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1. Introduction

Motivated by applications to fluid dynamics, variational integrals and partial differential equations
with non-standard growth conditions, many research papers focus on the function spaces with variable
exponent in harmonic analysis. As a special case of the Musielak-Orlicz spaces, variable exponent
Lebesgue spaces L1 (together with Sobolev spaces built upon them) were first studied in [1] and some
of the properties of the Lebesgue spaces were readily generalized to LY. Subsequently, besides the
variable Lebesgue and Sobolev spaces, there are diverse spaces with variable exponent were introduced
and studied. For example, see [2] for variable exponent Bessel potential spaces, the variable exponent
Besov and Triebel-Lizorkin spaces were defined on [3-5], and the variable exponent Morrey spaces
and Campanato spaces were also introduced on [6,7]. The list is not exhausted.

Herz spaces with variable exponent was initially defined by Izuki [8], who used the Haar functions to
obtain wavelet characterization of this spaces. Later, Izuki [9] established the boundedness of sublinear
operators and their commutators on Herz spaces with variable exponent. As a generalization, Herz-
Morrey spaces with variable exponent also were introduced by Izuki in [10]. Indeed, Izuki established
the boundedness of vector-valued sublinear operators satisfying a size condition on Herz-Morrey
spaces with variable exponent M K;”’qﬂ(.). Furthermore, Wang and Xu [11] generalized Izuki’s result

for the wighted Herz-Morrey spaces with variable exponent M I'(Z((f)):;(.)(w).
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Recently, Sultan et al. [12] introduced weighted grand Herz space Kggg)’e(w) and they obtained the
boundedness of fractional integrals. Inspired by the results of [11, 12], the aim of this paper is to
introduce the weighted grand Herz-Morrey spaces and prove the boundedness of sublinear operators
and their multilinear commutators on these spaces.

The paper is organized as follows. In Section 2, we will recall some related definitions and auxiliary
lemmas, including some basic notions regarding Lebesgue space with variable exponent and grand
Lebesgue sequence spaces which are the main ingredients to define weighted grand Herz-Morrey
spaces. In Section 3, we introduce the concept of weighted grand Herz-Morrey spaces and investigate
the relationship between weighted grand Herz-Morrey spaces and weighted Herz-Morrey spaces. In
Section 4, we prove the boundedness of sublinear operators with certain weak size conditions on
weighted grand Herz-Morrey spaces. As an application, we obtain the boundedness estimation for
some classical sublinear operators on weighted grand Herz-Morrey spaces. Finally, basing on the
theories of variable exponent and the generalization of BMO norm, we prove the boundedness for
multilinear commutators of sublinear operators on weighted grand Herz-Morrey spaces in Section 5.

Throughout this paper, we denote x; = x&,, R« = Bx\Bi_i and B; = {x € R" : |x| < 2X} for all k € Z.
Constants (often different constant in the same series of inequalities) will mainly be denoted by ¢ or
C. f S gmeansthat f < Cgand f = gmeans that f < g < f.

2. Preliminaries
In this section, we will recall some necessary definitions and auxiliary results.

2.1. Lebesgue space with variable exponent

To begin with, we recall some basic definitions and results on the variable exponent Lebesgue
spaces. We can refer to the monographs [13, 14] for more informations. Let g(-) : R* — [1,00) be a
measurable function. LYY(R") denotes the spaces of all measurable functions f on R” such that

Lot = [ 1 < oo
Rn
This is Banach space with respect to the norm

A llzso@n = inf{d > 0 : Ly(f/2) < 1}
Given an open set Q C R”, the space qu(fg(Q) is defined by

L"(')(Q) ={f: f € L"YK) for all compact subsets K C Q}.

loc

For conciseness, we denote by P(R") the set of all measurable functions g(x) on R" with range in
[1, o0) such that
1 <g-<q(x)<qgy < oo, 2.1

BR") := {g(-) € P(R") : M is bounded on L1”(R")},
where M is the Hardy-Littlewood maximal operator defined by

Mf) = sup r f FO)Idy.
B(x,r)

xeR™, r>0
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A real-valued measurable function g(-) : R* — (0, ) is called globally log-H6lder continuous if
there exists a constant Cjo, > 0 such that

Clo n
8(x) — gl < =, Vx, ye R, (2.2)
log(e + W
if, for some g, € (0, 00) and C,, > 0, there hold
Clog n
g(x) — g(O)] < —% — VxeR, 2.3)
log(e + m)

[g(x) = 8ol < _ Croe VxeR" (2.4)
& Bl = log(e + |x)’ ’ :

then we say g(-) is log-Holder continuous at the origin (or has a log decay at the origin) and at infinity
(or has a log decay at infinity), respectively.

The set Py(R") consists of all measurable functions ¢g(-) satisfying g_ > 0 and g, < co. By Pi)og(R")
and Plf,g(R”) can be denoted the class of exponents g(-) € P(R"), which satisfies conditions (2.3)
and (2.4), respectively. P'°2(R") is the set of functions g(-) € P(R") satisfying conditions (2.3) and
(2.4), with g, := limyy_,., g(x). In particular, we note that if g(-) € P°¢(R") with 1 < g_ < g, < oo, then
the Hardy-Littlewood maximal operator M is bounded on L/”(R"), namely, g(-) € B(R"), see [14-16].
Lemma 2.1. [1] (Generalized Holder’s inequality) Let g(-) € P(R"), f € L1O(R") and g € LY(R"), the
generalized Holder’s inequality holds in the form

f lf)gOldx < 7l fll oo I8l Lo genys (2.5)
]Rn

where r, =1+ 1/q_—1/q..

2.2. Weighted Lebesgue spaces with variable exponent

Let g(-) € P(R") and w be a nonnegative measurable function on R”. Then the weighted variable
exponent Lebesgue space LIV(w) is the set of all complex-valued measurable functions f such that
fw € L9, The space L1)(w) is a Banach space equipped with the norm

”f”L‘I(')(w) = I fwllzeo-

Lemma 2.2. [11] Let g(-) € P(R"). A positive measurable function w € A, if there exists a positive
constant C for all balls B in R” such that

1 -1
glexsliolleyallo < €.

The variable Muckenhoupt A, was introduced by Cruz-Uribe et al. in [17]. It is easy to see that if
q() S P(Rn) and w € Aq(.), then w™! € Aqf(.).
Lemma 2.3. [18] Let g(-) € P*¢(R"),w € A,,. Then there exist constants 6;,5, € (0,1) and C > 0,
such that for all balls in R"” and all measurable subsets S C B,

s
D s oo ) < C(@) : ’
I BllLo0) ) |B|
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b

s oo _ c(@) ;
Il Bl Lo 001 |B|

A locally integrable function b is called a BMO function, if it satisfies

1
Bl = sup — f 1b(y) = bildy < oo,
Bl J,

xeR”,r>0

where B is a ball-centered at x and radius of r, bp = ﬁ fB b(r)dr.

Given a positive integer /m and 1 < j < m, we denote by C’' the family of all finite subsets o =
{o(1), -, 0())} of {1, - -, m} with j different elements. For any o € C;”, the complementary sequence
oc¢={l,---,mj\o. Forb = (by,---,b,)and o = {c(1),---,0())} € C’J’? with 1 < j < m, we denote

by = (bory, > bo(j)s

[b(x) = b = [bo1)(X) = boyD)] - - - [bojy(X) = bo(y(D],
[(D)s — DY)]s := [(bo1))B — botyW] - -+ [(Dor(j)B — bo(y(V)],
1Bl = bolls - - - 1Bl for bo € BMO(R).

In particular,
161l = 1Iballs - - - 1Dl

Lemma 2.4. Let w € Ay, q(-) € B(R"), b; e BMOR"), i = 1,2,...,m, k > j(k, j € N). Then we have

m

L0 (w) i=1

m

| | = ®ops

i=1

sup
Berr | BllLao )

and

[ [@i=@osus| s =iy ] |16l sl
i=1 i=1

Lq(-)(w)

Lemma 2.4 is a generalization of the well-known properties for BMO spaces (see [19]) and it’s also
a generalized version of Izuki’s and Wang’s results in [9, 20].

2.3. Weighted Herz-Morrey spaces with variable exponent

In this subsection, we recall definition of the weighted Herz-Morrey spaces with variable exponent.
Definition 2.1. [11] Let 0 < A <00, 0 < p < 00, ¢(:) € Po(R"), a(-) : R* = R, and a(-) € L (R").

(i) The homogeneous weighted Herz-Morrey space M Kz(q)(f (w) with variable exponent is defined by

MK (w) = {f € L RO} @) | fllyr04 ) < oo},
where

ko »
. —koA ka(-
11z ) = SUP 27 E 120 fxill o | -
Psq() ko€Z P
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(i1)) The non-homogeneous weighted Herz-Morrey space MKZ;)(’j(w) with variable exponent is
defined by
MK, (w) = {f € L) ®". )t Ifllygty < oo},
where

ko P
— —koa § ka() r

k()EN() k=0

2.4. Grand Lebesgue sequence space

In this subsection, we introduce grand Lebesgue sequence space. X stands for one of the sets
Z", Z, N and N.
Definition 2.2. [21] Let 1 < p < oo and 6 > 0. The grand Lebesgue sequence space [”? is defined by
the norm

)

p(I+e

o 6 p(l+e) _ F(Ews) V

”x”ll’)v“’(X) =Ssup|e |k | =Ssupe ||x||lp(1+e>(X),
>0 kex &>0

where x = {X;}iex-
Note that the following nesting properties hold:

PA=8) 5 Py PO 5 P02 lp(1+5), (2.6)
for0<s<;—7, 0>0and 0 < 6; <6,.
3. Weighted grand Herz-Morrey spaces with variable exponent

In this section, we give the definition of weighted grand Herz-Morrey spaces in a natuaral way from
Definition 2.2.
Definition 3.1. Let 0 < A < oo, k€ Z, 1 < p < o0, qg(-) € Po(R"), a(-) : R* = R, a(-) € L°(R") and
6 > 0. We define the homogeneous weighted grand Herz-Morrey space by

MK (w) = {f € L (RO} @) | fllr0 < oo},

where

1

ko )
. —kod | O ka(- p(l+e)
Ilf lleZf:;k?ig(‘“) : = supsup2~~ [8 E 1125 fxll L,,(.)(w)]

>0 koezZ

k=—00
[
= sup 719 || f] , gera0

>0 p11e.g0@)”

The non-homogeneous weighted grand Herz-Morrey space by

().4.0 — q() .
MK @) = {f € LR 0) : Wfllygenris < o),
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where

k() p(l+g)
o ko | 0 k() o, yp(i+e)
I/ ||MKZ>(.';’3)’9(“) : = sup sup2 [s Z 12 f)(k”lﬂ(')(w)]

>0 koeNy

= su 8P<'+f>
b e W s o

Remark 3.1. From Definition 3.1, it is not hard to see that if a(-) = ¢ and 4 = 0, MK“()M( ) =

)q()
Z(’)’) g(a)) is weighted grand Herz space with variable exponent in [12]. If a(-), g(-) are constants and

A = 0, then MK;”)(;(A)Q( ) = KiP(w) in [22]. When 6 = 0, the weighed grand Herz-Morrey space

MKZ)(;(J)Q(Q)) is weighed Herz—Morrey space in [11]. In the meantime, there is a analog for the non-
homogeneous case.

In the following theorem, we prove that homogeneous weighed Herz-Morrey space is contained in
homogeneous weighed grand Herz-Morrey space.
Theorem 3.1. For g(-) € Po(R"), 1 € [0,00),k € Z,a(:) : R" > R, a(-) € L(R") and 1 < p < c0. We

have MK;j( W) C MK“)(;(”)Q( ), 6> 0.

Proof. Let f € MK“(”(u)) from (2.6), we can obtained that

ko 17(11‘*'6)
kod | 0 ka(- (1+¢)
fllgginy = supsup2™ot [ 3" 1247 prallr o)
>0 koeZ
—koA ([~ ka(:
= sup 279 12°° fxill oo ol
koGZ
—koA ka(-
< Csup 277|||2 o )ka”L‘I(')(u))”ll’
koEZ

— C (), A .
||f||MK])Fq)(,;(w)
4. Boundedness of sublinear operators

In this section, we show that sublinear operators are bounded on homogeneous weighted grand
Herz-Morrey spaces. To this end, we need the following lemma.
Lemma 4.1. Let g(-) € Po(R"), w be a weight, A € [0,0), a(-) : R* - R, a(-) € L°(R"), k € Z and
1 < p < oo. If a(+) is log-Holder continuous both at the origin and at infinity, then

—k/l ka(0)p(1 (1+¢) (1 )
1 lygrorio e, zmax{ sup sup 27 Z 2RO+ £y ||Z,<>(Z))p "
)4() >0 ko<0,kgeZ

k=—o00

-1

—kod [ 0 ka(0)p(1 (1+¢)
sup sup 27 (s Z 2k O +€)||f)(k||z,,@(i))
>0 ko>0,koeZ

k=—0c0
ko !
9 kawop(l+£) p(l+e) ) p(1+) }
&y 2 LAxllZ ).
k=0

The proof of this lemma is essentially similar to the proof of Proposition 3.8 in [23] of KZ(q)(f(R”)

space. Indeed, when a(-) € L*(R") and a(-) is log-Holder continuous both at the origin and at infinity,

AIMS Mathematics Volume 8, Issue 8, 17381-17401.
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there exist positive constants C, C, such that if k < 0 and x € Ry, then C,2k© < 2kt < C,2ka(0). jf
k > 0 and x € Ry, then C,2%*~ < 2k < (C,2ke~ Thys, we obtain Lemma 4.1, which is also true for
non-homogeneous weighted grand Herz-Morrey space.

Theorem 4.2. Let 1 < p < o0, g(-) € PP¢R"), w € Ay, a() € LR") N Pg’g(R”) N Pﬁg(R’l) N Py(R")
such that —nd; < a@(0), @ < nd,, where 0 < 61,9, < 1 be the constants in Lemma 2.2. Suppose that
sublinear operator 7 satisfies the size conditions

ITfCOl < NNy /16", (4.1)
when suppf C Ry and |x| > 2¥*! with k € Z and

IT £l S 271 fll @y (4.2)
when suppf C Ry and |x| < 282 with k € Z. If T is bounded on L”(w), then T is bounded on

a(-),A,0
MKP)»‘I(') ().

Proof. Let f € MKZ)(;;’(%)’G((,L)). We decompose

fo = foom).

|=—c0
From Lemma 4.1, we have
ko

1
—kod( 0 ka(0)p(1 (1+8) \ p(T+e)
||Tf||MK(,(.),/Lg(w) zmax{ sup sup 27° (g Z 2ka(0)p( +8)||T(f))(k||iq(-)(i))p =
P-aC) >0 ko<0,kgeZ

k=—00

-1
sup sup 279(g? )" 2O (e
>0 ko>0,kgeZ

k=—00
ko

1
0 kaoop(1+€) p(l+e) \ p(i+e)
+e7 )2 Tl ) )
k=0

=: max{E,F + G},

where

1
co p(1+8) p(l+e)

ko
E=sup sup 27%|g’ Z pheOpe) iy, Z T(fx1) ;

&>0 ko<0,koeZ J— [—. L90(w)

1
oo p(1+&)\ pi+e)

-1
F=sup sup 7kl | o6 Z ka(O)p(l+e) e Z T(fx1) ’

>0 ko>0,koeZ

k=—00 [=—0 L0 (w)

ko . p(1+e)\ i)
G=sup sup 27F1|gf Z pkawprel |l Z T(fx)
>0 ko>0,koeZ k=0 ]=—00 Lq(')(w)

Since the estimate of F is essentially similar to the estimate of E, it suffices to show that E and G
are bounded on homogeneous weighted grand Herz-Morrey space. It is easy to see that

AIMS Mathematics Volume 8, Issue 8, 17381-17401.



17388

where

E,

G

G;

sup sup 2o

>0 ko<0,koeZ

sup sup 27

>0 ko<0,kgeZ

sup sup 27

>0 ko<0,koeZ

sup sup 2o

&>0 ko>0,ko€Z

sup sup 27Fd

>0 ko>0,koeZ

sup sup 274

>0 ko>0,koeZ

1

. . p(1+8)\ 7155
& Z Qka(O)p(1+€) Z IDex T (fx Dl e ) ’
ke=—co 5o
. ol p(l+e) m
o Z Sha(O)p(1+¢) Z I T (Fx Dl ’
oo I=k—1
. - p(l+¢) ﬁ
o Z Sha(O)p(i+e) Z DT (fxDllzao ) ’
— I=k+2
. s p(1+¢) ﬁ
0 kaoop(1
. 22 aep(1+e) Z DT (fxDllzeo ) ’
=0 [=—c0
. ol p(l+¢) ﬁ
0 kasop(1
DI A DN CLC ] e :
=0 I=k—1
. . p(1+¢) p(l%P)
] k [} 1
. 22 @ p(l+) Z I T (Fx Dl oo w)
=0 I=k+2

Firstly, we consider E;. For a.e. x € R, with k € Z and [ < k — 2, from size condition of 7 and
generalized Holder’s inequality, it follows that

T < 27 f FO)ldy
R

—k -1
<2 nllelwlqu('>(R")|lew ||Lq'<-)(Rn)

—ki
< 277N xll oo @l ill o oo

By Lemma 2.2 and Lemma 2.3, we get

—k
”XkT(f/\/l)”Lq(‘)(w) <2 n”le”L‘I(‘)(w)”Xll|Lq’(')(w-1)”Xk||L‘I(‘)(w)
—k -1
< 2 n”le”Lq(')(w)”/Yll|Lli’(‘>(ar1)|Bk|”Xk||Lq’(-)<w—1)

From (4.4), it follows that

E,

AIMS Mathematics

< sup

sup 2%l

>0 ko<0,koeZ

sup sup 274

>0 ko<0,kpeZ

I-k)ns
< 2hn W x il a0 ()

k=2

k=—00 |=—c0

k-2

ko
0 ka(0)p(1 I—k)ns
& E PR +8)( E ||le||Lq<->(w)2( o2

22O fxall oo 27

4.3)

4.4)

1
)p(l+8) p(i+e)

2

1
)p(l +&)\ p(i+e)

Volume 8, Issue 8, 17381-17401.
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where v := nd, — a(0) > 0. And then, by Holder’s inequality, Fubini’s theorem for series and 277+ <
27P, we obtain that

ko k=2
E; <sup sup 27F0t|gf Z (Z 2"(0)"’(“8)||sz||§,(,<l.)+(j)2”"(“s)("")/2]

>0 ko<0,koeZ

k=—00 \/[=—00
‘o p(1+2)/(p(1+8))\ 7175
X [Z 2v(1—k)<p(1+s>)'/2]
[=—00

A

ko (k=2 )
—kod | 0 0)Ip(1 (1+) Av(i—k)p(1+e)/2
sup sup 270" - [Z 20O | 27 +€>/J
>0 ko<0,kgeZ

k=—00 \[=—00

1
ko ko p(I+e)

sup sup y—kod [ 0 Z 2(1(0)lp(1+8)|| lellp(Hs) Hv(-k)p(i+e)/2

140
&0 kOSO,k()EZ l=—c0 (‘U) k=142

N

1
ko ko p(i+e)

sup sup 2 kol f &0 Z 201(0)lp(1+8)|| le”p(Hs) yv(i=hp/2

L4®)
£50 ko<0.ko€Z = @) P

7\

1
p(l+e)

A

ko

kot | o la(O)p(1 (1+&)

sup sup 27| ¢g Z AR +£)||f)(l||€q<,>(z)
>0 ko<0,kgeZ I=—

7

W Wark
Next we show E,, since the operator T is bounded on L1Y(w), we get

1
)

ko

—kod | O ka(0)p(1 (1+&)

E, <sup sup 275t ¢g Z ka0 +8)||f/\/k”1£q(.)(i)
>0 ko<0,kgeZ -

S Wiy

Now we turn to estimate E;. Foreach k € Z, [ > k + 2 and a.e. x € Ry, size condition of 7 and
generalized Holder’s inequality imply that

T < 27" f FO)Idy
R

-l -1
<2 n”f/\/lw”L‘i@(R")“/\/lU) ”Lq’(-)(Rn)

=1
< 277 fxall zso @yl all o o oty - 4.5)

Splitting E; by means of Minkowski’s inequality, we deduce

. » p(142)) i)
E; <sup sup 2% gf Z 2ka(O)p(l+e) Z I x T (fx DN 240 )
>0 ko<0,kgeZ k=—00 1=k+2

1
p(+e)\ p(i+o)
>0 ko<0,koeZ )

ko o
“koa| 0 ka(O)p(1
+sup sup 27 e Z ka(Op(1+e) Z”)(kT(f)(l)”Lq(-)(w)
k= 1=0

AIMS Mathematics Volume 8, Issue 8, 17381-17401.
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=: E31 + E32.
By Lemma 2.2 and Lemma 2.3, we have

—I
T Exollow < 27l o wlbll o o)
—I) -1
< 271l bl Bl o

< 20D £y a0 @w)- (4.6)
For E;, using (4.6) we get
/1 p(1+e)\
E;; Ssup sup 27501 fgf Z Z 24O £y Lo )
>0 ko<0,koeZ k=—o00 \I=k+2
ko -1 p(l+e) p<1|+s>
<Ssup  sup y—kod | O Z Z 21&(0)” lel|Lq(A)(w)2ka(0)—la(0)+(k—l)n61
&>0 ko<0,ko€Z k= —oo \I=c12
o o p(1+6) 7150
<sup  sup y—kod | o6 Z la(0)p(1+e) Z I fxl”m)(w)z(n&l+a(0))(k—1)
&>0 ko<0,ko€Z p—. I=kt2
o /1 p(1+e)\im
Ssup sup 270" 3| B 2OPI ] 0270 :
>0 ko<0,koeZ k=—o00 \I=k+2

where d := nd; + @(0) > 0. Then applying Holder’s inequality, Fubini’s theorem for series and
2-r(1+8) <« 2=P_we obtain that

ko -1
ko | 9 0)p(1 1+€) ndp(1+e)(k—1)/2
E; Ssup sup 277 ¢ Z [Z 20Oip+e)) le”if(m(Z)z p(1+e)(k=D/ )

>0 ko<0,koeZ

k=—0c0 \I=k+2
n p(1+6)/(p(1+8)) \ 7553
x [Z 2d(k—l>(p(1+s>>'/2]
I=k+2

7

b (o 7w
—kod | 0 0)Ip(1 1+&) Ad(k-D)p(1 2
sup sup 2701|s" ) [Z 20O oy 2747 +s>/)

&>0 k()SO,k()EZ I=k+2

k=—o00

1
ko -2 p(l+e)

—kod | O 0)Ip(1 (1+¢e) d(k-Dp(1 2
sup sup 270t g % 20O ) " i)
>0 ko<0,koeZ

[=—00 k=—o00

A

1
ko -2 p(I+e)

ko | 6 0)ip(1 (1+6) dk=Dp/2
sup sup 27g Z 20O e D 24
>0 ko<0,koeZ

|=—c0 k=—0c0

_1
p(l+e)

N

7

ko
—kod | 6 1a(0)p(1 (1+¢)
sup sup 27'fg Z2a( PEN el
>0 ko<0,koeZ

[=—00
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< oa(1A0, .
BN ||f”MKp)(‘31(_) (w)
On the other hand, applying Holder’s inequality, (4.6) and note that & := nd; + @ > 0, for E;, we
get

ko ) p(l+e) p(1]+s)
Es <sup  sup ykod | b Z Qka(O)p(1+e) (Z k=D | f)(l”L‘l(‘)(w))
k= =0

&>0 ko<0,koeZ

A

ko o p(1+6)\ 55
sup sup 27fot[gf Z k(a(0)+n51)p(1+¢) Zz—lmsl” Frillow)
>0 ko<0,ko€Z 1=0

k=—00

A

N p(1+8)\ 75
—kod | L0 lorss ~h
sup sup 27|¢g Z 2N fxill a2
&>0 ko<0,ko€Z =0

A

ko | 0 laeop(1 (1+8)
sup sup 27 g Z 2lawpl +8)||sz||Z(.)(Z)
>0 ko<0,koeZ =0

x (Z 2—lh(p(l+€))’
=0

S Wl

)p<1+s>/(p<1+s»' e

This combine the estimate of E;; implies that E; < || f]| MR (- Furthermore, we can get E <
P)4()
Wy
Next, we consider G;. By the notion of Gy, splitting G, as follows

_1_
p(l+e)

ko _1 p(l+g)
Gissup sup 270 gf B 2O N b T(fxllsoe
>0 ko>0,koeZ =0

[=—c0

1
k=2 p(l+e)

ko p(l+e)
#sup sup 27| gl N gle@reo (ZIIXkT(f)(z)IILq<-><w))
k=0

>0 ko>0,kgeZ =

=: G]] + G]z.

To estimate Gy, by (4.4) and the fact that e := nd, — a., > 0, we get

ko -1 p(1+e)\ 55y
Gy ssup sup 27 8922’%')(“8)[2 ||le||Lq(')(w)2(l_k)"62)

&>0 ko>0,kgeZ =0

[=—c0

1
p(1+8) p(l+e)
&>0 k()>0,k0€Z )

ko -1
<Ssup  sup kol | o0 Z Dk(@sw=nd2)p(1+e) (Z ”f)(l”Lq(_)(w)zlnéz
k=0

[=—00

1
]p(1+e) pi+e)

-1
—kod | 0 Ing

Ssup sup 277 & Z I xill oo ) 2™
>0 ko>0,kge’Z I——
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1
]p(1+a) p(+e)

-1
<sup  sup y—kod | 0 Z 21O le”Lq(l)(w)zlv
>0 ko>0,kgeZ I——

According to Holder inequality and noting that v := nd, — @(0) > 0, we further have

&>0 ko>0,ko€Z

-1
x [Z I (p(L+e))
[=—c0

S Wl

-1
—koA 0 la(0)p(1 1
Gussup sup 274 (8 (22“ i *8>||fxl||i§<-f<3)
=

)p(1+s>/<p<1+a>)' e

The estimate for Gy, follows from a similar method to E; and using the fact that e := nd, — @, >
0,k > 0. So we cancel the proof of Gy5,.
For G,, in the view of the boundedness of T on L/”)(w), we obtain that

1
ko pi+e)
- 1+
G, <sup sup 2% 8922]‘””1)(1+8)||ka||['(, ?
L0 (w)
&>0 ko>0,koeZ =0

< (), A, .
~ ”f”MKpic)I(ﬁ-)e(“’)
We cancel the proof of G3. Since the estimate for G; can be obtained by similar way to E3; and note
that h := nd; + a., > 0, k > 0.
Therefore, combining the estimates for E and G to deduce that
T - (-), A S - (-), A, .
W st = Wl

This finishes the proof of Theorem 4.2.
Corollary 4.1. Let p, a(-) and ¢(-) as in Theorem 4.2. If a sublinear operator 7 satisfies the condition

lf I

g |X =y

ITf(x0)l <

dy, x ¢ suppf 4.7)

for any integrable function f with compact support and T is bounded on LY”(w), then T is bounded on
MK 15 @)

Remark 4.1. We remark (4.7) is satisfied by many operators in harmonic analysis, such as Calderon-
Zygmund operators, the Carleson maximal operator and Bochner-Riesz means and so on. In particular,
the Hardy-Littlewood maximal function also satisfies the hypotheses of Theorem 4.2. Due to the proof
for the non-homogenous case can be treated by the similar method, in this article, our results are valid

for the homogenous weighted grand Herz-Morrey space.
5. Boundedness for multilinear commutators of sublinear operators

In this section, we study the boundedness for multilinear commutators of sublinear operators on
homogeneous weighted grand Herz-Morrey space.
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Letb = (b1,by,- -+, by), bj € BMOR"), j € {1,2,---,m}, m € N, x ¢ supp f. The multilinear
commutators of sublinear operators T is defined as

1 = [ b= bk £y,
AL

where K(x, ) is the integral kernel of the operator 7', see [24].

Theorem 5.1. Let b = (by,b,,- - -,by,), b; € BMOR"), j € {1,2,---,m}, m € N. For 1 < p < oo,
q(-) € PER"), w € Ay, a(v) € LW(R”)ﬁPg’g(R”)ﬂP}f,g(R”)OPO(R”), such that —nd; < @(0), @ < 1oy,
where 0 < 61,0, < 1 be the constants in Lemma 2.3. Suppose that sublinear operator T satisfying the
size conditions (4.1) and (4.2). If T? is bounded on L4"(w), then T? is bounded on MK***(w).

J2XQ)
Proof. Let f € MKZ)(';’(%)’H(w), we decompose

f) =D fex.

|=—0c0
From Lemma 4.1, we have

ko

1
b —koA[ O ka(0)p(1 b (1+e) | p(1+2)
| T f”MI'(”(')”w(w) zmax{ sup sup 27" (8 Z 2 a(0)p( +£)||T (f)/\/kHiq(.)(Z))p + ’
P)aC) >0 ko<0,koeZ k=—co0
-1
koA 0 ka(0)p(1 b (1+e)
sup sup 275 (8 Z 24OPENTE (ol e
>0 ko>0,kgeZ k=—c0
ko 1
0 kawop(1+€) b p(l+¢) \ p(i+e)
8! ) 2T (e )

k=0
=: max{A,N + S},

where

1
ko p(1+&)\ p(i+e)

A=sup sup 27%4[gf Z 2k Opa |y Z T"(fx) ,

>0 kop<0,kgeZ k=—o00 |=—o00 L‘I(')(w)

1
p(1+&)\ p(i+e)

-1 00
N=sup sup 27%4|¢’ 2te@ra v X TP (fx) ,
>0 ko>0,kgeZ Z Z

k=—0c0 [=—00 L0 (w)

)p(1+8))p(ll+s>
Lq(-)(w)

Since the estimate of N is essentially similar to the estimate of A, it suffices to show that A and S
are bounded on homogeneous grand weighted Herz-Morrey space. It is easy to see that

>0 ko>0,kgeZ

ko
S=sup sup 27F01|gf Z 2]‘““”’(”8)[
=0

Xk Z T (fx)
—w
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where
“ o p(1+8)\ 7175
—kod | .6 ka(0)p(1 b
A =sup sup 270 g Z QkaOp(l+e) Z T (f x DN a0 ) ’
>0 ko<0,koeZ k=—co [=—c0
@ ol p(1+8)\ (155
—kod | O ka(0)p(1 b
Ar=sup sup 2701 30 2O B I TP (o :
£>0 ko<0,ko€Z Pl I=k—1
ko o p(1+¢) p(ll+.9)
—kod | 6 ka(0)p(1 b
As=sup sup 2701?72 O B TP (o :
>0 ko<0,koeZ k=— 1=k+2
“ s p(1+6)\ 7is
—kod | .6 kaoop(1 b
Si=sup sup 274" N 2K N Y TPyl o) :
&>0 k0>0,ko€Z k=0 |=—co
“ ol p(1+8)\ (5
—kod | 0 kaoop(l b
Sy=sup sup 270 ef 1 2kewr 9L N 1 T8yl :
>0 ko>0,kgeZ k=0 I=k—-1
ko o p(l+¢) p(11+£)
—kod | O kaop(1 b
S;=sup sup 277|¢& 22 ool te) Z T (fx DN 240w
&>0 ko>0,koeZ k=0 1=k+2

Firstly, we consider A;. For a.e. x € R, with k € Z and | < k — 2, from size condition of T and

generalized Holder’s inequality, it follows that

IT*(fxnl < 27 f [ [16,0 = bo)IFO)Idy
R !

<2 [ 1100 = G + B = b0y
R !

j=0 o‘EC'i”

$27 ) > Ib0) = Byl f 150) = B 1ol F )y
Ry

<27 3TN b = B)s ol il wlbG) = B)sloxllrow .

j=0 o-eC;T’
By Lemmas 2.2-2.4, we get

TP xS 10127 Gk = D™ L xill oo Dl o il oo
< 1B11.27 (K = 1" s ol oo Bl b
< Bl Gk = D202 il oo -
From (5.2), it follows that

ko
A; S |Ibll.sup sup 27F0t|gf Z pka(O)p(l+e)

>0 ko<0,koeZ

k=—00

(5.1)

(5.2)
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1
k—2 )p(1+8) p(+e)

x| D Gk= "2 o
[=—c0

ko (k=2 p(1+8)\ 5155
—koA 0 0)] I—k
< |Ibll.sup sup 277 & Z [Z 27O fxall oo o (k= 2" )] :

>0 ko<0,koeZ k=00 \U——oo

where v := nd, — a(0) > 0. And then, by Hélder’s inequality, Fubini’s theorem for series and 2771+ <
27P, we obtain that

ko [ k=2
A; < |bll,sup sup 27Ft|gf Z [Z 20O)lp (1+8)||f)(z||IZ§(1‘)+(3)2VP(1+8)”"‘)/2)

&>0 ko<0,kpeZ

k=—00 \[=—c0
k2 p(1+e)/(p(146)) \ 7153
X Z (k — [y"r(+oY 2v<1—k><p<1+a>>'/2]
[=—c0

ko k-2 I7(11+£)
—kod | O 0)Ip(1 (1+¢) I-k)p(1 2
< bl sup sup 27| g Z [Z 2(0)ip( +8)||f/\/l||§q(-)(i)2v( p(1+e)/ )

&>0 ko<0,kpeZ

k=—00 \[=—c0
ko ko 17(11+8)
—kod | O 0)Ip(1 (1+¢) I-k)p(1 2
< ||b||>k sup sup 2kl | o Z 2(1( )ip( +8)||f)(l”IL7‘1(‘)(Z) 2V( )p(1+g)/
&>0 kyp<0,kgeZ |=—00 k=I1+2
k() kO 1)(11+£)
—kod | 0 0)Ip(1 (1+¢) I-k)p/2
<|bll.sup sup 27F|g Z 2(0)ip( +€)||f){l||€q(<)(i)) ovi=k)p/
>0 ko<0,koeZ J=—oco k=I1+2
—kod | O la(0)p(1 (1+&)
S lBllsup sup 2780t |60 %" MOty £y e
>0 ky<0,kgeZ J=—c0
S IBILI 005
To show A,, if T? is bounded on L1"(w), we get
1
ko p(l+g)

As S IIbllsup sup 27 fg? ) 2ROy PE

q()
£50 ko<0,ko€Z L)

k=—0c0

S IBII g

Now we turn to estimate A;. Foreach k € Z, [ > k+ 2 and a.e. x € Ry, size condition of T and
generalized Holder’s inequality imply that

Tl s 2 [ i - ool
R
<2 [ T1b0 = bpn + @ = B
R !
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<273 3 1600 - f 16G) — B )L F Iy

Jj=0 oeC”

<2t Z D 16 = G ol el lTBG) = Bl locxillro sy

j=0 O'GC;"
Applying Lemmas 2.2-2.4, we get

T Fxillzoow) < IBILA = & 27" 1| fxall oo ol il 2o el 2o )
S b1 = R 27" il ool ool Billall o
S 1Bl = k)" 2% £yl Lo -

Splitting A3 by means of Minkowski’s inequality, we deduce

" p(l+e)\ s
A; Ssup sup 27F0t|gf Z Zk"(o)pmg)(z Iy« T (f)(l)”LqU(w))

>0 ko<0,koeZ )

k=—c0

>0 ko<0,koeZ k=—oc0 1=0

ko ) p(1+&)\ p(i+e)
+sup sup 2- ko/l[ Z 2ka(0)l’(1+8) (Z |IXka(f)(l)”L‘1('>(w)) )

=: Az + Az,

For A3y, according to (5.4), we have

ko
A3 < |Ibll.sup sup 270 (89 D, 20O ky

>0 ko<0,kopeZ k=—o0
1

-1 p(l+e)

p(l+¢)
> 2“‘”"‘5'||fxl||m->(w))

I=k+2
o [ -1 p(l+e)\ i
—koA 0 0)! d(k-1
< lBllosup sup 270082 N | N 25N fll g (L - k"2
>0 ko<0,kgeZ k=—o00 \I=k+2

2

(5.3)

(5.4)

where d := nd, + a(0) > 0. Then applying Holder’s inequality, Fubini’s theorem for series and

2-P+8) < 2=P_ we obtain that

>0 ko<0,kgeZ

ko -1
—koa 0)Ip(1 p(1+€) Adp(1+e)(k-1)/2
Az S 1Dl sup sup 2—ko [ Z (Z 204( )p( +s)||fX ”Lq()(w)z p(1+&)(k—1)/ ]

k=—co \I=k+2
1 p(1+e)/(p(1+e)Y \ 755
Z (- k)m<p<1+s>)'2d(k—l><p(1+a>)'/2]
I=k+1

ko -1 e
kol 0)p(1 P(1+€) nd(k-Dp(1+£)/2
< |1bll.sup sup 277 ( Z (Z 2(0)ip( +8)||fX ”Lq()(w)z (k=Dp(L+e)/ ]]

>0 ko<0,ko€Z I=k+2

k=—o00

AIMS Mathematics Volume 8, Issue 8, 17381-17401.



17397

1
ko -2 p(i+e)

< |IBll. sup  sup 2—kod | O Z 2(1/(0)lp(1+8)” fXZ”p(Hs) d(k=Dp(1+e)/2

La®)
&>0 k()SO,k()GZ l=—co (w) k=—0c0

1
ko -2 p(l+e)

ot [ gf Oip(l (1+¢) d(k=Dp/2

< ”b”* sup Ssup DAL I Z 2‘1( )Ip( +€)”le”]7£](.) £ > (k=Dp/
Li(w)

>0 ko<0,koeZ

[=—00 k=—00

1
ko p+e)

SIIBll.sup sup 2701 g” H 7 2Oy |

q()
£50 ko<0,ko€Z L)

< ”b”*”f”M['(“)(')’(A;"(w)-
Pt

[=—c0

On the other hand, applying Holder’s inequality, (5.4), and note that & := nd; + a. > 0, for As,
we get

ko
Az < ||bll.sup sup 271 & Z ka()p(1+e)
&>0 k()SO,k()EZ

k=—00

o p(l+¢) ﬁ
X (Z(l — ky" 25 l”L‘i(‘)((u))
=0

ko
< |Ibll. sup  sup ykod | o8 Z Sk(@(0)+n51)p(1+e)
&>0 ko<0,koeZ

k=—0c0

. p(1+)\ 7155
X (Z(z — kym2in ||f)(z||m<->(w)]

=0

o p(1+8)\ (155
< |Bll.sup sup 27| &’ [Z 21| fxall ooy (1 = k)m2_lh]

&>0 ko<0,koeZ =0

&>0 ko<0,koeZ

—kod | O lawop(1 (1+&)
< lIbll.sup sup 27 (8 [Zza " +€>||fxl||£q&i>]
=0

0 p(+6)/(p(1+£)) \ 7T
x [Z(l _ k)m(p<1+a>>'2—lh<p<1+s)>’]

=0

< ”b”*”f”MKz)(;(l)g(w)

This combine with the estimate of Aj; to obtained that A; < ||b|].]|f]| METOA9 - Furthermore, we can
P).q()
get A< ”b“*”f”MK‘p’)(;(l)g(w)

Next, we consider S;. By the notion of S, splitting S; as follows

1
p(1+&)\ p(i+e)

ko -1
Sissup sup 270 eezzk“w"“”)[z ek T FxDIz0 0

>0 ko>0,koeZ =0

|=—c0
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ko

k-2
+sup  sup 2—](0/1 89 Z 2kaoop(1+s) Z |I/\/ka(le)||L‘i(‘>(w)
1=0

1
p(1+e)\ p+e)
>0 ko>0,kgeZ =0

=: Sll + Slz.

To show Sy, using (5.2) and note that e := nd, — @ > 0, we have

ko

Si1 < |Ibllysup sup 274 8022kawp(1+5)
>0 ko>0,kgeZ =0

< p(1+e)\ 5158
X ( Z £ x il Lo ey (k — [)mz(l—k)n(sz]

I=—c0

ko
< |1bll. sup sup 27 gezzk(am—nézm(lm
&>0 k()>0,k0€Z =0

I=—c0

-1 p(l+e) pu]fe)
X [ Z I xll oo @y (K — l)mzlmsz)

5}

-1
< 1B, sup sup 2_/(0/1 g Z ”le”L‘I(')(w)(k _ l)mzlnéz
J=—

1
p(1+&)\ pi+e)
&0 k()>0,k0€Z ]

5

<lBllsup sup 270”3 20O £y k — 2"

>0 ko>0,kgeZ

1
-1 )p(1+8) 1+

[=—c0

We can obtained S, further caculation by Holder inequality and use the fact that v := nd, —a(0) > 0,
we get

q()
£>0 ko>0,ko€Z LIO(w)

[=—o0

-1
Si < llbll.sup sup 27 [89(2 2’“<°>p<1+8>||fxl||”“+8)]

-1

[=—c0

S B e
pP)al

]p<1+a>/<p<1+s»/ e

The estimate for S;, follows from a similar method to A; and note that ¢ := ndé, — @, > 0,k > 0.
So we cancel the proof of S,.

For S,, in the view of the boundedness of 7% on L“)(w), we obtain that

1
ko p(1+e)

—kod | 0 keroo p(1 (1+£)
S> < IBllsup sup 2701 |f %" pter ) o)
&>0 k()>0,ko€Z =0

S BNy geosace
P-a
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We cancel the proof of S;. Since the estimate for S; can be obtained by similar way to Asz; and
using the fact that & := nd; + @, > 0, k > 0.
Therefore, combining the estimates for A and S to deduce that

b
IT? Pllggesiisiy S DIl

which ends the proof.
Corollary. Let p, a(-) and g(-) as in Theorem 5.1. If a sublinear operator T satisfies the condition (4.7),
for any integrable function f with compact support and T? is bounded on L/ (w), then T? is bounded

a(-),1,0
on MKp)’q(,) (w).

6. Conclusions

In this article, we introduced the concept of weighted grand Herz-Morrey spaces and investigate
the relationship between weighted grand Herz-Morrey spaces and weighted Herz-Morrey spaces. In
addition, we proved the boundedness of sublinear operators with certain weak size conditions on
weighted grand Herz-Morrey spaces. As an application, we obtained the boundedness estimation for
multilinear commutators of sublinear operators on weighted grand Herz-Morrey spaces. These results
are new even in unweighted setting.
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