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Abstract: In this manuscript, we generalized the notions of three-way decisions (3WD) and decision
theoretic rough sets (DTRS) in the framework of Complex g-rung orthopair 2-tuple linguistic variables
(CQRO2-TLV) and then deliberated some of its important properties. Moreover, we considered some
very useful and prominent aggregation operators in the framework of CQRO2-TLV, while further
observing the importance of the generalized Maclurin symmetric mean (GMSM) due to its applications
in symmetry analysis, interpolation techniques, analyzing inequalities, measuring central tendency,
mathematical analysis and many other real life problems. We initiated complex g-rung orthopair 2-
tuple linguistic (CQRO2-TL) information and GMSM to introduce the CQRO2-TL GMSM (CQRO2-
TLGMSM) operator and the weighted CQRO2-TL GMSM (WCQRO2-TLGMSM) operator, and then
demonstrated their properties such as idempotency, commutativity, monotonicity and boundedness.
We also investigated a CQRO2-TL DTRS model. In the end, a comparative study is given to prove the
authenticity, supremacy, and effectiveness of our proposed notions.
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A multi-attribute decision-making (MADM) tool plays an important role in the environment of
fuzzy set theory and to evaluate unreliable and awkward information. According to Yukalov and
Sornette [1], it is sometimes very much difficult to handle a huge part of data or information because
of either the design of the data or due to the uncertainty involved in the data or information. Human
beings have faced such issues for the last few decades. To oversee such issues, Zadeh [2] initiated the
notion of fuzzy sets (FS), which takes the truth grade from [0, 1]. Moreover, Atanassove [3] modified
the technique of FS and initiated the principle of intuitionistic FS (IFS) by including the falsity grade
in FS, with the condition that the sum of both the grades must be less than or equal to 1. Sometimes,
when a decision maker provides information, the principle of IFS failed, in which the sum of both the
grades exceeds 1. For this situation, Yager [4] introduced the principle of Pythagorean FS (PFS), with
the condition that instead of sum of both the grades, the sum of squares of both the grades must not
exceed 1. Although with the introduction of PFS, decision makers have gained much more flexibility
to give the values of both the grades but yet there can arise many situations, where PFS failed as even
the sum of squares of both the grades exceeds 1. To handle this ambiguity, Yager [5] improved the rule
of PFS and initiated the notion of q-rung orthopair FS (QROFS), with the rule that the sum of the g-
powers (q =1) of the duplet must not exceeds 1. The QROFS has received massive attraction from
many researchers and has utilized in different areas [6—14]. The mathematical portrayal of the IFS
and their generalizations are clarified with the assistance of Figure 1.
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Figure 1. Geometrical representation of IFS, PFS, QROFS.

Ramot et al. [15] investigated the idea of complex FS (CFS) by including the unreal part in the
truth grade, called complex truth grade, whose real and unreal parts belong to [0, 1]. Due to certain
complications, Alkouri and Salleh [16] modified the principle of CFS by including the falsity grade in
the CFS to elaborate the complex IFS (CIFS), with the rule that the sum of the real and unreal parts of
the duplet must be limited to [0, 1]. Moreover, Ullah [17] utilized the idea of complex PFS (CPFS) by
improving the rule of IFS to initiate a new rule for CPFS, with the condition that the sum of the squares
of the real and unreal parts of the duplet must be limited to [0, 1]. Akram and Naz initiated decision
making for CPFS [18]. Although CPFS has proved its effectiveness, there are many situations where
it fails to perform, for instance, when a decision maker provides such sorts of information whose sum
of the squares of the real and unreal parts exceeds from [0, 1]; for this, the complex QROFS (CQROFS)
was developed by Liu et al. [19,20]. Furthermore, the CQROFS is portrayed by the interest degree and
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the non-participation degree, who’s total g-powers of the genuine part (likewise for nonexistent part)
are not by and large or comparable to 1. The CQROFS is much more generalized and helpful to the
researchers of the field as compared to CPFS and CIFS. Mahmood and Ali [21,22] enhanced the
effectiveness of the notion of CQROFS by studying the TOPSIS technique, correlation coefficients,
and Maclaurin operators in the environment of CQROFS.

In terms of the real-life importance of linguistic terms (LT), Zadeh [23] introduced the theory of
LT sets (LTS) for evaluating the awkward and unreliable problems in real-life decisions. Furthermore,
Herrera and Martinez [24] pioneered the theory of the 2-tuple LT (2TLT) set, which is more modified
than the LTSs. Herrera and Martinez [25,26] utilized the theory of LTS in different fields. Li and
Liu [27] initiated the theory of Heronian mean operators for 2TLT.

DTRS is one of the capable methods to assess abnormal and convoluted data. Different
researchers have adjusted it to various ways like loss function (LF) [28], trait decrease [29], and
further developed models utilizing DTRS [30]. Yao [31] introduced the three-ways decision (3WD),
which is changed from DTRS to adapt to practical choice issues. 3WD can isolate all widespread sets
into three distinct parts: the positive area (POS(C)), the negative district (NEG(C)), and the limit
locale (BND(C)). As a mix of DTRSs and the Bayesian choice method, the procedures of 3WD
has successfully overseen numerous request issues. This speculation has been applied in various
fields [32,33]. The graphical portrayal of the 3WD dependent on the harsh set is examined with the
assistance of Figure 2.

1 A et of objects i

Trisecting

' Boundary Region i

Positive Region Mepative Region
Acting
¥ T ¥
Acceplance Moneomit ment Rugjection

Figure 2. Geometrical interpretation of the 3-WDs.

Liu and Yang [34] introduced the misfortune work in 3WDs dependent on intuitionistic fuzzy
linguistic sets. In view of the above examination, we initiated the following: we generalize the massive
important techniques of three-way decisions (3WD) [35] and DTRS with Complex g-rung orthopair
2-tuple linguistic variable (CQRO2-TLV), to elaborate certain important properties. Moreover, the
generalized Maclurin symmetric mean (GMSM) [36] is a dominant and more flexible method to
determine the accuracy and dominancy of real life issues. Therefore, by considering the complex g-
rung orthopair 2-tuple linguistic (CQRO2-TL) information and generalized Maclurin symmetric mean
(GMSM), we present the CQRO2-TL GMSM (CQRO2-TLGMSM) operator and weighted CQRO2-
TL GMSM (WCQRO2-TLGMSM) operator, and demonstrated their effective properties. Finally, a
model is applied to exhaustively elucidate the proposed procedure, and the effects of different
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contingent probabilities on choice results are examined. The investigation of the elaborated approach
is likewise discussed regarding certain ways to deal with the capability and capacity of the presented
approach. For simplicity, the explored work for this manuscript is explained with the help of Figure 3.

Proposed Method
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CORO2-TLSs

GMSM Complex g-rung
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Linguistic sets {COR2-
TLSs)

Application

I
I

Advantages

Geometrical

Comparison Representation

Figure 3. Geometrical representations of the explored approach in this manuscript.

This manuscript is outlined as follows. In Section 2, we briefly audit some helpful ideas of
2-TLF [24], converse 2-TLF [24], CQROFS [19-22,35], and their functional laws. Furthermore, the
GMSM operators [36] are discussed. In Section 3, we explored CQRO2-TLV and their algebraic laws.
In Section 4, we generalize 3WD and DTRS with CQRO2-TLV to elaborate certain important
properties. GMSM is a dominant and more flexible way to determine the accuracy and dominancy of
real life issues. Therefore, by considering the CQRO2-TL information and GMSM, in section 5 we
present the CQRO2-TLGMSM operator and the WCQRO2-TLGMSM operator and demonstrated
their effective properties. In Section 6, a model is applied to exhaustively elucidate the proposed
procedure, and the effects of different contingent probabilities on choice results are examined. The
conclusion of this manuscript is discussed in Section 7.

2. Preliminaries

For the convenience and improved understanding for the reader, in this section we will recall

some basic notions which will be used in the manuscript. The symbols Uyyy, o co (&), and ng,. 0 ()

will denote the universal set, the truth grade, and the falsity grade, respectively, where asc, 8s¢c, @sc =
1.

Definition 2.1. [24] For a LS S, = {SSLT—O’SSLT—l’SSLT—Z’SSLT—B’ .,SSLT_g} with Bsc € [0,1], the

2-TL function A;r is given by:
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Apr:[0,1] - Spr X [_i'i}a (2.1)

( ) SSpr—j j = round(Bsc, g)
Ar(Bsc) = (Ss,p_» Asc ) with _ j 1 1) - (2.2)
g asc—ﬁsc—g asc € [_5'5}
The 2-TL inverse function A7} is given by:
B 11
A Syp X [—5,5} - [0,], (23)
-1 J
Arr (SSLT_]-' asc) = P + asc = Bsc- (2.4)
Definition 2.2. [19] A CQROFS is given by
Qco = {(.UQCQ (fl’);UQCQ (fl’)) 0 E UJUNI} (2.5)
i2n<uQCQ1P(&)) i2n<nQCQ1P(&)>

where ,uQCQ(fr) = ,uQCQRP(l’r)e and nQCQ(fr) = N9corp (e ,

with the conditions: 0 < ugigm (r) + ngigm () <£1,0< ,ugig“: (r) + ngig“: (r) < 1.

1

. X .. \dsc

N R AR
’uQCQRP QcQRP e 1

Moreover, €QCQ () = <1 — ( asc ({) + pdse (ir))qsc

called the refusal grade. The QROFN is given as

_ _ 27 p i2m(n
QCQ - (uQCQ’nQCQ) - <‘uQCQRPe ( QCQIP)’T]QCQRPe ( QCQIP))'
Definition 2.3. [20] For any two CQROFNs

eiZR(uQCQIP_l) eiZ”("QcQIP—l)) and

Qco-1 = (.“QCQRP-1 'Mocorp-1

eizn(“Qcsz—z) e izn(nQCQIP_Z)), then

QCQ—Z = (‘uQCQRP—Z

'N9corp-2
1
acqQ qcqQ acqQ
1 U +u —
— Q - Q -
e e _\dcq izn Cq%’(; ! qgg”’ 2
QcQrP-1 QcqQrP-2 e Rocorp—1t0coip—2
(2). QCQ—1 EBCQ QCQ—z = acq acq N

'uQCQRP—l'u'QCQRP—Z

nQCQRP—1nQCQRP—2eizn(nQCQIP_anCQIP_Z)
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iz”(“QC 1p-1H9c IP—Z)
'uQCQRP—l‘uQCQRP—Ze ¢ ¢ ’
1
dcq dcq acq
= i 1 +n - )
(2)-Qco-1®coQeo-2=| faco | aco  _\icg ize GUrt cOlP »
9cQrP-1 9cqQRrP-2 UQCQIP_lﬂgcQ”,_Z
e
qcq qcq

nQCQRP—anCQRP—Z

‘u65C elzn(uQCQlP—l
QcQrP-1 !
1

1 Semna— |>

- . _ _ qCQ Sc qCQ

1-(1- aco Ssc acoQ 12n<1 (1 nQCQIP—l) >
nQCQRP—l €

1
x s
(A N
(4) 6SCQCQ_1 = ‘uQCQRP—l , |

ngSC elzn(nQCQlP—l
9cQRrRP-1

Definition 2.4. [21] For any two CQROFNs

ei2n(uQCQ1P_1) eizn(nQCQIP—l)) and

(3). 905, =

Qco-1 = (ancQRP—l 'Nocorp-1

i2m i2m . .
e (“QCQ“’—Z) e (nQCQ“’—Z)), the score and accuracy functions are given

QCQ—Z = (‘uQCQRP—Z ’nQCQRP—Z
by:
dsc __.dsc qsc __.dsc
_ ('uQCQRP—1 77QCQRP—1 + 'uQCQIP—l 77QCQ1P—1) (2.6)
$(0cq1) = . .
dsc dsc qsc asc
i _ (‘uQCQRP—l + nQCQRP—l + ‘uQCQIP—l + 77QCQIP—1) (2_7)
(Qco-1) = > :

Based on the two above notions, the compassion between two CQROFNs is given by:

(1).If $(Qco-1) > $(Qco-2)- then Qco—1 > Qco-2;
(2).1f S(Qco-1) = $(Qcq-2)- then:
i) if Fl(QCQ—1) > H(QCQ—Z)a then Qco-1 > Qco-2;

i) if Fl(QCQ—1) = H(QCQ—Z)a then Qco-1 = Qcgo-2-
Definition 2.5. [36] For the family of Qco—;(j = 1,2,3,...,1n), the MSM operator is given by:
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1

. 1
Ysjysegjige imt QCQ—ji>KSC (2.8)

Ksc
Cn

MSMKSC(QCQ—LQCQ—Z’ ""QCQ‘”) - (

where Kgc = 1,2,...,n, (jl,jz, ""stc) denotes the K-tuple kind of (1,2,..,n), and the symbol
CXSC designates the binomial co-efficient (BCO). Furthermore:
(l)-MSMKSC(QCQ'QCQ; ---.QCQ) = Qco>

(2). MSM*5¢(Qco-1,Qcq-20 +» Qcg-n) < MSM¥S¢(Qco_.1, Qcgszs » Qeg-sn)» if Qco—j < Qco-rj
for all j.
(3).rnjin Qco-j < MSM¥5¢(Qco_1,Qcg-2, ) Qco-n) < m]aXQCQ-j-

Definition 2.6. [36] For the family of Qco—;(j = 1,2,3, ...,n), the GMSM operator is given by:

Gusm(Kseascorase-smseiise) (o1, 0cq s, ., Qcqon)

1
Z i i l_[KSC QaSC—i aSC—1+aSC—2+"'+aSC—KSC (29)
- Ksc
CTL

where  Kgc = 1,2,...,n,Qsc_1, Xsc—2, ) Asc—gge = 0, (jl,jz, ""stc) signifies the K-tuple
collection of (1,2,..,n). Furthermore:

(1).GMSM (kscasc-sasc-z-asc-ksc) (QcorQcor -+ Qcq) =
QCQ: GMSM(Ksc.asc—1.asc—z,...,a’s(:—Ks(;) (0,0, ,0) — O;
(2). GMsm(Kseasc-rasc-zmasc-ksc) (Qco-1,9co-2- ~»Qco-n) <

GMSM(Ksc'asc_l'asc_z'""aSC_KSC) (Qco-+1:Qco-s2s - Qco—sn)s if Qco-j < Qcg-~j forall j;

. Ksc, —1, 2y —
(3).min Qcq-; < GMSMUsesernstscozse=sc) Qoo 1, Qcq 4, ) Qo n) < MaX Qe

2.1. Review of the three-way decisions based on DTRSs

As discussed in [34], DTRS contains two status and three actions, whose information: s =
{Fg,~ Fyg} and Ay = {XPAC’XBAC’XNAC}’ where () is utilized for having a place and for to be not

having a place and Ay 1is utilized for +ve, limit and -ve. Table 1 shows the lose capacities and their
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portrayals.
Table 1. Lose functions and their representations.
Symbols Fg(Pyc) = Correctly solved ~ Fyg(Nyc) = wrongly solved
XPyc Qcq-PacPac Qcq-PacNac
XByc Qcq-BacPac Qcq-BacNac
XNac QcQ-NacPac QcQ-NacNac

Note: Q_CQ_p AcP AC,Q_CQ_p acNac— Expenses of right sort and mistake sort of idea u in agreed judgment;

QCQ—BACPAC’ QCQ—BACNAC B B -
Expenses of the right sort and mistake sort of the idea (r in abstinace judgment; Qco_n,.p 0 Qco-NycNac
= Expenses of the right sort and mistake sort of the idea & in non — agreed judgment.

Form Table 1, the inequality is given as follows:

Q_CQ_PACPAC < Q_CQ_BACPAC < Q_CQ_NACPAC’ (2-10)

Q_CQ—NACNAC < Q_CQ—BACNAC < QCQ—PACNAC- (2.11)
Given the Bayesian risk choice hypothesis [34], we have:
Pr(Fg

[&]) + Pr(~ Fyp

[x]) = 1. (2.12)

By using the Eq (2.12), the expected losses Yz, ( Xiac [ir]), j = P,B,N, and the different actions

are expressed below:

[&]) = Oco-Pacpac Pr(Fp [&]), (2.13)

YeL (XPAC [&]) + Q_CQ—PACNAC Pr(~ Fyp

[u’]) = Q_CQ—BA(;PAC Pr(Fg

Yer (XBAC [&]) + Qco-p e e Pr(~ Fupl[U]), (2.14)

[u’]) = Q_CQ—NACPAC Pr(Fp

Ve (Xnac [&]) + Qco-n 4onae Pr(~ Fupl[]). (2.15)

From the above information, we have:

PAC: When YEL(XPAC

[u’]) < YEL(XBAcl[fr]) and YEL(XPAC
POS(Fp);

[@]) < Yer (xw | [&]), then & €

(2.16)
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Bpc: When YEL(XBAcl[&]) = YEL(XPACH&]) and YEL(XBAcl[&]) = YEL()(NAC”&D, then v €
BUN(Fg);

(2.17)

Nyc: When YEL(XNAcl[&]) = YEL(XPACH&]) and YEL()(NACH&D = YEL(XBAcl[fr])a then v €
NRG(Fy).

(2.18)

3. Complex g-rung orthopair 2-tuple linguistic sets

Based on the above analysis, we have explored the novel approach of CQRO2-TLS and its
fundamental properties. These properties are also explained with the help of some numerical examples.
Definition 3.1. A CQRO2-TLS is given by

QcorL = {((SSLT(&)» asc): (.UQCQTL (&),UQCQTL (u’))) 0 E OJUNI} (3.1)

izn(nQCQTLIP (1’r)>

iz”(“Qc TLIP (‘7”)) ) )
¢ and 77QCQTL (ll’) = 77QCQTLRP (u’)e >

where 'uQCQTL (&) = ‘uQCQTLRP (ﬁ')e

with the conditions: 0 < “gigmp () + ngig”RP () 1,0 < ,ugigmp (r) + ngggmp <1,

where ggcexpresses the rational numbers and the pair (SSLT((X),CZSC) is called 2-TLV with ag. €

1 1
_5’5} and SSLT(&) € SLT'
Moreover,

1

AN ion 1_<quc (&) +73SC (&)>q5c
N asc ) asc . < \dsc < QcqrLIP QcqrLIP
(QCQTL (u) - <1 - ('uQCQTLRP (u) + T]QCQTLRP (u)) ) e

the refusal grade. The CQRO2T-LN is shown by:

) 1s called

Qcort = ((SSLTi aSC)' ('uQCQTL’ nQCQTL)) =

eiZTL’(TchQTLIP)>>'

iz”(“QCQTLIP)

((SSLT’ Asc )' ('uQCQTLRP e ’ nQCQTLRP

Definition 3.2. For any two CQRO2-TLNs

iz"(“QCQTLIP—1)

e izn(nQCQTLIP—1)>>

QCQTL—l = ((SSLT—l’ aSC—l)’ ('u'QCQTLRP—le 'NocorLrP-1

iZTC(”QCQTLIP—Z)' nQCQTLRP
-2

eizn’(nQCQTLIP—Z)))’

and QCQTL—Z = ((SSLT_zr aSC—Z)' (‘uQCQTLRP—Ze

AIMS Mathematics Volume 8, Issue 8, 17943—-17980.



(1). QCQTL—1 @CQTL QCQTL—z =

Apr (AZ% (SSLT_l) asc—1) + AL (SSLT_Z' asc—z)) .

1

N9corLrr-1"19corLRP-2

(2). QCQTL—1 ®CQTL QCQTL—z =

#qCQ #qCQ _
e ylce acq izm QZ%ZL’P* 323”""2
QcQTLRP-1 QcQTLRP-2 e ﬂQCQTLIP—l'uQCQTLIP—z
qcq qcq
‘uQCQTLRP—1‘uQCQTLRP—z
eizn(nQCQTLIP—anCQTLIP—Z)

Apr (AZ% (SSLT_l) asc—1) X Apt (SSLT_Z' asc—z)) .

HocorLrp-1M0corLRP-2

e

1

iZn(

H9cqorLip-1 #QCQTLIP—Z),

qacq acqQ _
nQCQTLIP—l +nQCQTLIP—2

acqQ

qc qac q i2
nQQ . +7]QQ B cQ lm acq nch
CQTLRP-1 CQTLRP-2 e nQCQTLIP—l QcorLIP-2
qcqQ qacqQ

acq

- .

A

- .

nQCQTLRP—anCQTLRP—Z

_ 8sc )
Arr (AL% (SSLT—l’ aSC—l) )"uQigTLRPﬂ
1)
(). Qg1 =| :

— acqQ
8sc\acq 121T<1—(1—n
\ (1 _ (1 dacqQ ) ) e QcQTLIP-1

iZH(M‘SSC )
e 9cQTLIP-1 ,
1

9

)‘%C)W

- 77QCQTLRP—1

|
|

-1
Apr (556 X Arr (SSLT_l' “50—1)) )
_1
1 8sc\4co
T qcQ ,
S 1=
aco @ ) SC>QCQ 127T<1 <1 'uQCQTLIP—l(u)> )

— e
H QcQTLRP-1 !

(4). OscQcorL-1 = <1 — (1

. SSC
k) 12\ n
nQZZTLRP_le ( QCQTLIP—l)
Definition 3.3. For any two QROF2-TLNs
iz”(“QCQTLIP—1)

’ 77QCQTLRP—1

e izn(nQCQTLIP—1)>>

QCQTL—1 = ((SSLT_l, “SC—l)' ('u'QCQTLRP—le

iz”(”QCQTLIP—z)

iz”("Qc TLIP—z)
'N9corLrp-2€ Q , the score

and QCQTL—Z = ((SSLT_zr aSC—Z)' (‘uQCQTLRP—Ze

and accuracy functions are given by:

-1 qasc qasc _.asc _.asc
_ ALT(SSLT_l'aSC_l)x<1+#QCQTLRP—1+#QCQTLIP—1 "9corLrP-1 77QCQTLIP—1> (3.2)
S(QCQTL—l) = > )
Y _ A-1 qasc dsc dsc dsc
H(QCQTL_l) =Aur (SSLT—l’ aSC_l) X (‘uQCQTLRP—l T Hocoriip-1 + NocqrLrr-1 + nQCQTLIP—l)' (3.3)
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Based on the two above notions, the compassion between two QROF2-TLNs is given by:

(1).If S(QCQTL—l) > S(QCQTL—Z)» then Qcorr—1 > Qcorr-2;
(2).If S(QCQTL—l) = S(QCQTL—Z)» then:
i) H(QCQTL—l) > H(QCQTL—Z): implies Qcori—1 > Qcori—2;

i) H(QCQTL—l) = H(QCQTL—Z): implies QCQTL—1 = QCQTL—2~

Table 2. Lose functions and their representations for Complex g-rung orthopair fuzzy 2-
tuple linguistic variables.

Symbols Fg(Pyc) = Correctly solved ~ Fnp(Nyc) = wrongly solved

/ (SSLT(QCQ NacPac)’ SC \

XpPyc (s ~ )
/ S1r(@co-PacPac)’ ®sc

/ ﬂQCQTLRP(QCQ PACPAC \ / HQCQTLRP(QCQ NACPAC \\

QCQTL—Q_CQ_PACPAC | 912" "QCQTUP(QCQ PACPAC) | QCQTL—Q_CQ_NACPAC | 6’2” Hocqruip (Oco- NACPAC) |
TIQCQTLRP(QCQ PACPAC TIQCQTLRP(QCQ NACPAC

\elzn nQCQTLIP(QCQ PACPAC) / \elzn 77QCQTL1P(QCQ NACPAC) //

#QCQTLRP (Q cQ- BACNAC

ﬂQCQTLRP(QCQ BACPAC \ |

QcorL-Gcos ACPAC LZ" "QCQTUP(QCQ BACPAC) QcorL-Gcos AN aC ’2” ”chmp (Qco- BACNAC

nQCQTLRP (QCQ BACPAC nQCQTLRP (QCQ BACNAC

XByc s
/ SSLT(QCQ BacPac) & SC / Sur(Qco-Bachac) SC

'2” nQCQTLIP(QCQ BACPAC) ‘2” 77QCQTL1P(QCQ BACNAC)

HocorLrp (QCQ_NACPAC) Hocorirp (QCQ NACNAC
QCQTL—QCQ_NACPAC = eizn(”QCQTLIP(QCQ‘NACPAC))’ QCQTL—QCQ—NACPAC = elzn(”QcQTup(QCQ NACNAC)
nQCQTLRP (QCQ_NACPAC) nQCQTLRP (QCQ NACNAC

e (s5urt0 ) (
Ssur(Qco-nacpac) #SC )’ Ssur(@co-Nacnac) & SC ]

e iz”("QCQTuP (QCQ_NACPAC)) e lzn(nQCQTLIP (9co- NACNAC)

Note: QCQTL—QCQ—PACPAC’QCQTL—QCQ—PACNAC -
Expenses of the right sort and mistake sort of the idea &t in agreed judgment; QcQTL-0cq-54cp a? 2CQTL~0c0- 4on e =

Expenses of the right sort and mistake sort of the idea & in abstinance judgment; QCQTL—QCQ—NACPAC’ QCQTL—QCQ—NACNAC =

Expenses of the right sort and mistake sort of the idea & in non — agreed judgment.
4. A novel DTRS model based on CQRO2-TLVs
The purpose of this section is to explore the novel DTRS model by using the CQROF2-TLV based

on three-way decisions. The LF matrix for CQROF2-TLYV is presented in Table 2.
Form Table 2, the inequality is given as:
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QCQTL_Q_CQ—PAcpAC < QCQTL_Q_CQ—BACPAC < QCQTL_Q_CQ—NAcpAc’ (41)

QCQTL_Q_CQ—NAcNAC < QCQTL_Q_CQ—BAcNAC < QCQTL_Q_CQ—PAcNAC. (42)

Furthermore, by using the Eq (4.2), we explain the expected losses Yz, ()(j ACI[L’I’]), j=P,B,N

and the different actions are expressed below:

YEL(XPAC [fl’]) = QCQTL—QCQ_pACPAC Pr(Fg|[u]) DcorL QCQTL—Q_CQ_pACPAC Pr(~ Fypl[tD, (4.3

YEL(XBAC [171’]) = QCQTL—Q_CQ_BACPAC Pr(Fg|[u]) Dcore QCQTL—Q_CQ_BACNAC Pr(~ Fypl|[&]), 4.4

YEL(XNAC [U']) = QCQTL—QCQ_NACPAC Pr(Fp|[&]) @CQTL QCQTL—Q_CQ_NACNAC Pr(~ Fyp|[&]). (4.5)

Assumed that Pr(Fy
6NB = 1
Theorem 4.1. With usual meanings

[&]) = Sy, then the Eq (4.2) is given as: &g +

-1 -1
ur (005828 (000 5) + 05883 (S50 ) )

1

5p SnB\ acq
acQ o] ace 9
(1 - (1 ~ Hocorire (QCQ—PACPAC)) (1 - HQCQTLRP(QCQ_PACNAC)) ) X

1

5 _ Sp _ SNB\dcqQ
Yer (Xp 5 I10]) = eizn(1_<1_”gggrup(QCQ—PACPAC)) <1_HZESTL1P(QCQ_PACNAC)) ) ) (4.6)

5p
(”QCQTLIP (QCQ—PACPAC)) x

_ s i2m SNB
<nQCQT"RP (QCQ_PACPAC)> % <"QCQTL1P (QCQ—PACNAC)>
e

_ SNB
(nQCQTLRP (QCQ—PACNAC)>

-1 -1
Bur (63 x Aur (SSLT(QCQ—BACPAC)’ aSC) + Onp X Aur <SSLT(QCQ—BACNAC)’ a“))'

1

op SnB\ acq
qacqQ = qcq —
(1 - (1 - :uQCQTLRp(QCQ—BAcPAc)> (1 - ‘uQCQTLRP (QCQ—BACNAC)) > X

1

., _ p - SNB\dcQ
YEL(XBAcl[u])= ei2”<1_(1_”gggTsz(QCQ—BAcPAc)) (1_M258TL1P(QCQ_BACNAC)) ) > (4-7)

)

[}
<”QCQTL1P(QCQ—BACPAC)> x

) 2w
— SNB
(nQCQTLRP (QCQ_BACPAC)> X (nQCQTLIP (Q_CQ—BACNAC)>
e

_ SNB
<nQCQTLRP (QCQ_BACNAC))
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Yer (XNAC | [171']) =

Proof. First, we prove that the Eq (4.6) holds. The proofs of Eq (4.7) and of Eq (4.8) are similar.

YEL(XPAcl[&]) = QCQTL_Q_CQ—PACPAC PF(TB

AIMS Mathematics

-1 -1
Bur (63 x Aur (SSLT(QCQ‘NACPAC)' asc) O X i (SSLT(QCQ-NACNAC)’ asc)) ’

1

o8 SNB\ acq
qacQ ~ qcQ —
(1 — (1 - luQ(;QTLRP(QCQ—NACPAC)> (1 - .UQCQTLRP (QCQ_NACNAC)> ) X

1

qacQ

; acqQ 5 o8 acq 5 o
elZﬂ.’ 1—(1—#QCQTLIP(QCQ—NACPAC)) (1—#QCQTLIP(QCQ—NACNAC)>

5p
/(nQCQTLIP(QCQ_NACPAC)> X\
i2m| |

op
(nQCQTLRP (QCQ_NACPAC)) X . \(UQCQTUP (QCQ-NACNAC)) /

_ SNB
(nQCQTLRP (QCQ —NACNAC))

= QCQTL—QCQ_PACPAC5B @CQTL QCQTL—Q‘CQ_pACPAC5NB

-1
Aur <6B X Aur (SSLT(Q_CQ—PACPAC)’ aSC)) ’

1

ép E
dco =
<1 - (1 - 'uQCQTLRP (QCQ—PACpA(;)> )
@CQTL
1

SB\dcqQ
. acoQ =
elzﬂ(l—(l_ﬂQCQTLIP(QCQ—PACpAc)> )
)

J:}
_ Sp iZn'(nQC (Q_CQ_P P )>
QTLIP AcPac
(nQCQTLRP(QCQ_PACPAC)) e

-1
Aur <6NB X Aur (SSLT(Q_CQ_PACNAC)’ “sc)) ’

1

(o)) %
dco =
<1 — (1 - 'uQCQTLRP (QCQ—PA(;NA(;)) )

1
SB\dcq
. _(._,9cQ =
612n<1 <1 uQCQTLIP(QCQ-pACNAC)> )

)

Sp
= Sp i2n<nQCQTLIP (QCQ-PACNAC)>
(nQCQTLRP (QCQ_PACNAC))

[u]) DcorL QCQTL—Q_CQ_pACpAC Pr(~ Fyp

(4.8)
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(nQCQTLRP (Q_CQ_PACPAC))

— SnB
(nQCQTLRP (QCQ_PACNAC))

qcqQ

1—(1

aco _ SnNB

Sp SNB E
(., acq (A _ace (5
elZn(l (1 “QCQTLIP(QCQ—PACPAC)> <1 ”QCQTLIP(QCQ‘PACNAC)> )

ép

- “QCQTLRP (QCQ_PACPAC)>

-1 -1
ALT (63 X ALT (SSLT(Q_CQ—PACPAC), aSC) + 6NB X ALT (SSLT(Q_CQ—PACNAC)’ aSC)) ’

1
qcqQ

1

ép
/("QCQTLIP (QCQ—PACPAC)> X\

i2m SNB
(”QCQTLIP (QCQ_PACNAC)>

X

Moreover, we diagnose the expected values, such that

sc)+
|

SnpXALF _ ,
\ B LT(SSLT(QCQ_PACNAC) asc)/

SpxA[F - , +
/ B LT<SSLT(QCQ_PACPAC) * C)

X

1
8B\ 4cq

_(1-g%@ (5 \
/1 (1 ﬂQCQTLRP(QCQ—PACPAC))

aco B SNB
(1_MQCQTLRP (QCQ_PACNAc)>
1
8B\ 4co
/1—<1—ﬂgggTUP(Q_CQ—PACPAC)) \ ¢
aco B SNB
(1_MQCQTL1P(QCQ_PACNAc)>
_ Sp _ SNB
(nQCQTLRP(QCQ_PACPAC)) (nQCQTLRP(QCQ_PACNAC)) -
SnB

~ S ~
(nQCQTLRP(QCQ_PACPAC)) (nQCQTLRP (QCQ_PACNAC))

Qv (YEL (XPAC | [u’])) =

6B><AZ%<

-1
SnpXALT

SSLT(QCQ—BACPAC)'aSC>+

X

(SSLT(QCQ-BACNAC)'aSC>

8 >

1
8B\ 4cq
acQ _
1—(1—MQCQTLRP(QCQ—BACPAC)>

aco B SNB
(1_MQCQTLRP (QCQ_BACNAc))

1
88\ acQ
acqQ —
1_(1_MQCQTLIP (QCQ—BACPAC))

aco B SNB
(1_MQCQTLIP (QCQ—BACNAC))
B Sp _ SNB
(nQCQTLRP (QCQ—BACPAC)) (nQCQTLRP(QCQ_BACNAC)) -
SNB

_ S _
(nQCQTLRP (QCQ_BACPAC)) (nQCQTLRP (QCQ_BACNAC))

Qv (YEL (XBAC | [u’])) =

AIMS Mathematics
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SpXALE _ Rk +
/ B LT<SSLT(QCQ‘NACPAC) dsc)

SnpXATH s _ x
\ B LT( S17(9ce-NacNac) SC)

1
8B\ dcq
acq = \
/1_<1_#QCQTLRP (QCQ—NACPAC)>

aco ~ SNB
(1_#QCQTLRP(QCQ_NACNAC)>
) o5\ 7ce
|x /1—(l—ﬂgggTuP(Q_CQ—NACPAC)> \
/ acqQ = ong B
(1_”QCQTL1P(QCQ'NACNAC)>

- Sp _ SNB
(T]QCQTLRP(QCQ_NACPAC)) ("QCQTLRP (QCQ_NACNAC))

_ Sp _ SNB
(nQCQTLRP(QCQ_NACPAC)) (”QCQTLRP (QCQ_NACNAC))

Qv (YEL (XDAC | [u])) =

8

(4.11)

To handle whenever the normal qualities failed to discover the connections between any of two

predictable losses, we investigate the ideas of precision work, which is expressed as follows:

Gar (YEL (XPAC|[&]))

-1 _
8p X Ay (SSLT(QCQ—PACPAC)’ aSC) +

-1 _
Snp X Aip (SSLT(QCQ—PACNAC)' asc)

1

dco

1= <1 a #QCQTLRP (QCQ_PACPAC)) N

dcq = Snp
<1 B 'uQCQTLRP (QCQ_PACNAC))
1
_ 85\ dcg

dcQ

/1 _< h #QCQTLIP(QCQ_PACPAC)) \ .

dcq A Oz /
<1 ~ Hocorp (QCQ_PACNAC))
A 95 — SnB
(TIQCQTLRP(QCQ—PACPAC)) (TIQCQTLRP (QCQ_PACNAC)) +

_ Sp _ Onp
(nQCQTLRP (QCQ—PACPAC)) (nQCQTLRP (QCQ_PACNAC))

SBXAZ.}(

5NB><A;%<SSLT(

SSLT(Q_CQ-BACPAC)'aSC>+

5 asc
2c0-BacNac)

8

1
8B\ dco
acq =
1_<1_MQCQTLRP (QCQ—BACPAC))

aco B SnB
(1_”QCQTLRP (QCQ'BACNﬂc)>

1
)\

acq =
x 1_<1_MQCQTLIP(QCQ_BACPAc)

aco B SnB
(1_”QCQTL1P (QCQ—BACNAC)>
B g _ SNB
(nQCQTLRP(QCQ_BACPAC)) (nQCQTLRP(QCQ—BAcNAc)) +
SnB

~ S -
(nQCQTLRP (QCQ_BACPAC)) (nQCQTLRP (QCQ_BACNAC))

Gar (YEL(XBAC| [ﬁ’])) =

AIMS Mathematics

8

(4.12)

(4.13)
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Gar (YEL (XDAC| [U‘]))

_1 _
(63 X Apr (SSLT(QCQ—NACPAC)' aSC) +

_1 _
Swp X Ay (SSLT(QCQ—NACNAC)' asc)

>x

1

_ 85\ dcq
dcq
(1 - (1 - HQCQTLRP(QCQ—NACPAC)) ) N

dco 5 R
(1 - HQCQTLRP (QCQ_NACNAC))
1

5p a
dcqQ A
(1 - (1 - MQCQTLIP(QCQ—NACPAC)) ) N

dcq A Snp
(1 - MQCQTLIP (QCQ_NACNAC))
_ o5 _ S
(nQCQTLRP (QCQ—NACPAC)) (T]QCQTLRP (QCQ_NACNAC))

_ Sp _ Snp
(nQCQTLRP (QCQ_NACPAC)) (nQCQTLRP (QCQ—NACNAC))

8

Furthermore, we diagnosed the three-way decision rules, such that

Pyc—1: When Qgy (YEL(XPAC”&])) < Qgv (YEL(XBACH':V])) V Qgy (YEL(XPACI[&]))

= Qgv (YEL(XBAC”&])) A Gyp (YEL(XPACH':"D)

< Gyr (YEL (XBACI[&])) A Qgpy (YEL (XPAcl[':"D)

< Qgv (YEL (XNACI[&])) V Qgy (YEL (XPAcl[ﬁ']))

= Qgy (YEL(XNACI[&])) A Gyp (YEL(XPACI[&]))

< Gyr (YEL(XNA(;l[fr]))a then &t € POS(Fp);

Byc—1: When Qgy (YEL(XBAcl[&])) < Qgv (YEL (XPAC|[':"D) V Qgv (YEL (XBACI[&]))

= Qgy (YEL(XPAcl[&])) A Gy (YEL(XBAcl[&]))

< Gur (YEL(XPACI[&])) A QEV (YEL(XBACH&]))

< Qgv (YEL(XNAcl[&])) V Qgv (YEL(XBAcl[&]))

= Qv (YEL(XNAcl[&])) A Gyp (YEL(XBAC”&]))

< Gar (Y5 (g |[]) ). then & € BUN(F):;

AIMS Mathematics
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Npc—1: When Qgy (YEL(XNAC”&])) < Qgv (YEL ()(PACH&])) V Qgy (YEL (XNACI[&]))
= Qgv (YEL (XPACI[&])) A Gup (YEL (XNACI[&]))

< Gyr (YEL (XPAcl[&])) A Qpv (YEL (XNACI[&]))

) ) 4.17
< Qgy (YEL(XBACHU’D) V Qgy (YEL ()(NACHU’])) (4.17)
= Qv (YEL(XBAC”&])) A Gyp (YEL(XNAC”&]))
< Gar (Yo (s, |[11]) ). then ¥ € NEG (F).
Therefore,
Gar (QCQTL—Q_CQ_pACpAC) < Gyr (QCQTL—Q_CQ_BACPAC) < Gyr (QCQTL—Q_CQ_NACPAC)' (4.18)
Gar (QCQTL—QCQ_NACNAC) < Gyr (QCQTL—Q_CQ_BACNAC) < Gyr (QCQTL—Q_CQ_pACNAC)' (4-19)

5. Certain GMSM operators for CQRO2-TLVs

The interrelationship among the different attributes in real decision theory is ever-present. The
MSM and GMSM operators are efficient techniques to perfectly evaluate the interrelation between the
characteristics. The purpose of this communication is to explore the GMSM and weighted GMSM
based on CQRO2-TLVs.

Definition 5.1. For the family of CQRO2-TLVs Qcqr— j(j = 1,2,3, ...,n), the CQRO2-TLGMSM
operator is given by:

CQRO2 — TLGMSM(Ksc,asc—Lasc—z,...,asc—KSC) (QCQTL—lf QcorL—2s QCQTL—n)

: (5.1)

Ksc p%sc-i \a +a +ota
. . -1 -2 -K
_ (215]15---5]1(5(; Hi=1 QCQTL—j,:) Sc Sc SC-Ksc

Ksc
C‘)’l

where KSC=1,2,...,n,asc_l,asc_z,...,aSC_KSC20,(j1,j2,...,jKSC) designates the K-tuple

collection of (1,2,..,n).
Theorem 5.2. For the family of CQRO2-TLVs

iZTL’(#QC ) iZTL'(T]Q ) .
— ) QTLIP- CQTLIP- —
QCQTL—J ((SSLT—j’ aSC—J) ’ ('u'QCQTLRP—je 7 nQCQTLRP—je g (I

1,2,3,...,n),
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CQRO2 — TLGMSM(KSC'““*1'“55’2""'%6”{55)(QCQTL—1. Qcori-2s - Qcori-n)

1

Qer s
Yiei ) HKSC AL (s a ) SC-i\ @sc-1tasc2tHAsc—kge
1sjisSjgge Hi=1 LT \°Spr—j;» “SC—ji
ALT CKSC ’
n
1
1 dcq
1 asc-1tasc—2+taAsc-k g
Ksc Ksc
: n
1 _ 1 _ (MqCQ )aSC—l x
QcQTLRP-j
1,5 'Sfkge i=1

1
1 dcq
L\ @sc-1tasc-ztFasc-Kge (52)
= K q asc-i\ Ksc
2n| | | 1-Thejyegjpe. (1T g2 Cn
k =hssiksc it \Fecoriip— )
e )
1
1 dcq
1\ @sc-1tasc—z2++asc-kgc
Ksc Ksc
a i n
q, SC-i
|1— 1- - [(1=mg2 ) | x
QcQTLRP-j /
i=1

. K
i2m 1—<1—1‘[15j15.,.5j,(sc(1—[]1,_515(

e

Proof. Let
K
= " asc-i
Arr | | (ALT (SSLT_jiraSC—ji)) )
i=1
Ksc Ksc K asc—i
asc—i (ﬂ )aSH ei2”<ni=slc(”QCQTuP—f) l)
QCQTL—ji QcQTLRP-j ’
i=1 =1
—1 1
Ksc dcq ASC—iNTrp
q asc—i i2n(1-[15¢(1-n2CQ , f\ce
1— (1 — 1. ) =1 2cqrLIP-j
9CQTLRP-j
i=1

AIMS Mathematics

™ NocorLip-j

qcq

1
asc-i\ Ksc
) )

¥

1 [T

@sc-1+asC—2++ASC-Kge

Volume 8, Issue 8, 17943—-17980.



17961

Ksc

2.

Ksc
Yisjissjkge st

asc-i
CQTL-j;

Ksc
CTL

AIMS Mathematics

| | asc—i —
QCQTL—ji_

1sjysSjgge =1

Ksc

ALT

1SjiSSjkgp i=1

-

15]-15“.st5€

Ksc

i=1

: ] _ Ksc( dsc #sc-i\\asc
e12n<1_l—[15]15"'5”<sc(1_Hi=1 ('uQCQTLIP—j

Ksc

i=1

Z 1_[ (AZ71 (SSLT-ii’ aSC—J'i)>aSC_i ,
-] ()

N (CE

1
qsc

1

)

1
acq

1
. . . Ksc ace fec-iyace
i nlS]ls'"S]KSC(l_Hizl (1_”QCQTL1P—J')
e
asc-i
Ksc -1
lejls...stSC Hl=1 <ALT (SSLT—jil aSC_]l)>
ALT Ksc ’
Cn
1
1 acqQ
Ksc Ksc
asc-i '™
qc
9CQTLRP-j
1Sj15"'SjKSC i=1 /
1
1 \4cq
, Ksc( 4cQ #SC=1) ¢y SC
i2m 1_H15j15"'5jKSC(1_Hi=1 (”QCQTLIP-J') "
e )
1
1 acq
Kse Ksc
1 (1 )asc_i “
TIQ(:QTLRP-]
115 SjKge =1
1
1 \4cq
Ksc acq “SC=t\cp ¢
2| Misj < Sstc(l_Hi=1 (1_nQCQTLIP—j) n
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1
Z HKSC asc-i . aSC_1+a5C_2+---+a5C_KSC
1sjisSjkge CQTL—ji
Ksc
Cn
1
Z ) ) HKSC A_l S a ) asc—i aSC—1+aSC—2+"'+aSC—KSC
15]15"'5]1(5(: i=1 LT SLT—ji' SC—]i
ALT CKSC ’
n
1
dcq
asc-1tasc- z+ +tasc-Kgc
Ksc Ksc
| qc O-'SC i |
|| 1- 1- (M : | x
9cQTLRP- ;
\\ 1)y SSjgge i=1 / /

B

N

_Q

cQ

acqQ aSC l KSC

|/ asc-1tasc- 2+ +ASC-Kgc
i Ksc(

21 1- j1<-<j (1

| HlS]]_S S]KS l_[ #QCQTLIP —j

e )
1
1 dcq
1 asc-1tasc-2++asc-Kgc
Ksc cKsc
asc_i \'n
qcq SC—i
1-|1- 1-— 1-n X
QCQTLRP-j
1<j1<SjKge i=1
1
) 1
ac
G 1(1 asc-1tasc-2ttasc-gg, ¢
: K acQ SC-1\o*SC
2| 1-| 1-Tli<j, << (1— .5( ) n
Misjissjge (1Tl “ocorLip-j

e

Furthermore, by using the investigated operators, we discuss certain properties such as
idempotency, commutativity, monotonicity, and boundedness, which are very important for the
proposed work.

Theorem 5.3. For the family of CQRO2-TLVs

_ 21| pg . i2m(ng . .
Qcori-j = ((SSLT_]-»“SC—]) ’ ('u'QCQTLRP—je ( corHp 1),nQCQTLRP_].e ( cortr 1))> U=
1,2,3, ...,n), then

iZTL'(”QcQTLIP), n QcorLrp

eiZTl’(”QcQTLIP)>>’

(1). Qcori-j = QcorL = ((SSLT'aSC)' (‘uQCQTLRPe

implies CQRO2 — TLGMSM(Ksc'asc_l'asc_z'""aSC_KSC) (Qcori-1,9cori—2 - Qcori—n)
= QCQTL-

(2). if Qcori-; is a collection of CQRO2-TLVs and Q'CQTL_ j 1s any replacement of Qcor,-;, then
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CQRO2 — TLGMSMKsoase-sasc-zrtsctsc) (Quor, 1, Qcqry—s ) Qogri-n) = CQROZ -
TLGMSM(Ksc,aSC—Lasc—z,...,asc—KSC) (Q’CQTL—l» Qbori—20 ) QICQTL—n)'

(). if Qcori-j and Qgor,—; are any two collections of CQRO2-TLVs with a situations
s.t. Qcori—j < Qcori-j»
then CQRO2 — TLGMSM(KSC‘“SC‘”“SC‘Z‘""“SC‘KSC)(QCQTL_l, Qcori-2 - Qcori-n) <
CQRO2Z — TLGMSM(Ksc'asc_l'asc_z""’aSC_KSC) (QICQTL—II QcorL—2, s Q’CQTL—n)-

eizn(ﬂgcqmp—j))> is a

. 27 i .
4). if Qcori-j = <(SSLT_j,“sc—j),(IJQCQTLRP_je ( Ccorip J)

family of the CQRO2-TLVs, then

min(QCQTL—lrQCQTL—Z) ---;QCQTL—TL) < CQROZ —

’ 77QCQTLRP— j

TLGMSM(seasc-1sc—zmsc-ksc) (QcorL-1,Qcori-2, - Qcori-n) <

max(QCQTL—lr QCQTL—Z: ey QCQTL—TL)-
Proof.

iz”(”QCQTuP)

izn(ngc TLIP)
' NocorLrp € Q , then we have

D). If QCQTL = ((SSLT! aSC)’ ('u'QCQTLRPe
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Ksc asc-i
lejlsmstSCH <ALT (SSLT i » Asc— ]L))
ALT CKSC )
n
1
1 qco
asc-1tasc-2++asc-Kgc
Ksc Ksc
Ao
qc SC-i
1- | | 1—| |(u 0 ) x
QCQTLRP-j
\ 1=j15Sjkge i=1 /
1
/ ch\
| a asc-1tasc- z+ +asc-Kgc |
. Ksc( qacqQ SC—
i2m 1- << 1-
IK M)y s’Ksc( I 'LLQCQTLIP -j ) |
\ J
1 qcq
1 asc-1+tasc-2++asc-Kgc
Ksc Ksc
acq asc-i \‘n
1-|1- | | 1—| |( _— ) X
QcQTLRP-j
15j15-Sjkge i=1 /
1
1 acq
( 5o %% asc-1+asc-2++asc-kge
i Ksc( acQ ) —\c
2n| 1- 1-Tl1<j <gf 1-J1..5¢(1- n
e Masji= SJKSC( Mizy (*MacorLip-;

e

CQRO2 — TLGMSM(KSC‘“SC‘l'“SC-Z'""“SC-KSC)(QCQTL_l, Qcori-2) -+ Qcori-n)

1
asc-1tasc-2++asc-Kgc

/

1

Ksc (p- 1( ASC-i\ asc—1+asc—z++aAsC-Kg
Yisjy < <]KSCH LT SsLT'“sc)

ALT CKSC ’

n

1
1 aco
1 asc-1tasc-z2++asc-kgc
Ksc cKsc

1_ 1_[ 1_1_[(ch )asc—i n %

”QCQTLRP

1<j15SjKge i=1

1

1 qcqQ
o %m asc-1+asc-zttasc-kgeo
; ) ) Ksc(,9cQ SC-i\c
i2m 1—]_[15]15.4.S]KSC<1 I1;= (HQCQTLIP n
e )
1
1 dcq
1 asc-1tasc-2++asc-kgc

Ksc Ksc

C,
_ _ _ qco asc-i |
1 1 1_[ 1 1_[ ( nQCQTLRP) x
<jis- i

1 1 acqQ
« Ksc asc-1+asc—2++asC-Kge
Ksc( acq ) Sc-i
i2m| 1| 1- 1-
H1<]1< <]KSC< I nQCQTLIP

e
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1
)“Sc—i asc-1tasc—z2ttasc-kgc

(AZT1 (SSLT' asc)

Ksc
CTL

ALT

1

1 qco

1- asc-1+asc—z++asc-Kgc
1
K
cKsc

<( daco )“SC—L’) n
‘uQCQTLRP
1
1 acq
— ({ \asc—1+asc—z+“'+0‘sc—1{5c\ ©
1
Ksc
IK “sc L)C'ﬂ /I

am q
CQ
K H QCQTLIP }

1 )asc 1tasc— 2+ +asCc-Kgc

. (1 - (1 - ( UZCCZTLRP)aSC_i)CSSC

>“sc 1tasc— 2+ tasc- KSC

QcortL-

) / qc asc—i Ksc
LG&1—<1—(1 (1 "chrup> )C
e

iZﬂ(ﬂQCQTLIP)' n Ocorirp

e izn(nQCQTLIP)>) =

= ((SSLT' aSC)' ('UQCQTLRPe

(2). By supposition, we have Qcor,—j, a collection CQRO2-TLVs and Q'CQTL_J- is a slight
substitution of Q¢ory-j, then

CQRO2 — TLGMSM(Ksc,asc—1,asc—z,...,asc—KSC) (QCQTL—l' QcorL—2r ) QCQTL—n)

1
Z i HKSC asc-i asc_1+a’sc_2+'“+asc_1(sc
1sjisSjgge CQTL—jz
- Ksc
Cn
1
Yoo HKSC 1&sc—i asc-1+asc—z++asc-Kge
1sjisSjgge CQTL—jz
- Ksc
Cn

= CQRO2
_ TLGMSM(KSC,(ZSC_1,6(5C—2,....aSC—KSC)(QEQTL_l’ Q,CQTL—Z' ey Q’CQTL—TL)'

(3). By hypothesis, we have if Qcor,—j and Qror— ;j are any two collectionss of CQRO2-TLVs

with the settings s.t. Qcori—j < Qcori—j» then

Ksc Ksc Ksc Ksc
Qa’SC—i Q/asc i Q“sc i QlaSC—i
CQTL_JL CQTL—- JL CQTL- h CQTL—j;
i=1 15j1< Sk i=1 1<ji<Sjkge 1=1
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Yo ) HKsc asc—i T ] HKSC 1asc—i
1sji1=Sjkge Lli=1 2CQTL-j; 1sjissjggo Hli=1 2 cQTL-};
— S
cXsc cKsc
n n
1
. ) KSC n%SC-i \ age_1+age—p++aAsc_
Tisjis-sige Mot Qeorij; | SC145€-2 SC-Kgc
- = <
cKsc
n

1
Ksc o1¥sc-i  \ agc_1+asc_z++asc—
(lejls"'stsc Hi=1 Q CQTL—]‘,:) SC—-1TASC-2 SC-Kgc

Ksc
CTL

Hence

CQRO2 — TLGMSM(Ksc,asc—1,asc—z,...,asc—K5c) (QCQTL—l: Qcori—2s QCQTL—n)

< CQRO2
— TLGMSM(KSC‘aSC_l'aSC_Z""’aSC_KSC) (Qtori-1,Qcori-2 -+ Qcori-n)-

(4). By hypothesis, if we have

izn(“QCQTLIP—j)

eizn(nQCQTLIP—j)>>’

QCQTL—j = ((SSLT_J-’ “Sc—j) ’ ('uQCQTLRP—je

’TIQCQTLRP—j
a collection of the CQRO2-TLVs, QEQTL_j=min(QCQTL_l,QCQTL_Z,...,QCQTL_n) and

QELQTL_j = max(QCQTL_l, QcorL—25 s QCQTL_n), then by means of the properties (1) & (3), we
have
CQRO2 — TLGMSM(Ksc'asc_l’asc_z’""aSC_KSC)(QCQTL—l: QcorL—2r ) QCQTL—n)
> CQRO2

_ TLGMSM(KSC'aSC_l'aSC_Z'""aSC_KSC)(QEQTL—L QEQTL—Z' . QEQTL—n) — QEQTL

CQRO2 — TLGMSM(Ksc'asc_l’asc_z’""aSC_KSC) (Qcori-1,Qcori-2 - Qcori—n) < CQRO2 —

TLGMSM(Ksc,asc—1,asc—z,...,asc—KSC) (QgQTL—ll QEQTL—Z' o, Q-CFQTL—n) — QZQTL-

Hence
min(QCQTL—l: QCQTL—Z' ey QCQTL—n)
< CQRO2

— TLGMsM{Ksescousczsc-ksc) (Qcori-1,9cori-2s -+ Qcori—n)

< max(QCQTL—L QCQTL—Z: e QCQTL—n)'

Definition 5.4. For the family of CQRO2-TLVs Qqr;—;(j = 1,2,3, ...,n), the WGMSM operator is
given by:
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WCQRO2 — TLGMSMK550-1.050-2050-ksc) (Qcori-1,9cori-2s -+ Qcori—n)

1
)aSC—i asc-1tasc-z2++asc-kge (5.3)

Ksc
lejls---stSC Hi=1 (QWV—inCQTL—ji

- Crlfsc

where  Kgc = 1,2, ..., M, &gc_1, Asc—2) ) Asc—kge = 0, (jl,jz, ""stc) represents the K-tuple
collection of (1,2,..,m), and Quyp = Quy_1, Qpv—2, o, Qpy_,)T  with the condition
Xie1 Qv = 1.

Theorem 5.5. For the family of CQRO2-TLVs

iZn(uQC TLIP ) iZn'(ngc ) .
= ) - QTLIP—j —
QCQTL—J <(SSLT—j’ 6{S‘C—J) ’ (‘uQCQTLRP—je @ 7, 77QCQTLRP—je (]

1,2,3,...,n),
WCQRO2 — TLGMSM(KSC'“SC‘”“SC‘Z'""“SC‘KSC)(QCQTL—1, Qcori-2s -+ QcorL-n)

Ksc
CTL

1

SC-i\ a, +a +ota

Ksc A1 ) Sc-1+asc-2 SC-Kg¢
/ PETHENET MO | Py (QWV—]iALT Sspr_j #SC-j;

Ay }
S 1
qcQ

asc-1+tasc—2+t+asc-Kge

1— asc-i ﬁ
_ _ 11Ksc 1-— Qwv-j;
1 Hlsjls--»sj,(sc 1 Hizl <#QCQ ) l x
QcQTLRP-j

1

1
ac
sc-1+asc-2++asc-Kge ¢ (54)

1

1
— Qpy_i. \*SC-i\ Ksc
= . ) ) _rkscf4_(+_,9cQ WV-ji Cn
i2m (1—]‘[15]15,..5“(“(1 1,2 (1 (1 ‘uQCQTLIP—j

e

’
1

H acqQ

_1 \ asc-1tasc—2ttasc-Kge
cKsc

1-—
1 1 1— asc-i \ "
- - H15f15“‘Sstc Hfii( Qwv-j,dcq (fl’)) x
77QCQTLRP—j

1
acqQ

1
asc-1+asc—z2++asc-Kge

1
Quv—i.4 asc-i\ Ksc
. Ksc wv-j;4cqQ ., C
i2m 1_<1_H1</1<”'</Ksc<1_ni=1 <1_"chrup—j (@] n

e

Proof. Straightforward.
Theorem 5.6. For the family of CQROF2-TLVs

= i27(Kocoruip-;) 27(MocqgrLip-;) | =
QCQTL—j - ((SSLT—j’ aSC—j) ’ (‘uQCQTLRP—je © 7 N9corLrp-;€ © / U=

1,2,3,...,n),
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iz”(”QCQTLIP)

Mocgrin€ iZH(UQCQTLIP)>> , then

(1). ifQcorr—j = QcorL = <(SSLT' “SC)' ('uQCQTLRPe

WCQRO2 — TLGMSM(Ksc’asc_1'asc_2""'asc_KSC) (QCQTL—L Qcori—2) > QCQTL—n) = QcorL-

(2). if Qcori—j isacollection CQRO2-TLVs & Qcqry—; is a replacement for Qcory—j, then

WCQRO2 — TLGMSM (Ksodse-vasc-armsettsc) (Quor, 1, Qcory—s ) Qogri-n) = WCQROZ —
TLGMSM(Ksc'asc_llasc_z'""aSC_KSC) (Qcori-1,Q¢ori-2s - Qeori-n)-

(3). if Qcori-j and Qcory—; are two collections of CQRO2-TLVs with the settings s.t. Qcori—j <
QICQTL— j» then
WCQRO2 — TLGMSM(K5c50-1050-2050-ksc) (Qcori-1,Qcori-2 - Qeqri—n) <
WCQRO2 — TLGMSM(Ksc'asc_l’asc_z""'aSC_KSC) (QICQTL—L Qcori—2, Q’CQTL—n)-

eizn(ﬂgcqmp—j))> is a

. i2m( .
(4). if Qcori-j = <(SSLT_j,“sc—j),(IJQCQTLRP_je ( QCQTLIP—J)

family of the CQRO2-TLVs, then

min(QCQTL—l»QCQTL—Z; ---;QCQTL—n) <WCQRO2 —

’ 77QCQTLRP— j

TLGMSM{Ksesc-usczsc-ksc) (QcorL-1,Qcori-2, - Qcori-n) <

max(QCQTL—l: QcorL—25 > QCQTL—n)-

Proof. Straightforward.
6. Three-way decisions based on the CQRO2-TLVs

We explored the LF based on CQRO2-TLVs and 3WD for CQRO2-TLVs, where the probability
vector is represented by: A, = {XPAC’XBAC’XNAC}’ Q¢ = {Fg,~ Fyg} and

D = {Pr(Fg|[&]),Pr(~ Fyg|[])} with Pr(Fg|[]) + Pr(~ Fyg|[&]) = 1. Then, we have the
following:
Step 1: By using the Eqs (6.1)—(6.3), we examine the LFs, which are stated below:
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S = a
( SLT(QCQ—PACpAc)' SC) !

- = = iz”(“QCQTLIP (Q_CQ_PACPAC)>
= n
QCQTL_QCQ_PACPAC ('LLQCQTLRP (QCQ_PACPAC)e ’ and

( ) lz”<nQCQTLIP(Q_CQ_PACPAC)>
N9corLrp QCQ —PacPac)®

( (SSLT(Q_CQ—BACPAC)’ aSC) ’

(6.1)

) iz”(“QCQTLIP (QCQ BACPAC

QCQTL_QCQ‘BACPAC H9corLrp (QCQ_BACPAC €

(— ) i2n<nQCQTL1P(QCQ BACPAC
77QCQTLRP QCQ—BA(:PAC e

S = o
( SLT(QCQ—NACpAc)’ SC) ’

~ iz"(“Qc TLIP (Q_CQ_NACPAC
QCQTL_QCQ—NAcPAC Q

{#QCQTLRP (QCQ_NACPAC)e
= i2n<nQCQTL1P (Q_CQ‘NACPAC
77QCQTLRP (QCQ_NACPAC)e
(6.2)

(— ) i2n<nQCQTLIP(QCQ PACNAC
N9corLrp QCQ—PACNAC e

S = a
(SLT(QCQ—BACNAC)' SC)'

iz”(“QCQTLIP (QCQ—BACNAC

_ ) ) 6.3
Qcari-Oco-sacvac = | | Hocorune (Qco-Bachac)e o)

i2n<nQCQTLIP(QCQ BACNAC

(SSLT(QCQ—PACNAC)' asc) ’

- — = izn('uQCQTLIP (QCQ PACNAC
QCQTL_QCQ‘PACNAC H9corLrp (QCQ—PACNAc)e

77QCQTLRP (QCQ_BACNAC)e )

AIMS Mathematics Volume 8, Issue 8, 17943—-17980.



17970

S = a
( SLT(QCQ_NACNAC)’ SC) ’

- = = iz”(”QCQTuP (Q_CQ_NACNAC)>
QCQTL_QCQ‘NACNAC Hocorirp (QCQ—NACNAC)e ’

_ i2”<nQCQTLIP (Q_CQ_NACNAC)>
\ 77QCQTLRP (QCQ—NACNAc)e

Step 2: By using the Eq (6.4), we aggregate the decision matrix which is construct by decision experts.

WCQROZ —TLGMSM (Ksc’asc_basc_z'""asc_l{“)(QéQTL—ij' Qlari-ij» +r Qlori-ij) = (6.4)

Qcori-ij-

[%]),j = P,B,N and

Step 3: By using the Eqs (6.5)—(6.7), we examine the expected losses Yg;, ( Xiac

the different actions are expressed below:

YEL(XPAC [U']) = QCQTL—QCQ_pACPAC Pr(Fg|[¥]) BcorL QCQTL—Q_CQ_pACpAC Pr(~ Fypl[¥])  (6.5)

YEL(XBAC [U']) = QCQTL—QCQ_BACPAC Pr(Fp|[w]) DcorL QCQTL—Q_CQ_BACNAC Pr(~ Fypl[®])  (6.6)

YEL(XNAC [U']) = QCQTL—Q_CQ_NACPAC Pr(Fg|[¥]) Bcore QCQTL—Q_CQ_NACNAC Pr(~ Fypl[t])  (6.7)

Step 4: By using the Eqs (6.8)—(6.10), we examine the expected values, which are stated below:

1
8B\ dcq
acqQ =
(1—(1—HQCQTLRP(QCQ—PACPAC)> )
+

aco B SNB
(1_”QCQTLRP (QCQ‘PACNAC)>
1
A_l _ 5 —_
0% LT<SSLT(QCQ—PACPAc)'asc>+ aco (5 B\ 9ce
X 1- 1—HQCQTL,P(QCQ—PACPAC) (6 8)
SnpXALE _ , - .
NB LT(SSLT(QCQ—PACNAC) asc) aco - onB
1_”QCQTLIP(QCQ‘PACNAC)
SNB

_ Sp _
("QCQTLRP(QCQ—PACPAC)) (”QCQTLRP (QCQ—PACNAC)) -
SnB

_ Sp _
("QCQTLRP(QCQ-PACPAC)) (TIQCQTLRP (QCQ—PACNAC))

Qv (YEL ()(PAC | [u])) = 8
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1
/EBXAZ%<SS (@ \ 88\ Icq
LT QCQ—BACPAC / acQ 5 \
/lx 1= 1_”QCQTL1P(QCQ'BACPAC)

SnBXAL
\ NB "T( SLT(QCQ BACNAC )

8B\ dcq
acQ = \
/1—(1—#QCQTLRP(QCQ—BACPAC)>
aco B SNB
(1—HQCQTLRP(QCQ—BACNAC))

aco B SNB
(1_“QCQTL1P(QCQ_BACNAC))

_ Q] _
(T]QCQTLRP (QCQ_BACPAC)) (”QCQTLRP(QCQ-BACNAC))

- S _
(T]QCQTLRP (QCQ_BACPAC)) ("QCQTLRP (Qco-Bachac)

SNB

)5NB

Qv (YEL (XBAC | [u])) =

/6B><ALT<
1
T

N

SnBXALrl s
\ NBZEL (SLT(QCQ NACNAC )

8

1

8B\ dcq
acq \
/1 (1 II—QCQTLRP(QCQ—NACPAC)>

aco B SNB
(1_MQCQTLRP(QCQ_NACNAc))
1

8B\ 4cq
SLT QCQ—NACPAC ) \ / acqQ 5 \
/lx 1- I_MQCQTLIP(QCQ_NACPAc)

aco B SNB B
(1_”QCQTL1P (QCQ'NACNAc))

s
(nQCQTLRP(QCQ_NACPAC)) ("QCQTLRP (Qco-NacNac)

(nQCQTLRP(QCQ_NACPAC)) (nQCQTLRP (Q_CQ_NACNAC))

)SNB

NB

Qev (YEL (XDAC | [u])) =

8

Moreover, we investigate the accuracy function, which is stated below:

SpXATH _ i +\
|/ ’ LT(SSLT(QCQ_PACPAC) dsc)

|x

ALt 5
K(SNBX LT<SSLT(QCQ—PACNAC)'aSC)/
ép SNB\dcq
acQ 5 acq =
<1_<I_HQCQTLRP(QCQ‘PACPA6)> (1_”QCQTLRP(QCQ‘PACNAC)) ) +

aco B Sp aco B SNB\dcQ
1_<1_”QCQTLIP(QCQ‘PACPA6)> (1_”QCQTL1P(QCQ‘PACNAC)> +
B Sp SNB
(nQCQTLRP(QCQ_PACPAC)) (nQCQTLRP(QCQ PACNAC))

_ _ SnB
(nQCQTLRP(QCQ_PACPAC)) (nQCQTLRP (QCQ-PACNAC))

Gar (YEL (XPAC | [u'])) =

8

sur(8co-8 AcP Ac)ﬂsc>+

8B><AZ%<S
X

SnpXALE _ X
B LT(SSLT(QCQ_BACNAC) asc)
ép SNB\4cQ
acqQ - acq 5
(1_<1_MQCQTLRP(QCQ_BACpAC)> (1_MQCQTLRP(QCQ_BACNAC)> > +

1

aco B Sp aco B SNB\dcqQ

1_(1_”QCQTL1P(QCQ‘BACPAc)> (1_MQCQTLIP(QCQ_BACNAC)> +

_ ] NB
<nQCQTLRP(QCQ_BACPAC)) (nQCQTLRP(QCQ BACNAC))

)5NB

<nQCQTLRP (QCQ—BACPAC)) (nQCQTLRP (Qco-BacNac)

Gar (YEL (XBAc | [&])) -
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SpXALF _ , +\
|/ ’ LT(SSLT(QCQ—NACPAC) asc)

|x

SnpXALT _ ,
\ N LT<SSLT(QCQ-NACN,qc) asc)/

1
/ ;] SnB\dcq \
acQ 5 acq =
(1_(1_uQCQTLRP(QCQ_NACPAC)> <1_#QCQTLRP(QCQ_NACNA5)> ) +

(6.13)

SnB qCQ
+

L
| _dcqQ 5 |
| 1-(1- uQCQTuP (Qco- NACPAC) 1 #QCQTLIP(QCQ—NACNAC) |
| _ SnB |
k (nQCQTLRP(QCQ NACPAC)) (”QCQTLRP(QCQ—NACNAC)) + )

SNB

e

Step 5: By using the Egs (6.14)—(6.16), we examine the three-way decision rules, which are listed

below:
PAC 1- : When QEV (YEL(XPAC ])) < GAF (YEL(XNAC ])) then r € POS(TP) (614)
BAC—1: When QEV (YEL(XBAC ])) < GAF (YEL(XNAC ])) then r € BUN(.T‘P) (615)
NAC—1: When QEV (YEL(XNAC ])) < GAF (YEL(XBAC ])) then t € NEG (.7:13) (616)

Step 6: This ends the proof.
Example 6.1. Three decision experts {&;, &, W3} and Dpp_,(k=1,2,3) with weight

vectors Qyp = (0.4,0.35,0.25)7 are given. Then, Pr(TB|[L’rj]) =0.3,j=1,23,4.
Step 1: By using the Eqs (6.1)—(6.3), we examine the LFs of the Tables 3, 4, and 5, which are stated

below:

Table 3. Information matrix D;.

tr1 Uy
Fg ~ Fns Fg ~ Fns
(Sll 001)r (541 OOZ)) (SOI 003)' (544 004);
XPac 0.6¢2m(0:6) 0.5¢:27(05) 0.7¢2m(0.7) 0.6¢127(0:6)
(0.4ei27t(0.4)) (0.461'271'(0.4)) <O.1€i2n(0'1)) (0_281'271'(0.2))
(s3,0.011), (s5,0.021), (sg,0.031), (s5,0.041),
XByc 0.7¢2m(0.7) 0.6¢2m(0:6) 0.6¢27(0:6) 0.8¢i27(08)
<0.2€i2n(0'2)) (0.4ei2n’(0.4)> (0.36i2ﬂ(0.3)) (O_ZeiZTL'(O.Z))
(54,0.012), (51,0.022), (54,0.032), (s1,0.042),
XNac 0.8¢i27(08) 0.7¢2m(0.7) 0.7¢2m(0.7) 0.7¢12m(0.7)
(, 0_1ei2n(0-1)) (O_Zeim(o.z)) (0_261'271(0.2)) (0_381'271(0.3))

Continued on next page
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fl’g 171‘4-
(59,0.013), (s4,0.023), (s1,0.033), (s4,0.04),
XPac 0.7¢2m(0.7) 0.5¢:27(0.5) 0.6¢27(0:6) 0.6¢12m(0.6)
(0.38i271'(0.3)) (0.481'271'(0.4)) (0.481'277:(0.4)) (0_281'277:(0.2))
(s5,0.014), (s,0.024), (s,,0.034), (s,,0.043),
XBac 0.7¢2m(0.7) 0.7¢2m(0.7) 0.7i2m(0.7) 0.8¢27(0.8)
(0.2€i2n(0'2)) (0.3€i2n(0'3)) (0.38i277:(0.3)) (0_181'277:(0.1))
(s5,0.015), (s1,0.025), (s5,0.035), (s1,0.044),
XNgc 0.8¢:27(0.8) 0.8¢27(0.8) 0.8¢:27(0.8) 0.7¢:2m(0.7)
(0.1€i2n(0'1)) (0.2€i2n(0'2)) (OlleiZTE(O.l)) (0_281'277:(0.2))
Table 4. Information matrix by D,.
U Uy
Fg ~ Fup Fg ~ Fup
(SO, 0. 02) (54) 003)! (SOI 0. 04) (SSI 0. 05)
XPac 0 gei2m(0. 8) 0.6¢27(0.6) 0 5pi2m(0. 5) 0 712m(0.7)
0 161211'(0 1) (O_zeiZTL'(O.Z)) 0 481271'(0 4—) 0 381211'(0 3))
(s1,0.021), (ss5,0.031), (s1,0.041), (s,,0.01),
XBac 0. 816127'[(0 81) 0.61€i2n(0'61) 0. 181271'(0 1) 0. 7161271(0 71)
(O 1161277:(0 11)) (0.2181'277:(0.21)) (0 416121'[(04-1 ) (0 216121'[(0 21))
(s,0.022), (s,,0.032), (s,0.042), (s,0.042),
XNac 0. 826127'[(0 82) 0.62€i2n(0'62) 0 781271'(0 7) 0 7eLZ7T(0 7)
(O 1281271’(0 12)) (O.ZzeiZTC(O.ZZ)) 0 281271'(0 2) 0 3ei2TL'(O 3)
U3
(59,0.03), (s4,0.04), (s4,0.03), (59,0.04),
XPac 0.7i2m(0.7) 0.6¢:27(0.6) 0.6¢:27(0.6) 0 5.i270(0. 5)
(0.161'211'(0.1)) <O.2€i2n(0'2)) (0 281271'(0 2)) 0 4ei211'(0 4-)
(s5,0.031), (s,0.041), (s5,0.031), (s1,0.041),
XBAC 0.6ei2”(0'6) O.8€i2n(0'8) 0. 6161271'(0 61) 0. 181271'(0 1)
(0.361'211'(0.3)) <O.2€i2n(0'2)) (0 216121'[(0 21)) (0 4161271'(0 41 )
(s4,0.032), (s1,0.042), (s,0.032), (s,,0.042),
XNAC (0.781'271'(0.7) ) (0.761'271'(0.7) ) (0 6261271'(0 62) > 0 781271'(0 7)

0.28i2n(0'2)

0.3e i27(0.3)

0. 226121'[(0 22) 0 ZeiZTE(O 2)

AIMS Mathematics

Volume 8, Issue 8, 17943—-17980.



17974

Table 5. Information matrix by D;.

g Uz
~ TNB ‘T'B ~ TNB
XPac (s0,0.013), (54,0.023), (s1,0.033), (54,0.04),
0 76127‘[(0 7) 0.5€i2n(0'5), 0. 66121‘[(0 6) 0.6ei2n’(0.6)’
0 36127'[(0 3) <0.4ei2n(0.4)> (0 46127[(0 4)) (O.ZEizn(O'z))
XByc (SZ, 0.014), (Sz, 0.024), (Sz, 0.034), (Sz, 0.043),
0 76127‘[(0 7) 0.761’27[(0.7) 0. 761211'(0 7) 0.8€i2n(0'8)
0 26127‘[(0 2) <0.3ei2n(0.3)> (0 36127[(0 3)) (0.1ei2"(0'1))
ANac (50,0.03), (54,0.04), (54,0.03), (50,0.04),
0 76127‘[(0 7) 0.6€i2n(0'6) 0. 66121‘[(0 6) 0.56i27r(0.5)
0 16127‘[(0 1) <0.2€i2n(0'2)> (0 26121‘[(0 2)) (0.4ei27r(0.4))
Xpyc (59,0.013), (s4,0.023), (s1,0.033), (54,0.04),
0 7eLZTr(O 7) O.Seizn'(O.S) 0 661271'(0 6) 0_6ei2n(0.6)
0 3eLZTr(O 3) (0.461'271'(0.4) ) 0 461271'(0 4-) (0_Zei2n(0.2) )
XBac (50,0.02), (s4,0.03), (0,0.04), (s, 0.05),
0 8eLZTr(O 8) 0.6ei2"(0'6) 0 561271'(0 5) 0_7ei2n(0.7)
0 1eLZTr(O 1) (0.261'271'(0.2)) 0 461271'(0 4-) (0_3ei2n(0.3))
XNac (s1,0.021), (s3,0.031), (s1,0.041), (s4,0.01),
0_8lei27r(0.81) 0.616i2n(0'61) 0_1ei271'(0.1) 0_7lei2n(0.71)
(0_1161'211'(0.11)) (0.2161'21'[(0.21)) (0_4lei2n(0.41)> (0.21€i2n(0'21))
Table 6. By using the Eq (6.4), we aggregate the information of Tables 3, 4, and 5.
iy i)
~ Fnp Fy ~ Fnp
AP (50,0.012), (51.41,0.021), (50,0.031), (5139,0.042),
0_2998i2ﬂ(0.299)' 0.275ei27r(0.275), 0_251ei2n(0.251)’ 0_274ei2n(0.274)’
0.678€i2”(0‘678) (0_675ei2n'(0.675) ) (0_622ei2n’(0.622) ) ( 0_6661'21'[(0.66) )
XBac (50.72,0.0112), (s0.760.022), (s0.85,0.033), (s0.74,0.043),
029381’211(0.293)’ 0.274ei27r(0.274), 0_274_ei2n(0.274—)’ 0.269€i2n(0'269),
(0_63zei2n'(0.632) (0_606ei27r(0.606)) (0_656ei2n’(0.656) 0_6596i2n(0.659))
XNAC (31‘04_, 0.013), (50.18’ 0.024), (51_41, 0032), (50_14, 0.042),
0.34ei2”(°'34), 0.3188i2n(0'318), 0.29781271'(0.297)' 0.3 188i2”(0'318),
(0_5998i27r(0.599)) (0_563ei27r(0.563)) (0_657ei27r(0.657)) <0_6196i2n(0.619))
Xpac (59,0.0142) (S1.443,0.0221), (s9,0.0321), (51.59,0.043),
0.27961127'[(0.279) 0.2561'271'(0.25) 0_2191127'[(0.21) 0_254_ei2n'(0.254-)
( 0.56€i2n(0'56) (0.7561'271(0.75)) (0_6Zei2n’(0.62)) 0_7Oei2n(0.70) )
XBac (S0.69,0.013), (S0.81,0.023), (S0.81,0.032), (s0.57,0.0434),
0.288€i2n(0'288) 0_287ei2n(0.287) 0-257ei2n(0.257) 0_2739i2n'(0.273)
(0_6126i2n(0.612) ( 0_5996i27[(0.599) ) (0.670€i2n(0'670) ) 0_6gei2n'(0.69) )
XNac (51.31,0.023), ) (S0.78,0.029), (51.84,0.038), (50.35,0.0423),

(0.34961121'[(0.349)'

0.389€i2n(0'389), 0-3026i27[(0.302), 0_3196i2n(0.319)'
0.615€i2n(0'615) 0.5698’:2”(0'569) 0.686€i2n(0'686) 0_617ei2n'(0.617)
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Step 2: Consider Eq (6.4), for Ksc = 3, and the values of agc_; = asc_2 = agc_3 = 1, we have
Table 6.

Step 3: By using the Eqs (6.5)—(6.7), we examine the expected losses Yz, ()(jAC|[fr]),j = P,B, N, for

0p-; =0.4,j =1,2,3 and qsc = 1, and the separate actions are expressed and discussed in Table 7.

Table 7. By using again the Eqs (6.5)—(6.7), we aggregate the information of Table 6.

Symbols , i
Y Yer(xp, I[0]) Yer (X, [0 Yer(xw, 1 [%])
{ty (5o, 0.1866), (5o, 0.1656), (5o,0.1244),
0.2504¢2m(0:2504) 0.2817¢i27(0.2817) 0.3269¢127(0.3269)
(0.6762ei2”(0-6762)) (() 61632700 6163)> (0.577lei2"(°-5771)>
{t, (s1,0.0044), (s,0.1346), (s,0.1676),
0.2649¢12m(0:2649) 0.271e27(0271), 0.3097¢i2m(0.3097)
(0_6445ei2n(0-6445)) (0 6578¢i2m(0.6578 > (0_633961'211(0.6339))
LE (50,0.1921), (s0,0.1714), (s4,0.025),
0.2617¢i2m(02617) 0.2874¢i27(0.2874) 0.3733¢i2m(0.3733)
<0.6673ei2"(0-6673)) (o 6042 ei2m(0. 6042)> ( 0.587¢127(0.587) )
ity (s1,0.0166), (5o, 0.172), (so,0.192),
0.2367€i2n(0'2367), 0.2666ei2n(0'2666), 0_312361'21'[(0.3123)'
(0_66689i2n(0-6668)) (0,63193i2n(0.6819)> (0_6437ei2n(0.6437)>

Step 4: By using the Egs (6.8)—(6.10), we examine the expected values, which are stated in Table 8.

Table 8. Expected values of the information, which are shown in Table 7.

Symbols ) , ,
Qev (YEL(XPACHU'D) Qev (YEL(XBACHU’D) Qrv (YEL(XNACHW]))

121 0.0137 0.017 0.0119

1123 0.0185 0.0096 0.0095

U3 0.0136 0.0186 0.0089

Uy 0.0211 0.0088 0.0085

When the predictable values are unsuccessful in catching the relationships amongst any two
predictable losses, we discover the concepts of accuracy function, which is quantified in Table 9.

Table 9. Accuracy values of the information, which are shown in Table 6.

Symbols , ) )
Y Gur (YEL (XPACHWD) Gur (YEL (XBAC | [w])) Gur (YEL (XNACHU’]))
121 0.266 0.2222 0.1555
Uy 0.282 0.1867 0.2219
U3 0.27 0.2257 0.2731
Uy 0.3127 0.2435 0.2656
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Step 5: By using the Eqs (6.11)—(6.13), we examine the three-way decision rules, as discussed in
Table 10.

Table 10. Three-ways decision based on Eqs (6.11)—(6.13).

Enterprises Decision rule
g Pac-1
iy Ppc-1
U3 Ppc—1
Uy Pac—1

0.05
0113 0.0080
0.045 R 00095 - 00085
0.04 = = -
= 0.0186
0.025 0017 0.coas - 0.0088
e - = i 0.0211
0.025 O1ES :
0.0z 0U0137 00156
0.015
0.01
0.005 0 0 o o
|:| i ik 1 Iy
1 2 3 4
Megative 00119 0.00985 0.0089 0.0085
Boundary 0.017 0.0096 00186 0.0088
= PisitvE 00137 00185 00136 00211
—e— Mithod 0
it figthind = Positive Bourwdary Negative

Figure 4. Graphical representation for the information of Table 8.

1
0o n.2731 U258
0E 4555 0.2219 - T
07T - x 0.2435
= 0s 0.7322 0.1hs7 0.2257 -
- o= : : 0.3127
2 04 0.266 0LZE2 0.27 :
< 03 - - PRI S
0.2
o1 0 0 (1] 0
o - - . .
1 z E 4
Magative 01555 02219 02731 0.2656
Boundary 032222 01857 0.2257 0.2435
= Positive 0.266 0262 0.27 03127
e [iithiod o
Axiz Tithe
e iethod = Positive Boundary Negative

Figure 5. Graphical representation for the information of Table 9.

The obtained result states that all these alternatives belong to positive opinions, which are Py._;.
Furthermore, the comparison of the explored work with some existing work is discussed in Table 11.

AIMS Mathematics Volume 8, Issue 8, 17943—17980.



17977

Table 11. Comparative analysis for explored work with existing work

Enterprises i3} r; U3 Uy

Proposed work for g=1 Pyc-1 Pyc-1 Pyc—1 Pic-1
Proposed work for q=2 Pyc—1 Pyc-1 Pyc—1 Pic-1
Proposed work for =3 Pyc—1 Pyc-1 Pic-1 Pic-1

From the above analysis, we conclude that all approaches have provided similar consequences
and are exposed in Table 11; additionally, all alternatives belong to the +ve regions. The graphical
interpretation for the information’s score and the expected positive, boundary, and negative values of
Table 8 and Table 9 are shown in Figure 4 and Figure 5, respectively.

In the explored work, if we choose the values of g = 1,2 and the imaginary part is zero, then
the explored work is reduced for intuitionistic 2-tuple and Pythagorean 2-tuple linguistic sets. Similarly,
if we choose the values of g =1, 2, then the explored will be reduced for complex intuitionistic 2-
tuple and complex Pythagorean 2-tuple linguistic sets. The presented approach is more powerful and
more proficient than the existing ones, as given in [34-37].

7. Conclusions

We modified the notions of 3WD and DTRS in the environment of CQRO2-TLV and elaborated
certain important properties. Moreover, GMSM is a dominant and more flexible method to determine
the accuracy and dominancy of real life issues. Therefore, by considering the CQRO2-TL information
and GMSM, we presented CQRO2-TLGMSM operator and the WCQRO2-TLGMSM operator, and
demonstrated their effective properties. We also elaborated a q-rung orthopair 2-tuple linguistic DTRS
model and discussed its applications. Furthermore, we discussed some important and well known
properties of the defined aggregation operators like idempotency, commutativity, monotonicity, and
boundedness. We discussed some examples to explain our proposed methods and techniques. To prove
the authenticity, workability, effectiveness, and supremacy of our proposed methods, techniques, and
notions, we initiated a comparative analysis and proved that our initiated notions are much better as
compared to certain existing notions.

In the future, we will discuss the proposed notions for CQRO2-TLVSs in the framework of
complex g-rung orthopair fuzzy sets [38], picture hesitant fuzzy sets [39,40], neutrosophic sets [41,42],
and some more useful frameworks and notions, as given in [43—49].
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