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Abstract: This paper is mainly concerned with the initial boundary value problems of semilinear
wave equations with damping term and mass term as well as Neumann boundary conditions on exterior
domain in three dimensions. Blow-up and upper bound lifespan estimates of solutions to the problem
with damping term and mass term are derived by applying test function technique and iterative method,
where nonlinear terms are power nonlinearity |u|”, derivative nonlinearity |¢|”, combined nonlinearities
|lu P + |ul?, respectively. Moreover, upper bound lifespan estimate of solution to the problem with scale
invariant damping term, non-negative mass term and combined nonlinearities |u,|” + |u|? is obtained.
The proofs are based on the test function method and iterative approach. The main new contribution is
that upper bound lifespan estimates of solutions are associated with the Strauss exponent and Glassey
exponent. In addition, the variation trend of wave is achieved by taking advantage of numerical
simulation.
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1. Introduction

Our main goal of the present work is to investigate the following semilinear wave equations with
damping term and mass term, namely


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023910

17861

uy, — Au+ by(Du, — br(Hu = f(u, u,), xeQ >0,

l/l(.x, 0) = 8f(X), ut(-x7 0) = 8g(x)7 X € Qca (11)
ou
a—n|aBl(0) =0
and
Iz v
u,t—Au+1+tut+(1+l)2u:f(u,uz), xeQ >0,
u(x,0) = ef(x), u(x,0) = gg(x), x € Q°, (1.2)
ou
a—anl(O) =0,

3
where A = )] %. The coefficients b,(t) € C([0, 0)) N L'([0, o)), by(t) = (HVI% (vo > 0,8 > 1) are
i=1 %%

non-negative functions. u, v > 0. We set f(u, u,) = |ul”, |u,|?, |u,|” + |u|? in problem (1.1) and f(u, u,) =
|u,|? + |u|? in problem (1.2), respectively. The exponents of nonlinear terms satisfy 1 < p, g < co. Let
Q=B0)={xe R3| |x| < 1} and Q° = R3\B;(0). Q¢ and Q° are smooth and compact. Initial values
satisty f(x), g(x) € C*(Q°) and supp (f(x), g(x)) € Q° N Bg(0), where Bg(0) = {x| |xl < R}, R > 2.
The small parameter € > 0 describes the size of initial values. % stands for the derivative of external
normal direction. It is well known that a solution u has compact support when the initial values have
compact supports. As a consequence, we directly suppose that the solution has compact support set.

We briefly review several previous results concerning problem (1.1) with b,(t) = by(t) = 0. Itis
worth pointing out that the Cauchy problem with f(u, u,) = |u|’ asserts the Strauss exponent p.(n)
(see [31,40-42]), which is the positive root of quadratic equation

rn,p)=—-(-Dp*+m+Dp+2=0.

The Cauchy problem with f(u, u,) = |u,|’ admits the Glassey exponent pg(n) = %, which has been
investigated in [14,19]. Ikeda et al. [15] establish blow-up dynamic and lifespan estimate of solution to
the semilinear wave equation and related weakly coupled system by using a framework of test function
approach. The Cauchy problem with f(u, u,) = |u,|” + |u|? is discussed in Han et al. [13]. Upper bound
lifespan estimate of solution is illustrated by making use of test function method and the Kato lemma.
Recently, many researchers have been devoted to the study of Cauchy problem for semilinear wave

equation
{ut, — Au+ g(u) = fu, uy), x€R, >0, 03

M(.x, O) = SMO(X), ut(x’ 0) = El/ll(.X), X € Rn’

where f(u, u;) = |ul?, lu,|P, lu,” + u|?. Problem (1.3) with damping term g(u,) = u, £-u,, “%)ﬁu,(ﬂ >
1), (=A)u, (5 € (0, %]), a(x)u, (a(x) € C(R")) and power nonlinear term f(u, u;) = |ul’ is considered
in [6,9, 18, 24, 27, 30, 38]. Lai et al. [27] derive upper bound lifespan estimate of solution to
problem (1.3) with damping term g(u,) = +-u, by exploiting the Kato lemma. Imai et al. [18]
investigate problem (1.3) with scale invariant damping in two dimensions. Blow-up result and
lifespan estimate of solution are discussed under certain restriction on the constant u. Applying
test function approach and imposing certain integral sign conditions on the initial values, Georgiev

et al. [9] illustrate blow-up result of solution to problem (1.3) with g(u,) = u, on the Heisenberg
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group when 1 < p < pp(n). Wakasa et al. [38] consider formation of singularity of solution
to problem (1.3) with scattering damping ﬁu,(ﬁ > 1). Lifespan estimate of solution to the
variable coefficient wave equation in the critical case is analyzed by employing rescaled test function
method and iteration technique, which has been utilized in [39]. Problem (1.3) with damping term
g(u) = ﬁu,(ﬁ > 1), mu,(ﬂ > 2), u(=A)>u, (u > 0, 0 < o < 2) and derivative type nonlinear
term f(u, u,) = |u,|P is considered in [7,25,28]. Lai et al. [25] derive upper bound lifespan estimate
of solution to problem (1.3) with scattering damping term g(u,) = ﬁu, (8 > 1) in the sub-critical
and critical cases by introducing a bounded multiplier. Lai et al. [28] verify blow-up and lifespan
estimate of solutions to problem (1.3) with space dependent damping term g(u,) = mu, B >2)
in the case 1 < p < pg(n) = % by utilizing test function method (¥ = 0, = é‘t(—nij’,(t)e"qbl(x))).
Dao et al. [7] investigate formation of singularity of solution to problem (1.3) with structural damping
term g(u;) = u(=A)>u, (u > 0, 0 < o < 2) and derivative nonlinearity. Problem (1.3) with damping
term g(u,) = “-uy, ﬁu,(ﬁ > 1) and combined nonlinearities f(u, u;) = |u? + |ul? is illustrated
in [12,26,32,33]. Applying the rescaled test function approach and iterative method, Ming et al. [33]
establish upper bound lifespan estimate of solution to problem (1.3) with scattering damping and
divergence form nonlinearity in the sub-critical and critical cases. Hamouda et al. [12] illustrate
influence of scale invariant damping on the formation of singularity of solution. Lifespan estimate of
solution is derived by imposing certain assumptions on the parameter u. Liu and Wang [32] consider
blow-up of solution to the semilinear wave equation with combined nonlinearities on asymptotically

Euclidean manifolds in the case n = 2, u = 0.

Scholars focus widespread attention on the Cauchy problem for semilinear wave equation with
damping term and mass term (see detailed illustrations in [1,4, 11,17,22,36,37]). Taking advantage
of the iteration method, Lai et al. [22] establish blow-up result of solution to the semilinear wave
equation with scattering damping term and negative mass term, where the nonlinearity is |u|’. Tkeda
et al. [17] investigate lifespan estimate of solution to the semilinear wave equation with damping term,
mass term as well as power nonlinearity in the sub-critical and critical cases by utilizing test function
approach (Y(x,t) = p(t)¢1(x)), which is inspired by [36]. Lai et al. [23] derive upper bound lifespan
estimate of solution to the semilinear wave equation with damping term and mass term by employing
the Kato lemma and iteration approach. Blow-up phenomenon and lifespan estimate of solution to
the semilinear wave equation with scale invariant damping, non-negative mass term and power type of
nonlinear term are documented in [36], where the iteration method is performed. Hamouda et al. [11]
show blow-up dynamic of solution to the semilinear wave equation with scale invariant damping, mass
term and combined nonlinearities. The proof is based on the multiplier technique and solving the
ordinary differential inequality. We refer readers to the works in [2,3,5,8, 10, 16,20,21,29, 34,35] for
more details.

Enlightened by the works in [11, 17, 22, 24-26, 36], our interest is to show blow-up results of
solutions to problems (1.1) and (1.2) with Neumann boundary conditions on exterior domain in
three dimensions. It is worth pointing out that upper bound lifespan estimates of solutions to the
Cauchy problem of semilinear wave equation with scattering damping term ﬁut uw>0p>1)
and nonlinear terms |u|?, |u,|?, |u P + |u|? are discussed in [24-26]. Lai et al. [22] derive blow-up and
lifespan estimate of solution to the semilinear wave equation with scattering damping and negative
mass term by exploiting the test function technique and iterative approach, where the nonlinear term
is [u|’. However, there is no related result about blow-up dynamic of solution to problem (1.1). Thus,
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we extend the Cauchy problem studied in [24-26] to problem (1.1) with damping term, negative
mass term and Neumann boundary condition on exterior domain in three dimensions. Upper bound
lifespan estimate of solution to problem (1.1) is established by making use of a radial symmetry test

-1

function y(x,1) = e”'1e” with r = |/x] + x3 + x5 (see Theorems 1.1, 1.3-1.5). The Cauchy problem

investigated in [23] is extended to problem (1.1) by utilizing the test function method (¥/(x, ) = e™* %e’)
and the Kato lemma (see Theorem 1.2). We derive lifespan estimate of solution to problem (1.1) with
f(u, u,) = |ul” (see Theorem 1.6) by taking advantage of the test function approach (¢ (x, 1) = p(t)%e’),
which is inspired by the work [17]. Making use of a multiplier, Hamouda et al. [11] verify blow-up
phenomenon of solution to the semilinear wave equation with scale invariant damping and mass term
as well as combined nonlinearities. We extend the problem discussed in [11] to problem (1.2). Upper
bound lifespan estimate of solution to problem (1.2) with combined nonlinearities f(u, u;) = |u,|” + |u|?
is acquired by applying the test function technique (Y,(x,t) = pl(t)%e’) and iterative method (see
Theorem 1.7). To the best of our knowledge, the results in Theorems 1.1-1.7 are new. Moreover, we
characterize the variation of wave by utilizing numerical simulation.
Definitions of weak solutions and the main results in this paper are illustrated as follows.

Definition 1.1. A function u is called a weak solution of problem (1.1) on [0,T) if u €
C(0,T), H'(Q) N C([0,T), LX(Q)) N LY ((0,T) x Q) when f(u, u) = |ul”, u € C([0,T), H'(Q)) N
CY([0,T), LX) N C'((0,T),LP(Q)) when f(u,u) = lul’, u € n_,C'([0,T),H(Q)) N
C'((0,T), LP(Q) N LY ((0,T) x Q) when f(u, u;) = |lu,|” + |ul? and

loc

f vu,(x, No(x, Hdx — f eg(x)p(x, 0)dx

+f dsf {—u,(x, $)p,(x, s) — Au(x, s)p(x, s)}dx
0 Qe

+fdsf b1 (s)u,(x, s)p(x, s)dx—fdsf by(s)u(x, s)p(x, s)dx
0 c 0 c

= f ds fu, u)(x, s)p(x, s)dx, (1.4)
0 Qe

where ¢ € CP([0,T) X Q) and t € [0,T).

Definition 1.2. A function u is called a weak solution of problem (1.2) on [0,T) if u €
C(0,T), H'(Q%)) N C'([0,T), L>(Q%)), u € L ((0,T) x Q°), u, € L’ ((0,T) x Q) when f(u, u;) =

loc loc
|2g,|P + |u|? and

f u,(x, Ho(x, )dx — f u,(x, 0)p(x, 0)dx — f f u,(x, s)o,(x, s)dxds

f f Vu(x, s)Vo(x, s)dxds +f f
f f 11352 ——u(x, s)o(x, s)dxds

= f (lu(x, )P + lu(x, $)|Do(x, s)dxds, (1.5
0 Joe

where ¢ € C7([0,T) x Q) and t € [0,T).

u,(x $)P(x, s)dxds
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Setting
m(t) = (1 + 1),

we rewrite Definition 1.2 by choosing m(#)@(x, t) as a test function.

Definition 1.3. A function u is called a weak solution of problem (1.2) on [0,T) if u €
C([0, T), H'(Q)) N CH([0, T), LX(Q)), u € L ((0,T) x Q°), u, € L. (0, T) x Q) when f(u, u;) =
P + |u|? and

m(t) f u(x, Hp(x, H)dx — f u(x,0)p(x, 0)dx
Q(‘ Q(‘
f m(s) u,(x, $)p,(x, s)dxds + f m(s) Vu(x, s)V(x, s)dxds

0 oe
R r—

= f m(s) f (lu,(x, 9P + lu(x, $)Dp(x, s)dxds, (1.6)
0 Q¢
where ¢ € CP([0,T) X Q) and t € [0, T).

Theorem 1.1. Let 1 < p < p.(3). Assume that (f, g) € H'(Q°)x L*>(Q) are non-negative functions and
f does not vanish identically. If a solution u to problem (1.1) with f(u, u,) = |ul? satisfies supp (u, u,) C
{(x,r) € Q° x [0, T)| |x| < t+ R}, then u blows up in finite time. Moreover, there exists a constant
g0 =&o(f, & R, p, bi(1), by(t)) > 0 such that the lifespan estimate T (€) satisfies

2p(p D

T(e)< Ce i, (1.7)

where 0 < € < gy, C > 0 is independent of e.
Theorem 1.2. Assume b(t) = (1+r)3’ by(t) = (1+t)2’ vi=z0,B8>1v,>0. Letd =1+ 4vze1-ﬁ > 1,
d.3)=2V2-2¢€[0,2), 1 < p < ps(3) and
p3), V5 <3-d.03),
\/_ 5- 5
2

ps(3) = maX{pF( ), D3} = 1 pr( ), 3-d.(3)< V6 <5,

+ oo, VS > 5.

Here, pr(n) = 1+,% is the solution of equation rg(p,n) = 2—n(p—1) = 0. Suppose that (f, g) € H' (Q)x
L*(Q°) are non-negative functions and do not vanish identically. If a solution u to problem (1.1) with
f(u, u;) = |ul? satisfies supp (u, u;) C {(x,t) € Q° x [0, T)| |x| < t + R}, then u blows up in finite time.
Moreover, the lifespan estimate T (&) satisfies

Ce_szr('gl), Vo < 1,

—(p=1 2
CerodD 1< V6<3-d.(3), l<p< ,
T(e) < 3-Vo

=2p(p-1) 2

Ce o3 s 1< \/5 <3 —d*(3), < P < V4 (3)9
3- V6 '

V6 =3 -d.(3),

_(%_3+1+\6)—1
Cer 27,
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where C > 0 is independent of ¢.

Theorem 1.3. Let 1 < p < ps(3) = 2. Assume that (f,g) € H'(Q°) x L*(Q°) are non-negative
functions and g does not vanish identically. If the solution u to problem (1.1) with f(u, u,) = |u,”
satisfies supp (u, u;) C {(x,1) € Q° x [0, T)| |x| < t + R}, then u blows up in finite time. Moreover, the
lifespan estimate T (€) satisfies

p-1
T
T(e) < Ce - 1 <p < pc(3),
exp(Ce ™), p=pc(3),
where C > 0 is independent of e.
Theorem 1.4. Let p > 1 and 1 < g < min {1 + 1%’ 6}. Assume that f and g satisfy the conditions in

Theorem 1.3. If a solution u to problem (1.1) with f(u, u,) = |u,|” + |u|? satisfies supp (u, u,) C {(x,t) €
Q% [0, T)| |x| < t + R}, then u blows up in finite time. Moreover, the lifespan estimate T (&) satisfies

___p@-D
T(e) < Ceg a=paD,

where C > 0 is independent of ¢.

Theorem 1.5. Let p > 3 and 1 < g < 2. Assume that f and g satisfy the conditions in Theorem 1.3. If
the solution u to problem (1.1) with f(u, u,) = |u,|’ +|ul? satisfies supp (u, u,;) C {(x,t) € Qx|0, T)| |x| <
t + R}, then u blows up in finite time. Moreover, the lifespan estimate T () satisfies

T(e) < Cs_z(%q),

where C > 0 is independent of ¢.

Theorem 1.6. Let 1 < p < p.(3). Let f and g satisfy the conditions in Theorem 1.1. Suppose that
bi(t) € CI([0, ) and r»(t) € L'([0, o)) satisfy

(1) + bi(Ora(t) — 15 (1) = —by (1),
r2(D)li=0 = r2(0).

0'(0) is the initial value of p’(t), where p(t) is the solution to problem (5.1). It holds that

g(x) + r(0)f(x) > 0,
g(x) + (b1(0) — p'(0) f(x) = 0.

There is no sign requirement for bi(t) and by(t). If a solution u to problem (1.1) with f(u,u,) = |ul?
satisfies supp (u, u,) C {(x,t) € Q° x [0, T)| |x| <t + R}, then u blows up in finite time. Moreover, the
lifespan estimate T (€) satisfies

=2p(p=1)
r(p.3)

T(e) <Ce ,

where C > 0 is independent of ¢.
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Theorem 1.7. Let p > pc(3 + ), ¢ > gs(3 + ), pt, v* > 0 and & = (u — 1)*> — 4v*> > 0. Assume that
Ap, q, 3+u) < 4, where A(p, q, n) = (g—=1)(n—1)p=2) < 4. The initial values (f, g) € H'(Q°)XL*(Q°)
are non-negative functions which do not vanish identically and satisfy

p—1- s

> f(x) +g(x) > 0. (1.8)

If a solution u to problem (1.2) with f(u, u,) = |u,|’ +|u|? satisfies supp (u, u,) C {(x,t) € Q°X[0, T)| |x| <
t + R}, then u blows up in finite time. Moreover, there exists a constant €y = €o(f, g, R, p, g, u, v) >0
such that the lifespan estimate T (€) satisfies

T(e) < Cg_%’ (1.9)
where C > 0 is independent of ¢.

Remark 1.1. Utilizing the Sobolev embedding theorem yields H'(Q°) — LI(Q°) whenn =3, ¢ < 6
in Theorems 1.4 and 1.5. Consequently, the nonlinear term [|? in problem (1.1) is integrable in the
domain Q° C R?.

Remark 1.2. Taking advantage of the Poincare’s inequality, we conclude

1
VulPydx > |ul? a’xZCf |u|Pyrdx.
fgc v (t+ R Joe v Qe v

Similar to the proof of Theorem 1.1, we obtain the same result in (1.7) when nonlinear termis f(u, u,) =
[Vul?.

Remark 1.3 We call that u is a global solution of problems (1.1) and (1.2) if the maximal existence
time of solution 7,,,, = co. While in the case T,,,, < oo, we call that u blows up in finite time.

2. Proofs of Theorems 1.1 and 1.2

2.1. Several related lemmas
Lemma 2.1. [35] Let b(t) € C([0, o)) N L'([0, 00)) be a non-negative function, which satisfies
my (1) = exp(— f bi(7)d),
t
my(0) < my(0) < 1, 29 = p(s) for t > 0.

mi(@)

Lemma 2.2. Let ¢1(x) = ¢1(r) = L', where x = (x1, x5, x3) and r = \/xf + X3 + x3. It holds that
2
A¢1 = (arr + ;ar)¢l = ¢1
and %qur:l = 0. Setting ¥ = e”'¢\(x), it satisfies

P __r
f Ydx <CR+077T, Ay =y,
QeN{lx<r+R)
where C is a positive constant.

AIMS Mathematics Volume 8, Issue 8, 17860—17889.
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Proof of Lemma 2.2. Direct calculation shows

01 _ 01 Xi
ox; Orr’
¢ Ppix; 17— X d¢
ox? oot 2 B or’

where i = 1, 2, 3. Thus, we obtain

¢ N g N g

Ad, =
i’ 02 92 0%
ST R T QP .
or? r3 r3 r3

= (arr + _ar)¢1 = ¢1-
r

Employing ¢ = ¢7'1 ~e" gives rise to

f w/"dx—fdwf Plrdr
N{lxl<r+R) s?

< [l R < C s
0
We complete the proof of Lemma 2.2.

2.2. Proof of Theorem 1.1

Let us set three functions

Fo(t) = f .u(x, Hdx,

Fi(t) = f u(x, HY(x, Hdx,

Fy(1) = f u,(x, Y (x, )dx,
where Y(x,1) = e7'¢1(x) = e’ 1 e". It holds that

Dl/’ = O’ AW = w’ (w)t = _l/” (l/’)tt = w (21)

By straightforward computation, we achieve

?
f Audx = f 122dS ~ f V1 - Vudx = 0. (2.2)
C 0Q¢ 8” C

Choosing the test function ¢(x, s) = 1 on (x, 5) € {Q° X [0, t]| |x| < s+ R}in (1.4) with f(u, u,) = |ul”
and utilizing (2.2) yield

Fy(t) + bi(0)F(t) = by(t)Fo(t) + f lu(x, 1)|Pdx. (2.3)

Q(,’

AIMS Mathematics Volume 8, Issue 8, 17860—17889.
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Multiplying (2.3) with m,(¢) and integrating on [0, ¢], we deduce

F(’)(t)Zml(O)ff lu(x, )|Pdxds, 2.4)
0 Jar

where we have used the fact F{{(0) > 0 and F(7) > 0.
We are in the position to establish the lower bound of F(#). Elementary computation leads to

ou ou oy o

— e = —| . = —Lsoe = —|,—1 = 0. 2.
a0 = g1 =0 ool = 2ol = 0 (2.5)

Applying (2.5) and the Green formula yields

o

f (Auy — uAy)dx = (%w —u—)dS =0.
Q on on

Qe

fAut//dx:f quﬁa’x:f updx. (2.6)

Utilizing (2.1), (2.6) and replacing ¢(x, s) in (1.4) with f(u, u,) = |u|’ by ¥(x, s), we obtain

Thus, we have

my(1) | ux, OY(x, )dx — m(0)e f gy (x, 0)dx
QC C
—m(t) | u(x, ) (x, dx + mi(0)e f JOY(x, 0)dx
Qe Qe
+ f f my($)bi(s)u(x, )i, (x, s)dxds
0 C

= f f my(8)by(s)u(x, s)Y(x, s)dxds
0 Jar

+ffml(s)lu(x,s)|p¢(x,s)dxds.
0 Jor
That is

my (D{F (1) + 2F (1)) m(0)e fQ {0+ g0 (N)dx

+

fml(S){bl(S)+bz(S)}F1(S)dS+ffml(S)Iu(x,S)I”w(x,S)dxds,
0 0 Jar

which leads to
Fi(t) +2F (1) 2 m(0)Cyee + f mi($){b1(s) + br(s)}F(s)ds,
0

where Cy, = ch{f(x) + g(x)}d1(x)dx > 0.
Thanks to the positivity of F(¢) and F(0), we deduce

-2t

Fi() > ml(O)Cf,ga, (27)
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where t > 2. Employing (2.4) and the Holder inequality yields

t N
Fo(t) > Cym;(0) f ds f (r+ R P VF(r)dr. (2.8)
0 0
Making use of the Holder inequality and Lemma 2.2 gives rise to
f luCx, DI dx = ( f W(x, )P 1dx)" P OF (O > C(t + R PIFy (1)) (2.9)
o Qen{lx|<t+R)

Taking advantage of (2.4), (2.7) and (2.9), we acquire

C,eP
Fo) > —2-(R + 1),
12
We denote
Fo(t) > Di(R + 1)™“1", (2.10)
where
C,el
D=2 a=p b=4 2.11)
12
Combining (2.8) with (2.10), we derive
Clml(())Dp
Fo(t) > ————L(R + 1) (= D-paigpbi2
o) > e R
Thus, we define the sequences {D;} e, {a} jen, {bj}jen by
Clml(O)Df
Dj+1 > (pbj—+2)2’ ajy1 = paj+ 3(p— 1), bj+1 = pbj + 2. (212)
Exploiting (2.11), (2.12) and iterative argument gives rise to
. . 2 2
aj:pf_l(p+3)—3, bj:P]_l(4+ )——,
p=-1" p-1

4
j—1 i
Dj > CS[ﬁ > exp{p’ l(log D, - Sp(oo))},

j-1
where § ,(c0) is obtained by using the d’Alembert’s criterion. Moreover, S,(j) = 2 %
k=1

converges to S ,(c0) as j — oo. As a consequence, making use of (2.10) yields

Fo(H) = (t + R 77 exp(p™ J(1)) (2.13)
and
J@t)=—(p+3)log(t+R)+ (4 + 1)logt +log Dy — § p(c0) > log(Dlt%) —Cy,
p —
where C4 = (p +3)1log2 + § ,(e0) > 0 and r > R > 2. Utilizing the condition p < p.(3), we arrive at

2p(p=1)

J() > 1 when t > Cse »3 . Sending j — oo in (2.13) yields Fy(tf) — oo. Therefore, we derive the
lifespan estimate

2p(p-1)

T(e) < Cse v,

The proof of Theorem 1.1 is finished.
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2.3. Proof of Theorem 1.2

Integrating (2.3) on [0, ¢], we acquire

Fo(t) = Fo(0)+m1(0)F6(0)f 1()

+ft ! dsfsml(i’)bz(r)Fo(”)d”
o Mi(s) 0

+f ! dsfsml(r)dr lu(x, s)|Pdx. (2.14)
o mi(s) 0 Qe

Let us define two functions

Folt) = %FO(O) + mlT(O)Fé(O)t+m1(O) fo ds fo b Fo(rdr

+my(0) f ds f dr f luCx, P dx (2.15)
0 0 Qc

G@) = (1 + D Fy(1).

and

Thanks to m;(0) < m;(f) < 1 and v, > 0, we achieve

~ 1
Fo(t) = Fo() 2 7Fo(0) + 1() 0(0)t+m1(0)fd5f ba(r)[Fo(r) = Fo(r)ldr.

Applying comparison argument, we conclude F(r) > fa(t). Employing (2.15) and the formula (4.2)
with u; = 0, u, = —m;(0)v, in [23] gives rise to

F0) = balom OF(0) = my©) [ .o .16)
Similar to the derivation in the proof of Theorem 5 in [23], we derive

Fo(f) = Fo(0)(1 + 0™ + [kF,(0) + F} ZOI(1 +1)” f(l + 5)ds

t
+(1+0)7* f (1 + s)ds f (1 + P dr x f lu(x, r)|Pdx, (2.17)
0 0 Qc

! S
G@t) 2 f ds f y DGy dr (2.18)

To To

and

Gt % et (2.19)
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Here, A > B means that there exists a positive constant C such that A > CB. Taking into account (2.7)
and the Holder inequality, we obtain

lu(x, )P 2 & (t + R)*7,
Qc

which together with (2.17) results in
4 S
Fooz e+ | (1+9ds [ 1+ dr,
T T,

1+ V6

wheret > T, >0, q = ~1 s-—p+4 Therefore, we arrive at

g >0,

G@t) 2 e’{t'In(1 +1), ¢g=0, (2.20)

, q <0.

Utilizing (2.18)—(2.20) and the Kato lemma in Sub-section 4.3 in [23], we finishes the proof of
Theorem 1.2.

3. Proof of Theorem 1.3

Direct computation gives rise to

di[ml(t) {u,(x, 1) + u(x, HWW(x, 1)dx]
t o
= by (D)my (1) f {u(x, 1) + ux, O (x, Hdx + ml(l)% f {u(x, 1) + u(x, Dly(x, dx.  (3.1)
Qe Qe
Making use of (1.4) and (2.6), we acquire

i {u(x,t) + u(x, O (x, H)dx
dt Joe

=f |t (x, DIPY(x, dx = by (@) | ue(x, Y (x, 1)dx
Q¢ Qc
+ by (1) f u(x, DY(x, Hdx. (3.2)
Q(.‘

Plugging (3.2) into (3.1) yields

<m0 f (s, ) + e, DI, D]
t Q(‘

= bi(Omi (1) | u(x, Y(x, Hdx + bz(t)m1(t)f

Q° Q

‘ u(x, O (x, Hdx

+m1(f)f lu, Cx, DIPY(x, Ddx, (3.3)
Q

C
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which together with (2.7) results in
my (1) f {u(x,t) + u(x, O (x, H)dx
QL‘
> ) [ (00 + gl
+ f dsf my($)u(x, $)[Py(x, s)dx.
0 Q¢
Combining (1.4), (2.1) and (2.6), we have
i[ml(t)f u,(x, Y (x, dx] + ml(t)f {u(x, 1) — ux, Op(x, Hdx
dt Or Oc
= ml(t)f |, (x, )P Y(x, H)dx + ml(t)bz(t)f u(x, HOY(x, Hdx.
Q¢ Qc
An application of (3.4) and (3.5) gives rise to
i[ml(t) f u(x, O (x, t)dx] + 2m (1) f u,(x, OY(x, t)dx
dt Q¢ Qe
> m1(0)8f {f(0) +g(X)}¢1(X)dX+ml(t)f |ut, (x, DIPY(x, D)dx
Qe Oc
+f dsf my ($)|u(x, $)|/PY(x, s)dx.
0 Qe

We set

"“2(0)8 f g0 (N)dx
QC

_lfml(s)dsf o, (x, s)|”(//(x,s)dx,
2 0 Qc

where G(0) = % fQ g(x)¢1(x)dx > 0. Taking into account (3.6), we acquire

G(r) = ml(t)f u,(x, Or(x, t)dx —
Q(‘

G'(1) +2G(1) >

b f e, D, Odx + my (0 f FO1(dx 2 0.
Q =

It follows that G(¢) > e *G(0) > 0 for ¢ > 0. Thus, we conclude

fut(x,l)l/’(x,l)dxzml(z())gf g(x)¢1(x)dx.
Q¢ Qc

We define

’"12(0)3 f ()b (dx.
Q(.‘

H(r) = %fo ml(s)dsL‘ |, (x, $)IP(x, s)dx +

Applying the Holder inequality and (3.8) yields
1-p

H’(l) > Z(Tt)p_l

H(1).

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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As a direct consequence, we have
1-p

d -p+1
_d_t[H P ()] = —2(R T

It is worth noticing that H(0) = "“T(O)s fg g(x)¢1(x)dx. Therefore, employing the assumption 1 < p < 2,
we derive the lifespan estimate in Theorem 1.3. The proof of Theorem 1.3 is finished.

4. Proofs of Theorems 1.4 and 1.5

4.1. Proof of Theorem 1.4

We are in the position to establish the estimate of Fy(¢). Choosing the test function ¢(x,7) = 1
in (1.4) yields

Fy (@) + bi(DF (1) = f {lug (o, DI + Jux, D|"}dx + bo () Fo(0). (4.1)

c

Multiplying (4.1) with m,(#) and integrating on [0, #] yield

Fy(t) > ml(O)f f {|lu(x, )P + |u(x, 5)|9}dxds, 4.2)
0 Jae

where we have applied the fact F;(0) > 0 and Fy(?) > 0.
Similar to the estimates in (2.7) and (3.8), we obtain the estimates

MO [ g dx =0, Fa > MOE
QC

Fi(t) >

f g8(x)¢1(x)dx 2 0
Q(‘

when nonlinear term is f(u, u,) = |u,|” + |u|?. Taking advantage of Lemma 2.2 and (3.8), we derive

| (x, 1)|Pdx > F20OF . > C,e”(t+ R)*F, (4.3)
o oy e @G5 D)7 )Pt
where C; = C'"7("42 [ (x)¢1(x)dx)”. Plugging (4.3) into (4.2) leads to
Fo(t) > my(0)C,&” fo t fo S(r + R Pdrds > Coe”(t + R) "1 (4.4)
Recalling (4.2), we acquire
Fo(t) = C3m(0) fo t j; s(r+R)_3(q_1)Fg(r)drds. 4.5)
We set
Fo(t) > Dj(t + R)™“1", (4.6)
where
D, =Cys?, ay=p, b =4 4.7)
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Inserting (4.6) into (4.5), we come to the estimate

- q
C3ml(O)Dj (t + R)—3(‘1‘1)‘q“ftqbf+2-

Fo(t) > —————
o(?) > (gh; + 27
Therefore, we denote the sequences {D}jew, {a;}jen, {bj}jen by

C 31 (O)Dq

(qb +2)2 » Ajy1 = 3(q— 1)+qaj, bj+l = qb]+2 (48)

Taking advantage of (4.7), (4.8) and iterative argument gives rise to

. . 2 2
=q¢ '(p+3)-3, bj=q¢ 4+ —"—)- —,
aj=¢q" (p+3) ,q(q_l)q_1
q
D;> C4—q2(§_1) > explg’™'(log Dy = S (0))},
where S (j) = Z Zklogz& converges to S (co0) as j — oo.
From (4. 6) we have

Fo(t) > (t + R*t77 explqg’™ J(8)} (4.9)

and

J(@) = —(p+3)log(2t) + (4 + q% 1)logt + log Dy — S (o)

= log(fH"%l_le) —Cs,

where Cs = (p + 3)log2 + S(c0) > 0, t > R > 2. Recalling the assumption ¢ < 1 + o5, we deduce
gq-1)

that J(¢) > 1 when ¢ > C68‘1+_' =@, Sending j — oo in (4.9) yields F(t) — oo. Therefore we achieve
the lifespan estimate
—p(g=1)

T < C7gq+1 -pg-D) |

The proof of Theorem 1.4 is finished.

4.2. Proof of Theorem 1.5
We set I[f] = j;) f(x)dx. Utilizing (4.4) gives rise to

Fo(t) > Cgpt4—[7

for sufficiently large ¢, where C > 0 is independent of €. Thus, we deduce that (4.4) is weaker than the
linear growth when p > 3. An application of (4.2) leads to

Fy(t) > - ((0))F6(0) > ml(O)sfy g(x)dx. (4.10)
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That is
Fo(t) > Cyet. 4.11)

It is deduced from (4.5) and (4.11) that

! S
Fo(t) > Coe? f f (R + 1) Vpidrds > Cioel(R + 1)@ Dpa+2,
0 0

We assume
Fo(t) = DR + 1) ", (4.12)
where
Dy =Cel, a=3(g—-1), by =q+2. (4.13)
Plugging (4.12) into (4.5), we derive
Fo(t) = Dy (R + 1)~ @i-3a=D gabi? (4.14)

with

— Enml(o)l_)j
D> ———

1 2 (@b 1+ 2) . @iy =3(g— 1) +qaj, Ej+1 = (]Ej+2. (4.15)
qb;

Making use of (4.13) and (4.15), we conclude

) _ ) 2 2
;=3¢ -3, b,-=qf-‘<q+2+—q_ Do
D
"L > explg’'(log D) — S (o))}

Dj > C12q2(1—1) >

Applying (4.12) gives rise to
Fo() = (R + 1’1 71 exp(q’™ T (1))

and

J(t) = =3qlog(R+ 1) + (g +2 + )logt +log Dy — S ,(c0).

q-—1

Bearing inmind 1 < g < 2, we arrive at the lifespan estimate in Theorem 1.5. This completes the proof
of Theorem 1.5.
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5. Proof of Theorem 1.6

To outline the proof of Theorem 1.6, we recall the following Lemmas.

Lemma 5.1. [17] Let p(t) be a solution of the second order ODE

p"(t) = bi()p' (1) + (—=ba(1) — 1 = b (1)p(t) = 0, 5.1
p(0)=1, p(e) =0, '

where p(t) decays as e for large t.

Lemma 5.2. Let ¢1(x) = ¢1(r) = 1¢’, where x = (x|, %, x3) and r = {|x} + x5 + x3. Setting y1(x,1) =
p()d1(x), it holds that

f W (x, D)7 Tdx < C(R + 1) 77, Ay = Y,
Qen(lxl<r+R)

where p(t) ~ e”!, C is a positive constant.

Proof of Lemma 5.2. Taking into account y; = p(t)%e’, we obtain

» t+R 1 ,
[ wotta= [ aw [ tpogertar
QeNf|x|<t+R} 2 1 r

+R
SCf [p(t = PP TR + 1) 77dr < C(R + 1> 771.
0

We finish the proof of Lemma 5.2.
Proof of Theorem 1.6. Let us define the functions

Fo(f):f u(x, t)dx,
Fi(t) = f u(x, i (x, Hdx,
QL‘

where 1 (x, 1) = p(H)¢1(x).
Choosing the test function ¢(x, s) = 1 on {(x, 5) € Q°x[0, t]| |x| < s+R}in (1.4) with f(u, u,) = |ul?,
we have

Fy () + bi(OF((t) — ba(t)Fo(t) = f lu(x, 1)|"dx. (5.2)
QL‘

We rewrite (5.2) into the form

Fg (@) + bi(F (1) = ba(t)Fo ()
= [F) + n(Fo@)] + r®[F(t) + ra(HFo(1)], (5.3)
where r(f) and r,(¢) satisfy
ri(f) + ra(f) = by(0),
r5(t) + ri(Ory(t) = —=by(1).
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Multiplying both sides of (5.3) by exp fs zl ri(1)dt, integrating over [0, s,] and applying g(x) +
r2(0)f(x) > 0 yield

Fiy(s:) + ra(s2)Fols2) = f el niee f uCx, s dxds,. (5.4)
QL‘
Multiplying (5.4) by exp f[ 2 ra(7)dt leads to

! " ) s
Fo(f) > f ek o f el f lu(x, s1)Pdxds,ds,. (5.5)
0 0 Qc

Replacing ¢(x, s) with ¢1(x, s) in (1.4) in the case f(u, u,) = |u|’ and employing (2.6), we derive

f f uy(x, Ui (x, s)dxds — f f u(x, sWi(x, s)dxds
0 Jae 0 Jar

+ f f A5(b1 ()1 (x, u(x, 5)) — Is(br1()1(x, 5))u(x, s)dxds
fsz(s)wl(x Su(x, s)dxds
:ff lu(x, )Py (x, s)dxds. (5.6)
0 Jar

Employing Lemma 5.1 and (5.6), we deduce
p'(1)

Fi(t) + (bi(t) -2 5.7
! R0
where Cy, = [0 (g(x) + (bl(O) P’ (0) f(x)g1(x)dx > 0.
Multiplying (5.7) with ~ efo h@dr yields
)
p(1)
F](l') > SCf',g’bl(t)L %dé‘ (58)
Utilizing Lemma 5.2 gives rise to
Fi(nP
lu(x, )P dx > 0 — > Ce” (1>, (5.9)
@ (J;X'ﬂ{lxlst}(wl (x, 1)) dx)P—l
where () = 3 + |tf|. Taking advantage of (5.5) and Lemma 2.1 in [17] leads to
! 52
Fo(t) > C,, f f FP(s)(s1 + R Pdsds,. (5.10)
0 Jo

Similar to the iteration argument in Theorem 1.1, we derive the lifespan estimate in Theorem 1.6.
The proof of Theorem 1.6 is finished.
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6. Proof of Theorem 1.7

6.1. Several lemmas

Lemma 6.1. [11] Assume that p,(t) is solution of

d? V2
g;z(t) 1()—5(1 P1(0) + 1+ )zpl(t) 0. (6.1)

The expression of pi(t) is
p+l
,O](l) = (1 + I)TKﬁ(l + l),
2

where K(t) = \/ge‘t(l + 0@ ")) ast — coand Ké(t) = —Kei (1) + %Kf(l’). It holds that

10NV NI 62)

p1(0)

Let ¢1(x) = ¢1(r) = L', where x = (X1, X, X3) and r = \|x? + X3 + x3. Setting Y(x,1) = py (D) (x), it
holds that
2

Y (x, 1) — Ao (x, r)——(—wz( 1) +

P Trplwn= (6.3)

and

N

f (Yo (x, t))f’ Tdx < Cp er 1(t + R) (6.4)
cn{|x|<t+R)

for some positive constant C.

Proof of Lemma 6.1. Applying ¥, = pl(t)}e’ gives rise to

» +R 1 »
f () Tdx = f dw f [o1(H)—e 17T rdr
Qen{|x|<t+R} S2 1 r

1+R » »
<C f lp1(De 17171 dr
0

_p_ pt
<Cp!erT(t+ R

We complete the proof of Lemma 6.1.
We denote two functions

G(1) = f u(x, Da(x, Hdx,

G,(1) = f .u,(x, Do (x, H)dx.

Lemma 6.2. Let u be a weak solution of problem (1.2). If (p, q) and (f(x), g(x)) satisfy the conditions
in Theorem 1.7, then there exists Ty = To(u,v) > 1 such that

Gl(t) > CG18, (65)

where t > Ty, Cg, is a positive constant which depends on f, g, u, v
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Proof of Lemma 6.2. Replacing ¢(x,t) in (1.5) by ¢ (x, 1) = p1(£)¢1(x) and employing (6.3), we derive

(e Cx, W, 1) — 1, D (x, 1) + ~—u(x, OWa(x, 1))dx
Q¢ 1+t

= [ e o + e st spdds + €070, ©6)
0 Qe
where
_ \/_
€)= KgD) [ (200 + g

+K¥+1(1) L g(x)p1(x)dx > 0.

Thus, we obtain

, u Py (1)
Gl(t)+(1+t 1(t)) 1(0)
= f (Jlus(x, IP + |u(x, | Woa(x, s)dxds + eC(f, g). (6.7)
0 Joe

Multiplying (6.7) by — 76 )(1 + t)*, integrating over (0, #) and exploiting Lemma 6.1 yield

p1(0) P10 (1 + s)
TET R TIT N

2
>eC(f,9)(1 + K (1+t)f K2 (1+s)

Gi(1) 2 G1(0)

IV

ZC(f,g)e_%fezsds
%

)
cC(.9) (6.8)

fort > To(u,v) > 1, where G1(0) = eK 5(1) fQ f(xX)¢1(x)dx > 0. This finishes the proof of Lemma 6.2.

Lemma 6.3. Let u be a weak solution of problem (1.2). If (p, q) and (f(x), g(x)) satisfy the conditions
in Theorem 1.7, it holds that

Ga() + CV*(1 + virTer (1 + 1) > 0, (6.9)

where C is a positive constant which depends on p, f, g, R, &y, u but not on ¢, v.

Proof of Lemma 6.3. We define two functions
Fi(n) = f u(x, DY (x, H)dx,

Fy(r) = f ‘ut(x, DY (x, Hdx.
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Replacing ¢(x, s) in (1.6) by ¥(x, 1) and using the fact F(¢) + F';(r) = F»(1) lead to

m(F1(1) + F2(0)) — C(f, g) + f s (S) S Fisds

= f m(s) (lu:(x, I + lu(x, )W (x, s)dxds + f m'(s)F(s)ds,
0 Qe 0

where C(f,8) = [, (f(x) + g(x))¢1 (x)dx.

Therefore, we arrive at

d
7 F2(0m(D) + 2m F (1)

vm(t)
(1+1)?

(1) f (i O + G, DI, D,
QC

= m(t)(F1(2) + Fa(1) — Fi(2)
Combining (6.8), (6.10) and (6.11), we deduce
d
E(F 2Dm(1)) + 2m(1) F (1)
—eC+ [ m) [ (el + a9 s
0 Qe

m() f (e, D7 + e, D), D

+ f m ($)F1(s)ds — v f 0 _ e (s)ds

o (1 +5)?
2 m(t)

(1 +1)?
f !

> f | (x, $)[Py(x, s)dxds — Cev® — Cvzf e'|Fy(s)lds,
0 Jar 0

Fy(?)

(6.10)

6.11)

(6.12)

where C(f,g) = fQ (f(x)+g(x))¢1(x)dx, we have applied the facts G,(¢) = e'p|()F (1), F{(1)+ F (1) =

F>(¢t) and m(¢) > 1.
Taking advantage of the Holder inequality and Lemma 2.2 yields

Cv? j(: e’|F>(s)lds < j: N lu,(x, $)|PY(x, s)dxds + Cv%eﬂ%lt(l +1).
Making use of (6.12) and (6.13), we have
(eszz(z)m(t)) L O+ Cvitie (1 +1) 2 0,
As a consequent, it holds that

Go(1) + CV2e'p1()(1 + ) + Cvirtep (e’ (1 + 1)1 > 0,

(6.13)

(6.14)

(6.15)
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where we have used G,(¢) = €'p1()F,(1).
An application of (6.15) and the fact p;(¢f)e’ < C(1 + t)% gives rise to

Ga(t) + CVA(1 + viTer (1 + 1)) > 0. (6.16)

This ends the proof of Lemma 6.3.

Lemma 6.4. Let u be a weak solution of problem (1.2). If (p, q) and (f(x), g(x)) satisfy the conditions
in Theorem 1.7, then there exists T, > 0 such that

G,(t) 2 Cge, t=>T, =-1In(e), (6.17)

where Cg, is a positive constant which depends on p, f, g, R, €y, v, u.

Proof of Lemma 6.4. Applying (6.7) and the fact G/ (1) - 23—8 1(H) = G,(¢) leads to

u ()
1+t (t)

= f (lu,(x, $)IP + |u(x, $)|Dr(x, s)dxds + eC(f, g). (6.18)
0 Jae

Go() + (—

Taking into account (6.1), (6.2), (6.18) and Lemma 6.2, we derive
, 3 u p’( )
GO+ S %0
> 1y(t) + Is(1) + f (I, (e, DI + [ulx, DI W (x, t)dx
Q¢
> Ce, (6.19)

)G (1)

where

P P
201(1) 4(1+ G0+ o1(t)

1 !
zCe+ 7 f (let (e, I+ TuCx, $)I*Wra(x, s)dxds
0 Jas

Iy(t) = (-

)G1(D))

fort > Tl(p, v) > Ty,

A0 N p1(>
Is(t) = (1 - G (t
SO=0-a i * Qo 100 T+~ o)1 0 20
fort > 72(#, V) > Tl(y, V).
Utilizing (6.19) and Lemma 6.3, we conclude
G, (1) > Cg,e (6.20)

for t > T} = —Ine&. This completes the proof of Lemma 6.4.
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6.2. Proof of Theorem 1.7

We define the function
F(t) = f u(x, 1)dx.
Qc

Choosing the test function ¢(x, 7) = 1 in (1.5) yields

2

L+

144 # !
F'(t)y+ —F'(t) +
(®) T+ (@)

F) = f (e DI + fuCx, DI%)dx.
Q(‘

Therefore, we obtain

(F'(1) + —F(l))

—F(l)) —f (e (x, DI + Ju(x, DIF)dx,

where r| = ‘f and r, = &2 % l“r
Itis deduced from (1.8) and (6.23) that

F(t) > f (11+ f (— ’2“ds f (Ju (x, )P + |uCx, $)|9)dx.
0

Making use of the Holder inequality and (6.24), we acquire

"1+71 T 1+
Fo)>C | (——)d — )yt S@DIFs)ds,
(1) > j;(1+t) Tfo(lﬂ) (I+s) |F(s)|"ds

where C = (means(B;))'"9R34=D > (.
Employing Lemma 6.4, (6.4) and the fact p,(r)e' < C(1 +£)? gives rise to

f e ) e = G (o) f (Wl 1) dxy P~
‘ ‘Nf|x|<t+R}
w2

> Clap(t+R)_

Plugging (6.26) into (6.24), we deduce

F() > 6:1817

rl f( r2+1 R)_ﬂp+2(p 2>ds

> Cief(1+1)™" (1 + )1 g (1 4 5)3 s

To To
! T
> Cref(1 + )2 1-C40s f dr | (s—To)*"ds
Ty Ty
@+ f(ls + )8p(t + RO T
r r

fort > Ty.

6.21)

(6.22)

(6.23)

are real roots of the quadratic equation r> — (u — 1)r +v? = 0.

(6.24)

(6.25)

(6.26)

(6.27)
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We set
F(t) > Dj(t + R)™(t - Tp)",
where
Ci
= , a
@ +r)5+r)
Utilizing (6.25) and (6.28), we have

D, 1:r2+1+(2+,u)§, by =5+n.

! T
FU)2CDﬂ1+0ﬂ”4WM”WJ‘ (s — To)* ""idsdr

To JTo
CcD!
> J
- (7"2 + qb] + 2)(1’2 + qb] + 3)
X (l, _ TO)r2+qu+3-

(l‘ + R)—r2—1—3(q—1)—qaj

We denote the sequences {D;} jen, {a;}jen, {bj}jen by
CD!
S j
a (1’2 + qb] + 2)(1’2 + qb] + 3)’

Dj+l

a1 =r+1+3(g-1)+qa;, Dbj1=r+qbj+3.

Taking advantage of (6.29), (6.31) and (6.32) leads to

. +1 +1
aj=q i +3+272) -3+ 2,
g-1 qg-1
. +3 +3
b] = q]_l(bl + ”2 )— ”2 .
g-1" q-1

D; > exp{q’~'(log Dy — S ,(0))},

where S ,(j) = % - q;(fglc converges to S ,(c0) as j — co.

Employing (6.28), (6.29) and (6.33)—(6.35), we achieve

rm+3

F(1) > exp(g™ JO)(t + R 47 (1 — Tp) o

and

1
2 ¥ Vlog(t+R)

J(t) =log Dy — S (c0) — (a; + 3 + o

+3
27 log(t - To)
q-—1
4-(2+pp-2)(g-1)

>log(Di(t—Ty) 20 ) —8,(c0)
rp

+(by +

1
+1 )log?2

—(a1+3+

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

fort > 2Ty + 1. Recalling p > pc(3 + 1), ¢ > qs(3 + w) and A(p, q,3 + w) < 4, we conclude lifespan

estimate (1.9) in Theorem 1.7. This completes the proof of Theorem 1.7.
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7. Numerical simulation

We are in the position to show variation of wave for the Cauchy problem of semilinear wave
equation in two dimensions. All codes are written and run with Matlab2014a on Windows 10 (64bite),
RAM:8G and CPU 3.60 GHz. That is,

o

@ = 6_2 + 8_2)u + uf? b
ot Ox2 9y? ’

or

(9\/ 62 62 3 (72)
E: @+a—y2)u l/tt+l/t+|1/t|

Suppose that the initial values satisfy

—20[(x+0.4)2+(y-0.4)%] @l =0
TR

e—20[(x—0.4)2+(y+0.4)2

Ul—g = lie

The following two group figures indicate the propagation of wave in two dimensions.
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0 35
5 .
% Y

t=0.8
:
= 0.5 :
.5
0 4
0
X
t=0.93

y

t=0.2

1 -
e,
=Y
X
t=0.85

: .5
: 8=
0 v

X
t=0.96

i=0.4

3 0.5
S I ps
D - E
y % y
=0.9

“l 4
o 0.6 e o 5
; 4
o ;

y " y
t=1

1 ; 1 2 1
:u.a]*‘-ﬂ-r_j & :D_SL@'E :Djw'ﬁ
. ; -BD.E. . —BD.E . —E?.E
0 0 0

X

y

X

y « y

Figure 1. Wave variation of semilinear wave equation.

Figure 1 represents the trend of wave from t = 0 s to t = 1 s when nonlinear term is |uf* in
problem (7.1). It indicates that there are two peaks of wave when ¢ = 0 s. With the increase of time,
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two peaks of wave move downward until they disappear. Then, two new wave peaks appear at different
positions when t = 0.8 s. From r = 0.8 s to r = 0.9 s, the new wave amplitudes decrease gradually.
However, when t = 0.9 s ~ 1 s, the old wave amplitudes increase constantly. When ¢ = 1 s, the wave
peaks appear again and the position of wave peaks is same as the position of # = 0 s.

t=0 t=0.2 t=0.3
1 1 11
505 1 505 wq > 05 14
0 0 0 0 o SR
-1 0 1 -1 -1 o 1 -1 -1 0
X ¥ X ¥ X y
t=0.4 t=0.5 t=0.7

-1

Figure 2. Wave variation of semilinear wave equation with frictional damping term and
negative mass term.

Figure 2 stands for the trend of wave from t = 0 s to ¢t = 2.9 s when nonlinear term is |u® in
problem (7.2). When ¢t = 0 s, it shows the initial state of wave with two peaks. From ¢ = 0 s to
t = 0.5 s, the wave peaks continue to drop and begin to stack when they meet. When ¢ = 0.5 s ~ 1 s,
two new waves appear at different positions and the amplitude increases continuously to form two new
wave peaks. When r = 1 s ~ 1.1 s, the amplitudes of wave decreases gradually. When ¢ = 2.9 s, two
wave peaks appears again and the position is same as t = 0 s.

From our observation of the above two groups of figures, we obtain that the frictional damping and
negative mass terms have an effect on the wave propagation and wave amplitude.

8. Conclusions

This article is dedicated to investigating blow-up results and lifespan estimates of solutions to the
initial boundary value problems of semilinear wave equations with damping term and mass term as well
as Neumann boundary conditions on exterior domain in three dimensions. Our main new contribution
is that upper bound lifespan estimates of solutions are related to the Strauss exponent and Glassey
exponent. We extend the Cauchy problem investigated in the related papers to problems (1.1) and
(1.2) with damping term, mass term and Neumann boundary condition on exterior domain in three

AIMS Mathematics Volume 8, Issue 8, 17860-17889.
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dimensions. Applying test function technique (Y2(x,1) = pi()ie” with r = (/x} +x% +x2) and
iterative approach, upper bound lifespan estimates of solutions to problems (1.1) and (1.2) are deduced
(see Theorems 1.1-1.7). In addition, we characterize the variation of wave by employing numerical
simulation.
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