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1. Introduction

An overwhelming interest has been shown in developing the subject of fractional calculus during
the past few decades. It has been owing to the application of nonlocal fractional order derivative and
integral operators in the mathematical modeling of several problems occurring in scientific and
technical disciplines. Examples include fractional diffusion [1–3], immune systems [4], ecology [5],
neural networks [6, 7], chaotic synchronization [8, 9], etc. Since the mathematical models associated
with physical problems consist of fractional differential equations subject to initial and boundary
conditions, therefore, many researchers focused on developing the topic of fractional order initial and
boundary value problems. One can find an uptodate account of these problems in the book [10], while
a variety of recent results involving different kinds of fractional derivatives can be found in the
articles [11–22]. For the basic concepts of fractional calculus, for instance, see the text [23]. Keeping
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in mind the importance of fractional differential systems appearing in the mathematical models of
physical and engineering processes [24–28], many investigators discussed the theoretical aspects of
such systems complemented with different boundary conditions, for instance, see the articles [29–37].

Inspired by aforementioned works on fractional differential systems, in this paper, we introduce and
investigate a system of nonlinear Caputo fractional differential equations:

CDq1φ(t) = ρ1(t, φ(t), ψ(t)), t ∈ J = [0,T ],

CDq2ψ(t) = ρ2(t, φ(t), ψ(t)), t ∈ J = [0,T ],
(1.1)

complemented with a new class of coupled closed boundary conditions:
φ(T ) = α1ψ(0) + β1Tψ′(0), Tφ′(T ) = γ1ψ(0) + δ1Tψ′(0),

ψ(T ) = α2φ(0) + β2Tφ′(0), Tψ′(T ) = γ2φ(0) + δ2Tφ′(0),
(1.2)

where CDq1 , CDq2 denote the Caputo fractional derivatives of order q1, q2, 1 < q1, q2 < 2,
respectively, α1, α2, β1, β2, γ1, γ2, δ1, δ2 ∈ R, T > 0, and ρ1, ρ2 ∈ C(J × R × R,R).

Here, we point out that the closed boundary conditions appear in several practical situations such
as Abelian sandpile model [38], honeycomb lattice [39], deblurring problems [40], wavefield
decomposition in solid media [41], magneto-electro-elastic cylindrical composite panel [42], etc. In a
recent work [43], the authors introduced the concept of nonlocal closed boundary conditions.

The existence and uniqueness results for the problems (1.1) and (1.2) are proved with the aid of
standard fixed point theorems. It is worthwhile to mention that the work presented in this paper is new
and contributes to the literature on fractional-order systems in a significant manner.

The structure of the remaining paper is as follows. We collect some preliminary definitions and
solve a linear version of the problems (1.1) and (1.2) in Section 2. The main results are accomplished
in Section 3. Illustrative examples are also given in Section 3. Section 4 contains the concluding
remarks and indicates some special cases arising from the present work.

2. A preliminary result

Before proceeding for a preliminary result dealing with the linear version of the problems (1.1)
and (1.2), we enlist the related definitions from fractional calculus [23].

Definition 2.1. For σ ∈ L1[a, b], we define the (left) Riemann-Liouville fractional integrals of order
p > 0 as

I p
aσ(t) =

∫ t

a

(t − t)p−1

Γ(p)
σ(t)dt.

Definition 2.2. The (left) Caputo fractional derivative for a function σ ∈ ACm[a, b] of order p ∈
(m − 1,m], m ∈ N is defined by

CDp
aσ(t) =

∫ t

a

(t − t)m−p−1

Γ(m − p)
σ(m)(t)dt.
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Lemma 2.1. For F,G ∈ C(J ,R) and ∆ , 0, the linear system

CDq1φ(t) = F(t), t ∈ J ,

CDq2ψ(t) = G(t), t ∈ J ,

φ(T ) = α1ψ(0) + β1Tψ′(0), Tφ′(T ) = γ1ψ(0) + δ1Tψ′(0),

ψ(T ) = α2φ(0) + β2Tφ′(0), Tψ′(T ) = γ2φ(0) + δ2Tφ′(0),

(2.1)

is equivalent to the fractional integral equations:

φ(t) =
∫ t

0

(t − υ)q1−1

Γ(q1)
F(υ)dυ

−
T
∆

{
a1(t)

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ) dυ + a2(t)

∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ) dυ (2.2)

+a3(t)
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ) dυ + a4(t)

∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ) dυ

}
,

and

ψ(t) =
∫ t

0

(t − υ)q2−1

Γ(q2)
G(υ)dυ

−
T
∆

{
b1(t)

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ) dυ + b2(t)

∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ) dυ (2.3)

+b3(t)
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ) dυ + b4(t)

∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ) dυ

}
,

where

a1(t) = [(1 − δ1δ2) + (δ2 − β2)γ1]T + [α2γ1 + (δ1 − γ1)γ2]t,
a2(t) = [(1 − δ1δ2)α1 − (1 − β1δ2)γ1]T + [γ1 + (α1δ1 − β1γ1)γ2]t,
a3(t) = [(α1β2 − 1) + (β1 − α1)δ2]T + [(1 − α1α2) + (α1 − β1)γ2]t,
a4(t) = [(α1β2 − 1)δ1 + (1 − β1β2)γ1 + (β1 − α1)]T + [(δ1 − γ1) − (α1δ1 − β1γ1)α2]t,
b1(t) = [(α2 − γ2) − (α2δ2 − β2γ2)δ1]T + [γ2 + (α2δ2 − β2γ2)γ1]t, (2.4)
b2(t) = [(1 − δ1δ2) − (β1 − δ1)γ2]T + [α1γ2 + (δ2 − γ2)γ1]t,
b3(t) = [(β2 − α2) + (γ2 − δ2) + (α2δ2 − β2γ2)β1]T + [(δ2 − γ2) − (α2δ2 − β2γ2)α1]t,
b4(t) = [α2β1 − 1) + (β2 − α2)δ1]T + [(1 − α1α2) + (α2 − β2)γ1]t,

and

∆ = T 2[1−α1α2− δ1δ2−γ1γ2+ (α2−β2+ δ2)γ1+ (α1−β1+ δ1)γ2+ (α1δ1−β1γ1)(α2δ2−β2γ2)]. (2.5)

Proof. As argued in [23] (see page 199), for some constant c0, c1, c2 and c3 ∈ R, the solution of the
linear system of fractional differential equations in (2.1) can be written as

φ(t) =
∫ t

0

(t − υ)q1−1

Γ(q1)
F(υ)dυ − c0 − c1t, (2.6)
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ψ(t) =
∫ t

0

(t − υ)q2−1

Γ(q2)
G(υ)dυ − c2 − c3t. (2.7)

Using (2.6) and (2.7) in the boundary conditions of the problem (2.1) yields

c0 + Tc1 − α1c2 − Tβ1c3 =

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ)dυ,

Tc1 − γ1c2 − Tδ1c3 = T
∫ T

0

(T − s)q1−2

Γ(q1 − 1)
F(υ)dυ,

−α2c0 − Tβ2c1 + c2 + Tc3 =

∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ)dυ, (2.8)

−γ2c0 − Tδ2c1 + Tc3 = T
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ)dυ.

Solving the system (2.8) for c0, c1, c2 and c3, we obtain

c0 =
T 2

∆

{
[(1 − δ1δ2) + (δ2 − β2)γ1]

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ)dυ

+[(1 − δ1δ2)α1 − (1 − β1δ2)γ1]
∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ)dυ

+[(α1β2 − 1) + (β1 − α1)δ2]T
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ)dυ

+[(α1β2 − 1)δ1 + (1 − β1β2)γ1 + (β1 − α1)]T
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ)dυ

}
,

c1 =
T
∆

{
[α2γ1 + (δ1 − γ1)γ2]

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ)dυ

+[γ1 + (α1δ1 − β1γ1)γ2]
∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ)dυ

+[(1 − α1α2) + (α1 − β1)γ2]T
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ)dυ

+[(δ1 − γ1) − (α1δ1 − β1γ1)α2]T
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ)dυ

}
,

c2 =
T 2

∆

{
[(α2 − γ2) − (α2δ2 − β2γ2)δ1]

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ)dυ

+[(1 − δ1δ2) − (β1 − δ1)γ2]
∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ)dυ

+[(β2 − α2) + (γ2 − δ2) + (α2δ2 − β2γ2)β1]T
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ)dυ

+[α2β1 − 1) + (β2 − α2)δ1]T
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ)dυ

}
,

c3 =
T
∆

{
[γ2 + (α2δ2 − β2γ2)γ1]

∫ T

0

(T − υ)q1−1

Γ(q1)
F(υ)dυ

AIMS Mathematics Volume 8, Issue 8, 17981–17995.



17985

+[α1γ2 + (δ2 − γ2)γ1]
∫ T

0

(T − υ)q2−1

Γ(q2)
G(υ)dυ

+[(δ2 − γ2) − (α2δ2 − β2γ2)α1]T
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
F(υ)dυ

+[(1 − α1α2) + (α2 − β2)γ1]T
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
G(υ)dυ

}
.

Inserting the above values of ci, i = 0, 1, 2, 3, in (2.6) and (2.7) together with (2.4), we get the
solutions (2.2) and (2.3). By direct computation, one can obtain the converse of the lemma.

3. Main results

LetΘ denote the Banach space of all continuous functions fromJ toR equipped with the supremum
norm ∥ϑ∥ = supt∈J |ϑ(t)|. Then the product space Θ × Θ is also a Banach space endowed with the
norm ∥(ϑ1, ϑ2)∥ = ∥ϑ1∥ + ∥ϑ2∥, (ϑ1, ϑ2) ∈ Θ × Θ.

We define an operatorH : Θ × Θ→ Θ × Θ by

H(φ, ψ)(t) =
(
H1(φ, ψ)(t)
H2(φ, ψ)(t)

)
, (3.1)

where

H1(φ, ψ)(t)

=

∫ t

0

(t − υ)q1−1

Γ(q1)
ρ1(υ, φ(υ), ψ(υ))dυ −

T
∆

{
a1(t)

∫ T

0

(T − υ)q1−1

Γ(q1)
ρ1(υ, φ(υ), ψ(υ)) dυ

+a2(t)
∫ T

0

(T − υ)q2−1

Γ(q2)
ρ2(υ, φ(υ), ψ(υ)) dυ + a3(t)

∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
ρ1(υ, φ(υ), ψ(υ)) dυ

+a4(t)
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
ρ2(υ, φ(υ), ψ(υ)) dυ

}
, (3.2)

and

H2(φ, ψ)(t)

=

∫ t

0

(t − υ)q2−1

Γ(q2)
ρ2(υ, φ(υ), ψ(υ))dυ −

T
∆

{
b1(t)

∫ T

0

(T − υ)q1−1

Γ(q1)
ρ1(υ, φ(υ), ψ(υ)) dυ

+b2(t)
∫ T

0

(T − υ)q2−1

Γ(q2)
ρ2(υ, φ(υ), ψ(υ)) dυ + b3(t)

∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
ρ1(υ, φ(υ), ψ(υ)) dυ

+b4(t)
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
ρ2(υ, φ(υ), ψ(υ)) dυ

}
. (3.3)

We need the following hypotheses in the sequel:

(H1) Assume that ρ1, ρ2 ∈ C(J × R × R,R) and there exist real constants mi, ni ≥ 0, (i = 1, 2) and
m0, n0 > 0 such that

|ρ1(t, φ, ψ)| ≤ m0 + m1|φ| + m2|ψ|, |ρ2(t, φ, ψ)| ≤ n0 + n1|φ| + n2|ψ|,∀φ, ψ ∈ R.
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(H2) There exist constants ℓi, ℓi, i = 1, 2, such that for all t ∈ J , φi, ψi ∈ R, i = 1, 2,

|ρ1(t, φ1, ψ1) − ρ1(t, φ2, ψ2)| ≤ ℓ1|φ1 − φ2| + ℓ2|ψ1 − ψ2|,

|ρ2(t, φ1, ψ1) − ρ2(t, φ2, ψ2)| ≤ ℓ1|φ1 − φ2| + ℓ2|ψ1 − ψ2|.

We introduce, for computational convenience, the following notation:

χ1 = max
t∈[0,T ]

{ tq1

Γ(q1 + 1)
+

1
|∆|

[T q1+1|a1(t)|
Γ(q1 + 1)

+
T q1 |a3(t)|
Γ(q1)

]}
,

χ2 = max
t∈[0,T ]

1
|∆|

{T q2+1|a2(t)|
Γ(q2 + 1)

+
T q2 |a4(t)|
Γ(q2)

}
,

χ3 = max
t∈[0,T ]

{ tq2

Γ(q2 + 1)
+

1
|∆|

[T q2+1|b2(t)|
Γ(q2 + 1)

+
T q2 |b4(t)|
Γ(q2)

]}
, (3.4)

χ4 = max
t∈[0,T ]

1
|∆|

{T q1+1|b1(t)|
Γ(q1 + 1)

+
T q1 |b3(t)|
Γ(q1)

}
,

and
χ0 = min

{
1 − [m1(χ1 + χ4) + n1(χ2 + χ3)], 1 − [m2(χ1 + χ4) + n2(χ2 + χ3)]

}
. (3.5)

The platform is now set to present our main results. Our first result, dealing with the existence of
solutions for the problems (1.1) and (1.2), relies on the Leray-Schauder alternative [44].

Theorem 3.1. Let (H1) and the following condition hold:

m1(χ1 + χ4) + n1(χ2 + χ3)] < 1, m2(χ1 + χ4) + n2(χ2 + χ3) < 1,

where χi, i = 1, 2, 3, 4 are given in (3.4). Then there exists at least one solution for the problems (1.1)
and (1.2) on J .

Proof. Let us first establish that the operator H : Θ × Θ → Θ × Θ defined by (3.1) is completely
continuous. Observe that the operatorH is continuous in view of the continuity of functions ρ1 and ρ2.

If Υ ⊂ Θ × Θ is bounded, then we can find positive constants L1 and L2 such that |ρ1(t, φ, ψ)| ≤
L1, |ρ2(t, φ, ψ)| ≤ L2, ∀(φ, ψ) ∈ Υ. Then, for any (φ, ψ) ∈ Υ, we obtain

∥H1(φ, ψ)∥

≤ max
t∈J

{∫ t

0

(t − υ)q1−1

Γ(q1)
|ρ1(υ, φ(υ), ψ(υ))||dυ

+
T
|∆|

[
|a1(t)|

∫ T

0

(T − υ)q1−1

Γ(q1)
|ρ1(υ, φ(υ), ψ(υ))| ds + |a2(t)|

∫ T

0

(T − υ)q2−1

Γ(q2)
|ρ2(υ, φ(υ), ψ(υ))| dυ

+|a3(t)|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
|ρ1(υ, φ(υ), ψ(υ))| dυ + |a4(t)|

∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
|ρ2(υ, φ(υ), ψ(υ))| dυ

]}
≤ L1 max

t∈J

{
tq1

Γ(q1 + 1)
+

1
|∆|

[T q1+1|a1(t)|
Γ(q1 + 1)

+
T q1 |a3(t)|
Γ(q1)

]}
+L2 max

t∈J

1
|∆|

{
T q2+1|a2(t)|
Γ(q2 + 1)

+
T q2 |a4(t)|
Γ(q2)

}
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≤ L1χ1 + L2χ2. (3.6)

In a similar fashion, we can find that

∥H2(φ, ψ)∥ ≤ L1χ4 + L2χ3. (3.7)

From (3.6) and (3.7), we get

∥H(φ, ψ)∥ = ∥H1(φ, ψ)∥ + ∥H2(φ, ψ)∥ ≤ L1(χ1 + χ4) + L2(χ2 + χ3),

which shows thatH(Υ) is uniformly bounded.
To show thatH(Υ) is equicontinuous, we take t1, t2 ∈ J with t1 < t2. Then, we obtain

|H1(φ, ψ)(t2) −H1(φ, ψ)(t1)|

≤

∣∣∣∣ ∫ t2

0

(t2 − υ)q1−1

Γ(q1)
ρ1(υ, φ(υ), ψ(υ))dυ −

∫ t1

0

(t1 − υ)q1−1

Γ(q1)
ρ1(υ, φ(υ), ψ(υ))dυ

∣∣∣∣
+

T |t2 − t1|

|∆|

{
|[α2γ1 + (δ1 − γ1)γ2]|

∫ T

0

(T − υ)q1−1

Γ(q1)
|ρ1(υ, φ(υ), ψ(υ))| dυ

+|[γ1 + (α1δ1 − β1γ1)γ2]|
∫ T

0

(T − υ)q2−1

Γ(q2)
|ρ2(υ, φ(υ), ψ(υ))| dυ

+|[(1 − α1α2) + (α1 − β1)γ2]|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
|ρ1(υ, φ(υ), ψ(υ))| dυ

+|[(δ1 − γ1) − (α1δ1 − β1γ1)α2]|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
|ρ2(υ, φ(υ), ψ(υ))| dυ

}
≤

L1

Γ(q1 + 1)

[
|(t2 − t1)q1 + tq1

2 − tq1
1 | + |(t2 − t1)q1 |

]
+

L1|t2 − t1|

|∆|Γ(q1 + 1)

{
|[α2γ1 + (δ−γ1)γ2]|T q1+1 + |[(1 − α1α2) + (α1 − β1)γ2]|q1T q1

}
+

L2|t2 − t1|

|∆|Γ(q2 + 1)

{
|[γ1 + (α1δ1 − β1γ1)γ2]|T q2+1 + |[(δ1 − γ1) − (α1δ1 − β1γ1)α2]|q2T q2

}
−→ 0 as t2 − t1 → 0 independently of (φ, ψ) ∈ Υ,

and

|H2(φ, ψ)(t2) −H2(φ, ψ)(t1)|

≤

∣∣∣∣ ∫ t2

0

(t2 − υ)q2−1

Γ(q2)
ρ2(υ, φ(υ), ψ(υ))dυ −

∫ t1

0

(t1 − υ)q2−1

Γ(q2)
ρ2(υ, φ(υ), ψ(υ))dυ

∣∣∣∣
+

T |t2 − t1|

|∆|

{
|[γ2 + (α2δ2 − β2γ2)γ1]|

∫ T

0

(T − υ)q1−1

Γ(q1)
|ρ1(υ, φ(υ), ψ(υ))| dυ

+|[α1γ2 + (δ2 − γ2)γ1]|
∫ T

0

(T − υ)q2−1

Γ(q2)
|ρ2(υ, φ(υ), ψ(υ))| dυ

+|[(δ2 − γ2) − (α2δ2 − β2γ2)α1]|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
|ρ1(υ, φ(υ), ψ(υ))| dυ
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+|[(1 − α1α2) + (α2 − β2)γ1]|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
|ρ2(υ, φ(υ), ψ(υ))| dυ

}
≤

L2

Γ(q2 + 1)

[
|(t2 − t1)q2 + tq2

2 − tq2
1 | + |(t2 − t1)q2 |

]
+

L1|t2 − t1|

|∆|Γ(q1 + 1)

{
|[γ2 + (α2δ2 − β2γ2)γ1]|T q1+1 + |[(δ2 − γ2) − (α2δ2 − β2γ2)α1]|q1T q1

}
+

L2|t2 − t1|

|∆|Γ(q2 + 1)

{
|[α1γ2 + (δ2 − γ2)γ1]|T q2+1 + |[(1 − α1α2) + (α2 − β2)γ1]|q2T q2

}
−→ 0 as t2 − t1 → 0 independently of (φ, ψ) ∈ Υ.

Thus, H1(Υ) and H2(Υ) are equicontinuous and hence H(Υ) is equicontinuous. Therefore, by
Arzelá-Ascoli theorem,H(Υ) is completely continuous.

In the final step, we consider a set Ξ = {(φ, ψ) ∈ Θ × Θ : (φ, ψ) = ζH(φ, ψ), 0 < ζ < 1} and
show that it is bounded. Let (φ, ψ) ∈ Ξ. Then (φ, ψ) = ζH(φ, ψ) implies that φ(t) = ζH1(φ, ψ)(t)
and ψ(t) = ζH2(φ, ψ)(t) for t ∈ J . Then, by the assumption (H1), we have

|φ(t)| ≤ ∥H1(φ, ψ)∥ ≤ max
t∈J

{∫ t

0

(t − υ)q1−1

Γ(q1)
[m0 + m1|φ| + m2|ψ|]dυ

+
T
|∆|

[
|a1(t)|

∫ T

0

(T − υ)q1−1

Γ(q1)
[m0 + m1|φ| + m2|ψ|] dυ

+|a2(t)|
∫ T

0

(T − υ)q2−1

Γ(q2)
[n0 + n1|φ| + n2|ψ|]dυ

+|a3(t)|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
[m0 + m1|φ| + m2|ψ|] dυ

+|a4(t)|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
[n0 + n1|φ| + n2|ψ|] dυ

]}
,

which implies that

∥φ∥ ≤ [m0 + m1∥φ∥ + m2∥ψ∥]χ1 + [n0 + n1∥φ∥ + n2∥ψ∥]χ2. (3.8)

In a similar manner, we can find that

∥ψ∥ ≤ [n0 + n1∥φ∥ + n2∥ψ∥]χ3 + [m0 + m1∥φ∥ + m2∥ψ∥]χ4. (3.9)

From (3.8) and (3.9), it follows that

∥φ∥ + ∥ψ∥ ≤
m0(χ1 + χ4) + n0(χ2 + χ3)

χ0
,

where χ0 is given in (3.5). In consequence, we have

∥(φ, ψ)∥ ≤
m0(χ1 + χ4) + n0(χ2 + χ3)

χ0
.

Therefore, the set Ξ is bounded. In consequence, we deduce by the Leray-Schauder alternative [44]
that there exists at least one fixed point for the operatorH . Hence the problems (1.1) and (1.2) admits
a solution on J .
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Now we accomplish a uniqueness result for the problems (1.1) and (1.2) by means of a fixed point
theorem due to Banach.

Theorem 3.2. Suppose that (H2) is satisfied. Then, the problems (1.1) and (1.2) has a unique solution
on J , provided that

(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3) < 1, (3.10)

where χi, i = 1, 2, 3, 4, are given in (3.4).

Proof. By (H2), we have

|ρ1(υ, φ(υ), ψ(υ))| = |ρ1(υ, φ(υ), ψ(υ)) − ρ1(t, 0, 0) + ρ1(t, 0, 0)| ≤ ℓ1∥φ∥ + ℓ2∥ψ∥ + N1,

|ρ2(υ, φ(υ), ψ(υ))| = |ρ2(υ, φ(υ), ψ(υ)) − ρ2(t, 0, 0) + ρ2(t, 0, 0)| ≤ ℓ1∥φ∥ + ℓ2∥ψ∥ + N2,
(3.11)

where supt∈J ρ1(t, 0, 0) = N1 < ∞, supt∈J ρ2(t, 0, 0) = N2 < ∞.

Now, we establish that H(Ur) ⊂ Ur, where Ur = {(φ, ψ) ∈ Θ × Θ : ∥(φ, ψ)∥ ≤ r} is a closed ball
with

r ≥
N1(χ1 + χ4) + N2(χ2 + χ3)

1 − [(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3)]
. (3.12)

For (φ, ψ) ∈ Θ × Θ, it follows by (3.11) that

∥H1(φ, ψ)∥ ≤ max
t∈J

{∫ t

0

(t − υ)q1−1

Γ(q1)
[ℓ1|φ| + ℓ2|ψ| + N1]dυ

+
T
|∆|

{
|a1(t)|

∫ T

0

(T − υ)q1−1

Γ(q1)
[ℓ1|φ| + ℓ2|ψ| + N1] dυ

+|a2(t)|
∫ T

0

(T − υ)q2−1

Γ(q2)
[ℓ1|φ| + ℓ2|ψ| + N2] dυ

+|a3(t)|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
[ℓ1|φ| + ℓ2|ψ| + N1] dυ

+|a4(t)|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
[ℓ1|φ| + ℓ2|ψ| + N2] dυ

}}
≤ [(ℓ1 + ℓ2)r + N1]χ1 + [(ℓ1 + ℓ2)r + N2]χ2.

Likewise, we can find that

∥H2(φ, ψ)∥ ≤ [(ℓ1 + ℓ2)r + N2]χ3 + [(ℓ1 + ℓ2)r + N1]χ4.

Therefore, we get

∥H(φ, ψ)∥ = ∥H1(φ, ψ)∥ + ∥H2(φ, ψ)∥
≤ [(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3)]r + (χ1 + χ4)N1 + (χ2 + χ3)N2 ≤ r,

which shows thatH(φ, ψ) ∈ Ur. Hence,H(Ur) ⊂ Ur.
Next, it will be established that the operator H is a contraction. For that, let (φ1, ψ1), (φ2, ψ2) ∈

Θ × Θ. Then, for any t ∈ J , it follows by means of the assumption (H2) that

∥H1(φ2, ψ2) −H1(φ1, ψ1)∥
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≤ max
t∈J

{∫ t

0

(t − υ)q1−1

Γ(q1)
|ρ1(υ, φ2(υ), ψ2(υ)) − ρ1(υ, φ1(υ), ψ1(υ))|dυ

+
T
|∆|

[
|a1(t)|

∫ T

0

(T − υ)q1−1

Γ(q1)
|ρ1(υ, φ2(υ), ψ2(υ)) − ρ1(υ, φ1(υ), ψ1(υ))| dυ

+|a2(t)|
∫ T

0

(T − υ)q2−1

Γ(q2)
|ρ2(υ, φ2(υ), ψ2(υ)) − ρ2(υ, φ1(υ), ψ1(υ))| dυ

+|a3(t)|
∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
|ρ1(υ, φ2(υ), ψ2(υ)) − ρ1(s, φ1(υ), ψ1(υ))| dυ

+|a4(t)|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
|ρ2(υ, φ2(υ), ψ2(υ)) − ρ2(s, φ1(υ), ψ1(υ))|dυ

]}
≤ (ℓ1∥φ2 − φ1∥ + ℓ2∥ψ2 − ψ1∥) max

t∈J

{∫ t

0

(t − υ)q1−1

Γ(q1)
dυ

+
T
|∆|

[
|a1(t)|

∫ T

0

(T − υ)q1−1

Γ(q1)
dυ + |a3(t)|

∫ T

0

(T − υ)q1−2

Γ(q1 − 1)
dυ

]}
+

T
|∆|

(ℓ1∥φ2 − φ1∥ + ℓ2∥ψ2 − ψ1∥) max
t∈J

{
|a2(t)|

∫ T

0

(T − υ)q2−1

Γ(q2)
dυ

+|a4(t)|
∫ T

0

(T − υ)q2−2

Γ(q2 − 1)
dυ

}
≤

[
(ℓ1 + ℓ2)χ1 + (ℓ1 + ℓ2)χ2

]
(∥φ2 − φ1∥ + ∥ψ2 − ψ1∥).

Similarly, we can get

∥H2(φ2, ψ2) −H2(φ1, ψ1)∥ ≤
[
(ℓ1 + ℓ2)χ4 + (ℓ1 + ℓ2)χ3

]
(∥φ2 − φ1∥ + ∥ψ2 − ψ1∥).

From the foregoing two inequalities, it follows that

∥H(φ2, ψ2) −H(φ1, ψ1)∥ ≤
[
(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3)

]
(∥φ2 − φ1∥ + ∥ψ2 − ψ1∥).

By the condition (3.10), we deduce from the preceding inequality that the operatorH is a contraction.
So, by Banach’s fixed point theorem, there exists a unique fixed point for the operator H . In
consequence, the problems (1.1) and (1.2) has a unique solution on J .

3.1. Examples

Consider a fully coupled fractional boundary value problem:

CD1.07φ(t) = ρ1(t, φ(t), ψ(t)), t ∈ [0, 2],

CD1.4ψ(t) = ρ2(t, φ(t), ψ(t)), t ∈ [0, 2]

φ(2) =
3
2
ψ(0) +

10
9
ψ′(0), 2φ′(2) =

−3
8
ψ(0) +

8
9
ψ′(0),

ψ(2) =
2
5
φ(0) +

−14
3
φ′(0), 2ψ′(2) =

−5
9
φ(0) + 2φ′(0),

(3.13)
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where T = 2, q1 = 1.07, q2 = 1.4, α1 = 3/2, α2 = 2/5, β1 = 5/9, β2 = −7/3, γ1 = −3/8, γ2 =

−5/9, δ1 = 4/9, δ2 = 1.With the given data, it is found that χ1 ≈ 4.749052648, χ2 ≈ 2.425952097, χ3 ≈

3.909949767 and χ4 ≈ 2.482951479 (χi, i = 1, 2, 3, 4, are given in (3.4)).
(a) We illustrate Theorem 3.1 by choosing

ρ1(t, φ(t), ψ(t)) =
1

3(t2 + 7)
φ(t)|φ(t)|

(1 + |φ(t)|)
+

1
27

sinψ(t) +
1

8
√

t2 + 9
,

ρ2(t, φ(t), ψ(t)) =
1

30
φ(t)|ψ(t)|

(1 + |ψ(t)|)
+
ψ(t) cosφ(t)

(9 + t2)2 +
1

2(t + 4)2 . (3.14)

From (3.14), it is easy to find that m0 = 1/24,m1 = 1/21,m2 = 1/27, n0 = 1/32, n1 = 1/30, n2 = 1/81.
Moreover, m1(χ1+χ4)+n1(χ2+χ3) ≈ 0.5555778778 < 1 and m2(χ1+χ4)+n2(χ2+χ3) ≈ 0.3460730155 <
1. Thus, the hypotheses of Theorem 3.1 are satisfied and consequently there exists at least one solution
for the problem (3.13) with ρ1(t, φ(t), ψ(t)) and ρ2(t, φ(t), ψ(t)) given by (3.14) on [0, 2].

(b) For demonstrating the application of Theorem 3.2, we take

ρ1(t, φ(t), ψ(t)) =
e−t2

(t2 + 40)
tan−1 φ(t) +

1
(35 + t3)

|ψ(t)|
(1 + |ψ(t)|)

+
cos t

8
√

t2 + 1
,

ρ2(t, φ(t), ψ(t)) =
1

(t4 + 36)
|φ(t)|

(1 + |φ(t)|)
+

1
√

t2 + 625
cosψ(t) +

et

2(sin2 t + 3)
. (3.15)

It follows from (3.15) that ℓ1 =
1
40 , ℓ2 =

1
35 , ℓ1 =

1
36 , ℓ2 =

1
25 and

[(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3)] ≈ 0.8168621412 < 1.

Clearly the hypothesis of Theorem 3.2 is satisfied and hence its conclusion implies that there exists a
unique solution for the problem (3.13) with ρ1(t, φ(t), ψ(t)) and ρ2(t, φ(t), ψ(t)) given in (3.15) on [0, 2].

(c) Here we consider a problem for the values of of q1 and q2 close to 2 (q1 = 1.95, q2 = 1.98):

CD1.95φ(t) = ρ1(t, φ(t), ψ(t)), t ∈ [0, 2],

CD1.98ψ(t) = ρ2(t, φ(t), ψ(t)), t ∈ [0, 2],

φ(2) =
3
2
ψ(0) +

10
9
ψ′(0), 2φ′(2) =

−3
8
ψ(0) +

8
9
ψ′(0),

ψ(2) =
2
5
φ(0) +

−14
3
φ′(0), 2ψ′(2) =

−5
9
φ(0) + 2φ′(0),

(3.16)

where

ρ1(t, φ(t), ψ(t)) =
1

(t4 + 50)
sinφ(t) +

1
√

t2 + 1600
cosψ(t) +

1

8
√

t + 8
,

ρ2(t, φ(t), ψ(t)) =
1

(t4 + 49)
tan−1 φ(t) +

1
(55 + t2)

|ψ(t)|
(1 + |ψ(t)|)

+
e−t

2(t + 3)
.
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Using the given values, we find that that χ1 ≈ 6.263094290, χ2 ≈ 2.985105239, χ3 ≈ 4.172733302
and χ4 ≈ 3.794487362 (χi, i = 1, 2, 3, 4, are given in (3.4)). Moreover, ℓ1 =

1
50 , ℓ2 =

1
40 , ℓ1 =

1
49 , ℓ2 =

1
55

and
[(ℓ1 + ℓ2)(χ1 + χ4) + (ℓ1 + ℓ2)(χ2 + χ3)] ≈ 0.7288120308 < 1.

As the assumptions of Theorem 3.2 hold true, therefore, it follows by its conclusion that the
problem (3.16) has a unique solution on [0, 2].

4. Conclusions

Applying the standard fixed point theorems, we studied a new class of fully coupled boundary
value problems of nonlinear Caputo type fractional differential equations supplemented with closed
boundary conditions. It is interesting to notice that our work gives rise to several new results by
specializing the parameters involved in the conditions (1.2) appropriately. For example, by selecting
β1 = β2 = γ1 = γ2 = 0 and α1 = α2 = 1, we enlist some new results arising from the present ones for a
nonlinear coupled system (1.1) subject to

(1) semi-periodic coupled boundary conditions (ψ(T ) = φ(0), φ(T ) = ψ(0), φ′(T ) = δ1ψ
′(0), ψ′(T ) =

δ2φ
′(0)) when α1 = α2 = 1;

(2) combination of coupled periodic and anti-periodic boundary conditions (φ(0) = ψ(T ), φ′(0) =
ψ′(T ), ψ(0) = −φ(T ), ψ′(0) = −φ′(T )) when α1 = −1 = δ1 and α2 = 1 = δ2;

(3) combination of coupled anti-periodic and periodic boundary conditions (φ(0) = −ψ(T ), φ′(0) =
−ψ′(T ), ψ(0) = φ(T ), ψ′(0) = φ′(T )) when α1 = 1 = δ1 and α2 = −1 = δ2.

Moreover, letting α1 = α2 = δ1 = δ2 = 0 and β1 = β2 = 1/T, γ1 = γ2 = T, our results become the ones
associated with mixed boundary conditions (φ(T ) = ψ′(0), φ′(0) = ψ(T ), φ′(T ) = ψ(0), φ(0) = ψ′(T )).
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