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1. Introduction

An overwhelming interest has been shown in developing the subject of fractional calculus during
the past few decades. It has been owing to the application of nonlocal fractional order derivative and
integral operators in the mathematical modeling of several problems occurring in scientific and
technical disciplines. Examples include fractional diffusion [1-3], immune systems [4], ecology [5],
neural networks [6, 7], chaotic synchronization [8, 9], etc. Since the mathematical models associated
with physical problems consist of fractional differential equations subject to initial and boundary
conditions, therefore, many researchers focused on developing the topic of fractional order initial and
boundary value problems. One can find an uptodate account of these problems in the book [10], while
a variety of recent results involving different kinds of fractional derivatives can be found in the
articles [11-22]. For the basic concepts of fractional calculus, for instance, see the text [23]. Keeping
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in mind the importance of fractional differential systems appearing in the mathematical models of
physical and engineering processes [24-28], many investigators discussed the theoretical aspects of
such systems complemented with different boundary conditions, for instance, see the articles [29-37].

Inspired by aforementioned works on fractional differential systems, in this paper, we introduce and
investigate a system of nonlinear Caputo fractional differential equations:

{ “DUp(t) = pi(t, (1), Y1),  t€J =[0,T], W
DY) = palt, p(1),0@),  1€T =[0,T], '
complemented with a new class of coupled closed boundary conditions:
o(T) = arp(0) + BiTY'(0), T¢'(T) =y1y(0) +6:Ty'(0),
(1.2)

U(T) = a20(0) + 52T (0),  TY'(T) = y20(0) + 62T ¢'(0),

where €D, D% denote the Caputo fractional derivatives of order qi,q», 1 < qi,q2 < 2,
respectively, ay, @z, 81,52, ¥1,¥2,01,00 € R, T > 0, and p1, 0, € C(J XR X R, R).

Here, we point out that the closed boundary conditions appear in several practical situations such
as Abelian sandpile model [38], honeycomb lattice [39], deblurring problems [40], wavefield
decomposition in solid media [41], magneto-electro-elastic cylindrical composite panel [42], etc. In a
recent work [43], the authors introduced the concept of nonlocal closed boundary conditions.

The existence and uniqueness results for the problems (1.1) and (1.2) are proved with the aid of
standard fixed point theorems. It is worthwhile to mention that the work presented in this paper is new
and contributes to the literature on fractional-order systems in a significant manner.

The structure of the remaining paper is as follows. We collect some preliminary definitions and
solve a linear version of the problems (1.1) and (1.2) in Section 2. The main results are accomplished
in Section 3. Illustrative examples are also given in Section 3. Section 4 contains the concluding
remarks and indicates some special cases arising from the present work.

2. A preliminary result

Before proceeding for a preliminary result dealing with the linear version of the problems (1.1)
and (1.2), we enlist the related definitions from fractional calculus [23].

Definition 2.1. For o € L,[a, b], we define the (left) Riemann-Liouville fractional integrals of order
p>0as

e Fyo-l
Po(r) = f %oﬁ)d}.

Definition 2.2. The (left) Caputo fractional derivative for a function o € AC™[a,b] of order p €
(m — 1,m], m € N is defined by

(e =Ty

C —
Pe®= ), Tan—p)

o™ (@)ds.

AIMS Mathematics Volume 8, Issue 8, 17981-17995.



17983

Lemma 2.1. For F,G € C(J,R) and A # 0, the linear system
D7g(r) = F(1), teJ,
“DPy(r) =G(r), 1€,

W(T) = (0) + BT (0),  T/(T) = y1(0) + 6T/ (0), 1
U(T) = a20(0) + B2T¢'(0), Ty (T) = y20(0) + 62T’ (0),
is equivalent to the fractional integral equations:
3 (l v)ql—l
e = T Fw)dv
1—-1 -1
——{ 1( )f (Tr( V)’ F)dv+ az(l‘)f %G(U) dv 2.2)
(T —v)n 2F J (T —v)~ 2G J
+a3(t)f T = 1) (v) dv + a4(¢)f T—l) (v) U},
and
~ O
W) = Moy Gy
(T - )q‘ ! (T — vy~
——{ 1(H) f e ——F() dv + by(®) f TG(U) dv 2.3)
b 7 — vt~ 2F dv+b T —v™ 2G d
+ 3(f)f T - D) (v) dv + 4(f)f m (V) U},
where
ai(t) = [(1=06162) + (62 — BIV1lIT + [aay1 + (61 — yDy2lt,
a(t) = [(1=0616)a; — (1 =Bio)ni]T + [y1 + (161 — BryDyalt,
az(t) = [(@fr— 1D+ B —ao]T + [(1 — aja2) + (a1 — 1)y,
as(t) = [(aB2— Do+ =B1B2)y1 + (B — a)IT + [(61 — y1) — (@161 — BryDa]t,
bi(t) = [(@2—7y2) — (@202 = B2y2)0 T + [y2 + (@202 — Bay2)y1lt, (2.4)
by(®) = [(1=06102) = (B1 =0T + [ayy, + (62 — y2)¥ilt,
b3(t) = [(B2—a2) + (y2 — 02) + (@202 — Boy2)B1]T + [(62 — v2) — (@202 — Bay2)an i,
by(t) = [z — 1)+ (Bo—a)01T + [(1 — ajaz) + (a2 — B2)y1]t,
and

A =T -2 - 616, — Y12+ (@ — o+ 62)y1 + (@) = B1 +81)y2 + (@16, — Bry1)(@262 — Bayr)]. (2.5)

Proof. As argued in [23] (see page 199), for some constant ¢, ¢y, c; and ¢3 € R, the solution of the
linear system of fractional differential equations in (2.1) can be written as

"t —v)t!
0 I'(q1)

o) = Fw)dv — ¢y — cit, (2.6)
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—1
w(t) = f ¢ . (U)q) Gw)dv — ¢s — ci.

Using (2.6) and (2.7) in the boundary conditions of the problem (2.1) yields
T T — q1—1
co+Tcy—ajco, —TPics = ¢F(v)du,
o  TIlq)
T -2
(T - s)n
Tc, — -T6 =T — F(v)dv,
c1—Y1C2 163 C T@ -1 (v)dv
(T —v)©!
0 ['(g2)
T T — qr—2
—y2co —Toc1 +Tcz = T ¢G(v)dv.
o Ilga-1)

—QrCH — Tﬁzcl +cy+Tcs

Gw)duv,

Solving the system (2.8) for ¢y, ¢y, ¢, and c3, we obtain

— U)(]l—l

T? T
co = K{[(1_6162)+(52_'BZ)%]£ (FTF(UWU

T T _ g2—1
+[(1 - 6,62y — (1 = B1)y1] f T Goydv
0 I'(g2)
T —2\1-2
H@ps = 1) + (B — a)6IT f T =" by
o I'(gi—-1)

(T —v)©2

+[(a@1B2 — Doy + (1 = B1B2)y1 + (B — ap)]T —G(v)dv},

o I(g2—1

T q1-1
¢ = {[lez’}’l+(51 Vl)yzf%F(U)dU

)Q2 1

+[y1 + (@10, —,31?’1))’2][ (FTG(U)CJU
)(11 2

H(1 = a1a2) + (@) - BT f (r(—_l)F(”)d“
T qr-2
61 = y1) = (@161 = BryDan]T ¢G<v)dv},
o T(g2—1)
T2 T T — q1—1
o = —{[(0/2 )= (@ -yl [ T2 Fwyau
0 F(Ql)
)512—1

T
+[(1-6162) — (B1 — 51)72]f (—G(v)dv

I'(g2)
T (T = y)n-2
+[(B2 — a2) + (y2 — 02) + (@202 — Boy2)B1 1T f —F(v)dv
o I'(gi—-1
T T — q2—2
HasBi = 1) + (Bs — a6\ 1T ¢G<v>dv},
o I(g-1)
T (T - v)n!
K{[n (@0 -y [ 22 Fyaw

c
’ 0 ['(q1)

2.7)

(2.8)
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T T — q2—1
+ayys + (62 — y2)y1] f %G(v)dv
— v)q1—2

+[(62 = ¥2) — (@206, —ﬁz)’z)Ch]Tf (F(ql——l)F(U)dU

— 2))922
+( - a1ay) + (a2 —ﬁz)yl]Tf (I —v)

T_I)G(U)dv}

Inserting the above values of ¢;,i = 0,1,2,3, in (2.6) and (2.7) together with (2.4), we get the
solutions (2.2) and (2.3). By direct computation, one can obtain the converse of the lemma.

3. Main results

Let © denote the Banach space of all continuous functions from J to R equipped with the supremum
norm ||| = sup, 4 [(?)|. Then the product space ® X O is also a Banach space endowed with the
norm [|(, F)I| = [Ithl + [1Fall, (P41, ¢2) € O X O.

We define an operator H : @ X ® — O X O by

[ Hile, )
Hp, )(1) —( Ho(o (1) ) (3.1
where
Hi (e, l//)(f)
T q1-1
= f - F( 1) Pl(U o), Y(v)dv — — al(f)f %Pl(v, o), ¥(v)) dv
(T )q2 : (T —v)n2
+612(f)f e ———2(v, p(v), Y(v)) dv + a3(t)f ﬁpl(v, V), ¥(v)) duv
— 7/)92—2
+Cl4(f)f0 (F(qz——)l)pZ(U’ o), Y(v)) dv}, (3.2)
and
Ho (e, l//)(f)
q1-1
= f - F( 2) Pz(v o(v), l/’(U))dU—— 1(0[ %Pl(v, o(v),Y(v)) dv
(T )q2 ! (T —v)n?
+b2(f)f e ———2(v, p(v), Y(v)) dv + b%(f)f ﬁpl(va (), ¥(v)) dv
— 7/)92—2
+b4(f)L (F(qz——)l)pZ(U’ o), Y(v)) dv}. (3.3)

We need the following hypotheses in the sequel:

(H;) Assume that p1,p, € C(J X R X R,R) and there exist real constants m;,n; > 0,(i = 1,2) and
my, ng > 0 such that

lo1(t, o, )| < mgy + mylo| + malyl,  |o2(t, @, )| < np + nyle| + nalyl, Yoo, € R.
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(H,) There exist constants ¢;, Zi,i =1,2,such thatforallr € J,¢;,¥; e R,i=1,2,

lo1(t, 1, ¥1) — pi(t, @2, Y2)| < Cilpr — ol + Oaly — Yo,
lo2(t, @1, ¥1) — Pa(t, @2, )| < Eilgr — ol + Ealify — .

We introduce, for computational convenience, the following notation:

_ max{ 14 . _[T41+1|a1([)| N qulag(t)l]}
X1 = 071 \I'(g; + 1) AL T(g; + 1) L(q))
g LT 0] T
X2 = B IAI' T'(gr + 1) T(qy)
12 T by T2|ba(t
¥ = max| » [T 10O, THAOL (3.4
w071 T (g + 1) |AIL T(gp + 1) ['(g2)
TOH by TU|bs(1)|
v = LT, T
wl0.71 |Al' T(gy + 1) I'(q1)
and
xo = min{l = [m;(y1 + xa) + mi Q2 + x3)1, 1 = [maQx1 + xa) + n2(x2 + x3)1} 3.5)

The platform is now set to present our main results. Our first result, dealing with the existence of
solutions for the problems (1.1) and (1.2), relies on the Leray-Schauder alternative [44].

Theorem 3.1. Let (H,) and the following condition hold:

mi(y1 +xa) +mia +x3)l <1, moQyr + xa) + ma(y2 + x3) < 1,

where y;,i = 1,2,3,4 are given in (3.4). Then there exists at least one solution for the problems (1.1)
and (1.2) on 9.

Proof. Let us first establish that the operator H : ® X ® — © X @ defined by (3.1) is completely
continuous. Observe that the operator H is continuous in view of the continuity of functions p; and p;.
If T ¢ ® x O is bounded, then we can find positive constants L; and L, such that |p;(t, ¢, ¥)| <
Ly, |oa(t, o, )| < Ly, Y(p,¥) € Y. Then, for any (¢, ) € T, we obtain

|H (@, W
f - )QI T | )lld
o T(q; o1 (v, e(v), Y(v))lldv

IA

— )112—1

( — vt d o [ Tzw! d
IAI |a1()|f T —— o1V, (), Yy (V)| ds + |as( )|f M) lo2 (v, o(v), Y(v))| dv

V)92~ 2

T-or 2 (T -
+as(0) f T Ty i ey v+ las) fo T

y 1 (T, ()| T‘“|a3(f)|}
{r<q1+1>+|A|[r(q1+1> " T J
1 {T‘”“laz(t)l .\ T‘”Ia4(t)|}

+1L, max —
> Al T(ga + 1) ['(¢2)

lp2(v, (), () dv]}

IA

L] ma
tej
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< L1+ Lyxos. (3.6)
In a similar fashion, we can find that
[Ha(@, YNl < Lixa + Loxs. (3.7)
From (3.6) and (3.7), we get

[H (@, Il = |H (@, Il + [|Ho(o, Il < LGyt + x4) + Lalx2 + x3),

which shows that H(() is uniformly bounded.
To show that H() is equicontinuous, we take #,,#, € J with t; < t,. Then, we obtain

[H 1 (0, ¥)(12) — Hi(, ¥) (1)
' 2 (ty — v)h~! "t - vyt

IA

. Tpl(v,so(v),@ﬁ(v))dv— ) Tpl(v,go(v),ap(u))dv

V)4 1

T —
72 t1|{|[a/271 + (61 — vyl |f (Tlpl(v’ o), Y(v))| dv

Al

)112 1

+[y1 + (@164 —3171)7’2“[ (FTV)Z(U’ o(v), Y (v))| dv
)Ch 2

HI( = ara2) + (@ — oyl f o i) ww)

V)% 2

+[(61 = y1) — (@164 ,3171)0/2|f (F(—

Ty P2 @)y W) du}

IA

o+ 1)[I(tz =)+ 1 =t (e - 1)
Lilty — 1]
|AIl(g, + 1)

Lyt — ]
|A|;—(f] +11){|[’)’1 + (@161 = BryD)y2 T2 + 1161 — 1) — (@16, —,31)’1)0/2]|qu‘12}
2

— 0 as 1, — t; — 0 independently of (¢, ) € T,

{l[az)’l + (O_yD)yIT" + |[(1 - ay2) + (@ —,31)72]|611Tq'}

and

|H (@, Y)(12) — Holp, Y)(t1)]

0 (1 — g\ ] "t — vy
| [ 2w pwvnds - [ O o gt

T|t, — T o7 _ )]
|t|2A| f1|{|[)/2 + (a252 _ﬁ272)71]| fO ¢|}01(U, QO(U), l//(U))l dv

I'(g1)
(T —v)e!

+Hlaryz + (62 — y2)yill f Tboz(v’ o), y(v))| dv
0 q2)

(T —vyn2?
+[(02 = y2) = (@26 = Boy)aill | ————Ilo1(v, (), ¥(V))| dv
o I'lgi—1)

IA
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)(12 2

T
+|[(1—0110/2)+(CY2—32)71]|‘[ ik il
0 g —1)

(2 = 1) + 1 = 1] + (22 = 1)

lo2(v, @(v), Y (V)] dv}

L, [
[(g2 + 1)

Li|t, — #]
w‘r(i]—+‘1){|m + (@82 = By ITT* + 182 — 72) — (@6 — ﬁzyz)al]lqqul}
1
Lol = 1) 0 T9+! 1 T4
A2+ 1) I[a1y2 + (62 — y2)71]l +[(1 = aya2) + (a2 — B)y11lq2

— 0 as r, —t; — 0 independently of (¢,¥) € T.

Thus, H,(T) and H,(Y) are equicontinuous and hence H(Y') is equicontinuous. Therefore, by
Arzela-Ascoli theorem, H(T') is completely continuous.

In the final step, we consider a set £ = {(¢,¥) € @ X O : (p,¥) = {H(p,¥), 0 < ¢ < 1} and
show that it is bounded. Let (p,¢¥) € E. Then (¢,¢) = {H(p,¥) implies that ¢(r) = IH (@, ¥)(1)
and y(1) = (Ho (e, ¥)(¢) for t € J . Then, by the assumption (H;), we have

(t U)(h—
leOI < IHi (e, Il < maX{f r( 5 ————[mo + milg| + maolylldv
T T — vy
sl [ %[mwmmoumzwn du

(T - vy
Hax(0) f ey o+ mlgl + mlvlidy

(T vy
+as(0) f Ty o+ kel + malyll dv

( _ LIZ 2
+|Cl4(f)|fO m["o + nylgl + nalyl] dU]},

which implies that

Il < [mo + mullell + molllllxy + [no + nillell + nalll L-. (3.8)
In a similar manner, we can find that

Wl < [no + millell + nallllys + [mo + mullell + malll Dy (3.9)
From (3.8) and (3.9), it follows that

mo(x1 + xa) + no(x2 + x3)
X0 ’

llell + [l <

where y( is given in (3.5). In consequence, we have

mo(x1 + xa) + no(x2 + x3)
X0

(e, Il <

Therefore, the set = is bounded. In consequence, we deduce by the Leray-Schauder alternative [44]
that there exists at least one fixed point for the operator . Hence the problems (1.1) and (1.2) admits
a solution on 7.
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Now we accomplish a uniqueness result for the problems (1.1) and (1.2) by means of a fixed point
theorem due to Banach.

Theorem 3.2. Suppose that (H,) is satisfied. Then, the problems (1.1) and (1.2) has a unique solution
on 9, provided that

(6 + Q)01 +xa) + (€ + )2 +x3) < 1, (3.10)
where y;,i = 1,2,3,4, are given in (3.4).

Proof. By (H,), we have

lo1(v, @), g ()| = |p1 (W, (), Y (V) — p1(2,0,0) + p1(2,0,0)] < Lillell + LIl + Ny,
2w, o), YY) = lp2(v, 9(V), Y(@)) = pa(t, 0,0) + pa(2, 0,0)| < E1llgpll + oIl + No,

where sup,. 7 01(2,0,0) = Ny < o0, sup,.;02(2,0,0) = N, < 0.
Now, we establish that H(U,) C U,, where U, = {(p,¥) € O X O : [|(,¥)|| < r}is a closed ball

with N N
. 10v1 +x4) + 2(_/\,/2 +_/\,/3) ' (3.12)

1= [(61 + &)1 + xa) + (6 + )2 + x3)]
For (p,¥) € ® X 0, it follows by (3.11) that

(3.11)

U)q -

rgajx{ f “r( 161k + Gl + Nild

(T —v)n~ 1
IAI {lal(m f ———[blel + Gyl + Ny ] du

IH: (e, ¥l

IA

I(g)
(T )% o
Haa(0) f iy LOlel+ Gl + Nl

T —v)‘h =
Has(0) f - lelel + Gl + N do

(T —v){fﬂ .
Hay(t) f Ty ikl + Gl + Nal d

[(£1 + &)r + Ny + [(a + 0o)r + Nalyo.

IA

Likewise, we can find that

| Ha (o, W)l < [(€1 + &) + Nalys + [(£y + €)r + Nilya.

Therefore, we get

IH (e, Y

lH, (@, Wl + [[H: (e, ¢:)|| )
(61 + 0Ot + xa) + (6 + E2)(x2 + x3)Ir + (x1 + xa)N1 + (x2 + x3)N2 < 1,

which shows that H (¢, ¥) € U,. Hence, H(U,) C U,.
Next, it will be established that the operator H is a contraction. For that, let (¢, ¥ 1), (@2, %) €
® x @. Then, for any ¢ € 7, it follows by means of the assumption (H;) that

1H1 (2, 42) — Hiler, Yl

IA

AIMS Mathematics Volume 8, Issue 8, 17981-17995.
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IA

qleaJX{ [ 00050 = 1 e
Tl f ( - )‘“ Eo v, 0201, ) - 10,6100, 91 ()] o

+as(t) f - 1|P2(U,¢2(U),¢2(U))—Pz(U"Pl(U),lﬁl(U)N v

+las(t) fo %|pl<v,wz<v>,wz<v)>—p1<s,¢1<v),w1(v>)| v

T T — g2
+las (o) f %Vb(v’ ©2(V), Y2 (V) — pa(s, @1 (V), l/’l(U))|dU]}

)91—1

IA

(illes - oill + Lol —w1||)max{ f v,

I'(q1)
A T T(q) o T(gi—1

|A|

42-2
+|Cl4(l)|f (r(qzv_) 1) }

(&1 + )1 + (@ + Lxa [(llpr — ull + llya = gl

Similarly, we can get

IA

12 @2 2) = Halpr, Yl < (L1 + C)xa + Er + Ca)xs |(llea — oull + 1z = -

From the foregoing two inequalities, it follows that

1H(a, 2) = Higpr, Yl < [(61 + L)1+ xa) + 1 + 6202 +x3)|(lpa = oull + llgra = ).

T — )t T — )12
sl ) f T g+l &dv]}

T g2-1
+—(51||902 — @il + Gl —¢/11||)max{|az(f)|f : F(U)

By the condition (3.10), we deduce from the preceding inequality that the operator H is a contraction.
So, by Banach’s fixed point theorem, there exists a unique fixed point for the operator H. In

consequence, the problems (1.1) and (1.2) has a unique solution on 7.

3.1. Examples

Consider a fully coupled fractional boundary value problem:

“DY(1) = pi(t, (). Y1), 1€[0,2],

Dyt = pa(t, (1), Y(1)), 1 €[0,2]

2

Y2 =3

3 10 -3 8
@(2) = S¥(0) + gl//(()), 2¢'(2) = FRACA §¢/'(0),

2 -14 -5
z¢(0) + TSO'(O), 24'(2) = 7(}?(0) +2¢'(0),

(3.13)

AIMS Mathematics Volume 8, Issue 8, 17981-17995.
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where T = 2,q; = 1.07,q, = 1.4,y = 3/2,a, = 2/5,1 = 5/9,B, = =7/3,y1 = -3/8,y, =
-5/9,6, =4/9,6, = 1. With the given data, it is found that y; =~ 4.749052648, x» = 2.425952097, x
3.909949767 and y4 =~ 2.482951479 (y;,i = 1,2,3,4, are given in (3.4)).

(a) We illustrate Theorem 3.1 by choosing

&

_ L el 1 1
pi(t, (1), Y (1)) = 3@+ U+ o) 27 siny () + SVELo
1 eOW@] | () cos o) 1

00+ 00D | O+2)2 20+4p

p2(t, (1), (1)) (3.14)
From (3.14), it is easy to find that my = 1/24,my = 1/21,my = 1/27,ny = 1/32,n; = 1/30,n, = 1/81.
Moreover, mi(xy1+x4)+n1(x2+x3) = 0.5555778778 < 1 and my(y1+x4)+n2(x2+x3) = 0.3460730155 <
1. Thus, the hypotheses of Theorem 3.1 are satisfied and consequently there exists at least one solution
for the problem (3.13) with p; (¢, ¢(?), ¥(¢)) and p, (¢, ¢(t), ¥()) given by (3.14) on [0, 2].

(b) For demonstrating the application of Theorem 3.2, we take

2

. | (o) cos ¢
pilgD-Y0) = gy B P s S T w) T s

! (0l + ! cosy(t) + —et
(*+360) 1+l V2 +625 2(sin®t + 3)

pZ(t, QD(I), l/’(t)) (315)

It follows from (3.15) that ¢; = &, 6, = %,6, = %,6, = & and

(€1 + &)1 + xa) + (€1 + €)(x2 + x3)] ~ 0.8168621412 < 1.

Clearly the hypothesis of Theorem 3.2 is satisfied and hence its conclusion implies that there exists a
unique solution for the problem (3.13) with p; (¢, ¢(2), Y(t)) and p,(t, (1), ¥(t)) given in (3.15) on [0, 2].
(c) Here we consider a problem for the values of of ¢; and ¢, close to 2 (¢, = 1.95, ¢, = 1.98):

CD'"u(r) = pi(t, (), (1)),  t€[0,2],

CDYBy(t) = pa(t, (1), Y(1)), 1€ [0,2],

(3.16)
3 10 -3 8
¢(2) = 4O + Y0, 2¢'(2) = —~(0) + Gy'(0),

2 -14 -5
Y(2) = 590) + TQD'(O), 2¢'(2) = 5 ¢+ 2¢(0),

where

1 1 1
sin ¢(t) + ———=cos Y(t) + ,
(* + 50) 2 + 1600 8Vr+8

ol e
G5+ A+ @) 20+3)

p1(t, (1), (1))

tan~! () +

pa(t, (1), (1))

(* + 49)
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Using the given values, we find that that y; =~ 6.263094290, y, ~ 2.985105239, y; ~ 4.1727_33302
and 4 ~ 3.794487362 (y;,i = 1,2,3,4, are given in (3.4)). Moreover, {; = <5, 6> = 35,01 = 35,02 = =
and

(€1 + &)1 + xa) + (€1 + €)(x2 + x3)] ~ 0.7288120308 < 1.

As the assumptions of Theorem 3.2 hold true, therefore, it follows by its conclusion that the
problem (3.16) has a unique solution on [0, 2].

4. Conclusions

Applying the standard fixed point theorems, we studied a new class of fully coupled boundary
value problems of nonlinear Caputo type fractional differential equations supplemented with closed
boundary conditions. It is interesting to notice that our work gives rise to several new results by
specializing the parameters involved in the conditions (1.2) appropriately. For example, by selecting
B1=p=v1 =7 =0and a; = a; = 1, we enlist some new results arising from the present ones for a
nonlinear coupled system (1.1) subject to

(1) semi-periodic coupled boundary conditions (Y(7T") = ¢(0), ¢(T) = ¥(0), ¢’ (T) = 6;¢'(0), ¥’ (T) =
02¢'(0)) when oy = a; = 1;

(2) combination of coupled periodic and anti-periodic boundary conditions (¢(0) = ¥(T), ¢'(0) =
Y (T), Y(0) = —p(T), ¥'(0) = —=¢'(T)) when a; = -1 =6 and @, = 1 = 63

(3) combination of coupled anti-periodic and periodic boundary conditions (¢(0) = —y¥(T), ¢’(0) =
=’ (1), Y(0) = o(T), ¥'(0) = ¢'(T)) when a; = 1 =6, and @ = -1 = 6».

Moreover, letting @) = @, =6, =6, =0and By = B, = 1/T,y, =y, = T, our results become the ones
associated with mixed boundary conditions (¢(T) = ¢’ (0), ¢’ (0) = Y(T), ¢'(T) = ¥(0), ¢(0) = ¢¥'(T)).
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