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Abstract: In this paper, we consider the following Keller-Segel-(Navier)-Stokes system to the coupled
Solow-Swan model

n+u-Vn=An—-xV-(nVe) + un — pon®, xeQ, t>0,
c,+u-Vc:Ac—c+,u3c"w1_“, xeQ, >0,
wi+u-Vw=Aw—w+n, xeQ, >0,

u;+k(-Vu)=Au—-VP+nV®, V-u=0, x€Q,t>0,

in a smooth bounded domain Q c RY (N = 2, 3) with no-flux boundary for n, ¢, w and no-slip boundary
for u, where the parameters y > 0, @ € (0, 1), u; € R, tp >0, 3 > 0 and k € {0, 1},k > N. Due to the
interference of the fractional nonlinear term of the Solow-Swan model, we use the Moser-Trudinger
inequality to obtain the global existence of the solution for two-dimensional case without logistic
source. For three-dimensional case, we control the required estimation with the help of the negative
term of logistic source to obtain the boundedness and asymptotic behavior. In the process of estimating
the corresponding term, we find the order of the negative term of the logistic source is related to the
spatial dimension, and we give the decay estimate of the corresponding solutions when u; < 0 or
H1 =0, g > 0.
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1. Introduction

The Keller and Segel model in [22] was introduced in 1970, and the mathematical study of this
system has extensively developed the parabolic-parabolic equations in [13, 24, 28, 36, 39] and the
parabolic-elliptic equations in [2, 3,7, 14, 15, 37]. This model is used to describe the chemotaxis-
aggregation phenomena in nature.

Cells and microorganisms usually live in fluid, so it is particularly important to consider the
interaction of fluids with them. In view of this idea, Tuval et al. considered the experiment of the
collective behavior of Bacillus subtilis in [49]. Then, a large number of related results of global
solvability for chemotaxis-fluid were investigated in recent years. For example, we can see the
researches of introducing the Keller-Segel equations in [1,20, 34,46, 55, 78], the Keller-Segel-Navier-
Stokes equations in [5, 6,9, 10,21, 25,27,31,41-43,47,51-54, 56-58, 62-64, 66-71, 73,76, 77, 79],
the rotational flux term in [5,21,31,51, 58,59, 64, 79], the nonlinear diffusion in [8, 11,41,48,73], the
logistic source in [12,47,54,62,78], the singular sensitivity in [13-15,24,52,65,75] etc. These papers
on global existence and boundedness analysis gave a good theoretical and guiding significance for our
understanding of biological growth of cells. Due to the global existence of the solution, we do not
have to worry about the occurrence of sudden change and other unexpected results, and can achieve
the purpose of guiding experiments with theory.

Recently, a macroscopic model called the spatial Solow-Swan was proposed by Juchem Neto et al.
in [16-18] for describing economic growth phenomena under capital induction and labor migration.
Very recently, Li-Li [26] investigated global boundedness of the following model

1-a

n, = An—xV - (nVe) + pn — pon®, xeQ, t>0,
¢, =Ac—c+ucn T, xeQ, t>0.

Assuming that the dynamic behavior of microscopic particles also meets the above macroscopic model,
it is necessary to consider the Keller-Segel-Solow-Swan model. For the above model, there are two
difficulties: the first equation contains cross diffusion term V - (nVc), and the second contains the
Cobb-Douglas function uzc®n!~®. Therefore, it becomes very interesting to use the corresponding
mathematical theory to deal with this problem. Recently, more results in [29,30,32,33,60,72,74] have
turned their attention to the indirect signal production model under multi-signal, and the researches on
the global solvability of this model have become very important.

Compared with the chemical substance concentration term of the indirect signal model, we found
that the system became more difficult to control after adding Cobb-Douglas term. We can explain it by
Sturm’s comparison theorem in [44] as follows:

1 Lo,
1_ [e2 T—r
V(O +y=wllcw g < Ey + Qug)me|wllpq for all a € (0,1),
where y = ||c||1q) and w are the concentrations of another chemical involved in the reaction, which is

given in the following model (1.1). Let

1 @
Y () + 7= 2% |[wllp1q for all a € (0,1).

If @ = 0, the above system degenerates into an indirect signal model, and if @ > 0O increase, then the
corresponding solution will be raised. When we assume that the differential equation of the indirect
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signal model c is
¥ +5 =Wl

and assume that they have the same initial data and velocity, namely, y(0) = #(0), ¥(0) = ¥(0), as wall
as suppose that y(a) = y(b) = y(0), then we have a < b and

y(s1) S y(s0)
Y(s1) — $(s0)

and y(s;) > ¥(s;) forall 0<sp< s <a.

This shows that the distance between the two solutions increases gradually during the evolution.
Motivated by the above works, we think that the relationship between cells and chemicals also meets
the operating mechanism in the Solow-Swan model. In this paper, we let Q ¢ RV (N = 2,3) be a
bounded domain smooth boundary with outer norm vector v and investigate the following chemotaxis-
fluid-Solow-Swan system:

n+u-Vn=An—xV-(nVe) + un — pon®, xeQ, t>0,
c,+u-Vc:Ac—c+,ugc“wl_“, xeQ, >0,
w,+u-Vw=Aw—w+n, xeQ, t>0,
u+k-Vu) =Au—-VP+nVd, V.-u=0, xeQ, t>0, (1.1)
%:Z—E:Z—V::O,uzo, x€oQ, t>0,
n(x,0) = no(x), c(x,0) = co(x), u(x,0) = up(x), x € Q.

Here, the unknowns n = n(t,x),c = c(t,x) and w = w(¢, x) denote the cell density and the two
concentrations of chemical substance, respectively. u = u(t, x) represents the fluid velocity field,
and P = P(t, x) denotes the associated pressure. The scalar valued function ® = ®(x) is given and
it accounts the effects of external forces such as gravity or centrifugal forces. The parameters satisfy
x>0,k>Nu €e Ry >20,u3 >0, € (0,1), x € {0,1}. Moser-Trudinger inequality [4, 38, 50] has
natural advantage as a priori estimate for dealing with two-dimensional critical cases, and Winkler [68]
has promoted it and provided a better version. For the three-dimensional case, we control it with help
of the order of logistic source and the estimate of heat semigroup. Based on these results, we describe
the work of this paper. For the convenience of this paper, we let

mo := fnodx > 0.
Q

We assume that potential function © fulfills
® € W*(Q) (1.2)
and that the initial data ng, ¢y, wo, U satisfies

ny € C°(Q) is nonnegative with ng # 0,

co € WH°(Q) is nonnegative, (13)
wo € WH*(Q) is nonnegative, and

g€ WHRHNW,2, N=2 or uye W25 (QR)NW,2, N =3,

0,0°
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where W2 := Wy*(Q;RY) N L2(Q), with L2 := {(,0 e X(Q;RY)|V-¢ =0in z)(Q)} denoting the
space of all solenoidal vector fields in L2(Q; RM).

Under this assumption, our main results on global boundedness and asymptotic behavior of the
initial-boundary value problems (1.1) and (1.3) can be formulated as follows.

Theorem 1.1. Let Q ¢ RN (N = 2,3) be a bounded domain with smooth boundary and ® comply
with (1.2), and suppose that ny, co, wo, and ug satisfy (1.3), and if N = 2, u; € R,up > 0orpuy; =0, 4y >
Oandif N = 3,u; € R, uy > 0, then there exist functions (n, c,w, u, P) satisfying

ne CoQ x [0, 00)) N C>'(Qx (0, 0)),
c € COQ x [0,00)) N C>1(Q x (0, )),
w € CoUQ x [0, 0)) N C>(Q x (0, 0)),
u € CoQ x [0, 0)) N C>(Q x (0, )),
P € CY(Qx [0, )

and fulfilln > 0,c > 0 and w > 0 in Q x [0, c0).

Theorem 1.2. Let Q ¢ RY(N = 2,3) be a bounded domain with smooth boundary, and let
(n, c,w, u, ®) satisfy the conditions of Theorem 1.1.
(1) If iy <0, pp > 0, then there exist C > 0, suitable small 6 > 0, and t, > 1 satisfying

H
Inllp~q) < Cem '’

and

max{o—1,u;}

N _ N
llcllwra) < Ce ~n;"  and Wllwra@) < Ce™ =L ulwwing !

as well as

ol [ w12y < Ce™ for all ¢ > 1,.

If iy =0, up <0, then there exist C > 0, suitable small 6 > 0, and t,. > 1 fulfilling

1
_ 1 Q&1 d . k-1 d
lliy < & Mt b Ineolgds

and

1 o
max{o-1, ~alQFT [} InCl5 ! ds oo

I k-1 N
o mdx{—l, —o| QI k=T f() [l ()l dS}~ N+T)g 1

Ll

llcllwra) < Ce and [[wllyraq) < c2e

as well as

lullyro) < Ce™  for all £ > t,.

Remark 1.1. For notational convenience, we do not explain the constants of C;, i = 1,2,---,40 and
Cey in the following. Here, Cgy is Gagliardo-Nirenberg constant.
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2. Local existence of N =2and N = 3

First of all, we give the local existence result. This proof is based on the Banach’s fixed point
theorem in a bounded closed set in L*((0, T'); C°(Q) x (Wha (Q))2 X D(A”)) forall y € (%, 1) and suitably
small 7', where A is the realization of the stokes operator in the solenoidal subspace. Additionally, here
we omit the details of the proof, which can be found in [1, 20, 63]. For the positive solutions, we can
obtain them using the principle of comparison. Because n = 0 is a sub-solution of the first equation
in (1.1) and n(x, 0) > 0, we have n(x,t) > 0. Furthermore, we can obtain n(x, t) > 0 due to ny(x) £ O.
Therefore, we can get w(x, ) > 0 and c(x, ¢) > 0, respectively.

Lemma 2.1. Let Q ¢ RN (N = 2,3) be a bounded domain with smooth boundary and ® comply
with (1.2), and suppose that ny, cy, Wy, and uq satisfy (1.3), then there exist functions

neCUQXI0, Tma) N C2HQ X (0, Trax)),
c € COQX [0, Tmax)) N C>H(Q X (0, Trnax))s
w € CUQ X [0, Thax)) N C>1(Q X (0, Trnax))s
u € COUQ X [0, Trnax)) N C*M(Q X (0, Trnax))
P e CY(Q X [0, Thay))

and fulfilln > 0,¢ > 0and w > 0 in QX [0, Trax). Moreover, if Toax < 00, then forall g > N, y € (%, 1)
we have

lim SUP(IIH(~, Dllz=(@) + lleC, Dllwray + [IWC, Dllwray + AU, Dll2) = 0.

1= 1 max

3. Global existence of N =2, u; =u, =0
For the treatment of the global existence for two-dimensional Keller-Segel-Navier-Stokes-Solow-
Swan system, we adopt the following Moser-Trudinger inequalities.

Lemma 3.1. ( [68]) Suppose that Q c R? is a bounded domain with smooth boundary. Then for all
€ > 0 there exists M = M(e,Q) > 0 such that if 0 £ ¢ € C°(Q) is nonnegative and € W'*(Q), then
for each a > 0,

2
f¢|¢|dxs1f¢ln£dx+(1+€)a'{f¢dx}-fIVlﬁlzdx+Ma-{f¢dx}'{f Wldx} +Mf¢dx,
Q aJo ) 8m Q Q Q Q a Jo

(3.1)

where ¢ := ﬁ quﬁdx.

Lemma 3.2. ( [68]) Suppose that Q C R? is a bounded domain with smooth boundary, and let 0 % ¢ €
C%Q) is nonnegative. Then for any choice of € > 0,

1+e€ Vol ’ _
L¢ln(¢+1)dx£7~{fg;¢dx}~j;(¢+1)2dx+4M-{fQ¢dx} +{M—ln¢}-L¢dx,

where M = M(€,Q) > 0 is as in Lemma 3.1.
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Next, we give the required a prior estimates.

Lemma 3.3. Assume that (1.3) holds. Then we have

fn(x, Hdx = my (3.2)
Q

fc(x, Ndx < f co(x)dx + Cy (mo + {f wo(x)dx} . e_t)
Q Q Q
fw(x, Ndx < mg + {f wo(x)dx} e, (3.3)
Q Q

Proof. Since u; = u, = 0, we integrate the first equation of (1.1) to get (3.2) and integrate the third
equation of (1.1) and use the ODE argument to obtain (3.3). Then, using the similar method for the
second equation of (1.1), we can complete the proof of the Lemma 3.3. O

and

as well as

Lemma 3.4. Suppose that (1.3) holds. Then for all T € (0, Ty.y) there exists C(T) > 0 such that

f (cz(x, 1) + wA(x, t)) dx < C(T) (3.4)
Q
and
g |Vn(x, £)|?
2 2

fo fg (IVc(x, D + [Vw(x, £ + NPESI )dxdt < C(T) (3.5)

as well as
f ’ f ( 1)
n(x,t)In dxdt < C(T). (3.6)
0 Q

Proof. We first integrate by parts in the first equation from (1.1) and use V - 4 = 0 and the Young’s
inequality to deduce that

——fln(n+1)dx——v£n+ldx

:—f ll[An —xV-(nVe)—u- Vn]d
on

3 f [Vn|? d+ ann-Vcd
T e 2T ) 12

1 |Vn? /\/2 n’ 5
< —— d — Vel°d
s 2fg(n+1>2 T Jarp v
L[ _vaP f )
< —— — Vel°d 3.7
< f e Veldx. (3.7)
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Multiplying the second equation of (1.1) by ¢, we have

1d
3T fg;czdx = LC(AC —c+ 3w —u - Vo)
——fchIde—chdx+,u3fc1+“wl_“dx
Q Q Q
—f|Vc|2dx—fczdx+,u3||cl+“|| || 10[|| (3.8)
Q Q T (Q)

2 2 1
= - f Veldax - f Cx + slleliF, Iz,

|
f |Vc|2dx - E f c*dx + CIHWHLZ(Q)
Q

Multiplying (3.8) by x* and then substituting it into (3.7), we have

d X 2 X 2 2 [V |2 2 2
E( - fgln(n + Ddx+ = Lc dx) + 7([ dx + f Veldx) + D S Gl g,
(3.9
For the right hand side of (3.9), using the Gagliardo-Nirenberg inequality and Young’s inequality, we

have
- oo [ [ouns [t [
—( = | In(n+ l)dx+~= | c“dx)+~— cdx+ | Vel“dx)+ dx
dt( 0 2 Ja ) 2(9 0 ) o+ 1) (3.10)

< 2%*C1Con (||W||L1(Q)||VW||L2(Q) +Wll7 o)) < @llVWiZ,q, + Ca,

L (Q)) L2(Q)

where € > 0 is small enough and to be determined.
Multiplying the third equation of (1.1) by w, one has

l1d
Ed—tfg;wzdx:jg;w(Aw—wjtn—u-Vw)

(3.11)
—fleIzdx— fwzdx+ fnwdx.
Q Q Q
In order to control the last term at the right end of (3.11), using Lemma 3.1, we obtain
1 1 > M
fnwdxs _fnln _ﬁdx+wf|vw|2dx+Mmoa{f wdx} + o for all > 0.
Q aJo ny 8m Q o a
(3.12)
For the first term at the right end of (3.12), using Lemma 3.2, we can get
n (1 +e)m0f |Vn? 3
In —dx < dx +4Mm; + -Ml—. 3.13
fg”“ﬁox— 2n Jo e p M me (M= ) G
Multiplying (3.13) by 1, that is
1 n (1 + e)my |Vn|? 4MmO
- In —dx < + — (M —-1n— 3.14
afnnﬁox a Jo 12T T4 ' |Q|) (314)
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We now substituting (3.12) and (3.14) into (3.11) to deduce that

1d 1
——fw2dx+ fwzdx+ 1- (L + eymoa f|VW|2dx
Zdt o) Q 87'( Q

(1 + e)my IVn? f > 2Mmy  my
< dx+ M dxpy + + — - (4M In —
dta o (n+ DT A | owax ot (M- lel)

(3.15)

Let 2 4(”5)'"0 > 0. Multiplying (3.10) by A, and adding it to (3.15), we can see that

d Aox?
ﬁofln(n+l)dx w?dx +i fczdx+f|Vc|2dx
dt Q 2 Q Q
\vj 2
4o UrOmea o f|VW|2dx+(l+6)m0f [Vl dx+2fw2dx
4 o na o (m+1)? o

2
a4M 2
< 2Mamy (mo + {f wodx} . e") + mO o (4M z_
Q

a a

cdx +

A
|Q|) + CAy.

(+e)mpa
4

O ra . ..
(1+ )m and ¢ = Trom’ which can meet the conditions we

need. Then we use the inequality fgln(n + Ddx < fgndx = my to get (3.4) and (3.5). Finally, we
use (3.5), (3.13) and the fact that nlnn > —e~! to arrive at (3.6). O

Therefore, we only need to select the appropriate positive numbers €, €; and a such that 2 —
edy > 0. If € is fixed, we can take a =

Lemma 3.5. Assume (1.3) is satisfied. Then, for all T € (0, Ty.x) there exists C(T) > 0 such that

f lu(x, H)|*dx < C(T) (3.16)
Q

and ,
f f [Vu(x, H)|*dxdt < C(T). (3.17)
0 Q

Proof. We test the fourth equation of (1.1) by u and use the Holder’s inequality and Moser-Trudinger
inequality to get

1d 5 ) f 2f
- dx + Vul"dx = VO - u <||IVD||; ;
Mfgw X fQ| ufdx = | nVO-u< VOl (Q){; e

V|- 1+ V|- M
< VOl f pin = 4 LF oVl f Vulldx + VOl (Mmoal { f Iuldx} ; m")
Q Q Q

a n 8

where

1
a) = 1 > O’
(2Mmoky ] + E2) VD1 g

and k; > 0 is to be determined, it will be given by the following Poincaré’s inequality.
On the other hand, using Poincaré’s inequality and Holder’s inequality we have

2
( f Iuldx) <19 f 12dx < 1|0 f Vuldx. (3.19)
Q Q Q
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Therefore, (3.18) together with (3.19) shows that

d VO
—flulzdx+f|Vu|2deM(fnlng+Mmo).
dt Jo Q ai Q n

So, using Gronwall’s inequality and (3.6), we have the descried results. O

Lemma 3.6. If (1.3) holds, then for all T € (0, T.x) there exists C(T) > 0 such that

f IVe(x, H)Pdx < C(T).
Q

Moreover, we have

T
f f (IAc(x, DI + |Ve(x, t)|4) dxdt < C(T). (3.20)
0 Ja

Proof. We multiply the Eq (1.1), with —Ac and use the integration by parts and Holder’s inequality to
obtain

1d
—— f \Vel*dx + f |Ve|Pdx + f |Acl*dx = f (u - Ve)Aedx — s f cw' ™ Acdx
2dt Jq Q Q Q

2 2(1-
<7 IAcl dx + 2lullZs o IVl o) + 268311125 o Wl 25
LYQ) LYQ) LA(Q) L(Q)

2
< n f |AC| d-x + 2||u||L4(Q)||VC||L4(Q) + ”C”LZ(Q) + C'%”W”LZ(Q)

(3.21)
Applying the Gagliardo-Nirenberg inequality and Young’s inequality, we have
IVl sy < Con(IVellz@liD?cll2@) + 11Vell2 ) (3.22)
and
IVWIs 0y < Can(IVWll2@ID*Wlizz@) + VW72 q))- (3.23)

We plug (3.22) into (3.21) to obtain

2 - f \Ve|*dx + f \Vel*dx + f |Acl*dx = f (u - Ve)Acdx — s f w!™Acdx
Q

1 2 20 112 2(1-
<3 f IACPdx + 2lullyy o IVellF s q) + 21511l o WIS o

1 2 2 2
< f IAcldx + 2Canllully g IV ell 21Dl iz
Q

+ 2CGN||M||L4(Q)||VC||L2(Q) + ”C”LZ(Q) + C3||W||L2(Q)

1
2 2
4 f |AC| dx + _”D C”LZ(Q) + C41||M||L4(Q)||VC||L2(Q)

+ 2CGN||M||L4(Q)||VC||L2(Q) + ”c”LZ(Q) + C3||W||L2(Q)’

(3.24)
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where C4; > 0 is a constant.
On the other hand, note that the identities |Ac|* = V-(AcVc)—Ve-VAc and A|Ve|> = 2Ve-VAc+2|D?cl?,

we deduce that
flAchdxzfV~(Ach)dx—fVc~VAcdx
Q Q Q

fAc@dS fVc-VAcdx
av O
—fVc-VAcdx (3.25)
Q
1
:f|D2c|2dx——fA|Vcl2dx
Q 2 Ja

1 O|Vel|?
= | |D*cPdx— = f ds.
Ll Cl o 2 80 ov

Thanks to the fact % < 2K5|Vc|* , where k; := k»(Q) > 0 is an upper bound for the curvatures of Q
in ( [35], Lemma 4.2), the trace theorem and (3.25), we can see that

f|D2cl2dx§f|Ac|2dx+K2 |VelPdS
Q o) 00

< f |Acl*dx + 1,C 4 (Q, S)HC”ZSﬂ

2
fg (AcPdx + Coa(ID%ell S el oy + IelR)

1 B
< f |AclPdx + — f |D*cl*dx + Cas,
Q 4 Q

where C,1, Cy, Csz and s € (0, 1) are positive constants.
That is

f |D*cldx < g f |Ac*dx + :c43 (3.26)
Similarly, we have

f \D*wldx < - f |Awl*dx + —c43 (3.27)
Then, we apply Gagliardo-Nirenberg inequality, Lemma 3.5 and Poincaré’s inequality to get

[ CGN(nuuLz(Q)||Vu||m) + llll} )
(3.28)
||Vu||

+ Collullts, . < CusllVul?

L2(Q) LX) L2(Qy

where Cy,, C43 are two positive constants.
Therefore, (3.24) together with (3.26) and (3.28) shows that

= f Veldx + f IAcldix < 2llcls g, + 2C3IWIE g, + Ca(IVulliz + 1Vul 0 IVl ) (329
where C4, = max {C41C43, 2Con \/C43}.
So, we use Gronwall inequality, and use Lemmas 3.4 and 3.5 and Holder’s inequality to arrive at the

Lemma3.6. O
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Lemma 3.7. Suppose that (1.3) holds and that T € (0, Tyax). Then there exists C(T) > 0 such that

f IVw(x, 1)*dx < C(T)
Q

and ,
f f (IAw(e, D + [Vw(x, DI*) dxdt < C(T).
0 Ja
Proof. Multiplying the Eq (1.1); with —Aw and using Holder’s inequality, (3.23), (3.27) and (3.28),

one has 14
—— f IVw|*dx + f IVw[*dx + f |Aw[*dx

:f(wVw)Awdx—anwdx
Q

1
Z f |AW|2d-x + 2||u||L4(Q)||VW||L4(Q) + 2||n||L2(Q) (330)
< = f |AW|2d~x + 2||u||L4(Q)(||VW”L2(Q)”D2W”L2(Q) + ||leli2(g)) + 2||n||L2(Q)

2
f AwPdx + Cs(|IVull 2y + IVull2 0 IVWl 2y + 2l g

where C5 > 0 is a constant.
For the term of ||n||i2 @ e apply the Gagliardo-Nirenberg inequality and the mass conservation of
llnll.1 ) to deduce that

||n||L2(Q) ” \/_||L4(Q) < CGN(”V \/_”LZ(Q)” \/_”LZ(Q) + ” \/_”LZ(Q)) < CS(”V \/_”Lz(Q) ) (331)
Multiplying the Eq (1.1), with (1 +In n) and using Holder’s inequality and Young’s inequality, we have

d
Efnlnndx:f(An —xV-(nVe)) (1 + Inn)dx
Q

\vj 2

< - [Vrl dx+)(anVc

Q n Q

\vj 2

__[! ”' f VaVeds (3.32)
\vj 2

——f' n| —fanchdx
S _2”V \/’;”iZ(Q) ”nHLZ(Q) ”V ||L4(Q)
Then, we add (3.31) into (3.32) to obtain
—fnlnndx+||V\/_||L2(Q) ||Vc||L4(Q) (3.33)

We integrate the two ends of (3.33) with respect to ¢, and use Lemma 3.6 to get

T
fnlnndx+f IV VallZ g,
Q 0
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Finally, we use Gronwall’s inequality to (3.30) and note that nlnn > —e™! and (3.34) to complete the
Lemma3.7. O

Lemma 3.8. Assume (1.3), and let T € (0, Tpax). Then there exists C(T) > 0 such that
f In(, H*dx < C(T).
Q

Proof. Testing the first equation in (1.1) against n and integrating by parts show that

1d

— | nPdx+ f |Vn|>dx = —)(an - (nVe)dx :)(ann -Vedx.
2dt Jg Q Q Q

Applying the identity nV - (nVc) = nVn - Ve + n*Ac, we show that

d
= fg nldx +2 fg VnPdx = —x fg n’Acdx < Xl Al = linllyg IAclzg. (335
Using the Gagliardo-Nirenberg inequality again, we have

1140, < Can(IIVnlllinllz) + mj)- (3.36)

Combining (3.35) with (3.36) and using the Young’ s inequality, one has

d
i f n’dx + Zf |Vn|*dx < ConxllAcllz VRl @)linllz @) + CGNXm%”AC”LZ(Q)
Q Q

< ”Vn”LZ(Q) + C6||AC||L2(Q)||n||L2(Q) + C6(||AC||L2(Q) )

Applying Gronwall’s inequality and the Lemma 3.7, we can obtain

Co [y 1A Ce [ I ‘ —Cs [ 1A 2
f n’dx < ||n0||L2(Q) o by 1AM g5 Cee o by IAcC.9E g d Yf (I|Ac( S)”LZ(Q) )e o Jy IACCDI g d7 5
Q 0

< C(T) forall 7€ (0, Tax).

Thus, we complete the proof of the Lemma 3.8. O

Lemma 3.9. Suppose that (1.3) holds and that T € (0, Tynax). Then there exists C(T) > 0 such that

f [Vu(x, 1)|*dx < C(T)
Q

T
f f |Au(x, H)[*dxdt < C(T).
0 Q

AIMS Mathematics Volume 8, Issue 8, 17914-17942.
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Proof. Testing (1.1)4 by Au and using Holder’s inequality, Gagliardo-Nirenberg inequality, Young’s
inequality and (3.16), one has

1d
——fquIzdx+f|Au|2dx:f(nVCD)Audx—f(qu)Audx
2dt Jo Q Q Q

2
L2(Q)

2
L2(Q)

IA

lAullr2@) + [IVPIlo@llnll72 g, + Il - Vul|

2
L2(Q)

IA

2 2
lAullz2@) + IVOllo@linll ) + llllze o)l Vull

@

IA

2 2
lAullrz@) + IVOll=@linll 2 g, + Conllullz@llullw)lVully2 g,

IA
AL =N =N =

4
Aull 20 + Cr + CollVults g

(3.37)
Applying the variation of constant formula and (3.17), we have

!
't t T
f |Vu|2 dx < [Vuoll 2 o267 o IVuC9ll;2 0, ds +2C, ole) Jo IVuC)l20,ds f e Jo IVuC.9ll20,ds dr < Cg
Q

0
(3.38)

for all € (0, Tpax)-

Integrating the two sides of (3.37) and applying (3.38), we complete the proof. O

Lemma 3.10. Assume that (1.3) holds and let y, € (%,y] - (%, 1). Then for all T € (0, Tpay). there
exists C(T) > 0 such that

f A" u(-, t)*dx < C(T) (3.39)
Q
and
llue(-, Dllcoy < C(T).
Proof. We fix y, and let p > —, then use the Helmholtz projection operator to the fourth equation

1=y
of (1.1) and the variation of constant formula to deduce that

!
AT u-, Dl 2y = [|A7 (e up + f e NP, VD = u(-, 5) - Vu(-, 5))ds)|
0

LX(Q)
1

< Co+Co [ (0= 9 lutes)- VuC s
’ ! PY0 el ! 1

< Co + Gy fo (t=s)7ds) " ( fo G-, ) - Va9l ds)”

r_ 1
=Co + Cg.]lp_l];.

Due to p > ﬁ, we have % € (0,1). So, J; € (0, o).
For J,, we apply the Holder’s inequality, Sobolev embedding, Poincaré’s inequality and Gagliardo-
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Nirenberg inequality to obtain
t
Jr = f (-, 5) - Vul, I ds
0

!
Sf||u(-,S)II‘L’q(Q)IIVu(',S)II”zq ds
0

L42(Q)

3
Sf||u(-,S)Ilﬁvl,z(Q)IIVu(-,S)ll”2q ds
0

L2 (Q)

!
2p-2 2
< ClOf ”VU(, S)”LI;(Q)”AM(’ S)”LZ(Q)
0

T

2p-2 2

< Cup sup IIVu, I3 f AU, )2 0y ds.
1€(0,T) 0

Applying Lemma 3.9, we can get (3.39). Then we apply the embedding of D(A”) — C%Q) for all
0 € (0,2yy — 1) to complete the proof of Lemma 3.10. O

Lemma 3.11. If (1.3) holds, there for all T € (0, Tyax). there exists C(T) > 0 such that
llcC, Dllwra) < C(T) for all q > 1.

Proof. Without loss of generality, we assume that ¢ > 2. Using the Duhamel principle for ¢ and using
standard semigroup estimates for the Neumann heat semigroup in ( [61], Lemma 1.3) and embedding
in ( [19], Lemma 1.6.1) and the estimate in ( [20] Lemma 2.1 or [15], Lemma 2.2), and using the
Lemmas 3.4, 3.6 and 3.7, we can see that

!
A-1 —$)(A-1 1-
e, Dllwaq <l Dol + f e A (3. W 5) + uC, 8) - Vel )|y ds
0
! !
(t=s)(A-1) ., l-ag, (t=s)(A-Dy7 | . .
< Cii+ 3 fo e G )y + fo le V- (uC, 9) - ¢ )| yraeds
!
<C C 1 _ —%+l =4 (=) .. l-a/, d
SCnu+Cpp | (I+@—5)*"9)e lc*C, )W ™ C, Ollxds
0
t
K3 ,(t=s)(A-1)y7 | . .
+ CIZL ||(—A + 1)%e \Y (u( , ), s))”qu(Q)ds
t
1- I S N
< Cll + CIZHC(" S)||Z4(Q)||W(" S)l L4((l£/2)f (1 + (t - S) 4Jrq)e 10 S)dS
0
!
I R
#Cia [ =9 9t e
0
! 1
1- k3= L-6y (-
<Cn+ C13(||C||(;V1,z(g)||w||wf,lz(g) + [[uC, 9llz=@lle, S)||W1-2(Q)f(;(f — §) T S)ds)

1 1 1
<Cu fora11/<3>§—§1 and0</<3+51<§. O

Lemma 3.12. Suppose that (1.3) holds and that T € (0, Tyn.x). Then there exists C(T) > 0 such that

InC, D=y < C(T).
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Proof. Let M(T*) := sup ||n(-,?)|l~q for all T* € (0,T) and let #, = (t — 1),. We use the Duhamel
te(0,7*)
principle for n and use the semigroup estimate, Interpolation inequality and Young’s inequality to

deduce that

!
G, Ol = || n(-, to) - f TNV - (xn(e, )VeC, )+ nC, $)uC, $)ds||

fo
1
<Ci;s+ f (1 + 578)yn(, V(- s) + n-, s)u(, ds
0
1
<Ci5+ Cl6f (1 + s78)InC, Nz yds
0l (3.40)
1 3
<Ci;s+ C16f (1 + 579l N1yl ()@
0

1
< Cis+ cmméMi(T*)f (1+ s )ds
0
1
< Crr+ 3M(T™)+Cry forall 1€ (0,7%)

We take the supremum of time for both sides of (3.40) to obtain the Lemma 3.12. O

Lemma 3.13. Assume (1.3), and let T € (0, Tpax). Then there exists C(T) > 0 such that

W, Dllwray < C(T).

Proof. Since the estimate of ||n]|;~q) in Lemma 3.12 has been obtained, we only need to use the
Duhamel principle and the processing techniques similar to Lemma 3.11. O

Proof of Theorem 1.1. For the two-dimensional Navier-Stokes case, applying the Lemmas 2.1
and 3.10-3.13, if T is finite, then using the extendability criterion, we can see that n,c,w and u are
unbounded of their respective norms, which contradict the boundedness of our a prior estimates. Next,
we will give the asymptotic behavior of the system (1.1) with logistic source. Finally, we give a priori
estimates of the corresponding solution in the three-dimensional case.

4. Boundedness and asymptotic behavior of n.c, w and u with logistic source
For 1y < 0, we can obtain the decay estimates of the following.

4.1 uy <0andpu, >0

Since p; < 0 and w, are nonnegative, we can easily obtain the corresponding global boundedness
results of the system (1.1) by using the previous processing ways. Next, we give the corresponding
large time behavior.

Lemma 4.1. Under the assumption of Lemma 3.10, there exist 6 € (0,1) and C = C(x, 11, 1o, 13, @) >
0, independent of t, such that
<C.

”l/t(, t)||C2+9,1+§(Q><(0,°°)) B
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Proof. Applying the estimates obtained by Lemmas 3.10 and 3.12, and then combining with the
standard Schauder estimate in [45], we arrive the proof. O

Lemma 4.2. Under the assumption of Lemma 3.12, there is an C, independent of time t such that

In(-, Dllwio@) < C.

Proof. Let p := Vn, q := Vc. We rewrite the first equation of (1.1) to obtain

d
En(x, 1) =V-(Vn—xynVe —nu) + n — uon* .= V-a(x,t,p) + b(x,1)  (x,t,p) € Q x (0, +00) x RY,

where a(x,t,p) = p —n(yq—u) and b = pyn — pyn*.
Using Lemmas 3.10-3.12 and 4.1, there exists C;g > 0 satisfying

1
a(x,t,p)-p=Ip* —xnp-q—nu-p > 5|p|2 ~ Cislql* - Cig

and
la(x, ¢, p)| = [p — xnq — nu| < |p| + Cislq| + Cis
as well as
b(x, )| = |urn — pon'| < Cs.
Thanks to q € L™(0, T; L>(€)), it evident that é + 2% = 0 < 1. Apply the standard result on Holder’s
regularity in scalar parabolic equation in ( [40], Theorem 1.3) to get ||n|| bounded. Then the

Lemma 4.2 now follows from ( [23], Theorem IV. 5.3). O
Next, we adapt the similar methods to obtain the following:

C*5@x0.1))

Lemma 4.3. Under the assumption of Lemmas 3.11 and 3.13, there is an C, independent of time t such
that

lleC, Dllwro) + W, Dllwie@) < C.

Lemma 4.4. Assume that (1.3) holds. If ; < 0, uy > 0, then there exist a constant c,, independent of

time t such that

<cet!
InC, D)l < cre3".

Proof. We integrate the first equation of (1.1) to obtain

ifn(-,t)dx—,ulfn(-,t)dxs0. 4.1
dt Jo Q

Using the Gronwall’s inequality for the Eq (4.1), we can see that
Il q) < moe'. 4.2)
Applying the Gagliardo-Nirenberg inequality, the Lemma 4.2 and the estimate (4.2), we have

1 2 .
Inllz=@ < Con(llnll}, o IVAll o) + Inllie) < Croe ™" (4.3)

Thus, we complete the proof of the Lemma 4.4. O
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Lemma 4.5. Suppose that (1.3) holds. If 1, <0, u, > 0, then there exist a constant c,, independent of
time t such that

maX{éz—l,Ml}'%{ll max{—l,p,}-s—zqt

lleC, Dllwra) < c2e and  |lw(-, Dllwraq) < c2e

Proof. We integrate the first equation of (1.1) and (4.2) to deduce that

d
—fwdx+fwdx:fndx£moe"”.
dr Jo Q Q

Thus, using the Gronwall’s inequality, we can obtain

m
w(-, Ddx < |wollpae™ +
L @ My + 1

Similarly, using Holder’s inequality and Young’s inequality, there exist a suitable small 0 < 6, <« 1
such that

N < Chpem it (4.4)

A f cdx + fcdx < /l3||C||L1(Q)||W||L1(Q) < &alellpiq) + Carlwllziq)-
Thus, we use ODE argument to get
llell iy < Cape™ 2l (4.5)

Then, for all ¢ > 1 we apply the Gagliardo-Nirenberg inequality to see that
3q-2

llcllwra@) < CGN(IICIILI(Q)IIVCIILOO(Q) +llcllie)

and
3g-2

Iwllwia@) < CGN(IIWIIL.(Q)IIVWIILM(Q) + Wl @)-
Using the above two estimates and (4.4), (4.5) proves that the Lemma 4.5. O

Lemma 4.6. Suppose (1.3) and u; < 0, pr > 0 hold, then there exist a constant c3, independent of time
t such that
[lee(-, Dllwro ) < cye %,

Proof. Testing the Eq (1 1), with u and using Poincaré’s inequality and Young’s inequality, we have

2 - f lulPdx + f [Vul*dx = fg nvVao - u

< ||V(D||L°°(Q)||u||L2(Q)||”||L2(Q)

< C23||VM||L2(Q)||n”L2(Q)
2
||n||

(4.6)

IIVMII

o T L2(Q)

And using Poincaré’s inequality once more, there is a constant Cp3 > O such that

+ Cosllull} o, < Coslinll;

2
E ||l/l| |L2(Q) 12(Q) L2(Q)
Using Gronwall’s inequality and the Lemma 4.4, there exists a constant C,4 > 0 fulfilling

lull 2y < Cage™=C 3,
Then, applying the Gagliardo-Nirenberg inequality, this shows that

G n
max{——%=, 5 it
llullwr =) < CGN(H”HLZ(Q)”ullwzM(Q) + |lull @) < Case { Y } O
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4.2. uy =0and yu, >0

Lemma 4.7. Assume that (1.3) holds. If u; = 0, u, > 0, then there exist a constant c4, independent of
time t such that
_1 = k-1
I Dllmcy < cqe” P DI 8,

Proof. We integrate the first equation of (1.1) to obtain

d
—lfmymm+u{[n%me:0
dt Jg Q

We use Holder’s inequality to deduce that

d i
— fn(-, Ndx + | Q=T ( f n(-, t)dx)k <0.
dt Jo Q

We apply ODE argument to get

I
—1n |Q k=T . k—1 d
InC, Dz < lnollr e mIQIFT [(nC9lET 3

Similarly, using the inequality (4.3), we complete the proof of the Lemma 4.5. O

Lemma 4.8. Suppose that (1.3) holds. If u, = 0, u, > 0, then there exist a constant cs, independent of
time t such that

I
1= 1, —lQUFT [ Gl d }l
(., l‘)”Wl,q(Q) < Csemax{ > 1219 fo [In( S)”LI(Q) Szt

and

At k-1 } 2
—1, —p| QI FT . ds}-
[Iw(, Dllwia) < csemax{ HRIQIET [yl My )45 34!

as well as

—0.
(-, B)lroecey < cse™.

Proof. The proof is completely similar to Lemmas 4.5 and 4.6, so we omit the details. O

4.3. uy >0and pu, >0

Next, we will give a priori estimates when py > 0, u > 0.

Lemma 4.9. Assume that (1.3) holds. Then for all T > 0O there exist C(T) > 0 such that

=
lInC, Dl < maX{IInoHu(m, (/’?) IQI}- 4.7)
2

and

T
i:w@mQQmscwy (4.8)
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Proof. We integrate the first equation of (1.1) to get

ifn(-,t)dx:,u]fn(-,t)dx—pzfnk(~,t)dx. 4.9)
dt o) Q Q

Applying ODE comparison, we have

[InC, Dl @) < llnollzi @) (4.10)
or

pr [ o> g [ i 0 I 0l g @.11)
Q Q

Combining (4.10) with (4.11), this entails (4.7). Then, we integrate the two sides of Eq (4.9) to
get (4.8). O

Lemma 4.10. Suppose that (1.3) holds. Then for all T > O there exist C(T) > 0 such that

f (P(x. ) + w(x, 1)) dx < C(T) (4.12)
Q
and ,

f f (IVeCx, 0P + [Vw(x, ) dxdt < C(T). (4.13)

0 Jao

Proof. Using the inequality (3.8) and (3.11), and using Holder’s inequality and Young’s inequality we
have J

f Adx +2 f |Ve|?dx + f dx < 2CIwl7s g (4.14)

dt Q (%)

and

f wldx + 2 f IVw|dx + f wldx < f n*dx < Q| + f nkdx. (4.15)

We can get (4.12) and (4.13) by integrating (4.14) and (4.15) and using Lemma 4.9. 0O
Lemma 4.11. If (1.3) holds, then for all T there exist C(T) > 0 such that

f lu(-, HPdx < C(T) (4.16)
Q
and
T
f f \Vu(-, )P dxdt < C(T). 4.17)
0 Q
Proof. Applying the estimate of (4.6), we have
— f |u*dx + f IVuldx < CoslInll7, g (4.18)

Integrating both sides of (4.18) and applying the estimate of (4.8), we obtain (4.16) and (4.17). O

4.4. For the two-dimensional Navier-Stokes case

The proof of the remaining part is completely similar to the processing of Lemmas 3.6-3.13, so we
omit the details.
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4.5. For the three-dimensional Stokes case

Next, we can use semigroup estimation to obtain the following prior estimates for the three-
dimensional case.

Lemma 4.12. Suppose that (1.3) holds and let y, € (%,y] C (%, 1). Then for all T € (0, Tp.y) there
exist C(T) > 0 and 6 > 0 such that

f IAu(-, )5 dx < C(T)
Q

and

(-, Dllcoey < C(T).
Proof. Let 6 = 0.1,y = 0.501,ry = 3, r, = 3.7, r, = 44. We have 26, > %(% - %) and y; =
Yo+ 80+ 3(; — 1) < 3. Therefore, we use standard semigroup estimates, Holder’s inequality and (4.8)
to deduce that

L2(Q)

!
AT u(-, Dl = [JA7 (e ug + f e TAP(n(-, 5)VD)ds)
0
!
< “e—tAAVOuO”LrZ(Q) + f ||A)’o+6oe—(t—s)AA—6o(n(., S)V(D)”er(g)ds
0
' —Y0=00=3X(= =) _~A1(1—s5)|] A~
< A uplla) + Cas | (t—5) 20 e VAT 0, )| yd s
0
!
<Cy+Cy f (t— )" x e n(, Nz ds
0

< Cy+Cy fo e s s fo (= 5711 x ey

< Cy forall te (0,7).
Then, we apply the embedding D(A)Y) < C% 0 < 0 < 2y, — % to obtain the Lemma 4.12. O
Lemma 4.13. Assume that (1.3) holds. Then for all T € (0, Tax) there exist C(T) > 0 such that

f IVe(x, H)*dx < C(T)
Q

T
f f |Ac(x, H)[*dxdt < C(T).
0 Q

Proof. We multiply the Eq (1.1), with —Ac and use the integration by parts and Holder’s inequality to
obtain

1d
—— f IVelPdx + f \VelPdx + f |Acl*dx = f (u - Ve)Acdx — s f cw™Acdx
2 dt Q Q Q Q Q

1 2 2 2 2 2 2(1-
<5 f ACPdx + lullFo o) IVl g + 1511l 0 W5y
Q

and

1 2 2 2 ,ug 2 2
<= f |Ac|“dx + ||u||Lm(g)||VC||Lz(Q) + —(||C||Lz(Q) + ”W”LZ(Q))'
2 o 2
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That is
d
= f Veldx +2 f Veldx + f Acldx < 20uleylIVelsg, + 131l Pa gy + IWIEsg)-  (4.19)
Q Q

Integrating the two sides of the inequality (4.19) and applying the Lemmas 4.10 and 4.12, we
completely the proof of the Lemma 4.13. O

Lemma 4.14. If (1.3) holds. Then for all T € (0, Ty.x) there exist C(T) > 0 such that

f In(-, H|*dx < C(T). (4.20)
Q

Proof. We integrate the first equation of (1.1) and use the Hoder’s inequality and Young’s inequality to

d

d—fnzdx+2f|Vn|2dx:—anzAcdx+/J1fnzdx—ugfnk“dx

Ja Q Q Q

—f|Ac|2dx+f 4a’x+'u2f 7 dx + Cpo — sz Ay (4.21)
4 Q 2 Ja Q

—f|AC| dx+ C;5y for all k > 3.

><

_,;><

For k = 3, using the same method, we can get

4 f n’dx + 2 f |Vn|*dx

2
<2 f ntdx + 2 f |AcPdx + 22 f ntdx + 110 - f ndx (4.22)
2 Ja 21 2 Jo 21 Q
XZ
< 2— | |Acfdx + Cy.
21y Jo

By integrating the expressions of (4.21) or (4.22) and using the Lemma 4.13, the proof is complete.
m]

Lemma 4.15. Assume that (1.3) holds. Then for all T > 0 there exist C(T) > 0 such that

f IVw(-, $)[*dx < C(T)
Q

f f |AW(-, $)dxdt < C(T).
0 Q

Proof. Multiplying the Eq (1.1); with —Aw and using Holder’s inequality, one has

1d
—— f IVw|dx + f IVw|*dx + f |Aw[dx = f (u - Vw)Awdx — f nAwdx
2dt Jg Q Q Q

2
<5 f AWPdx + [t 7o) IV WIIZ2 ) + 1117 -

and

(4.23)

Integrating the two sides of (4.23) and applying the estimates (4.12) and (4.20), we complete the proof
of the Lemma 4.15. O
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Lemma 4.16. If (1.3) holds. Then for all T € (0, Ty.x) there exist C(T) > 0 such that
llcC, Dllwray < C(T).
Proof. Applying the variation of constant formula of n, we have
lleC, Dl < e Peollz=@ + fo l e s, W', ) + V- (U, $)CC, )| )48
<Cn+Cx j(;[ (1+(t— S)_%)”Ca(', W', 9ll@ds

!
+ C32f (I+@- S)_%)HC(', u(-, $)llads
0
< Csp + Cx(fcll

1—
ZZ(Q)”W”LZ(C;)) + llellwia) < Css.

Then, we use the similar method of Lemma 3.11 to deduce that
!
A-1 —s)(A-1 1-
lleC, Dllwray <l Pegllwra) + f e D s, W', ) + e, 9) - Ve )| e dS
0
!
3.3 i _
< Cau+ Css f (1 + (= ) F eI =, $)llsds
0
!
_ ks (=)A= (1. )
+C35f0 [(=A + 1)<e V- (uC, 9C, )| oS
!
1- =343\ (-
< Csq + CslleC, 9l[Gagy W L, fo (14 (1= 5) ) 109 g
t
1 .
+ Cs6 f (t — $)™ 727%™, $)c(-, $)llio@ds
0
!
1- —Kkg=L =65 A1 (t—
< C34 + C36||C||(‘§/I,Z(Q)||Wllwl(,l;(g) + C36 ‘f(; (t - S) Mm% . S)”u(’ S)”LM(Q)”C(" S)”L“’(Q)ds

1 3 1
<Cx; forallq>1,/<4>§—2—q,0</<4+65<§. m|

Next, we give the estimates of 7, and then apply them to obtain the estimate of w.
Lemma 4.17. Suppose that (1.3) holds. Then for all T € (0, Tyax) there is C(T) > 0 such that
InC, Dlle=@y < C(T).

Proof. Let M(T™*) := sup |In(:, )L~ forall T* € (0,T) and let p = (¢ — 1),.. Applying the variation
1€(0,7%)
of constant formula of n, we can see that

!
(-, D)l =) < ||e(’_t°)An(~, to) — f e(’_s)A(V - (yn(-, s)Ve(-, s) + n(-, S)u(-, s))ds + ,u]n)ds”m(m
fo
1 1
< Cx + f (I + s78)llyn(, )V, s) + n-, Hul:, $)llpsqds + ui f (1+ S_%)”n”L“(Q)dS
0 0
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1
_7

< Csg + f (I+s 8)(X|ln(-, N o@lIVel, s + lul, =@, S)||L4(Q))d5

0

! 3 1 1

+ [y f(l + 575G, N o o) 110G s
0

< Cag + C39(M%(T*) + M%(T*)).

Thus, using the Young’s inequality, we obtain the result. O

Lemma 4.18. Assume that (1.3) holds. Then for all T € (0, Ty.x) there exist C(T) > 0 such that
W, Dllwray < C(T).
Proof. Using the variation of constant formula of w and taking d¢ > 0O suitable small, we have
!
[Iw(, Dllwra) = ||€I(A_1)W0||W‘v‘f(§2) + f ||€(t_s)(A_l)(n + V- (u-, s);w(-, S)))”leq(ﬂ)ds
0
' 13\ (1)
< Cy+Cy f (I+@—s)2"4)e InC, Hllz=ds
0
t
#Cao [ =8+ DT - e sl
0

!
+ Cyp f (1+ (£ = )4 379)e Iy 9w, )ll@ds
0

forallg > 1, ks > 5 = 5, 06 < 5.
Similar to Lemma 4.16, we get the proof of Lemma 4.18. O
Proof of Theorem 1.1 for the three-dimensional case. Finally, we arrive at the proof of Theorem 1.1,
using the estimates we obtained in Lemmas 4.16—4.18 and then using the extendability criterion. O
Proof of Theorem 1.2. Based on the estimates collected in Lemmas 4.4—4.8, and the three-dimensional
case is similar. We finish the proof. O
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