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1. Introduction and preliminaries

In this paper, we are particularly interested in examining the pace at which the following problem
solution degrades

Prr — (Qox - l// - la))x - k(%l(wx - l‘P) = O’
Wy — azt,bxx — (o — ¥ —lw)+mb, =0,

wy = k§(wy = o)y — lpx — ¥ — lw) + yiw, + f Y2($)w; (x,t = s)ds = 0, (1.1)

T

O + g + myy, = 0,
T,q: +Pq + 6, =0.

where
('xa S’ t) € R X (Tla TZ) X R+’

under the initial

(‘10, ("5 W, Wz, W, Wy, Q’ Q)(Xa O) = ((1007 ("2 P wO’ wla Wy, W1, HOa qO)a X € Ra

wi(x,—1) = fo(x, 1), (x,1) € Rx(0,1), (1.2)


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023911

17891

where the parameters a, [, m, ky, y; and 8 are considered to be positive constants, the function 6 stands
for temperature gradient, the functions ¢, ¢ and w stand for the vertical displacements of the girder, the
tilt angle of the linear filament substance and the longitudinal displacements, respectively, the integral
embodies the dispersed delay terms with 7,7, > 0 being a time delay, and 7y, is a L™ function.

There are several consequences from the coupling of the Cattaneo law of heat conduction with
various systems, which has been discussed by several writers. For instance, see (Bresse-Cattaneo)
in [6, 14], the Bresse concept and the Fourier law of heat conduction (Bresse-Fourier) have both been
addressed in [13], Timoshenko system with historical data in [1, 7, 9] and
Moore-Gibson-Thompson problem in [4]. The following papers are recommended to the reader for
further information [2, 3,5, 8, 16].

In the absence of distributed delay term. The researchers briefly looked into the decay rate of
system (1.1) in [14], and they presented the results as follows:

e Fora=0
1 k t
105U @2 < ClIUI(1 + 1) 276 + C(1 + 1) 2|85 U, (1.3)
e Fora#0
1 k 4
10U @)Il2 < ClIUIL (1 + D776 + C(1 + 1) 0|05 Uy, (1.4)
where
a=at,) = (t,—- D1 -a*) —7,m". (1.5)

The Bresse-Cattaneo system (1.1) optimality decay rates were subsequently displayed by the authors
in [6]. Alternatively, they enhanced the approximations (1.3) and (1.4) obtained by incorporating new,
extremely sensitive Lyapunov functionals.

e Fora=0
1 _k
10U @®l2 < CllUl (1 + 57572 + Ce (|0 U, (1.6)

e Fora#0
1 _k
105Ul < ClIUIL(1 + 7372 + C(1 + 7105 Uylla, (L.7)

and they demonstrated that the estimations (1.6) and (1.7) depending on the parameter ¢ and under the
following supposition
S=klP-F—-1#0, (1.8)

are accurate. After a thorough examination of the concept of dispersed postponement, the following
questions seem intuitive: What sort of phrase has systemic suppressive activities? How should one
determine the complexities that will enable them to “predict” devaluation? Is the concept of
amortization always useful? Could the inclusion of the dispersed delay term have somehow made this
type of issue more difficult to solve? This work is an attempt to comprehend the Bresse-Cattaneo
framework and the dispersed delay term. The distributed delay term that is shown below, notably in
Fourier space, does not apply to the Bresse-Cattaneo with friction attenuation solutions if they are
relatively simple.

We aim to demonstrate the decay properties of the solution using the energy method in the Fourier
space for the problems (1.1) and (1.2) relying on all recent publications, particularly [6, 14]. This is
one of the first studies we are aware of that looks at the Bresse-Cattaneo system with the dispersed
delay factor in the Fourier space.
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The sections of this manuscript are as follows: Here, we apply our presumptions and preliminary
findings to the major decay conclusion. We build the Lyapunov component and determine the
estimation for the Fourier image in the subsequent portion by employing the energy approach in
Fourier space.

First, as in [11], we introduce the new variable

Y(x,p,s,1) = wx,t— sp),

then we get
sY(x,p,5,0) + Y (x,p,5,1) =0,
Ly(x, 0’ s, t) = wl(-xa t)'

Therefore, our problem is expressed as follows

@u — (ox — ¥ — lw), — kgl(w, — lp) = 0,
l//tt - azlyl’xx - (‘px - l,[/ - lw) + mex = 0’
T2
Wi = k(e = lp)x = U — ¥ = lw) + Y10, + f Y2()Y (x,1,5,6)ds = 0, (1.9)
T1 *
0, +qg.+my, =0,
Tqq: + g + 6, =0,
sY(x,p,8,1) + Yp(x,p,5,1) =0,

where
(x,p,8,0) € Rx(0,1) X (11, 72) X Ry,

using the initial data

(‘70’ ("8 wa '7[/[, W, Wy, 0& q)(x’ 0) = ((PO, ("J8 WO, lﬁl, W, W1, 60’ QO), (1 10)
Y(x,p,s,0) = folx,sp), (x,p,5) €RX(0,1)x(0,1). )
Regarding the significance of the delay, we only presumptively determine that
(H1) v, : [Ty, 72] — Ris a limited function considering
T2
f ly2(s)lds <y (1.11)

To support our primary finding, we require the Hausdorff-Young inequality in the following Lemma

Lemma 1.1. [10] There is a constant C > 0 such that, for each k,¢ > 0,c > 0, guarantees that the
estimation given below is true ¥t > 0:

f €[ e de < C(1 + 1)~ kIS £ e R (1.12)
1¢1<1

Also, we recall Plancherel’s theorem.

Theorem 1.1. ( [15] Plancherel theorem)
The integral of a function’s squared modulus is equal to the integral of the squared modulus of its
frequency spectrum. That is, if f(x) is a function on the real line, and f(€) is its frequency spectrum,

then - o
f FCOP dx = f P deé.
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2. Energy method and decay estimates

In this section, we obtain a degradation estimation for the Fourier image of the remedy to
problems (1.9) and (1.10). This approach enables us to provide the decay rate of the solution in the
energy space by utilizing Plancherel’s theorem together with some integral estimations, such as
Lemma (1.1). By utilizing the energy approach in Fourier space, we create the proper Lyapunov
functionals for this problem. Ultimately, we substantiate our major finding.

2.1. The energy method in the Fourier space

Allow us to now incorporate the control values to construct the Lyapunov functional in the Fourier
space and for convenience

v=(ps—yY—lw), u=¢, z=ap,, y=y¢, ¢ =ko(w:—lp), n=w:. 2.1)
The system (1.9) then adopts the following structure

vi—uy+y+Iinp=0
u, — vy —kolgp =0
zz—ay, =0
yi—az,—v+mb, =0
¢[—k0ﬂx+k()lbt:0
T2
Th—ko¢x—lv+)/177+f Y2(HY (x, 1,5,6)ds =0

71

(2.2)

0 +qx+my, =0
T,q:+Bq+0,=0
sY +Y,=0,

with the initial data

W, u,2,y,6,1,0, 9, Y)(x,0) = (vo, 4o, 20, Yo, P0. M0, 00, G0, fo), X € R, (2.3)
where
Vo = (@ox — Yo — lwo), uy = @1,20 = Ao x, Yo = Y1, o = ko(wo x — lpo), Mo = wy.

Hence, for (7, # 0) the problem (2.2) and (2.3) is written as

{ U + AU, + LU =0, 2.4

U(x,0) = Up(x),

with U = (v, u,z,y,,1,9, ¢, ¥)", Uq = (vo, o, 20> Y0» 0> 110> T, G0 fo) and
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—u y+In
-V —kold
—ay 0
—az + mé v
ﬂU = —koT] s _EU = koll/l .
koo ~+ymn+ [ ya()Y (5150 ds
+q + my 0
+T]_q0 T%q
0 Yo

Now, we will state the well-posedness result of system (2.4).

Theorem 2.1. Suppose that (1.11). Let Uy € H*(R), s € N and s > 2, then problem (2.4) has a unique
solution U such that

U € C°([0; o0); H'(R)) N C'([0; 00); H*'(R)).

For a complete proof and more information, see [12].
When we execute the Fourier transform to (2.4), the underneath respective problem arises:

{ U, +iEAU + LU =0, 25)

U(£.0) = Un(®),
where the solution U(&, 1) = (7, W,2,, 6,7, 6, 4, 3)T(§, f) is given by
U0 =e" 90,0,
with
Y() := —(iEA+ L).

Hence, in order to prove the asymptotic behavior of the solution, it suffices to get a function p(¢) such

that
| e‘i’(sf)t| <C e—CP(:f)t

where C and ¢ positive constants. Thus, the behavior of the solution depends on a critical way on the
behavior of the function p(¢).

To arrive at this result, we start with (2.5); where it is rewritten as:
V—i&u+y+m=0
U — 1V —kolp = 0
Z—aiéy =0
YV, — aiéZ =V + miéd = 0
T) -
= koiép — v+ yim + f V()Y & 1,5,)ds =0
0, + iéqg + mi&y =0
7+ %Zj+ T]—qife =0
sY,+Y, =0.

(2.6)

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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Lemma 2./1\. Assume that (1.11) is accurate. Let ﬁ(f, t) be the solution of (2.5). Then the energy
Sfunctional E(&,t) is thus given by

E€n = WP+ + B + 57 + 68 + 7 + 0 + v’}

1 1 193 -
+3 f f shy(DIY (€, p, s, 1) Pdsdp, (2.7)
0 T
satisfies
dE(¢,
6(5 ) < —Cinf*-pigl* <0, (2.8)

where C| = ()/1 - f: Iyz(s)lds) > 0.

23456 by V,1,2,7, ¢ and 7 respectively, and multiplying (2.6)75 by
0, 7,q, adding these equalities and taking the real part, we get

froof Firstly, multiplying (2.6);
ldr, 2 2 2, 2 2, o2 2
Ed_t[m +ul” + 27+ D+ ol + l” + 16 +Tq|’cj|]dx

+81g1> + vl + ‘Re{ f ya($YTY (&, 1, 5,1) ds} =0. (2.9)

T1

Secondly, multiplying the Eq (2.6)9 by Yy |y2(s)l, and integrating the findings with (0, 1) X (71, 72)

d1 1 T - )
) sly2(NY(E, p, s, D" dsdp
0 Ty

1 1 To d - )
S f f Y- (€ p, 5, DPdsdp
2 0 T1 dp
T2

1 — —~
= f |y2<s)|(|y<§,o,s,r>|2—W(f,l,s,r)F)ds

2 Je
1 19 5 1 T . )
- 5 f o) - 5 f (I E, 1, 5,0 ds, (2.10)

as well as utilizing Young’s inequality, we have

%e{ f R I ARE ds}

T

1 T2 1 ™ .
< E(f |72(S)|ds)r7ﬂ2+§f a(OIY(E, 1, s, )ds, (2.11)

by substituting (2.10) and (2.11) into (2.9), we find

dE(&, 1)
dt

< —(%—f |72(S)|dS)W2—ﬁ@2’

71
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then, by (1.11), AC, = (y; — ff ly2(s)lds) > O so that

dE(,1)
d‘f < -C\[7* - Big”* < 0. (2.12)
Hence, we obtain (2.7) (E is a non-increasing function ). O

We now require the following lemmas in order to accomplish our objectives.

Lemma 2.2. The functional

Dy D) = %e{igrq(b?)}, 2.13)
satisfies, for any €, > 0
dD (&t 1 ,—~
% < €1 + & D1 + clen + gl (2.14)
Proof. Differentiating 9, and by using (2.6), we get
dDi (1)

%e{ i£T,0,q — igrqz;ﬁ}

—62@2 + quzl?ﬂ2 + "Re{m‘rquﬁ} + ‘Re{iﬁé—’q\z\}. (2.15)

dt

With the help of Young’s inequality, we estimate the terms in the RHS of (2.15) and obtain for every
&1, 0 1> 0

+%e{i,8§j5‘} < 6,807 + )P
+9%e{mrq§2’y“2‘} < &P + ce)Egl. (2.16)
By adding the aforementioned estimations (2.16) to (2.15) and setting 6; = %, we find (2.14). O
Lemma 2.3. The functional
Dy(&,1) 1= ld|5F1 (€, 1) + dymS Fo(&, 1) + m*SF3(&, 1) + m*SlkoF4 (€, 1), (2.17)
where
FiE 1) = %e{ — & - mPag iz + (1 — a*ymE G + dZTsz’vﬁ}
Foll,t) = %e{ﬂgy‘?— igﬁ?},
FAlrr) = %e{ 1S — Vi + Ihod Gt + ilzko.gﬁ},
Fulrt) o= %e{ — kol + igy’;?} (2.18)
and
dy =ml(@®+m* = 1), dy =1(1 - L), (2.19)

o
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satisfies, for any &,, 3,4 > 0

26212

232
DD M e - LA+ 2 + 26007

+(3 +y1)esé |¢|2 + 38,87l + ()01 + c(e3)E P
+c(£2, 8)E (1 + NG + c(e2, &3, 8)(1 + € + P

+e(e)(1+E) | Y E N, s, nlds.

T1
Proof. Firstly, differentiating ¥, %>, 3 and ¥4 and by using (2.6), we get

dfi(&, 1)
dt

= —m*Ep” + mPEN” + %e{lmzfzﬁi} - ‘Re{amzlkogz?é\}
+?’\e{ima§3§i\} + ‘Re{(l - az)mlkofzag}
~Re{ds, €77 - @%e{f%‘} - By leg),

dF (&, 1)
dt

= —Im&PP + mloP - ‘Re{alflz\/g} - %e{l.f%[)_)\}
+?%e{ko§2;ﬁ;5\} + ‘Re{iylg-ﬁ’g} + ‘Re{mfzj?ﬁ}
+‘Re{§2?jﬁ} + ‘Re{if sz yz(s)gy(f, 1,s, t)ds},

df5(&, 1)
dt

= —kPEME ~ P - EF + (PG~ &) + Ploe)i’
—Q%e{ilkog(zzk2 - 1)?55‘} ; %e{zyl - 52)77‘;‘}
+Re{zzg(§ WE-1— P+ 1) nﬁ} + ‘Re{l(é - gz)}‘ﬁ}
Re{zl koylﬁb} + ‘Re 1(5 &) f Yo WH 1, 5, t)ds}
%e{lz kot f VAPYE 1, s, t)ds}

and

df (&, 1)
dt

=k JET + kol + %e{kogz’ﬁ'y_‘} - %e{a&i}
+9&e{i12k0§7ﬁ} ; Re{mgzﬁg_ﬁ?} ; ‘Re{i(k(z)lz - 1)5?35}.

Now, differentiating D, and by exploiting (2.21)—(2.24), gives

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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dD, (¢, 1)
dt

= —m2PEPP - mRSH (1 + EPF + dim* MNP
PSP — £) + Pho TP + %e{&ggzﬁi} ; %e{zmzazﬁi}
+%e{imald152§3zﬁ} - m{mg@?} ; %e{dsgzaﬁ}
—Reld,52d,pe qv} + ‘Re{ldlmylé {9} + ‘Re{dﬁg nq}
“Re dlma(s%g?p} ; "Re{ 25y, (6 — .52)5;‘} ; %e{dﬁzﬁ}

—Ref im?5l kmqéﬁﬁ} + ‘Re{zl(k2 — Dm*6&5 0 nu}

{
{
t
+%e{z 252¢7ﬁ}+%e ldlm(izf f Y)Y (E, 1, s, t)ds}
+‘Re{mzl(5(6 £) f Yo (s, 5, t)ds}

t

—Red im> 5P ko& f yz(s)¢y(§ 1,s, t)ds} (2.25)

where
=@ -1 - T,) — m? T4 (2.26)

and

d; = m*éd\(I* + 1) + m*l(kj — 1),

dy = PPd,8*am*ky + m*salky,

ds = Pkomd,6*(1 —a*) + dym&*ky + m>6lky,
ds = dimé* - ld,6*dt,,

d; = d6°dat, +dimd*l.

By applying the Young’s inequality to the terms on the RHS of (2.25), we obtain for any
£2, €3, €4,02,03,04 > 0

D 6~ ST~ (2P~ 55~ 7161+ ETFP + 2651
+(3 +y)eE B + 3e Ml + c(e3)E 0
+c(£2, 84,0 (1 + NG + c(&2, 83, €4, 53)(1 + E + ENP
T -
+e(e)E P + cles, 60)(1 + €) f a()IYE, 1, 5,0)ds. (2.27)
T1
By letting 8, = #,53 = 25212 04 = 261 , we obtain (2.20). O

Lemma 2.4. Assume that (1.8) holds. The functional

Ds(&, 1) = T lkoF1 (€, 1) + TymkoF2(€, 1) = m* T, Fal€, 1) + Fs5(€, 1) + Fo(€, 1), (2.28)

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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where
FoE) = ‘Re{ — iBkod, T, &0 + irqmzzgﬁ?i},
Folf) = Re {ako T+ ilko LTy — zkogz“ﬁ‘—iagﬁ},
satisfies
(1) Fora = 0. Then,
AN L 2F + e - LGP + o1 +
T‘fm lkOf @+ P + o1 + ENGP + &0
+e (T, 1,5, 0ds.
(2) Fora # 0. Then,
AED L 2 + il - LGP + 1 +

Tqm 21k,

———&Ml + c&? ﬂ2+6(1+§ + &GP + c£7lor

te | IYE 1L s 0lds.

1

Proof. Firstly, a direct differentiation of ¥5, F¢ and by using (2.6), we get

d%d(f’ Do IR + TP T + Re{r,loldi77)
—%e{iﬁzdlkoﬁﬁ} ; %e{ﬁkodlgzéi} - %e{rqﬁZkgdlgaz}}
+‘Re{irqmzlzfﬁz} - %e{irqmzlyléfrf;} + ‘Re{iTqmzlzko{ﬁ;\}
+?§e{irqmzl§f 72(s);g(§, 1,s, t)ds},

and
Fe(&. 1) N2 2 212 ) =
0
dT —akol(1 + E)FF + akolVP: + ak I + ‘Re{za kol{z"\?}

+"Re{(a2 - kg)f:é\} - ‘Re{ikoyl.{ﬁ?} - ‘Re{ialkomg-‘%}
—%e{kolnffgz\} - %e{iafﬁ?} - %e{amgz’é/g}
—%e{akoﬂﬁi} - ‘Re{ikof f TN, s, t)ds}.

71

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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Now, by differentiating 5 and exploiting (2.32), (2.33), (2.21), (2.22) and (2.24), we find

dD5(&, 1)

- = —akol(1 + EP - 1,mP ko1 + T mP Ik 1> + akolVl

+akole* 7 - Tqmzlkofz[ii]2 + anfzzlkole/ﬂ2 + %e{iazkol‘ff\%}

+%e{d8§2$§} - ‘Re{ikoyl{n%} - ‘Re{ialkomfﬁl_z\}
—Redkolm(1 + at,)é 9'\} ‘Re{idgﬁ?z} - ‘Re{dmffég}

—Re{akol ny} + %e{l m korqf ny} %e{iTqmzlylfﬁE}

—Rejdné qy} ?"\e lko§f VaASY(E L, s, t)dS}

71

+Rej2it,m lekof’“} %e{irqmzlf 272(s)z:];(§, 1,s, t)ds}

7]

+Ref imy, T koée 9} + ‘Re{zrquog yz(s)@(f, 1,s, t)ds}

1

{
{
{
~Re{iBdikoin) + Relodi ) — Re{rpikid 7
{
{
{r

+Rei1,l(m — dyt ko)é qn} + %e{zmarqlkof qu}

where
dy = a —ky—t,am’lPkg +m’t,,
dy = a-t,mPky—1)-m’lr,,
do = am—tmk} + ta® — DYmlPky + m’t,,
dll = qu()(lm + dqu).

At this point, we distinguish two cases according to the values of a:
Case 1. (a = 0).

(2.34)

In this case, the last term in the RHS of (2.34) is zero. Then, by applying the Young’s inequality we

obtain for any 9;,i = 5,...,9 >0

dDs(, 1)

7 < —(akol = 57)1* = (akol — 268)ENI* + c(55)M*

—(rgm’lky = 565 — SyDEX DI + (85,67, 55, 8)(1 + EDF
—(rm’lko = 360)E°Ml” + c(65)E7 2 + (35, 55, 69)(1 + E))Igl’

+¢(85, 60)EXOP + C(5e)f ya(IYE 1, 5,01 ds.

‘rqm2 ko
4y

By letting 05 = “2 k2 5 = 67 = 4o 5 = @ and 5y = % we find (2.30).

(2.35)

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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Case 2. (a # 0).
The last term of the RHS in this situation is estimated as follows in (2.34)

+%e{imarqlk0§37ﬁ} < So&2P + c(69)E P (2.36)
Similarly to (2.35) and by Young’s inequality, we get

dDs (€, 1)

g7 < —(akol = 571 = (akol = 268)ENDI* + c(55)M*
—(1,m*lky — 585 — 56y)ENPP + c(J5, 7, 5, 69)(1 + £l

—(1gm*lko — 460)ET” + c(35)E° [ + (S5, 65, 69)(1 + & + Mgl

—_ 72 —_
+c(65, 60)E7 (6 + 6(56)f DIV E 1, 5,0 ds. (2.37)
71
By letting 65 = "2, 56 = 10 5, = ala 5 = @ gng 5y = 0 we find (2.31). Lemma 2.4 has
been successfully proved. m|

Next, we have the following lemma.

Lemma 2.5. The functional

Dy, 1) = 1F1(E D +dpFré 1) + IF7(E, 1), (2.38)
where L
Fo&ot) = almz‘Re{if( - ZZ)7+E77)} and dys = m(1 + &P, (2.39)

satisfies, for any &s, g, 7 > 0.

(1) For a = 0. Then,

273.,.,2 2
DED o T ppp - LPRE + oY + 2687
+c(5)E2001 + c(e6)(1 + EDP + clee)Egl
+c f a(OIY(E, 1, 5, )2ds. (2.40)
(2) For a # 0. Then,
dDy(E, 1) a’Pm?

2
< ~CL e - TP 1 oG + 2675 + ot
+c(85)E20P + c(e6)(1 + EVTP + c(es, £7)(E + ENGP
+e f a(IIYE 1, 5, 0)2ds. (2.41)

1

dt

Proof. Firstly, differentiating 7 and by using (2.6), we get

dF(&, 1)
dt

= PPmPEN? - dPPmPE + %e{iylalmz 172}

AIMS Mathematics Volume 8, Issue 8, 17890-17913.
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—‘Re{azlmzfz’fﬁ} + ?%e{almzkofzfg} + ‘Re{am3l2§25?}
_‘Re{ialng f " ya(s)ZY(E, 1, s, t)ds}. (2.42)

Now, differentiating 9, and by exploiting (2.42), (2.21) and (2.22), gives

d@4(§’ t)

it = —d?PmPERP — Im*EP7 + Imd 82007 + %e{ialzmzylﬁfg}

+‘Re{d13§2}%} + %e{(a13m3 - aldlg)fzb\?} + ‘Re{iyldlzfzﬁz}
+Re{d1:6790) ~ Re{(dor,l - diE TG ~ Re{(dor, - 101)6°5G)

{
‘Re{dzﬁf qv} + Re zalzmsz yz(s)@(f, 1,s, t)ds}
{

T]

+Re zgf 72(s)9y(§ 1,s, t)ds} + %e{zmlag qu} (2.43)
where
d13 = lzl’l’l2 — Clzlzﬂl2 + md12
diy = (1 —a>mlPko+ kod,».

At this point, we distinguish two cases:
Case 1. (a = 0).

In this instance, we obtain for any 60,011,012 > 0 and €5, & > 0 by applying the Young’s inequality
to the elements on the RHS of (2.43).

dD4(E,t
% < —=(@Pm* = 2610 — y101)ERL — (Im* = 51)E P
+esE2 P + 2668 DI + (610, 85)§2|’§|2
+¢(810, &6)(1 + EM + (612, £6)E7[q1°
T -
+c(011) f 2 (OIYE, 1, 5, )*ds, (2.44)
T1
by letting 619 = “2°, 611 = S, 65 = 22, we find (2.40).

Case 2. (a = 0).
The last term of the RHS in this situation is estimated as follows in (2.43), for any &7 > 0

%e{imlaéz;ﬁ} < &P + e TP (2.45)

Substituting the inequality (2.45) into the statement (2.43), we find (2.41). Lemma 2.5 has been
successfully proved. O

After that, we have the following lemma.
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Lemma 2.6. The functional

1 T2 -
Ds (1) = f f sy & p, 5, 1) Pdsdp,
0 T

satisfies,

dDs (&,1)

1 19 -
It < —{1f f sy (DY (&, p, s,0) Pdsdp + il
0 T]

-4 f (I (& 1,5,0 Pds, (2.46)

Tl
where {; > 0.

Proof. By differentiating Ds, with respect to ¢ and we use (2.6)9, we have

dDs (&, 1)

1 T) .
= - f f eI (& p, 5,0 Pdsdp
t 0 T

_ f a1 &1, 5,0 — 1T &0, 5,0 P1ds.

71

Using the fact that Y(£,0, s,1) = w,(&,1) =n,and e™* < e < 1, forall 0 < p < 1, we obtain

dDs (&, 1)

1 T) -
T f f se (Y & pv 5,1) Pdsdp
t 0 T

—f ()Y & 1,50 Pds + (f [y2(s)lds)i’.

O

We have —e™ < —e™, for all s € [11,7,]. Since —e™ is an increasing function. Lastly, by setting
{1 = e ™ and remembering (1.11), we obtain (2.46).
At this stage, we define the Lyapunov functionals

e Fora =0:
— 1
K€1) = N +EEED+NDED+ N2m1)2(§, )]
+N3D5(E, 1) + NaDu(é, 1) + Ns(1 + E)Ds(é,1). (2.47)
e Fora # 0:
- 1
K&, 1) = M1 +&EVEED+MDiEn+ M2(1 " Scz)DZ(f’ )]
+M;D5(&,1) + MyDa(€, 1) + Ms(1 + ENDs(E, 1), (2.48)

positive constants with values of N, M, N;, M;,i = 1, ..., 5 are to be carefully selected subsequently.
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Lemma 2.7. There exist u; > 0,i = 1, ..., 6 such that the functionals K (&, t) and K> (&, t) given by (2.47)
and (2.48) satisfies

e fora=0: . .
{ 1+ EHEE D < K€1) < (1 + EEE 1), (2.49)
K& D) < —pap1 (K€1), Vi>0. '
e Fora # 0: . _
{ (L + EPEED < Ko, 1) < sl + EPEE ), 2.50)
FG(E, 1) < —pep2(OK(E, 1), Vi>0, '
where
& &
p1(&) = a+a and py(¢) = a+ay (2.51)

Proof. Firstly, by differentiating (2.47) and using (2.8), (2.14), (2.20), (2.30), (2.40) and (2.46), with
2
the fact that f? < min{l1, £*} and ﬁ < 1, we find

7,m*kol m?62 2

K1) < —52[ Ny — 36, Nz]mz B [

—fz[m—ZINzt]mz— & [ﬂNz]mz

N, - CN3]r\7|2

2 A+l 2
alk
—(1 + fz)[TON3 — &Ny — 28N, — 286N4]B7|2
YR
-& = 2m Ny —cN, - CN3]r5|2
Z’Tqmzlko —
€SN = G y0esN: - eV
1l -
—& §N1 —c(&3)N; — N3 — C(<95)N4]|9|2

—(1+E)|BN = c(e))N, = c(en, £2)N, — N5 — c(s6)N4]@2

—~(1 +&)|C\N — c(&,, &3, 84)N, — cN3 — c(86)Ny — Vle]rﬁlz

~(1+ &) 6Ns = ey = s = o] f s €. 1, 5.0)Pds

T

1 T) -
~{INs(1 + &%) f f sa(OINY (& p, 5, 1) Pdsdp. (2.52)
0 T
By setting
alk0N3 alk0N3 Tqm21k0N3 Tqm2lk0N3
€1 = , &= s 83 = oo o S4=E o
12N, 24N, 83 +v1)N, 12N,
TqmzlkoN3 alk0N3
&5 = ———, & = ,
: 8N, 7 24N,
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we obtain
Kie.n < €Ny e [T N v -+ ) Lo |5
_52:?N4]m2 e i%[@]\b]mz
—52:a2l3m2N4 N cN3]Fz12 B gz[rq,njlko]\[3]&)5|2
_62:%1\]1 — (N2, N3)N; — cN3 — C(N3,N4)N4]@2

—(1 + fz)EﬁN - C(Nl,N3)N] - C(Nz,Ng)Nz - CN3 - C(N3,N4)N4]rj|2

—(1 4+ &)|C1N = (N>, N3)N> — cN3 — (N3, Ny)Ny — leS]W

—(1 + 52)—{1N5 —cNy = cN3 - cN4] f VaAOIY (€1, 5.1) Pds

T1

1 19) .
—ae s [ [ st € p.sn Pasdp,
0 T1

Now, we fixed N3 and choosing N, large enough such that

2622
2

NZ—CN:,’ > 0,

then we select N, in a size big enough that

a*Pm?

2

ay =
then we select Ny, Ns in a size big enough that

1
@3 = 5Ni = c(N2, N3)N2 = eN3 = (N3, NNy > 0,
§1N5 —¢cNy —cN; —cNy > 0.

Hence, we arrive at
KiEn < -affl - aseldf - (1 +&)|BN - c|[af - P
—aa(1 + PP — 7P — 0P — (1 + g%[clzv - c]l’ﬁlz

1 193 -
—06(1+§2)f0f sty ()IY (&, p, 5, 1) Pdsdp,

2
where g = mTIN4,C¥6 = §1N5.

(2.53)

(2.54)
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Secondly, we have

+N2

'«1 &1 - N+ DEE, t)‘

1 —|pete )‘

N, Daé. t)‘

Di(&, 0| + Ny

Using Young’s inequality, the fact that £

7z < min{l, &} and - Tz < 1, we find

<c(1 +EE,1).

‘% &1 - N+ EE D

Hence, we get _ _
(N = o)1 +ENEE, D) < Ki(é,1) < (N + o)1 + EVEE, D). (2.55)

Now, we select N in a size big enough that
N—-c>0, CN-—c>0, BN—-c>0,

and using the estimations (2.7), (2.54) and (2.55), there is a positive constant k > 0, for all # > 0 and
for all £ € R, we have

(1 +EVEE 1) <KD < (1 + EEE, 1), (2.56)
and
K1) < —Kfz{ﬁﬂz + [ + 61 + P1* + B + 2 + [g1* + [l
+ fo 1 f SO €. 5,0 Pasdp), (2.57)
then
K&, 1) < -1 (EEE 1), Vi >0, (2.58)

Furthermore, we derive the following for any positive constant p3 = ﬁ—; >0
K&, 1) < —pap1 &K (E, 1), Vi 20, (2.59)

where p((¢) = %, for some Ay, u; > 0,i = 1,2, 3. The proof of the first result (2.49) is finished.
We demonstrate the second result similarly to the first proof So we derive (2 48) and using (2.8),

(2.14), (2.20), (2.31), (2.41) and (2.46), with the fact that ; §2 < min{l1, £*} and 1+52 <1, we get
T m*kol 28212
K1 < —52[ qmz " M; —3eM, — 87M4]|5ﬂz - [m M, - cM3]|’V72
2 2 22
o[m7l ] 2 & [m g ] 2
& —M. - —M
&\ | el

alk
-(1+¢ )[—0M3 —e M) —2e;,M, — 286M4]57|2
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[ a’Pm?
2

i Tqmzlk()

2

3 !
My = cE)M; - My - C(ES)M4]|9|2

M4 - CMz — C]V[3]|’Z\I2

M3 — (3 +vy1)esM, - 85M4]|?¢;|2

—(1+ fz)z[ﬁM — c(&1)M, — c(&2,£9)M, — N3 — (&, 87)M4]rq12

—(1+ fz)z[clM — c(&2,83,84)My — cM3 — c(g6)My — )’1Ms]|7ﬂ2

—(I+ fz)[QMs —cM; —cMs — CM4] f a(OIY €1, 5.1) Pds

T

1 T -
—§1M5(1+§2)£f stya()IY & p, 5, 1) Pdsdp. (2.60)

By setting

alkoMs alkoMs 7,m*lkoMs
&1 = , &= s &3 = oo
12M, 24M, 83 + y1)M,
7,m* koM alkoMs 7 m*lko M
S ieieis i N , &= ————.
8M, °~ 2am, 0 7 8M,

&s

We obtain

’TqmzkolM ] 2 [m26212

K& D < =&
5 Ma | -
[a*Pm?
2

T iz)[@m]mz

2
RO e L

(2

Ey4 =

_ 7,m*lko M
24M,

Cllko

M = oM [P = (1 + )| 005

1 —
“ M, — (M, Ms)Ms, — cM; — (M, M4>M4]|0|2

-1+ fz)[ﬁM —c(My, M3)M, — c(M>, M3)M> — cM3 — c(M>, M3, M4)M4]@2

—(1+ 52)[C1M — (M, M3)M, — cM3 — c(M3, My)My — 71M5][7ﬂz

—(1+ 52)[§1M5 —cM; —cM3 — CM4] f aIY 1, 5.1) Pds

1

1 T) .
_OMs(1+ &) fo f SN (. p. 5.1) Pdsdp.

Now, we fixed M3 and choosing M, large enough such that

m*§*
2

M2—CM3 > O,
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then we select M, in a size big enough that

Bm?
2

Ky = M4—CM2—CM3>O.

Likewise we select M, M5 in a size big enough that

1
K3 = EMI — c(My, M3)M, — cM3 — c(M>, M3, My)M, > 0,
§1M5 —cMy, — cMz — cM, > 0.

Hence, we arrive at
Kien < - - k& - (1 +E2BM - | - k&P
—ks(1 + T — P — k407 — (1 + fz)z[clM - c]rfﬂ2

1 T2 -
~ko(1 + &%) f f sty (Y (&, p, 5, 1) Pdsdp, (2.62)
0 T

2
where K| = %IM4,K6 = §]M5.
As an alternative, we have

- 1
‘m, 0 - M(1 + EVEGE, r)‘ _ Ml‘zx(f, r)' M

Dy(&.1)

M D3(€,0) + M| Dute, 0] + Ms(1 + )| Dstern)]
Using Young’s inequality, the fact that % < min{l1, &%} and HI? <1, we find
156,0) - MO+ EFEE )| < 1 + EFFED.
Hence, we get _ _
(M = o)1 + E’EE, 1) < Ka(é, 1) < (M + o)(1 + EVE(, ). (2.63)

Now we select M in a size big enough that
M-c>0, CM-c>0, BM—-c >0,

and using the estimations (2.7), (2.62) and (2.63), there is a positive constant x > 0, for all # > 0 and
for all £ € R, we have

pa(l + E2EE, 1) < To(€, 1) < ps(1 + E2E(E, D), (2.64)

and
K& < —?fz{ﬁﬂz +[gl* + [6F + P2 + B + 2 + [g” + P
1 19 e
+ f f sly2(9)IY (&, p, s, 1) Izdsdp}, (2.65)
0 71
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then

K&, 1) < —Lpa@EE, 1), ¥t 20, (2.66)

Furthermore, we derive the following for any positive constant yg = ;% >0

K1) < —pep2()F(E, 1), Vi >0, (2.67)

where p,(£) = %, for some A, u; > 0,i = 4,5,6. The proof of the second result (2.50) is finished.
O

The pointwise estimations of the functional E (&, 1) provided by the next proposition.

Proposition 2.1. Suppose (1.8) and (1.11) hold. Then, for every t > 0 and & € R, positive constants
ki, ky > O exists such that the energy functional provided by (2.7) meets the following conditions

E.1) <k EE0)e™ @ if a=0, 2.68)
E(,1) S kE(,0)e 7@ if a#0, '
£ £
h = -0, = .
where pi(€) = Tz 12O = g
Proof. From (2.49), and (2.50),, we have by integration over (0, )
K&, < K& 0)e @ vyr>0, if a=0 (2.69)
FoE 1) < Fo(E,0)e 2@ yr>0,  if a#0. (2.70)
Hence, by according of (2.49),, (2.50), and (2.69), (2.70), we establish (2.68) . |

2.2. Decay estimates

Now, we declare and support the following finding

Theorem 2.2. Suppose that s be a nonnegative integer, and let Uy € H*(R) N L'(R). Consequently, for
any t > 0, the following decay estimates are satisfied by the solution U to problems (2.2) and (2.3)

o Whena =0
1

1BEUDL2 < UGN (L + 0752 + Ce™ 104 Uoll.. (2.71)

e Whena #0
185Ul < CIUl (1 + 57772 + C(1 + 072105 U, (2.72)

where k and { are positive integers that meet the equation k + € < s and C > 0.

Proof. From (2.7), we have |U(&, 0)? = E(&, 1.
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e By using the Plancherel theorem 1.1 and making use of (2.68),, If @ = 0, we can determine

15U @13 f EPUE, nIPde
R

IA

Cf|§|2k€_ﬂ3p'(§)t|ﬁ(§,O)|2df
R

IA

¢ f [Pk U &, )P dé
<1

Ry

+e f EP e O (€, 0)PdE . (2.73)
[é1>1

R

We now determine R;,R,, the low-frequency componentl(] < 1, and the high-frequency
component || > 1, separately.
Firstly, we have p,(£) > %Ez, for [£] < 1. Then

Ry < cf e 3 KU (£, 0)Pdg
<1

< csup{|U,0)P) f ePe S g, (2.74)
€1<1 [¢1=1
Lemma 1.1 allows us to acquire
R < cls;ll;;{|l7(§,0)|2}(1+r>—"-%
< c||Az;O||%(1+r)—’<—%. (2.75)

Secondly, we have p;(¢) > %, for [£] > 1. Then

R, < ¢ f &2 U, 0)Pde, Yt > 0. (2.76)
€11
< et f 41U (&, 0)dé
€121
< ce 0 U, 0)3, V> 0. (2.77)

Substituting (2.75) and (2.77) into (2.73), we find (2.71).
o If @ # 0, similar to the first estimate, we apply the Plancherel theorem 1.1 and exploiting (2.68),,
we find

105U (1)113

f T DPde
R

IA

c f Pk e T, 0)Pde
R
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< gf Pk e T, 0)dg
|£1<1

R3

+c f €[ e T (¢, 0)dé (2.78)
11

Ry

Now, we determine Rj3, R4, the low-frequency component |£] < 1 and the high-frequency
component |£| > 1 separately.
Firstly, we have p,(&) > %62, for |¢€] < 1. Then

R3

IA

5[ EP e TR T (g, 0)Pde
[€1<1

IA

cme@ﬂW{f €Pke P g, (2.79)
|11 €11

by using Lemma 1.1, we obtain

Ry < csup{UE 01 + 172

lg1<1
< Ul + 72, (2.80)
Secondly, we have p»(&) > 1£72, for |¢] > 1. Then
Ry, < ¢ f Ek e TN T (g, 0)PdE, Vit > 0. (2.81)
l€1>1
Expoiting the inequality
sup {|§|—2fe—c;|§|-2z} <C(l+0n7, (2.82)
l€1>1

we get that

Ry < csup{l.fl_%e—'?lfl‘zz} f EPEOIU (¢, 0)Pdé
€121 |¢1>1

< o1+ 670 U, 0)13, Vi >0. (2.83)
Substituting (2.80) and (2.83) into (2.78), we find (2.72).

3. Conclusions

The investigation of the generalized degradation assessment of Bresse-Cattaneo system integration
about the distributed delay term is the goal of this research, which employs the energy technique in
Fourier space.

The distinct process that emerges from the distributed delay, which determines the system’s
development of this feature in Fourier space, is what we are interested in with this present work.

The same strategy will be used in the same systems in the upcoming works, but we will use various
types of memory because we anticipate getting comparable outcomes.
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