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1. Introduction and preliminaries

In this paper, we are particularly interested in examining the pace at which the following problem
solution degrades

φtt − (φx − ψ − lω)x − k2
0l(ωx − lφ) = 0,

ψtt − a2ψxx − (φx − ψ − lω) + mθx = 0,

ωtt − k2
0(ωx − lφ)x − l(φx − ψ − lω) + γ1ωt +

∫ τ2

τ1

γ2(s)ωt (x, t − s) ds = 0,

θt + qx + mψtx = 0,
τqqt + βq + θx = 0.

(1.1)

where
(x, s, t) ∈ R × (τ1, τ2) × R+,

under the initial

(φ, φt, ψ, ψt, ω, ωt, θ, q)(x, 0) = (φ0, φ1, ψ0, ψ1, ω0, ω1, θ0, q0), x ∈ R,
ωt(x,−t) = f0(x, t), (x, t) ∈ R × (0, τ2),

(1.2)
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where the parameters a, l,m, k0, γ1 and β are considered to be positive constants, the function θ stands
for temperature gradient, the functions φ, ψ and ω stand for the vertical displacements of the girder, the
tilt angle of the linear filament substance and the longitudinal displacements, respectively, the integral
embodies the dispersed delay terms with τ1, τ2 > 0 being a time delay, and γ2 is a L∞ function.

There are several consequences from the coupling of the Cattaneo law of heat conduction with
various systems, which has been discussed by several writers. For instance, see (Bresse-Cattaneo)
in [6, 14], the Bresse concept and the Fourier law of heat conduction (Bresse-Fourier) have both been
addressed in [13], Timoshenko system with historical data in [1, 7, 9] and
Moore-Gibson-Thompson problem in [4]. The following papers are recommended to the reader for
further information [2, 3, 5, 8, 16].

In the absence of distributed delay term. The researchers briefly looked into the decay rate of
system (1.1) in [14], and they presented the results as follows:

• For α = 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1

12−
k
6 +C(1 + t)−

ℓ
2 ∥∂k+ℓ

x U0∥2. (1.3)

• For α , 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1
12−

k
6 +C(1 + t)−

ℓ
10 ∥∂k+ℓ

x U0∥2, (1.4)

where
α = α(τq) = (τq − 1)(1 − a2) − τqm2. (1.5)

The Bresse-Cattaneo system (1.1) optimality decay rates were subsequently displayed by the authors
in [6]. Alternatively, they enhanced the approximations (1.3) and (1.4) obtained by incorporating new,
extremely sensitive Lyapunov functionals.

• For α = 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1
4−

k
2 +Ce−ct∥∂k+ℓ

x U0∥2. (1.6)

• For α , 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1
4−

k
2 +C(1 + t)−ℓ∥∂k+ℓ

x U0∥2, (1.7)

and they demonstrated that the estimations (1.6) and (1.7) depending on the parameter δ and under the
following supposition

δ = k2
0l2 − l2 − 1 , 0, (1.8)

are accurate. After a thorough examination of the concept of dispersed postponement, the following
questions seem intuitive: What sort of phrase has systemic suppressive activities? How should one
determine the complexities that will enable them to “predict” devaluation? Is the concept of
amortization always useful? Could the inclusion of the dispersed delay term have somehow made this
type of issue more difficult to solve? This work is an attempt to comprehend the Bresse-Cattaneo
framework and the dispersed delay term. The distributed delay term that is shown below, notably in
Fourier space, does not apply to the Bresse-Cattaneo with friction attenuation solutions if they are
relatively simple.

We aim to demonstrate the decay properties of the solution using the energy method in the Fourier
space for the problems (1.1) and (1.2) relying on all recent publications, particularly [6, 14]. This is
one of the first studies we are aware of that looks at the Bresse-Cattaneo system with the dispersed
delay factor in the Fourier space.
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The sections of this manuscript are as follows: Here, we apply our presumptions and preliminary
findings to the major decay conclusion. We build the Lyapunov component and determine the
estimation for the Fourier image in the subsequent portion by employing the energy approach in
Fourier space.

First, as in [11], we introduce the new variable

Y(x, ρ, s, t) = ωt(x, t − sρ),

then we get {
sYt(x, ρ, s, t) +Yρ(x, ρ, s, t) = 0,
Y(x, 0, s, t) = ωt(x, t).

Therefore, our problem is expressed as follows

φtt − (φx − ψ − lω)x − k2
0l(ωx − lφ) = 0,

ψtt − a2ψxx − (φx − ψ − lω) + mθx = 0,

ωtt − k2
0(ωx − lφ)x − l(φx − ψ − lω) + γ1ωt +

∫ τ2

τ1

γ2(s)Y (x, 1, s, t) ds = 0,

θt + qx + mψtx = 0,
τqqt + βq + θx = 0,
sYt(x, ρ, s, t) +Yρ(x, ρ, s, t) = 0,

(1.9)

where
(x, ρ, s, t) ∈ R × (0, 1) × (τ1, τ2) × R+,

using the initial data{
(φ, φt, ψ, ψt, ω, ωt, θ, q)(x, 0) = (φ0, φ1, ψ0, ψ1, ω0, ω1, θ0, q0),
Y(x, ρ, s, 0) = f0(x, sρ), (x, ρ, s) ∈ R × (0, 1) × (0, τ2).

(1.10)

Regarding the significance of the delay, we only presumptively determine that
(H1) γ2 : [τ1, τ2]→ R is a limited function considering∫ τ2

τ1

|γ2(s)|ds < γ1. (1.11)

To support our primary finding, we require the Hausdorff-Young inequality in the following Lemma

Lemma 1.1. [10] There is a constant C > 0 such that, for each k, ς ≥ 0, c > 0, guarantees that the
estimation given below is true ∀t ≥ 0:∫

|ξ|≤1
|ξ|ke−c|ξ|ς tdξ ≤ C(1 + t)−(k+n)/ς, ξ ∈ Rn. (1.12)

Also, we recall Plancherel’s theorem.

Theorem 1.1. ( [15] Plancherel theorem)
The integral of a function’s squared modulus is equal to the integral of the squared modulus of its
frequency spectrum. That is, if f (x) is a function on the real line, and f̂ (ξ) is its frequency spectrum,
then ∫ ∞

−∞

| f (x)|2 dx =
∫ ∞

−∞

| f̂ (ξ)|2 dξ.
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2. Energy method and decay estimates

In this section, we obtain a degradation estimation for the Fourier image of the remedy to
problems (1.9) and (1.10). This approach enables us to provide the decay rate of the solution in the
energy space by utilizing Plancherel’s theorem together with some integral estimations, such as
Lemma (1.1). By utilizing the energy approach in Fourier space, we create the proper Lyapunov
functionals for this problem. Ultimately, we substantiate our major finding.

2.1. The energy method in the Fourier space

Allow us to now incorporate the control values to construct the Lyapunov functional in the Fourier
space and for convenience

v = (φx − ψ − lω), u = φt, z = aψx, y = ψt ϕ = k0(ωx − lφ), η = ωt. (2.1)

The system (1.9) then adopts the following structure

vt − ux + y + lη = 0
ut − vx − k0lϕ = 0
zt − ayx = 0
yt − azx − v + mθx = 0
ϕt − k0ηx + k0lu = 0

ηt − k0ϕx − lv + γ1η +

∫ τ2

τ1

γ2(s)Y (x, 1, s, t) ds = 0

θt + qx + myx = 0
τqqt + βq + θx = 0
sYt +Yρ = 0,

(2.2)

with the initial data

(v, u, z, y, ϕ, η, θ, q,Y)(x, 0) = (v0, u0, z0, y0, ϕ0, η0, θ0, q0, f0), x ∈ R, (2.3)

where

v0 = (φ0,x − ψ0 − lω0), u0 = φ1, z0 = aψ0,x, y0 = ψ1, ϕ0 = k0(ω0,x − lφ0), η0 = ω1.

Hence, for (τq , 0) the problem (2.2) and (2.3) is written as{
Ut +AUx +LU = 0,
U(x, 0) = U0(x),

(2.4)

with U = (v, u, z, y, ϕ, η, ϑ, q,Y)T , U0 = (v0, u0, z0, y0, ϕ0, η0, ϑ0, q0, f0) and
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AU =



−u
−v
−ay
−az + mθ
−k0η

−k0ϕ

+q + my
+ 1
τq
θ

0


,LU =



y + lη
−k0lϕ
0
v
k0lu
−lv + γ1η +

∫ τ2

τ1
γ2(s)Y (x, 1, s, t) ds

0
β

τq
q

1
sYρ


.

Now, we will state the well-posedness result of system (2.4).

Theorem 2.1. Suppose that (1.11). Let U0 ∈ H s(R), s ∈ N and s ≥ 2, then problem (2.4) has a unique
solution U such that

U ∈ C0([0;∞); H s(R)) ∩C1([0;∞); H s−1(R)).

For a complete proof and more information, see [12].
When we execute the Fourier transform to (2.4), the underneath respective problem arises:{

Ût + iξAÛ +LÛ = 0,
Û(ξ, 0) = Û0(ξ),

(2.5)

where the solution Û(ξ, t) = (̂v, û, ẑ, ŷ, ϕ̂, η̂, θ̂, q̂, Ŷ)T (ξ, t) is given by

Û(ξ, t) = eΨ(ξ)tÛ(ξ, 0),

with
Ψ(ξ) := −(iξA +L).

Hence, in order to prove the asymptotic behavior of the solution, it suffices to get a function ρ(ξ) such
that

|eΨ(ξ)t| ≤ Ce−cρ(ξ)t,

where C and c positive constants. Thus, the behavior of the solution depends on a critical way on the
behavior of the function ρ(ξ).

To arrive at this result, we start with (2.5)1 where it is rewritten as:

v̂t − iξû + ŷ + l̂η = 0
ût − iξ̂v − k0l̂ϕ = 0
ẑt − aiξ̂y = 0
ŷt − aiξ̂z − v̂ + miξθ̂ = 0
ϕ̂t − k0iξη̂ + k0l̂u = 0

η̂t − k0iξϕ̂ − l̂v + γ1η̂ +

∫ τ2

τ1

γ2(s)Ŷ (ξ, 1, s, t) ds = 0

θ̂t + iξq̂ + miξ̂y = 0
q̂t +

β

τq
q̂ + 1

τq
iξθ̂ = 0

sŶt + Ŷρ = 0.

(2.6)
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Lemma 2.1. Assume that (1.11) is accurate. Let Û(ξ, t) be the solution of (2.5). Then the energy
functional Ê(ξ, t) is thus given by

Ê(ξ, t) =
1
2

{
|̂v|2 + |̂u|2 + |̂z|2 + |̂y|2 + |̂ϕ|2 + |̂η|2 + |̂θ|2 + τq |̂q|2

}
+

1
2

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ, (2.7)

satisfies

dÊ(ξ, t)
dt

≤ −C1 |̂η|
2 − β|̂q|2 ≤ 0, (2.8)

where C1 =

(
γ1 −
∫ τ2

τ1
|γ2(s)|ds

)
> 0.

Proof. Firstly, multiplying (2.6)1,2,3,4,5,6 by v̂, û, ẑ, ŷ, ϕ̂ and η̂ respectively, and multiplying (2.6)7,8 by
θ̂, τqq̂, adding these equalities and taking the real part, we get

1
2

d
dt

[
|̂v|2 + |̂u|2 + |̂z|2 + |̂y|2 + |̂ϕ|2 + |̂η|2 + |̂θ|2 + τq |̂q|2

]
dx

+β|̂q|2 + γ1 |̂η|
2 +ℜe

{ ∫ τ2

τ1

γ2(s)̂ηŶ (ξ, 1, s, t) ds
}
= 0. (2.9)

Secondly, multiplying the Eq (2.6)9 by Ŷ|γ2(s)|, and integrating the findings with (0, 1) × (τ1, τ2)

d
dt

1
2

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ(ξ, ρ, s, t)|2dsdρ

= −
1
2

∫ 1

0

∫ τ2

τ1

|γ2(s)|
d

dρ
|Ŷ(ξ, ρ, s, t)|2dsdρ

=
1
2

∫ τ2

τ1

|γ2(s)|
(
|Ŷ(ξ, 0, s, t)|2 − |Ŷ(ξ, 1, s, t)|2

)
ds

=
1
2

( ∫ τ2

τ1

|γ2(s)|ds
)
|̂η|2 −

1
2

∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds, (2.10)

as well as utilizing Young’s inequality, we have

ℜe
{ ∫ τ2

τ1

γ2(s)̂ηŶ (ξ, 1, s, t) ds
}

≤
1
2

( ∫ τ2

τ1

|γ2(s)|ds
)
|̂η|2 +

1
2

∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds, (2.11)

by substituting (2.10) and (2.11) into (2.9), we find

dÊ(ξ, t)
dt

≤ −

(
γ1 −

∫ τ2

τ1

|γ2(s)|ds
)
|̂η|2 − β|̂q|2,
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then, by (1.11), ∃C1 = (γ1 −
∫ τ2

τ1
|γ2(s)|ds) > 0 so that

dÊ(ξ, t)
dt

≤ −C1 |̂η|
2 − β|̂q|2 ≤ 0. (2.12)

Hence, we obtain (2.7) (Ê is a non-increasing function ). □

We now require the following lemmas in order to accomplish our objectives.

Lemma 2.2. The functional

D1(ξ, t) := ℜe
{
iξτq

(̂
θq̂
)}
, (2.13)

satisfies, for any ε1 > 0

dD1(ξ, t)
dt

≤ −
1
2
ξ2 |̂θ|2 + ε1ξ

2 |̂y|2 + c(ε1)(1 + ξ2)|̂q|2. (2.14)

Proof. DifferentiatingD1 and by using (2.6), we get

dD1(ξ, t)
dt

= ℜe
{
iξτq̂θtq̂ − iξτqq̂t̂θ

}
= −ξ2 |̂θ|2 + τqξ

2 |̂q|2 +ℜe
{
mτqξ

2ŷ̂q
}
+ℜe

{
iβξq̂̂θ

}
. (2.15)

With the help of Young’s inequality, we estimate the terms in the RHS of (2.15) and obtain for every
ε1, δ1 > 0

+ℜe
{
iβξq̂̂θ

}
≤ δ1ξ

2 |̂θ|2 + c(δ1)|̂q|2,

+ℜe
{
mτqξ

2ŷ̂q
}
≤ ε1ξ

2 |̂y|2 + c(ε1)ξ2 |̂q|2. (2.16)

By adding the aforementioned estimations (2.16) to (2.15) and setting δ1 =
1
2 , we find (2.14). □

Lemma 2.3. The functional

D2(ξ, t) := ld1δ
2F1(ξ, t) + d1mδ2F2(ξ, t) + m2δF3(ξ, t) + m2δlk0F4(ξ, t), (2.17)

where

F1(ξ, t) := ℜe
{
− m2ξ2ŷ̂v − m2aξ2û̂z + (1 − a2)mξ2̂θ̂u +

d2τq

l
ξ2v̂̂q
}
,

F2(ξ, t) := ℜe
{
ilξ̂ŷθ − iξη̂̂θ

}
,

F3(ξ, t) := ℜe
{
− l(δ − ξ2)̂η̂v + lk0ξ

2ϕ̂̂u + il2k0ξη̂ϕ̂
}
,

F4(ξ, t) := ℜe
{
− ilk0ξ̂v̂u + iξ̂yϕ̂

}
(2.18)

and
d1 = ml(a2 + m2 − 1), d2 = l(1 −

1
δl2 ), (2.19)
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satisfies, for any ε2, ε3, ε4 > 0

dD2(ξ, t)
dt

≤ −
m2δ2

2
ξ2 |̂v|2 −

m2δ2l2

2
(1 + ξ2)|̂v|2 + 2ε2 |̂y|2

+(3 + γ1)ε3ξ
2 |̂ϕ|2 + 3ε4ξ

2 |̂u|2 + c(ε3)ξ2 |̂θ|2 + c(ε3)ξ2 |̂z|2

+c(ε2, ε4)ξ2(1 + ξ2)|̂q|2 + c(ε2, ε3, ε4)(1 + ξ2 + ξ4)|̂η|2

+c(ε3)(1 + ξ2)
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.20)

Proof. Firstly, differentiating F1,F2,F3 and F4 and by using (2.6), we get

dF1(ξ, t)
dt

= −m2ξ2 |̂v|2 + m2ξ2 |̂y|2 +ℜe
{
lm2ξ2η̂̂y

}
−ℜe

{
am2lk0ξ

2ϕ̂̂z
}

+ℜe
{
imαξ3q̂̂u

}
+ℜe

{
(1 − a2)mlk0ξ

2ϕ̂̂θ
}

−ℜe
{
d2τqξ

2η̂q̂
}
−

d2τq

l
ℜe
{
ξ2ŷ̂q
}
−

d2β

l
ℜe
{
ξ2q̂̂v
}
, (2.21)

dF2(ξ, t)
dt

= −lmξ2 |̂y|2 + mlξ2 |̂θ|2 −ℜe
{
alξ2 ẑ̂θ

}
−ℜe

{
lξ2q̂̂y

}
+ℜe
{
k0ξ

2ϕ̂̂θ
}
+ℜe

{
iγ1ξη̂̂θ

}
+ℜe

{
mξ2ŷ̂η

}
+ℜe
{
ξ2q̂̂η
}
+ℜe

{
iξ
∫ τ2

τ1

γ2(s)̂θŶ(ξ, 1, s, t)ds
}
, (2.22)

dF3(ξ, t)
dt

= −k2
0l2ξ2 |̂u|2 − l2(δ − ξ2)|̂v|2 + (l2(δ − ξ2) + l2k2

0ξ
2)|̂η|2

−ℜe
{
ilk0ξ(l2k2

0 − 1)ϕ̂̂v
}
+ℜe

{
lγ1(δ − ξ2)̂η̂v

}
+ℜe
{
ilξ
(
ξ2(k2

0 − 1) − (l2 + 1)
)̂
η̂u
}
+ℜe

{
l(δ − ξ2)̂ŷη

}
−ℜe
{
il2k0γ1ξη̂ϕ̂

}
+ℜe

{
l(δ − ξ2)

∫ τ2

τ1

γ2(s)̂vŶ(ξ, 1, s, t)ds
}

−ℜe
{
il2k0ξ

∫ τ2

τ1

γ2(s)ϕ̂Ŷ(ξ, 1, s, t)ds
}
, (2.23)

and

dF4(ξ, t)
dt

= −k0lξ2 |̂v|2 + k0lξ2 |̂u|2 +ℜe
{
k0ξ

2η̂̂y
}
−ℜe

{
aξ2ẑϕ̂

}
+ℜe
{
il2k0ξη̂̂u

}
+ℜe

{
mξ2̂θϕ̂

}
+ℜe

{
i(k2

0l2 − 1)ξϕ̂̂v
}
. (2.24)

Now, differentiatingD2 and by exploiting (2.21)–(2.24), gives

AIMS Mathematics Volume 8, Issue 8, 17890–17913.
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dD2(ξ, t)
dt

= −m2δ2ξ2 |̂v|2 − m2l2δ2(1 + ξ2)|̂v|2 + d1m2δ2lξ2 |̂θ|2

+m2δ[l2(δ − ξ2) + l2k0ξ
2]|̂η|2 +ℜe

{
δd3ξ

2η̂̂y
}
+ℜe

{
lm2δ2η̂̂y

}
+ℜe
{
imαld1δ

2ξ3q̂̂u
}
−ℜe

{
d4ξ

2ϕ̂̂z
}
+ℜe

{
d5ξ

2ϕ̂̂θ
}

−ℜe
{
d1δ

2d2βξ
2q̂̂v
}
+ℜe

{
id1mγ1δ

2ξη̂̂θ
}
+ℜe

{
d6ξ

2η̂q̂
}

−ℜe
{
d1maδ2lξ2 ẑ̂θ

}
+ℜe

{
m2δlγ1(δ − ξ2)̂η̂v

}
+ℜe

{
d7ξ

2ŷ̂q
}

−ℜe
{
im2δl2k0γ1ξη̂ϕ̂

}
+ℜe

{
il(k2

0 − 1)m2δξ3η̂̂u
}

+ℜe
{
ilm2δ2ξη̂̂u

}
+ℜe

{
id1mδ2ξ

∫ τ2

τ1

γ2(s)̂θŶ(ξ, 1, s, t)ds
}

+ℜe
{
m2lδ(δ − ξ2)

∫ τ2

τ1

γ2(s)̂vŶ(ξ, 1, s, t)ds
}

−ℜe
{
im2δl2k0ξ

∫ τ2

τ1

γ2(s)ϕ̂Ŷ(ξ, 1, s, t)ds
}
, (2.25)

where
α := (a2 − 1)(1 − τq) − m2τq, (2.26)

and

d3 = m2δd1(l2 + 1) + m2l(k2
0 − 1),

d4 = l2d1δ
2am2k0 + m2δalk0,

d5 = l2k0md1δ
2(1 − a2) + d1mδ2k0 + m3δlk0,

d6 = d1mδ2 − ld1δ
2d2τq,

d7 = d1δ
2d2τq + d1mδ2l.

By applying the Young’s inequality to the terms on the RHS of (2.25), we obtain for any
ε2, ε3, ε4, δ2, δ3, δ4 > 0

dD2(ξ, t)
dt

≤ −(m2δ2 − δ2)ξ2 |̂v|2 − (m2l2δ2 − δ3 − γ1δ4)(1 + ξ2)|̂v|2 + 2ε2 |̂y|2

+(3 + γ1)ε3ξ
2 |̂ϕ|2 + 3ε4ξ

2 |̂u|2 + c(ε3)ξ2 |̂θ|2

+c(ε2, ε4, δ2)ξ2(1 + ξ2)|̂q|2 + c(ε2, ε3, ε4, δ3)(1 + ξ2 + ξ4)|̂η|2

+c(ε3)ξ2 |̂z|2 + c(ε3, δ4)(1 + ξ2)
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.27)

By letting δ2 =
m2δ2

2 , δ3 =
m2δ2l2

4 , δ4 =
m2δ2l2

4γ1
, we obtain (2.20). □

Lemma 2.4. Assume that (1.8) holds. The functional

D3(ξ, t) := τqlk0F1(ξ, t) + τqmk0F2(ξ, t) − m2τqF4(ξ, t) + F5(ξ, t) + F6(ξ, t), (2.28)
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where

F5(ξ, t) := ℜe
{
− iβk0d1τqξûq̂ + iτqm2lξη̂ϕ̂

}
,

F6(ξ, t) := ℜe
{
ak0l̂ŷv + ilk0ξ̂ẑy − ik0ξ̂ẑη − iaξ̂yϕ̂

}
, (2.29)

satisfies

(1) For α = 0. Then,

dD3(ξ, t)
dt

≤ −
ak0l

2
(1 + ξ2)|̂y|2 + c|̂v|2 −

τqm2lk0

2
ξ2 |̂ϕ|2 + c(1 + ξ2)|̂η|2

−
τqm2lk0

2
ξ2 |̂u|2 + cξ2 |̂z|2 + c(1 + ξ2)|̂q|2 + cξ2 |̂θ|2

+c
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.30)

(2) For α , 0. Then,

dD3(ξ, t)
dt

≤ −
ak0l

2
(1 + ξ2)|̂y|2 + c|̂v|2 −

τqm2lk0

2
ξ2 |̂ϕ|2 + c(1 + ξ2)|̂η|2

−
τqm2lk0

2
ξ2 |̂u|2 + cξ2 |̂z|2 + c(1 + ξ2 + ξ4)|̂q|2 + cξ2 |̂θ|2

+c
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.31)

Proof. Firstly, a direct differentiation of F5,F6 and by using (2.6), we get

dF5(ξ, t)
dt

= −τqm2lk0ξ
2 |̂ϕ|2 + τqm2lk0ξ

2 |̂η|2 +ℜe
{
τqβk0ld1ξ

2v̂̂q
}

−ℜe
{
iβ2d1k0ξq̂̂u

}
+ℜe

{
βk0d1ξ

2̂θ̂u
}
−ℜe

{
τqβlk2

0d1ξϕ̂q̂
}

+ℜe
{
iτqm2l2ξ̂vϕ̂

}
−ℜe

{
iτqm2lγ1ξη̂ϕ̂

}
+ℜe

{
iτqm2l2k0ξû̂η

}
+ℜe
{
iτqm2lξ

∫ τ2

τ1

γ2(s)ϕ̂Ŷ(ξ, 1, s, t)ds
}
, (2.32)

and

dF6(ξ, t)
dt

= −ak0l(1 + ξ2)|̂y|2 + ak0l|̂v|2 + ak0lξ2 |̂z|2 +ℜe
{
ia2k0lξ̂ẑv

}
+ℜe
{
(a2 − k2

0)ξ2ϕ̂̂z
}
−ℜe

{
ik0γ1ξη̂̂z

}
−ℜe

{
ialk0mξθ̂̂v

}
−ℜe
{
k0lmξ2̂θ̂z

}
−ℜe

{
iaξ̂vϕ̂

}
−ℜe

{
amξ2̂θϕ̂

}
−ℜe
{
ak0l2η̂̂y

}
−ℜe

{
ik0ξ

∫ τ2

τ1

γ2(s)̂zŶ(ξ, 1, s, t)ds
}
. (2.33)
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Now, by differentiatingD3 and exploiting (2.32), (2.33), (2.21), (2.22) and (2.24), we find

dD3(ξ, t)
dt

= −ak0l(1 + ξ2)|̂y|2 − τqm2lk0ξ
2 |̂ϕ|2 + τqm2lk0ξ

2 |̂η|2 + ak0l|̂v|2

+ak0lξ2 |̂z|2 − τqm2lk0ξ
2 |̂u|2 + τqm2lk0ξ

2 |̂θ|2 +ℜe
{
ia2k0lξ̂ẑv

}
+ℜe
{
d8ξ

2ϕ̂̂z
}
−ℜe

{
ik0γ1ξη̂̂z

}
−ℜe

{
ialk0mξθ̂̂v

}
−ℜe
{
k0lm(1 + aτq)ξ2̂θ̂z

}
−ℜe

{
id9ξ̂vϕ̂

}
−ℜe

{
d10ξ

2̂θϕ̂
}

−ℜe
{
ak0l2η̂̂y

}
+ℜe

{
l2m2k0τqξ

2η̂̂y
}
−ℜe

{
iτqm2lγ1ξη̂ϕ̂

}
−ℜe
{
d11ξ

2q̂̂y
}
−ℜe

{
ik0ξ

∫ τ2

τ1

γ2(s)̂zŶ(ξ, 1, s, t)ds
}

−ℜe
{
iβ2d1k0ξq̂̂u

}
+ℜe

{
βk0d1ξ

2̂θ̂u
}
−ℜe

{
τqβlk2

0d1ξϕ̂q̂
}

+ℜe
{
2iτqm2l2k0ξû̂η

}
−ℜe

{
iτqm2lξ

∫ τ2

τ1

γ2(s)ϕ̂Ŷ(ξ, 1, s, t)ds
}

+ℜe
{
imγ1τqk0ξη̂̂θ

}
+ℜe

{
iτqmk0ξ

∫ τ2

τ1

γ2(s)̂θŶ(ξ, 1, s, t)ds
}

+ℜe
{
τql(m − d2τqk0)ξ2q̂̂η

}
+ℜe

{
imατqlk0ξ

3q̂̂u
}
, (2.34)

where

d8 = a2 − k2
0 − τqam2l2k2

0 + m2τq,

d9 = a − τqm2(l2k2
0 − 1) − m2l2τq,

d10 = am − τqmk2
0 + τq(a2 − 1)ml2k2

0 + m3τq,

d11 = τqk0(lm + d2τq).

At this point, we distinguish two cases according to the values of α:
Case 1. (α = 0).

In this case, the last term in the RHS of (2.34) is zero. Then, by applying the Young’s inequality we
obtain for any δi, i = 5, ..., 9 > 0

dD3(ξ, t)
dt

≤ −(ak0l − δ7)|̂y|2 − (ak0l − 2δ8)ξ2)|̂y|2 + c(δ5)|̂v|2

−(τqm2lk0 − 5δ5 − δ6γ1)ξ2 |̂ϕ|2 + c(δ5, δ7, δ8, δ9)(1 + ξ2)|̂η|2

−(τqm2lk0 − 3δ9)ξ2 |̂u|2 + c(δ5)ξ2 |̂z|2 + c(δ5, δ8, δ9)(1 + ξ2)|̂q|2

+c(δ5, δ9)ξ2 |̂θ|2 + c(δ6)
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.35)

By letting δ5 =
τqm2lk0

20 , δ6 =
τqm2lk0

4γ1
, δ7 =

alk0
2 , δ8 =

alk0
4 and δ9 =

τqm2lk0

6 , we find (2.30).
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Case 2. (α , 0).
The last term of the RHS in this situation is estimated as follows in (2.34)

+ℜe
{
imατqlk0ξ

3q̂̂u
}
≤ δ9ξ

2 |̂u|2 + c(δ9)ξ4 |̂q|2. (2.36)

Similarly to (2.35) and by Young’s inequality, we get

dD3(ξ, t)
dt

≤ −(ak0l − δ7)|̂y|2 − (ak0l − 2δ8)ξ2)|̂y|2 + c(δ5)|̂v|2

−(τqm2lk0 − 5δ5 − δ6γ1)ξ2 |̂ϕ|2 + c(δ5, δ7, δ8, δ9)(1 + ξ2)|̂η|2

−(τqm2lk0 − 4δ9)ξ2 |̂u|2 + c(δ5)ξ2 |̂z|2 + c(δ5, δ8, δ9)(1 + ξ2 + ξ4)|̂q|2

+c(δ5, δ9)ξ2 |̂θ|2 + c(δ6)
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.37)

By letting δ5 =
τqm2lk0

20 , δ6 =
τqm2lk0

4γ1
, δ7 =

alk0
2 , δ8 =

alk0
4 and δ9 =

τqm2lk0

8 , we find (2.31). Lemma 2.4 has
been successfully proved. □

Next, we have the following lemma.

Lemma 2.5. The functional

D4(ξ, t) := lF1(ξ, t) + d12F2(ξ, t) + lF7(ξ, t), (2.38)

where
F7(ξ, t) := alm2ℜe

{
iξ
(
− l̂ẑy + ẑ̂η

)}
and d12 = m(1 + a2l2), (2.39)

satisfies, for any ε5, ε6, ε7 > 0.

(1) For α = 0. Then,

dD4(ξ, t)
dt

≤ −
a2l3m2

2
ξ2 |̂z|2 −

lm2

2
ξ2 |̂v|2 + ε5ξ

2 |̂ϕ|2 + 2ε6ξ
2 |̂y|2

+c(ε5)ξ2 |̂θ|2 + c(ε6)(1 + ξ2)|̂η|2 + c(ε6)ξ2 |̂q|2

+c
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.40)

(2) For α , 0. Then,

dD4(ξ, t)
dt

≤ −
a2l3m2

2
ξ2 |̂z|2 −

lm2

2
ξ2 |̂v|2 + ε5ξ

2 |̂ϕ|2 + 2ε6ξ
2 |̂y|2 + ε7ξ

2 |̂u|2

+c(ε5)ξ2 |̂θ|2 + c(ε6)(1 + ξ2)|̂η|2 + c(ε6, ε7)(ξ2 + ξ4)|̂q|2

+c
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds. (2.41)

Proof. Firstly, differentiating F7 and by using (2.6), we get

dF7(ξ, t)
dt

= a2l2m2ξ2 |̂y|2 − a2l2m2ξ2 |̂z|2 +ℜe
{
iγ1alm2ξη̂̂z

}
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−ℜe
{
a2lm2ξ2ŷ̂η

}
+ℜe

{
alm2k0ξ

2ϕ̂̂z
}
+ℜe

{
am3l2ξ2̂θ̂z

}
−ℜe
{
ialm2ξ

∫ τ2

τ1

γ2(s)̂zŶ(ξ, 1, s, t)ds
}
. (2.42)

Now, differentiatingD4 and by exploiting (2.42), (2.21) and (2.22), gives

dD4(ξ, t)
dt

= −a2l3m2ξ2 |̂z|2 − lm2ξ2 |̂v|2 + lmd12ξ
2 |̂θ|2 +ℜe

{
ial2m2γ1ξη̂̂z

}
+ℜe
{
d13ξ

2ŷ̂η
}
+ℜe

{
(al3m3 − ald12)ξ2̂θ̂z

}
+ℜe

{
iγ1d12ξ

2η̂̂θ
}

+ℜe
{
d14ξ

2ϕ̂̂θ
}
−ℜe

{
(d2τql − d12)ξ2η̂q̂

}
−ℜe

{
(d2τq − ld12)ξ2ŷ̂q

}
−ℜe
{
d2βξ

2q̂̂v
}
+ℜe

{
ial2m2ξ

∫ τ2

τ1

γ2(s)̂zŶ(ξ, 1, s, t)ds
}

+ℜe
{
iξ
∫ τ2

τ1

γ2(s)̂θŶ(ξ, 1, s, t)ds
}
+ℜe

{
imlαξ3q̂̂u

}
, (2.43)

where

d13 = l2m2 − a2l2m2 + md12

d14 = (1 − a2)ml2k0 + k0d12.

At this point, we distinguish two cases:
Case 1. (α = 0).

In this instance, we obtain for any δ10, δ11, δ12 > 0 and ε5, ε6 > 0 by applying the Young’s inequality
to the elements on the RHS of (2.43).

dD4(ξ, t)
dt

≤ −(a2l3m2 − 2δ10 − γ1δ11)ξ2 |̂z|2 − (lm2 − δ12)ξ2 |̂v|2

+ε5ξ
2 |̂ϕ|2 + 2ε6ξ

2 |̂y|2 + c(δ10, ε5)ξ2 |̂θ|2

+c(δ10, ε6)(1 + ξ2)|̂η|2 + c(δ12, ε6)ξ2 |̂q|2

+c(δ11)
∫ τ2

τ1

|γ2(s)||Ŷ(ξ, 1, s, t)|2ds, (2.44)

by letting δ10 =
a2l3m2

8 , δ11 =
a2l3m2

4γ1
, δ8 =

m2l
2 , we find (2.40).

Case 2. (α = 0).
The last term of the RHS in this situation is estimated as follows in (2.43), for any ε7 > 0

ℜe
{
imlαξ3q̂̂u

}
≤ ε7ξ

2 |̂u|2 + c(ε7)ξ4 |̂q|2. (2.45)

Substituting the inequality (2.45) into the statement (2.43), we find (2.41). Lemma 2.5 has been
successfully proved. □

After that, we have the following lemma.
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Lemma 2.6. The functional

D5 (ξ, t) :=
∫ 1

0

∫ τ2

τ1

se−sρ|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ,

satisfies,

dD5 (ξ, t)
dt

≤ −ζ1

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ + γ1 |̂η|
2

−ζ1

∫ τ2

τ1

|γ2(s)||Ŷ (ξ, 1, s, t) |2ds, (2.46)

where ζ1 > 0.

Proof. By differentiatingD5, with respect to t and we use (2.6)9, we have

dD5 (ξ, t)
dt

= −

∫ 1

0

∫ τ2

τ1

se−sρ|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ

−

∫ τ2

τ1

|γ2(s)|[e−s|Ŷ (ξ, 1, s, t) |2 − |Ŷ (ξ, 0, s, t) |2]ds.

Using the fact that Y(ξ, 0, s, t) = ωt(ξ, t) = η, and e−s ≤ e−sρ ≤ 1, for all 0 < ρ < 1, we obtain

dD5 (ξ, t)
dt

≤ −

∫ 1

0

∫ τ2

τ1

se−s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ

−

∫ τ2

τ1

e−s|γ2(s)||Ŷ (ξ, 1, s, t) |2ds + (
∫ τ2

τ1

|γ2(s)|ds)|̂η|2.

□

We have −e−s ≤ −e−τ2 , for all s ∈ [τ1, τ2]. Since −e−s is an increasing function. Lastly, by setting
ζ1 = e−τ2 and remembering (1.11), we obtain (2.46).

At this stage, we define the Lyapunov functionals

• For α = 0:

K1(ξ, t) := N(1 + ξ2)Ê(ξ, t) + N1D1(ξ, t) + N2
1

(1 + ξ2)
D2(ξ, t)

+N3D3(ξ, t) + N4D4(ξ, t) + N5(1 + ξ2)D5(ξ, t). (2.47)

• For α , 0:

K2(ξ, t) := M(1 + ξ2)2Ê(ξ, t) + M1D1(ξ, t) + M2
1

(1 + ξ2)
D2(ξ, t)

+M3D3(ξ, t) + M4D4(ξ, t) + M5(1 + ξ2)D5(ξ, t), (2.48)

positive constants with values of N,M,Ni,Mi, i = 1, ..., 5 are to be carefully selected subsequently.
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Lemma 2.7. There exist µi > 0, i = 1, ..., 6 such that the functionalsK1(ξ, t) andK2(ξ, t) given by (2.47)
and (2.48) satisfies

• For α = 0: {
µ1(1 + ξ2)Ê(ξ, t) ≤ K1(ξ, t) ≤ µ2(1 + ξ2)Ê(ξ, t),
K ′1(ξ, t) ≤ −µ3ρ1(ξ)K1(ξ, t), ∀t > 0.

(2.49)

• For α , 0: {
µ4(1 + ξ2)2Ê(ξ, t) ≤ K2(ξ, t) ≤ µ5(1 + ξ2)2Ê(ξ, t),
K ′2(ξ, t) ≤ −µ6ρ2(ξ)K2(ξ, t), ∀t > 0,

(2.50)

where

ρ1(ξ) =
ξ2

(1 + ξ2)
, and ρ2(ξ) =

ξ2

(1 + ξ2)2 . (2.51)

Proof. Firstly, by differentiating (2.47) and using (2.8), (2.14), (2.20), (2.30), (2.40) and (2.46), with
the fact that ξ2

1+ξ2 ≤ min{1, ξ2} and 1
1+ξ2 ≤ 1, we find

K ′1(ξ, t) ≤ −ξ2
[τqm2k0l

2
N3 − 3ε4N2

]
|̂u|2 −

[m2δ2l2

2
N2 − cN3

]
|̂v|2

−ξ2
[m2l

2
N4

]
|̂v|2 −

ξ2

(1 + ξ2)

[m2δ2

2
N2

]
|̂v|2

−(1 + ξ2)
[alk0

2
N3 − ε1N1 − 2ε2N2 − 2ε6N4

]
|̂y|2

−ξ2
[a2l3m2

2
N4 − cN2 − cN3

]
|̂z|2

−ξ2
[τqm2lk0

2
N3 − (3 + γ1)ε3N2 − ε5N4

]
|̂ϕ|2

−ξ2
[1
2

N1 − c(ε3)N2 − cN3 − c(ε5)N4

]
|̂θ|2

−(1 + ξ2)
[
βN − c(ε1)N1 − c(ε2, ε4)N2 − cN3 − c(ε6)N4

]
|̂q|2

−(1 + ξ2)
[
C1N − c(ε2, ε3, ε4)N2 − cN3 − c(ε6)N4 − γ1N5

]
|̂η|2

−(1 + ξ2)
[
ζ1N5 − cN2 − cN3 − cN4

] ∫ τ2

τ1

|γ2(s)||Ŷ (ξ, 1, s, t) |2ds

−ζ1N5(1 + ξ2)
∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ. (2.52)

By setting

ε1 =
alk0N3

12N1
, ε2 =

alk0N3

24N2
, ε3 =

τqm2lk0N3

8(3 + γ1)N2
, ε4 =

τqm2lk0N3

12N2
,

ε5 =
τqm2lk0N3

8N4
, ε6 =

alk0N3

24N4
,
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we obtain

K ′1(ξ, t) ≤ −ξ2
[τqm2k0l

4
N3

]
|̂u|2 −

[m2δ2l2

2
N2 − cN3

]
|̂v|2 − (1 + ξ2)

[alk0

4
N3

]
|̂y|2

−ξ2
[m2l

2
N4

]
|̂v|2 −

ξ2

(1 + ξ2)

[m2δ2

2
N2

]
|̂v|2

−ξ2
[a2l3m2

2
N4 − cN2 − cN3

]
|̂z|2 − ξ2

[τqm2lk0

4
N3

]
|̂ϕ|2

−ξ2
[1
2

N1 − c(N2,N3)N2 − cN3 − c(N3,N4)N4

]
|̂θ|2

−(1 + ξ2)
[
βN − c(N1,N3)N1 − c(N2,N3)N2 − cN3 − c(N3,N4)N4

]
|̂q|2

−(1 + ξ2)
[
C1N − c(N2,N3)N2 − cN3 − c(N3,N4)N4 − γ1N5

]
|̂η|2

−(1 + ξ2)
[
ζ1N5 − cN2 − cN3 − cN4

] ∫ τ2

τ1

|γ2(s)||Ŷ (ξ, 1, s, t) |2ds

−(1 + ξ2)ζ1N5

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ. (2.53)

Now, we fixed N3 and choosing N2 large enough such that

m2δ2l2

2
N2 − cN3 > 0,

then we select N4 in a size big enough that

α2 =
a2l3m2

2
N4 − cN2 − cN3 > 0,

then we select N1,N5 in a size big enough that

α3 =
1
2

N1 − c(N2,N3)N2 − cN3 − c(N3,N4)N4 > 0,

ζ1N5 − cN2 − cN3 − cN4 > 0.

Hence, we arrive at

K ′1(ξ, t) ≤ −α0ξ
2 |̂u|2 − α5ξ

2 |̂ϕ|2 − (1 + ξ2)
[
βN − c

]
|̂q|2 − α1ξ

2 |̂v|2

−α4(1 + ξ2)|̂y|2 − α2ξ
2 |̂z|2 − α3ξ

2 |̂θ|2 − (1 + ξ2)
[
C1N − c

]
|̂η|2

−α6(1 + ξ2)
∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ, (2.54)

where α1 =
m2l
2 N4, α6 = ζ1N5.
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Secondly, we have∣∣∣∣∣K1(ξ, t) − N(1 + ξ2)Ê(ξ, t)
∣∣∣∣∣ = N1

∣∣∣∣∣D1(ξ, t)
∣∣∣∣∣ + N2

1
(1 + ξ2)

∣∣∣∣∣D2(ξ, t)
∣∣∣∣∣

+N3

∣∣∣∣∣D3(ξ, t)
∣∣∣∣∣ + N4

∣∣∣∣∣D4(ξ, t)
∣∣∣∣∣ + N5(1 + ξ2)

∣∣∣∣∣D5(ξ, t)
∣∣∣∣∣.

Using Young’s inequality, the fact that ξ2

1+ξ2 ≤ min{1, ξ2} and 1
1+ξ2 ≤ 1, we find∣∣∣∣∣K1(ξ, t) − N(1 + ξ2)Ê(ξ, t)

∣∣∣∣∣ ≤ c(1 + ξ2)Ê(ξ, t).

Hence, we get
(N − c)(1 + ξ2)Ê(ξ, t) ≤ K1(ξ, t) ≤ (N + c)(1 + ξ2)Ê(ξ, t). (2.55)

Now, we select N in a size big enough that

N − c > 0, C1N − c > 0, βN − c > 0,

and using the estimations (2.7), (2.54) and (2.55), there is a positive constant κ > 0, for all t > 0 and
for all ξ ∈ R, we have

µ1(1 + ξ2)Ê(ξ, t) ≤ K1(ξ, t) ≤ µ2(1 + ξ2)Ê(ξ, t), (2.56)

and

K ′1(ξ, t) ≤ −κξ2
{
|̂u|2 + |̂ϕ|2 + |̂θ|2 + |̂v|2 + |̂y|2 + |̂z|2 + |̂q|2 + |̂η|2

+

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ
}
, (2.57)

then

K ′1(ξ, t) ≤ −λ1ρ1(ξ)Ê(ξ, t), ∀t ≥ 0. (2.58)

Furthermore, we derive the following for any positive constant µ3 =
λ1
µ2
> 0

K ′1(ξ, t) ≤ −µ3ρ1(ξ)K1(ξ, t), ∀t ≥ 0, (2.59)

where ρ1(ξ) = ξ2

(1+ξ2) , for some λ1, µi > 0, i = 1, 2, 3. The proof of the first result (2.49) is finished.
We demonstrate the second result similarly to the first proof. So we derive (2.48) and using (2.8),

(2.14), (2.20), (2.31), (2.41) and (2.46), with the fact that ξ2

1+ξ2 ≤ min{1, ξ2} and 1
1+ξ2 ≤ 1, we get

K ′2(ξ, t) ≤ −ξ2
[τqm2k0l

2
M3 − 3ε4M2 − ε7M4

]
|̂u|2 −

[m2δ2l2

2
M2 − cM3

]
|̂v|2

−ξ2
[m2l

2
M4

]
|̂v|2 −

ξ2

(1 + ξ2)

[m2δ2

2
M2

]
|̂v|2

−(1 + ξ2)
[alk0

2
M3 − ε1M1 − 2ε2M2 − 2ε6M4

]
|̂y|2
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−ξ2
[a2l3m2

2
M4 − cM2 − cM3

]
|̂z|2

−ξ2
[τqm2lk0

2
M3 − (3 + γ1)ε3M2 − ε5M4

]
|̂ϕ|2

−ξ2
[1
2

M1 − c(ε3)M2 − cM3 − c(ε5)M4

]
|̂θ|2

−(1 + ξ2)2
[
βM − c(ε1)M1 − c(ε2, ε4)M2 − cN3 − c(ε6, ε7)M4

]
|̂q|2

−(1 + ξ2)2
[
C1M − c(ε2, ε3, ε4)M2 − cM3 − c(ε6)M4 − γ1M5

]
|̂η|2

−(1 + ξ2)
[
ζ1M5 − cM2 − cM3 − cM4

] ∫ τ2

τ1

|γ2(s)||Ŷ (ξ, 1, s, t) |2ds

−ζ1M5(1 + ξ2)
∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ. (2.60)

By setting

ε1 =
alk0M3

12M1
, ε2 =

alk0M3

24M2
, ε3 =

τqm2lk0M3

8(3 + γ1)M2
, ε4 =

τqm2lk0M3

24M2
,

ε5 =
τqm2lk0M3

8M4
, ε6 =

alk0M3

24M4
, ε7 =

τqm2lk0M3

8M2
.

We obtain

K ′2(ξ, t) ≤ −ξ2
[τqm2k0l

4
M3

]
|̂u|2 −

[m2δ2l2

2
M2 − cM3

]
|̂v|2 − (1 + ξ2)

[alk0

4
M3

]
|̂y|2

−ξ2
[m2l

2
M4

]
|̂v|2 −

ξ2

(1 + ξ2)

[m2δ2

2
M2

]
|̂v|2

−ξ2
[a2l3m2

2
M4 − cM2 − cM3

]
|̂z|2 − ξ2

[τqm2lk0

4
M3

]
|̂ϕ|2

−ξ2
[1
2

M1 − c(M2,M3)M2 − cM3 − c(M3,M4)M4

]
|̂θ|2

−(1 + ξ2)
[
βM − c(M1,M3)M1 − c(M2,M3)M2 − cM3 − c(M2,M3,M4)M4

]
|̂q|2

−(1 + ξ2)
[
C1M − c(M2,M3)M2 − cM3 − c(M3,M4)M4 − γ1M5

]
|̂η|2

−(1 + ξ2)
[
ζ1M5 − cM2 − cM3 − cM4

] ∫ τ2

τ1

|γ2(s)||Ŷ (ξ, 1, s, t) |2ds

−ζ1M5(1 + ξ2)
∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ. (2.61)

Now, we fixed M3 and choosing M2 large enough such that

m2δ2l2

2
M2 − cM3 > 0,
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then we select M4 in a size big enough that

κ2 =
a2l3m2

2
M4 − cM2 − cM3 > 0.

Likewise we select M1,M5 in a size big enough that

κ3 =
1
2

M1 − c(M2,M3)M2 − cM3 − c(M2,M3,M4)M4 > 0,

ζ1M5 − cM2 − cM3 − cM4 > 0.

Hence, we arrive at

K ′1(ξ, t) ≤ −κ0ξ
2 |̂u|2 − κ5ξ

2 |̂ϕ|2 − (1 + ξ2)2
[
βM − c

]
|̂q|2 − κ1ξ

2 |̂v|2

−κ4(1 + ξ2)|̂y|2 − κ2ξ
2 |̂z|2 − κ3ξ

2 |̂θ|2 − (1 + ξ2)2
[
C1M − c

]
|̂η|2

−κ6(1 + ξ2)
∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ, (2.62)

where κ1 =
m2l
2 M4, κ6 = ζ1M5.

As an alternative, we have∣∣∣∣∣K2(ξ, t) − M(1 + ξ2)2Ê(ξ, t)
∣∣∣∣∣ = M1

∣∣∣∣∣D1(ξ, t)
∣∣∣∣∣ + M2

1
(1 + ξ2)

∣∣∣∣∣D2(ξ, t)
∣∣∣∣∣

+M3

∣∣∣∣∣D3(ξ, t)
∣∣∣∣∣ + M4

∣∣∣∣∣D4(ξ, t)
∣∣∣∣∣ + M5(1 + ξ2)

∣∣∣∣∣D5(ξ, t)
∣∣∣∣∣.

Using Young’s inequality, the fact that ξ2

1+ξ2 ≤ min{1, ξ2} and 1
1+ξ2 ≤ 1, we find∣∣∣∣∣K2(ξ, t) − M(1 + ξ2)2Ê(ξ, t)

∣∣∣∣∣ ≤ c(1 + ξ2)2Ê(ξ, t).

Hence, we get
(M − c)(1 + ξ2)2Ê(ξ, t) ≤ K2(ξ, t) ≤ (M + c)(1 + ξ2)2Ê(ξ, t). (2.63)

Now we select M in a size big enough that

M − c > 0, C1M − c > 0, βM − c > 0,

and using the estimations (2.7), (2.62) and (2.63), there is a positive constant κ̂ > 0, for all t > 0 and
for all ξ ∈ R, we have

µ4(1 + ξ2)2Ê(ξ, t) ≤ K2(ξ, t) ≤ µ5(1 + ξ2)2Ê(ξ, t), (2.64)

and

K ′2(ξ, t) ≤ −̂κξ2
{
|̂u|2 + |̂ϕ|2 + |̂θ|2 + |̂v|2 + |̂y|2 + |̂z|2 + |̂q|2 + |̂η|2

+

∫ 1

0

∫ τ2

τ1

s|γ2(s)||Ŷ (ξ, ρ, s, t) |2dsdρ
}
, (2.65)
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then

K ′2(ξ, t) ≤ −λ2ρ2(ξ)Ê(ξ, t), ∀t ≥ 0. (2.66)

Furthermore, we derive the following for any positive constant µ6 =
λ2
µ5
> 0

K ′2(ξ, t) ≤ −µ6ρ2(ξ)K2(ξ, t), ∀t ≥ 0, (2.67)

where ρ2(ξ) = ξ2

(1+ξ2)2 , for some λ2, µi > 0, i = 4, 5, 6. The proof of the second result (2.50) is finished.
□

The pointwise estimations of the functional Ê(ξ, t) provided by the next proposition.

Proposition 2.1. Suppose (1.8) and (1.11) hold. Then, for every t ≥ 0 and ξ ∈ R, positive constants
k1, k2 > 0 exists such that the energy functional provided by (2.7) meets the following conditions{

Ê(ξ, t) ≤ k1Ê(ξ, 0)e−µ3ρ1(ξ)t, if α = 0,
Ê(ξ, t) ≤ k2Ê(ξ, 0)e−µ6ρ2(ξ)t, if α , 0,

(2.68)

where ρ1(ξ) =
ξ2

(1 + ξ2)
, ρ2(ξ) =

ξ2

(1 + ξ2)2 .

Proof. From (2.49)2 and (2.50)2, we have by integration over (0, t)

K1(ξ, t) ≤ K1(ξ, 0)e−µ3ρ1(ξ)t, ∀t ≥ 0, if α = 0 (2.69)
K2(ξ, t) ≤ K2(ξ, 0)e−µ6ρ2(ξ)t, ∀t ≥ 0, if α , 0. (2.70)

Hence, by according of (2.49)1, (2.50)1 and (2.69), (2.70), we establish (2.68) . □

2.2. Decay estimates

Now, we declare and support the following finding

Theorem 2.2. Suppose that s be a nonnegative integer, and let U0 ∈ H s(R)∩ L1(R). Consequently, for
any t ≥ 0, the following decay estimates are satisfied by the solution U to problems (2.2) and (2.3)

• When α = 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1
4−

k
2 +Ce−

µ3
4 t∥∂k

xU0∥2. (2.71)

• When α , 0
∥∂k

xU(t)∥2 ≤ C∥U0∥1(1 + t)−
1
4−

k
2 +C(1 + t)−

ℓ
2 ∥∂k+ℓ

x U0∥2, (2.72)

where k and ℓ are positive integers that meet the equation k + ℓ ≤ s and C > 0.

Proof. From (2.7), we have |Û(ξ, t)|2 ≡ Ê(ξ, t).
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• By using the Plancherel theorem 1.1 and making use of (2.68)1, If α = 0, we can determine

∥∂k
xU(t)∥22 =

∫
R

|ξ|2k|Û(ξ, t)|2dξ

≤ c
∫
R

|ξ|2ke−µ3ρ1(ξ)t|Û(ξ, 0)|2dξ

≤ c
∫
|ξ|≤1
|ξ|2ke−µ3ρ1(ξ)t|Û(ξ, 0)|2dξ︸                                  ︷︷                                  ︸

R1

+ c
∫
|ξ|≥1
|ξ|2ke−µ3ρ1(ξ)t|Û(ξ, 0)|2dξ︸                                  ︷︷                                  ︸

R2

. (2.73)

We now determine R1,R2, the low-frequency component|ξ| ≤ 1, and the high-frequency
component |ξ| ≥ 1, separately.
Firstly, we have ρ1(ξ) ≥ 1

2ξ
2, for |ξ| ≤ 1. Then

R1 ≤ c
∫
|ξ|≤1
|ξ|2ke−

µ3
2 |ξ|

2t|Û(ξ, 0)|2dξ

≤ c sup
|ξ|≤1
{|Û(ξ, 0)|2}

∫
|ξ|≤1
|ξ|2ke−

µ3
2 |ξ|

2tdξ, (2.74)

Lemma 1.1 allows us to acquire

R1 ≤ c sup
|ξ|≤1
{|Û(ξ, 0)|2}(1 + t)−k− 1

2

≤ c∥U0∥
2
1(1 + t)−k− 1

2 . (2.75)

Secondly, we have ρ1(ξ) ≥ 1
2 , for |ξ| ≥ 1. Then

R2 ≤ c
∫
|ξ|≥1
|ξ|2ke−

µ3
2 t|Û(ξ, 0)|2dξ, ∀t ≥ 0. (2.76)

≤ ce−
µ3
2 t
∫
|ξ|≥1
|ξ|2k|Û(ξ, 0)|2dξ

≤ ce−
µ3
2 t∥∂k

xU(x, 0)∥22, ∀t ≥ 0. (2.77)

Substituting (2.75) and (2.77) into (2.73), we find (2.71).
• If α , 0, similar to the first estimate, we apply the Plancherel theorem 1.1 and exploiting (2.68)2,

we find

∥∂k
xU(t)∥22 =

∫
R

|ξ|2k|Û(ξ, t)|2dξ

≤ c
∫
R

|ξ|2ke−µ6ρ2(ξ)t|Û(ξ, 0)|2dξ
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≤ c
∫
|ξ|≤1
|ξ|2ke−µ6ρ2(ξ)t|Û(ξ, 0)|2dξ︸                                  ︷︷                                  ︸

R3

+ c
∫
|ξ|≥1
|ξ|2ke−µ6ρ2(ξ)t|Û(ξ, 0)|2dξ︸                                  ︷︷                                  ︸

R4

. (2.78)

Now, we determine R3,R4, the low-frequency component |ξ| ≤ 1 and the high-frequency
component |ξ| ≥ 1 separately.
Firstly, we have ρ2(ξ) ≥ 1

4ξ
2, for |ξ| ≤ 1. Then

R3 ≤ c
∫
|ξ|≤1
|ξ|2ke−

µ6
4 |ξ|

2t|Û(ξ, 0)|2dξ

≤ c sup
|ξ|≤1
{|Û(ξ, 0)|2}

∫
|ξ|≤1
|ξ|2ke−

µ6
4 |ξ|

2tdξ, (2.79)

by using Lemma 1.1, we obtain

R3 ≤ c sup
|ξ|≤1
{|Û(ξ, 0)|2}(1 + t)−k− 1

2

≤ c∥U0∥
2
1(1 + t)−k− 1

2 . (2.80)

Secondly, we have ρ2(ξ) ≥ 1
4ξ
−2, for |ξ| ≥ 1. Then

R4 ≤ c
∫
|ξ|≥1
|ξ|2ke−

µ6
4 |ξ|

−2t|Û(ξ, 0)|2dξ, ∀t ≥ 0. (2.81)

Expoiting the inequality

sup
|ξ|≥1

{
|ξ|−2ℓe−c 1

4 |ξ|
−2t
}
≤ C(1 + t)−ℓ, (2.82)

we get that

R4 ≤ c sup
|ξ|≥1

{
|ξ|−2ℓe−

µ6
4 |ξ|

−2t
} ∫
|ξ|≥1
|ξ|2(k+ℓ)|Û(ξ, 0)|2dξ

≤ c(1 + t)−ℓ∥∂k+ℓ
x U(x, 0)∥22, ∀t ≥ 0. (2.83)

Substituting (2.80) and (2.83) into (2.78), we find (2.72).

□

3. Conclusions

The investigation of the generalized degradation assessment of Bresse-Cattaneo system integration
about the distributed delay term is the goal of this research, which employs the energy technique in
Fourier space.

The distinct process that emerges from the distributed delay, which determines the system’s
development of this feature in Fourier space, is what we are interested in with this present work.

The same strategy will be used in the same systems in the upcoming works, but we will use various
types of memory because we anticipate getting comparable outcomes.
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