.6113e-08

s=2 MXN

d =6

d1:7

d1:8

10x 10
12 %12

6.5919e-06
9.9006e-06

4.1409e-06
4.3061e-06

3.0058e-06
1.9305e-06

Table 10. Maximum error of the LBRCM with uniform mesh for d; = 9

[-5, 5], in Example 4.3.

, T

s=1 MXN

dy =3

d =4

dy=5

10 x 10
12x12

7.5099¢e-08
1.1256¢-07

7.5827e-08
1.3347e-07

7.5881e-08
1.4134e-07

s=2 MXxXN

d2:3

d2:4

d2:5

10 x 10
12x12

2.9675e-06
3.7390e-06

3.0016e-06
4.4236e-06

3.0041e-06
4.6962¢-06

=1, [a,b] =

In this example, we need to compute the term of 3672‘ by C©, if we take there is error from numerical
calculation for the elements of C®. With fewer points M=N=10, the precision can reach 1077 or 107%
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for s = 1 or 2, respectively. By the theorem, if the convergence rate is O(h/1=> + t271), we take d;, > 5
andd; = 6,7,---, Due to a lack of the compute conditionfewer, we have not get the convergence rate.

5. Conclusions

In this article, the LBRCM is applied to solve a class of generalized Boussinesq shallow-water
wave equations. These nonlinear PDEs are first transformed into linear PDEs through direct
linearization method. Then, the differentiation matrices of their discretization are given for computer
calculation. Based on the error estimate of the barycentric interpolation, the rates of convergence for
numerical solutions of those equations are also obtained for the equidistant partition. For Eq (2.1), the
convergence rate can reach O(h®~! + 7271), which is confirmed by the computer simulation of
Example 4.1. For Egs (2.2) and (2.3), the convergence rats were proven to reach O(h®=3 + 427! and
O(h®=> + %71, respectively. However, in Examples 4.2 and 4.3, there are 4-th and 6-th partial
derivatives with respect to the space variable and the errors almost retain the same precision, which
makes it difficult to test the convergence rate with a low precision computer. In addition, for the
nonuniform partition, the convergence rate is not proven, which will be studied later.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The research is funded by Natural Science Foundation of Shandong Province (Grant
ZR2022MAO003).

Contflicts of interest

The authors declare that they have no conflicts of interest.

References

1. G. B. Whitham, Linear and Nonlinear Waves, New York: John Wiley and Sons, 1974.
https://www.researchgate.net/publication/321197913

2. R. S. Johnson, A Modern Introduction to the Mathematical Theory of Water Waves, Cambridge:
Cambridge University Press, 1997. https://doi.org/10.1017/CB0O9780511624056

3. J. L. Bona, M. Chen, J. C. Saut, Boussinesq equations and other systems for small-amplitude long
waves in nonlinear dispersive media. Part I: Derivation and linear theory, J. Nonlin. Sci., 12 (2002),
283-318. https://doi.org/10.1007/s00332-002-0466-4

4. P. Daripa, W. Hua, A numerical study of an ill-posed Boussinesq equation arising in water waves
and nonlinear lattices: Filtering and regularization techniques, Appl. Math. Comput., 101 (1999),
159-207. https://doi.org/10.1016/S0096-3003(98)10070-X

AIMS Mathematics Volume 8, Issue 8, 18141-18162.


http://dx.doi.org/https://www.researchgate.net/publication/321197913
http://dx.doi.org/https://doi.org/10.1017/CBO9780511624056
http://dx.doi.org/https://doi.org/10.1007/s00332-002-0466-4
http://dx.doi.org/https://doi.org/10.1016/S0096-3003(98)10070-X

18161

10.

11.

12.

13

14.

15.

16.

17.

18.

19.

20.

P. Daripa, R. K. Dash, A class of model equations for bi-directional propagation of capillary-gravity
waves, Int. J. Eng. Sci., 41 (2003), 201-218. https://doi.org/10.1016/S0020-7225(02)00180-5

S. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and Chaos, New York:
Springer-Verlag, 1990. https://doi.org/10.1007/b97481

Y. Liu, M. Song, H. Li, Y. Li, W. Hou, Containment problem of finite-field networks
with fixed and switching topology, Appl. Math. Comput., 411 (2021), 126519.
https://doi.org/10.1016/j.amc.2021.126519

Y. Liu, Bifurcation techniques for a class of boundary value problems of fractional
impulsive differential equations, J. Nonlinear Sci. Appl, 8 (2015), 340-353.
https://doi.org/10.22436/jnsa.008.04.07

S. Li, Z. Wang, High Precision Meshless barycentric Interpolation Collocation Method-
Algorithmic Program and Engineering Application, Beijing: Science Publishing, 2012.

Z. Wang, S. Li, Barycentric Interpolation Collocation Method for Nonlinear Problems, Beijing:
National Defense Industry Press, 2015.

F. Dell’Accio, F. D. Tommaso, O. Nouisser, N. Siar, Solving Poisson equation with Dirichlet
conditions through multinode shepard operators, Comput. Math. Appl., 98 (2021), 254-260.
https://doi.org/10.1016/j.camwa.2021.07.021

E. Dell’ Accio, F. D. Tommaso, G. Ala, E. Francomano, Electric scalar potential estimations for
non-invasive brain activity detection through multinode shepard method, MELECON, 2022, 1264—
1268. https://doi.org/10.1109/MELECONS53508.2022.9842881

. R. Baltensperger, J. P. Berrut, The linear rational collocation method, J. Comput. Appl. Math., 134

(2001), 243-258. https://doi.org/10.1016/S0377-0427(00)00552-5

J. P. Berrut, S. A.Hosseini, G. Klein, The linear barycentric rational quadrature method for Volterra
integral equations, SIAM J. Sci. Comput., 36 (2014), 105-123. https://doi.org/10.1137/120904020

J. P. Berrut, G. Klein, Recent advances in linear barycentric rational interpolation, J. Comput. Appl.
Math., 259 (2014), 95-107. https://doi.org/10.1016/j.cam.2013.03.044

E. Cirillo, K. Hormann, On the Lebesgue constant of barycentric rational Hermite
interpolants at equidistant nodes, J. Comput. Appl. Math., 349 (2019), 292-301.
https://doi.org/10.1016/j.cam.2018.06.011

M. S. Floater, K. Hormann, Barycentric rational interpolation with no poles and high rates of
approximation, Numer. Math., 107 (2007), 315-331. https://doi.org/10.1007/s00211-007-0093-y

J. P. Berrut, M. S. Floater, G. Klein, Convergence rates of derivatives of a family
of barycentric rational interpolants, Appl. Numer. Math., 61 (2011), 989-1000.
https://doi.org/10.1016/j.apnum.2011.05.001

Z. Wang, Z. Xu, J. Li, Mixed barycentric interpolation collocation method of displacement-
pressure for incompressible plane elastic problems, Chinese J. Appl. Mech., 35 (2018), 195-201.
https://doi.org/1000-4939(2018) 03-0631-06

Z. Wang, L. Zhang, Z. Xu, J. Li, Barycentric interpolation collocation method based on mixed
displacement-stress formulation for solving plane elastic problems, Chinese J. Appl. Mech., 35
(2018), 304-3009. https://doi.org/10.11776/cjam.35.02.D002

AIMS Mathematics Volume 8, Issue 8, 18141-18162.


http://dx.doi.org/https://doi.org/10.1016/S0020-7225(02)00180-5
http://dx.doi.org/https://doi.org/10.1007/b97481
http://dx.doi.org/https://doi.org/10.1016/j.amc.2021.126519
http://dx.doi.org/https://doi.org/10.22436/jnsa.008.04.07
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2021.07.021
http://dx.doi.org/https://doi.org/10.1109/MELECON53508.2022.9842881
http://dx.doi.org/https://doi.org/10.1016/S0377-0427(00)00552-5
http://dx.doi.org/https://doi.org/10.1137/120904020
http://dx.doi.org/https://doi.org/10.1016/j.cam.2013.03.044
http://dx.doi.org/https://doi.org/10.1016/j.cam.2018.06.011
http://dx.doi.org/https://doi.org/10.1007/s00211-007-0093-y
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2011.05.001
http://dx.doi.org/https://doi.org/1000-4939(2018) 03-0631-06
http://dx.doi.org/https://doi.org/10.11776/cjam.35.02.D002

18162

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

. D. Tian, J. He, The Barycentric artional interpolation collocation method for boundary value
problems, Thermal Sci., 22 (2018), 1773—-1779. https://doi.org/10.2298/TSCI1804773T

W. Luo, T. Huang, X. Gu, Y. Liu, Barycentric rational collocation methods for a class
of nonlinear parabolic partial differential equations, Appl. Math. Lett., 68 (2017), 13-19.
https://doi.org/10.1016/j.am1.2016.12.011

J. Li, Y. Cheng, Numerical solution of Volterra integro-differential equations with linear barycentric
rational method, Int. J. Appl. Comput., 2020, 137. https://doi.org/10.1007/s40819-020-00888-1

J. Li, Y. Cheng, Linear barycentric rational collocation method for solving second-order Volterra
integro-differential equation, Comput. Appl. Math., 39 (2020), 92. https://doi.org/10.1007/s40314-
020-1114-z

J. Li, Linear barycentric rational collocation method for solving biharmonic equation, Demons.
Math., 55 (2022), 587-603. https://doi.org/10.1515/dema-2022-0151

J. Li, Y. Cheng, Linear barycentric rational collocation method for solving heat
conduction equation, Numer. Methods Partial Differ. Equ., 37 (2021), 533-545.
https://doi.org/10.1002/num.22539

J. Li, Linear barycentric rational collocation method for solving non-linear partial differential
equations, Int. J. Appl. Comput. Math., 8 (2022), 236. https://doi.org/10.1007/s40819-022-01453-8

J. Li, X. Su, J. Qu, Linear barycentric rational collocation method for solving telegraph equation,
Math. Meth. Appl. Sci., 44 (2021), 11720-11737. https://doi.org/10.1002/mma.7548

L. Akinyemi, M. Senol, U. Akpan, H. Rezazadeh, An efficient computational technique for
class of generalized Boussinesq shallow-water wave equations, J. Ocean. Eng. Sci., In Press.
https://doi.org/10.1016/j.joes.2022.04.023

K. Jing, N. Kang, A convergent family of bivariate Floater-Hormann rational interpolants, Comput.
Methods Funct. Theory, 21 (2021), 271-296. https://doi.org/10.1007/s40315-020-00334-9

, ©2023 the Author(s), licensee AIMS Press. This
R is an open access article distributed under the

atms ATMS Press

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 8, 18141-18162.


http://dx.doi.org/https://doi.org/10.2298/TSCI1804773T
http://dx.doi.org/https://doi.org/10.1016/j.aml.2016.12.011
http://dx.doi.org/https://doi.org/10.1007/s40819-020-00888-1
http://dx.doi.org/https://doi.org/10.1007/s40314-020-1114-z
http://dx.doi.org/https://doi.org/10.1007/s40314-020-1114-z
http://dx.doi.org/https://doi.org/10.1515/dema-2022-0151
http://dx.doi.org/https://doi.org/10.1002/num.22539
http://dx.doi.org/https://doi.org/10.1007/s40819-022-01453-8
http://dx.doi.org/https://doi.org/10.1002/mma.7548
http://dx.doi.org/https://doi.org/10.1016/j.joes.2022.04.023
http://dx.doi.org/https://doi.org/10.1007/s40315-020-00334-9
http://creativecommons.org/licenses/by/4.0

	Introduction
	Direct linearization and differentiation matrices
	Error estimate of numerical solutions
	Numerical examples
	Conclusions

