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1. Introduction

We consider the following Cauchy problem for the nonlinear Schrodinger system in space
dimension two

{ ia,\/‘j + ﬁjA‘/jvj = Gj(V],VZ), t>0,x€ Rz, (1.1)

vi(0,x) = ¢;(x), xeR?

where 9, = 8/0t, Ay, = A = V(t,x),A = Z?:l 0? /axi, V;(t, x) is a prescribed R-valued function on
[0,00) X R, G;(vi,v2) = Kj(v1,v2) + Fj(vi,v2), Kj(vi,v2) = 4v, P~ v, Fy (vi,v2) = Viva, Fa (v1,12) =
vf, A; € C\{0},p > 2,m; is a mass of a particle, ¢;(x) is a prescribed C-valued function on R?, and
Jj = 1,2. In this paper, our aim is to prove the time decay estimates of solutions to (1.1)

2 c

1 )

VIl o2y = E WVilliowey < ——3  if p>2
‘= 1+1¢
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and

2
C,
o = Al 7 o < : ] :2
VIl (R2) ;:1 ||vj||L R = a +t)10g(2+t)’ if p

for all # > 0, where C;,C, > 0, when the small initial data ¢;(x) belongs to H**(R?) N H**(R?),

2my = my, 3A; < 0 and V(t, x) satisfies
”VjHHm,O(RZ)nHﬁ,O(RZ) < 2maX{m1,m2}C1(1 + t)_'B
forallt > 0, wherec; >0,0<a<1<f<2,j=1,2and

-0
”Umi_(_t)Vj”HOﬂ(RZ)ﬁHOﬁ(RZ) < 2max{my, my}cr(1 +1)
J

for all £ > 0, where U, (t) = F'E@)°F, E(f) = e 2" o # 0,F and F~! denote the Fourier and its
inverse transform operators, ¢c; > 0,0 <o <1 <1+2u<f<2,0<6f<pu,and j=1,2.
The Cauchy problem for nonlinear Schrodinger equations with time-dependent potentials

. 1 — n
{16,v+2Avv f(v), t>0,xeR" (1.2)

v(0,x) = ¢(x), xeR"

appears in physics, where Ay = A —V(t, x), V(t, x) is a prescribed R-valued function on [0, co) X R", f :
C — C. If the nonlinear term f(v) = Av?"'v,qg > 1 and A € R, the Cauchy problem (1.2) was
considered from the mathematical point of view in [1] and [2]. In [1], the global existence of solutions
to (1.2) with f(v) = Apv|*"'v was studied when the initial data ¢(x) € H'OR") N H*'(R") and the
external potential V(z, x) satisfy some assumptions. The time decay estimates of solutions to (1.2)
with f(v) = Av|?"'v were considered if the initial data ¢(x) € H'O(R") N H*'(R"), A > 0, and the
time-dependent potential V(z, x) meets some conditions. When the time-dependent potential V(z, x) =
o(1)|x]*/2 and the nonlinear term f(v) = vF;(v)v + uFs(v)vin (1.2), where F; : C - R, F5 : C - R,
and v, u € R, the asymptotic behavior and time decay estimates of solutions to (1.2) for small initial
data satisfying ¢(x) € H"'(R?) N H*?(R?) with y > n/2 were investigated in [3]. In [4], a sharp time
decay estimate for the global in time solution to (1.2) with cubic nonlinear term and the potential V(x)
which satisfies < - >* V € WLI(R) was obtained in 1D. The cubic nonlinear Schrodinger equation with
potential in 1D also has been studied in [5] and [6]. If the time-dependent potential V(z, x) = 0, then
the Cauchy problem (1.2) becomes

{ 0y +1Av=f(v), 1>0,xeR", (13)

v(0,x) = ¢(x), xeR".

When f(v) = AW + k|7 'v,A,k € Rand g — 1 = 2/n < k — 1, (1.3) was investigated in [7]. It
is known that n = 2/n is the critical exponent if the scattering problem for (1.3) with f(v) = kv|"" v
and k > 0 is considered (see [8] and [9]). If the small initial data ¢(x) belongs to H*°(R") N H*Y(R")
with n/2 < y < g = 1 + 2/n, the existence of modified scattering states for (1.3) was studied, and
the sharp time decay estimate of solutions was proved in [7]. When n = 1, f(v) = Ajv|*'v and A =
A +ip, 4 € R, Ay < 0,14 > ;’;\/lql/lll and 1 < g < 3, (1.3) with initial data ¢(x) € H**(R) n H*'(R)
was studied in [10]. The time decay estimates and large time asymptotics of the solution for arbitrarily
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large initial data were presented if ¢ = 3 or ¢ < 3 and ¢ is close to 3. In [11], the same equation was
considered. The asymptotic behavior of solutions of the Cauchy problem for initial data ¢(x) € H*(R)
with 1/2 < y < 1 was studied. In [12], the scattering for solutions to (1.3) was shown in the case of
fO) = A 1+ e < g <1+ 5,0 <y <minf3, 1} and A = 4y +idy, 4; € R, A < 0,|] > F2 ]
If f(v) = X jz0 /ljlvl(’-f‘jvf, A;€C,o; >3 and n = 1in (1.3), the existence of the scattering operator was
considered in [13]. If the potential V(z, x) = V(x) and f(v) = g(|v*)v, then from (1.2) we have

(1.4)

i0,v + %Avv =g(v?)v, t>0,x€eR",
w0, x) = ¢(x), xeR",

where Ay = A — V(x),V(x) is a prescribed R-valued function on R",g : C — R. There is some
research on the asymptotic behavior of solutions to (1.4) (see [14—17], and references cited therein ).
In [15], when V(x) is a real-valued measurable function defined in R?, f(v) = Av/**v, o > 1,1 € C\{0}
and JA < 0, the scattering problem for (1.4) was studied, and by using the equivalence between the
operators (-Ay)? and (-A)? in L? norm sense for 0 < s < 1, the time decay estimates of the solution
were obained as O(t™') in L*(R?) as t — +oo. In the case of o > %, the solution of a system of
the equations in 2D has the same time decay rate under some assumptions. In [18] the solution of
the nonlinear Schrodinger systems with quadratic nonlinearities in two space dimensions decays like
O '(logt)™) in L*(R?) as t — +oo, when V(x) = 0. In [19], numerical method is considerd by
using Fourier spectral method to solve the multidimensional nonlinear fractional-in-space Schrodinger
equation involving the fractional Laplacian operator and the numerical method is effective for long
time simulation of integer-order Schrodinger equation.

We find that the time decay estimates of the solutions of the Cauchy problem for two dimensional
critical NLS system with potentials is an unsolved problem. So we consider the following nonlinear
Schrodinger system. Let W;(z, x) = ﬁjVj(t, x) for j =1,2. From (1.1) we have

i(?,vj+ﬁAvj—ijj:Gj(vl,vz), t>0,xeR? Ls
{ C vj(0,x) = ¢;(x), xeR2 (1)

We assume that the masses of particles in the Cauchy problem (1.5) and the time-dependent R-
valued potential W(, x) satisfies the following hypotheses.

(Hl) 2m1 =my.

(H2) [IWjll geo@aynpmpogey < c1(1 + fyPfort>0,wherec; >0,0<a<1<B8<2,j=1,2.

(H3) U L (=D Willgoaga)nmosmz < c2(1 + 1)~ for all t > 0, where U,(t) = F'E@®)°F, E(t) =

e‘%"‘f'z, o # 0,7 and ¥ ! denote the Fourier and its inverse transform operators, ¢; > 0,0 < a < 1 <
1+2u<p<2,0<f<pu,and j=1,2.

We use the assumption of mass resonance (H1) to deal with the nonlinearity F;(v;,v;) in (1.5) for
J = 1,2. The assumptions of the potential W;(z, x) are (H2) and (H3). The assumption (H2) is used to
investigate Lemma 2.3 and Lemma 3.2. The assumption (H3) is applied to the proofs of Lemma 3.2
and Lemma 3.4.

If the mass resonance condition (H1) holds, then the Cauchy problem (1.5) meet the following
gauge condition

G (vi,v) = ™G (e, e ™%y), j=1,2
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forany 8 € R. If W; = 0 for j = 1,2 in (1.5), then the system (1.5) becomes

{ l.(’)th'i‘ﬁjAVj :/1j|Vj|Vj+Fj(V1,V2), Z>O,XER2,

vi(0,x) = ¢;(x), xeR? (1.6)

where F; (vi,v2) = Vv, Fy (v, ) = v%, m;j is a mass of a particle, and ¢;(x) is a prescribed C-valued
function on R? for j = 1,2. The time decay of small solutions to (1.6) with 32; < 0 for j = 1,2 was
studied in the situation of small initial data ¢; € H**(R*) N H*"(R?) with 1 <y <2in[18]. If 2; =0
for j = 1,2, then from (1.6) we have

io,vy + 2171AV1 =viv,, t>0,x€ Rz,

i0vy + %mQsz = v%, t>0,xeR? (1.7)
(VI(O’ X), VZ(O’ x)) = (¢1(.Xf), ¢2(x))a X € RZ.

In [20], global existence and time decay estimates of solutions to (1.7) for small initial data
vi(0,x) € H*(R?*) N H**(R") with j = 1,2 were investigated under the mass resonance condition
2m; = m,. Large-time asymptotic behavior of solutions to the Cauchy problem for nonlinear
Schrodinger equations

i0vy + %Avl = —ijm|*v;, t>0,x€R,
i0vs + 3Avy = —ilvi[*vy, 1>0,x€R, (1.8)
(v1(x,0),v2(x,0)) = (¢1,¢2), x€R
was considered in [21] and [22]. As far as we know, the time decay of the Cauchy problem (1.5) with
the time-dependent potentials V(z, x) has not been shown, where j = 1,2.

Multiplying the equations of (1.5) by iv; respectively, and taking the real parts of the result, we

obtain

my

Oulval? = s R(([(AVD)V) + 2Re(iWalval’) = 2R (i [vlP*!) = 2R (v 7).

mp

{ 1P — LR (AT + 2Re(W, i) = —2R (i v [7*1) — 2R (72vo),

Since the assumption W;(z, x) is the R-valued potential, and by integrating in space, we find

2 1 —2
{ OlVil2ea, = 23 0lvlly) o) = 2 foa R (977°92) dix,

2 +1 Py —
0t||V2||L2(R2) = 25/12||V2||ip+1(R2) - 2 jl‘{z R (ZV%VZ) dx-

(1.9)

Under the assumption that 31; < 0 for j = 1,2, by (1.9) we obtain

2 2
al (||v1||L2(R2) + ”VZ”LZ(RZ)) < 0.

Therefore, we prove stability in time of solutions in the neighborhood of solutions to a suitable
approximate equation. Our main purpose in this paper is to show time decay estimates of solutions
to the Cauchy problem (1.5) with small initial data in H%*(R?) N H%¥[R?),0 < a < 1 < 8 < 2.
Combining the methods of [7] and [18], we obtain the following result under the assumptions that
J2; < 0for j = 1,2, (H1), (H2) and (H3) hold. Our main idea is to consider Av; and W;v; separately.
By the assumptions (H2) and (H3) of the potential W;, we can analyze the linear term W,v; of the
system (1.5). The time decay estimates of the solutions to the nonlinear Schrodinger equations are
studies in [15] by regarding the %A — W; as one whole. Our method differs from the approaches. The
potential weakness of this paper is that the potentials W; satisfy the decaying condition (H2) and (H3).
So if not, whether the time decay estimates of the solutions to the system (1.5) can be obtained is an
open problem.
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Theorem 1.1. Assume that (1.5) satisfies the mass resonance condition (HI), the time-dependent
potential W(t, x) satisfies (H2),(H3) and 34; < 0, j = 1,2. Then there exist constants & > 0 and
Cy,C, > 0 such that for any € € (0, &) and

2
|I¢”H0v“(R2)mH0ﬁ(R2) = Z ||¢j||H0ﬂ(R2)mH0ﬁ(R2) <e,

j=1
where 0 < @ < 1 < 8 < 2, there exist a unique global solution v = (v, v,) of (1.5) satisfying

Ui (-t € C([1,00), H**R*) n H¥®R?), j=1,2

and the time decay estimates

2
Ml = ) Wl < 5= if p>2. (1.10)
j=1
- C
f— . 2 . ; -_—
IVl = ; Vjlleeey < (1+0log2+1)’ =2 (1D

fort > 0.

Remark 1.1. By Lemma 2.1, we have

”Wj”Loo(RZ) = ”7:_17:Wj”Loo(R2)
< ClIF Will oo @eynmose) (1.12)

< ClIW |l goo@ynmmom)
where 0 < @ < 1 <8 <2,j=1,2. By the assumption (H2) and (1.12), we have
IWill oy < CEF (1.13)

for ¢t > 1, which is used in the proof of Lemma 3.4, where 0 < @ < 1 < 8 < 2,j = 1,2. We also
get Lemma 2.3 by the assumption (H2) and some other conditions, which is applied to the proof of
Lemma 3.2.

The rest of this paper is organized as follows. In Section 2, we give some notations and basic
lemmas. We prove Theorem 1.1 in Section 3 by using the strategy introduced in [18,23].

2. Preliminaries

In this section, we give some estimates as preliminaries. In what follows, we use the same notations
both for the vector function spaces and the scalar ones. For any p with 1 < p < oo, LP(R?) denotes
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1
the usual Lebesgue space with the norm [|@|| rg2) = (fRz |¢(x)|1’dx)", if 1 < p < oo and ||| w2y = €ss
-sup |¢(x)|. For any m, s € R, weighted Sobolev space H™*(R?) is defined by

x€R2

2
H™S(R) = {f = (fu 12) € PR flgmey = Y |1F5
=1

H”1’S(R2) < OO} D)

where the Sobolev norm is defined as

m

fllimsezy = [+ 16DEA = D)2 £l e,
for j = 1,2. Also we define the homogeneous Sobolev seminorm || fjl| gm.sg2) as
Uy = [t (=203 fif] e

for j =1,2.
We define the dilation operator by

(D) (x) = .i¢(f), for a # 0,
1104 a

and . .
E(t) = e 2™ M(t) = e 2™, fort #0.

Let U, (t) = F 'E()*F with a # 0, where the Fourier transform of f is

1 .
THE =57 [ s

and the inverse Fourier transform of g is

_ 1 i
7 low =5 [ e
T JR2
The evolution operator U, (¢) and inverse evolution operator U, (—t) for ¢ # 0, are written as

(U (1) $) (x) = M(t)# Doy (F M) ) ()

and 1 1
(Ua (=1)$) (x) = M()* (F~' D/ M(D)+6) (x)

respectively.
The operator |J1|*(¢) is given by

il'@) = Ui@®IxI*'Ui(-1), s>0,
which is represented as

2 2
TANOES /o (__2A) e
m m
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fort # 0. Let [E, F] = EF — FE. We have the commutator relations
1
10, + —A,|J1°(0)| =0
2m m

for s > 0. These formulas are essential tools for studying the asymptotic behavior of solutions to (1.1)
(see [24]). And in what follows, we denote several positive constants by the same letter C, which may
vary from one line to another.

We start with the following lemma.

Lemma 2.1. Let 0 < 51 < 1 < s5. Then we have

||f||L1(R2) < C”f”HO-Sl(RZ)mHOJz(RZ)- (2-1)

By the Cauchy-Schwarz inequality, we have Lemma 2.1. We shall not give the proof here.
We next recall the well known results (see [7]).

Lemma 2.2. Let0 < s <2,p0>2,m>0. Then we have

—1 -1
NU L (=DIVF™ Vllgos@ey < C IIVII‘;O(RZ)IIU 1 (=D o5 g2). (2.2)
—1 -1
IV o2y < CIVIE < oy V50 e2), (2.3)
and
”fg”HS’O(RZ) <C (”f”L‘”(RZ)”gl|H5¥0(R2) + ||f||Hs~0(R2)||8||L°°(R2))- (2.4)

1
Using the factorization formula U 1 (—f) = —M™ % ~'E™ D»; and the assumption (H2), we have
m] t

Lemma 2.3. Let M,’nt, = FM™F !, m;>0and j = 1,2. If W; satisfies the assumption (H2), then
there exists a constant C5 > 0 such that

<G

H(y,O (RZ)mHﬁ,O (RZ)

_1
HE ML FU L (-DW;
I11j

fort>1,where0<a<1<pB<2.

1
Proof. By using the factorization formula U 1 (=f) = —M"™F 'E™ Dn;, we have

m;
J

L
HE '”fM,;}_TUL_(—t)Wj(t, x)

Hs,() (RZ)

L €
”‘E " F MMM F T E ™ Do Wit x)

Hs.0 (RZ )
t

IA

P F (W,(r, ;75)
J

s &m
& (FW;) . =)

mj [2(R2)

IA

"
t

L2(R2)

IA

l,S
%”W]”HVO(RZ)
J
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for t > 1, where s = @ or 8. Then we obtain that

1 #
E "M, 'FU L (-)W; < ———— Wil geogans 2.5
| ™ ’".i( ) jllH"vO(Rz)mHﬁO(Rz) mln{mi,mg}” Mooz ()

fort > 1, where 0 < @ < 1 < 8 < 2. By the assumption (H2) and (2.5), we get

L
IE" " M F U L (=D Wl| < G
I11j

HrOR2)NHE(R2)

fort > 1, where C; = 14— andO<a<1<B<2. O

min{my,m;}

3. Proof of Theorem 1.1

3.1. A priori estimates of solutions

We define the function space X7 as follows

X = {Umlj(t) £ € (€ n L) ([0, T]: B (R?) 0 HY(R?)));

1 fllx, = ”lJ%|af||L’7([O,T];Lf(R2)) + |||J% P fllono 062y

4 4
+||U#(_t)fl|L°°([O,T];I-'IOﬂ(RZ)ﬁHOﬁ(RZ))’ n= 1— a,f = 1+ a} ’
where T > 0 and U (¢) f- (U 1M1, UL fz). We can obtain the local existence of solutions to (1.1)
m m1 m2

by the standard contraction mapping principle (see [23]).
Multiplying both sides of (1.5) by D1+ FU . (-1), j = 1,2, we use the factorization formula

1
FU.(-1) = =M, E"i Dn; with M,,, = FM"™F " to get

m;
J

1
TUL(—I‘)G]'(VI, Vz) = —Mm].Emf DﬂGj(Vl, Vz).
mj 1

Using the identity operator I = —D_ Dn»;, j = 1,2, we have

m;j
J

D’lej(V], V2) = DQGJ (-DLD’LIVl, —D;DQVZ)
[ [ m !

a0
1

im;
1

lmj

im; im;j
G; ——DQDLDQVD—TDQDLDQVZ
t my t

t i my t
mj mj
G, (——Dm,»Dmlvl, ——D"ljDszz).
t w7 tr m 1
ibig® b
We now use the identity D,E~" f(t, x) = ie 22 f(t, f) =E2D,f(t,x) fora # 0 to get
Mg

L - i
11 . 1
DniDmv,=Dmi E " E™ Dmy, = E ™" Dmj E™c Dmg vy,
t t

mj
my t my, my
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tI€\2
Letf;=e ) , then we have

E_’:‘n/Az = e%t’:‘r.l/kz e = g_imkej
— €L .. L
Let vy = E™Dmv,k = 1,2. By the factorization formula FU . (-t) = —M,, E™ Dm, we have
1 my 1

Vi = —M;i?: U 1 (—t)vx. By the mass resonance condition (H1), we get
TUL (=G (v1,v2)

m; m;
-
leJE’"f Lg, ( - e ™% Du; vy, ——Le ™ D, vz)

,] my m

o—imif; mjo - Mmj
=iM, E'” —e "G | =—Dmvi,——Dn;v,
m; t my t my
. ! mj. o — m; . ! mj.o— Mmoo
=iMy,—K;|=—Dnjvi,——Dmvy | + iM,,—F ;| ——Dnjvi,——Dnj»,
m; t r m mj t

mi my ny
p-1
= iMy, K (=D, MOIFU L (=) =D, MEIFU 1 (=)
miogp=1 m—; mi T 1> m—/ ) iy 2

+iMmj?Fj(—DZ_I,~M FU (<01, ~Des MLF U, (- o). = 1.2

my

Next we consider U 1 (—1) (ij j) similarly, we have
"j

t iMj imj
Dm WVJ . ” DQWJ TDQVJ' .
J ! !

1
Let Dw,W; = E JEmem W), Duyv; = E fE"’fDm,vJ, and W; = E"’JDm W;,v; = E"iDwv;,j=1,2.
By the factorization formula #U 1 (-t) = -M,,,E /Dﬂ, we have Wj = —M,‘,,i.?"UL(—t)Wj, v =
mj 7 mj
—M;,i?"U 1 (=t)v;. By the definition of the operator E(7), we get
mj

FU LWy,

. = im] _1 ~ imj 1
= lejEm_/— TE ijj TE mjvj

mj
t (im; _1 — m;__
=iM,,— (—JE " Wj) (—Jw)
‘mj\ t t
m; _ 1L
= My, =L (I MGIT UL -0W,)(<iMIT UL vy). = 1.2
We set
m,f"l
Ry; = i(Mmj - I) —tb—l Kj( m M, 7—'U ( Hvy, — M;iTU%(—t)vz)
l?ll m
+i( M, = 1) ?Fj (—DQM;“TUL(—I)\H, —D,L,M;,é?‘Ui(_;)vz)
mi my my my
i m; ; _% -1 c A g—1
+i( Mo, 1) ("E M, FU ,;j(—f)Wj) (—le,TU m‘j(_t)vj),
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R m;

K; (—ijM,_n}TUl(—t)vl,—ijMmiTU (= t)VZ)
my my my
m;’” !
2Ky (~DmFU L (-0m, D U (-0,
m m "2
+ l— ( ijM,_n}?Ul(—t)vl,—DmM;27U1(—t)V2)
my my my my
LRy (-Du T U (<0v1, DT U L (~0v2)
my my my my
m
+ iT (—iE M Umlj(—t)Wj) (—iM;,_]f U mlj(—f)vj)
m; _L
-i? (—iE g ?Ul_(—r)wj) (—iTUl_(—l)Vj)

and u; = DL_TU%(—t)vj,Sj = DL_TUL_(—I)W]-, then we have

(FUL0G 01,72) .6+ (FU L (-0Wp;) 0.0

m P!
:i’—K( —Dn; D uy,—Dn; D, uz)(t &)
1712 m

l'p_] ml ml

m;
+l7F( —Dn; D uy,—Dmi D7, le)(t é:)
)12 m

my ”’1

my . -1 )
+i—[-iE fD S —iD7 u;|(t,¢é) + R;;
(e ings (o) o ia

m P! 1 1
LU (L P &
-1 m; m; m;

sl S

Multiplying both sides of the above identity by D 1 , we have
mj

DLTUL(—I)GJ'(VI, V2) (f, é) + DL?UL(—I)WJ (t, £) V;j (l, i)
mj mj m mj mj m; m;

J J

1 1 P 2
= ﬁKj(ul,uz)(t,§)+ ;Fj(ul,uz)(t,§)+;((E ij)uj)(t,§)+Dm%/ ;RU'

Therefore, from (1.5) we have

. A; ~ 1 L/
la,ujztp—_]llujlp luj+;Fj(u1’u2)+?(E "Sj)”j+Dmij ZRU

3.1
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for j = 1, 2. Multiplying both sides of (3.1) by u;, taking the imaginary parts, we obtain

2
o, Z > = S Z(/l lujl”™) + 23 [Z (%Fj (us, uz>)u_j)
j=1
2 2
>[es ) _]
j=1 I=1

By the definitions of the nonlinear terms F (uy, uy) = ujun, Fp (uy,up) = uf, and 84; < O for j = 1,2,

we obtain atZIuﬂ <25[Z( (E-ms)u,.)u—j]ﬂf’(Z( ZR”)MJ]

We integrate the 1nequa11ty above in time and use u; = D1 F U 1 (—t)v; to obtain that
mJ Inj

2

+29 [Z (% (E™S,)u j) u—j] +29

J=1

”TU%(_t)V”L“’(RZ) < C||7'-Ui(—1)v(1 x) ||L°°(R2)
2

T = _m'/Sj uj”Loc(RQ)dT
f ; ) 3.2)
ft

. 2 —m 2 2

MN

”Rl] | |L°°(]R2)dT

~
I

j=1 1

Lemma 3.1. We have

HE™S) |z = Zn E™S ) ujllsy < CrONUL (=0

HO.(}’ (RZ)QHO,,B (RZ)

for ¢+ >

S U L (=0l
J

I, where 0 < @ <1 < 1+2u < p<2,0<86 <y, ”Ul(_t)v”HOv“(RZ)mHOﬁ(R% =

HO,(y (RZ )nHO,ﬁ(RZ) ’
Proof. By the definitions of S ; and u;, Lemma 2.1 and the assumption (H3), we obtain
1(E™DLTU L oW, (DL FU L (=, e
m] mJ I)‘lj mj
< ||7'~U% (—I)Wj||Lw(R2)||7:UmL_ OVjllro@2)
J J

< — _
< CNULEDW o oo nmos@ 1V £ COV o0 o poseo)
-6
< —
< CENU LMy 0 sy
where 0 <@ <1 <1+2u<pB<2,0<6 < u. Thus we have the desired result. i

Lemma 3.2. We have
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2 2
DD IRl < CEPHIU L (=l

— £ HOQ(RZ)OHOﬂ(RZ)
J: =
+Ct““‘||U (-t
+ Cr0U L (-

HO: “(RZ)nHOﬁ(RZ)

HO,a (R2 ) n H(),ﬂ (RZ)

fort>1,where p>2,0<a<1<1+2u<p<2,0<6<u,and

2
Ui(—ty|. . Z U vl .
” %( ) ”HO,W(RZ)HHOﬁ(Rz) = ” ( ) HO»"(RZ)QHO»B(RZ)

Proof. Let hj = —Dn; M;,lTU 1 (=t)vg. By the definition of R,;, the Cauchy-Schwarz inequality,
my my

Lemmas 2.1-2.3 and the assumption (H3), we have

1Rl o g2)
1—p— 21 _1- 21
< Ct PN F K i(hyj, ho ey + Ct 7 H X[ F Fj(hj, ho Dl 2

+Cr '+

P (B OMGIFU L (-0W)MITU L (0w

L1(R2)
1—p—
S Ct P M”Kj(hl,j, hzyj)l|H.Y1+2;1.0(R2)QHAV2+2;1,0(R2)
—1-
+ Ct 'u”Fj(h],j, h27]’)||1_‘1x1 +2u,0(R2)m[_'152+2,u,0(R2)

+ Cl—l—# (E_”:/M;l}?UW{(—Z)W]) (M;}TUW}(_I)V])

H'Vl +2u,0 (Rz)ﬂH‘YZ +24,0 (RZ)
1 — —
< Ct' P H|FM™U L ( t)V”Loo(RZ)”?M mU%(—I)V||Hx1+2y,0(Rz)an2+2u,o(R2)

" Cl—l—u”}‘M ”’Ué OVl llF M™ U% (=Dl 2002y 2002

+Cri M FM™ U% EOWll @ llF M U% OVl @y mo@2)

OO HIF MU L (Ml |E™5 MG FU L (Wl o yion oz,
< Ci'r- ,U”U (- t)V”Hml (Rz)mHOsz(RZ)”U%(_t)v||H°’S1*2”(R2)0H0’X2*2“(R2)

+ C[_l_’u”U%(_t)V“HO»H(RZ)OHOJZ(RZ)”U% (=DVlgo.s1+2m@2)n 02 420R2)

OO LV sy ooy + €7 I 0V

1-p—p —1-p
<
CEPHNU LM, o sy CF T IU L 0V

+ Ct U L (=l

HO,sl +2u (RZ)HHO’S2+2” (RZ)
HO H(Rz)mHOﬂ(Rz)

HO,a (RZ ) n HO,ﬂ (R2)

fort>1,where p>2,0<s1<1<sy,81=a,5+2u=6<2,0<6<pu.
We next consider the estimate [|[Rjll;~g2). By the definition of R,;, Lemma 2.1 and the
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assumption (H3), we get

IRl m2y < CHPIIF (M~ = I)UL(—t)V||L°°(R2)
X (IFU L (=Wt + IF MU (=DM )
+CrYF(M™ - DU L (=0V|~@2)
X (IF UL (=0Vlpsqe2) + IF MU s (=)Wl
+Cr! (”?_-(M_m)Ui(_t)W”L‘”(RZ) + ”9‘-U’%(_t)W”L°"(R2))
X (IF U L (=)l + IF MU L (=DMl
< CI P U L (=l U L (=DM L
+ Ct‘l_”lllxIZ”U% (_t)vllLl(R2)||U%(_t)V”Ll(RZ)
+ CENU L (=)Wl U 1 (=0l e,
< Cr P UL (=opll? + Cr UL (=0l

HO. Q(RZ)QHO,B(RZ)

+ Cr UL (=)

HO. "(Rz)mHOﬁ(]R%

HO«R2)NHOBR2)’

where p>2,0<u<1,0<a<1<1+2u<p<2,0<0<pu.
Therefore we obtain

2 2
l=p—p CriH
00 <
Z;ZZIHRI,HL oy < COPHNU LMD, e+ OO HNU LR
]: =

+ Cr7NUL (=)

HO(R)NHOBR?)’

where p >2,0<a<1<14+2u<f<2,0<6<pu.

By Lemmas 3.1 and 3.2, we have from (3.2)

!
IF U s (=0Wllege) < CIF UL (~DV(L Dllogee) + C fl AN D dT

t
—1-p
+C jl‘ U 1(= T)V”HM(RZ)nHO ﬁ(Rz)dT
t
-1-6
+C ‘fl T NU %(—T)VHHOM(RZ)HHO ﬁ(Rz)dT
By the Lemma 2.1 and the existence of local solutions of (1.5), we have

IFU s (=1L, )l < UL (= Dy, 0]
< U (=

< Ceg,

HOa (RZ )mHOﬁ(R2)

L ([0,T],HO(R2)NHOB(R2))
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where T > 1. Then we obtain

f
— l=p—p _ P
IITU%( =@y < Ce + Cfl T ||U$( T)v”HOﬂ(Rz)mHOﬁ(Rz)dT
!
—1-u _ 2
+ CI T |IU%( T)vllHOﬂ(Rz)nHoﬁ(R2)dT 3.3)
!
~1-6
+ C‘[ T ||U%( T)v”Ho,a(Rz)mHOﬁ(RZ)dT’

where 0 < a<1<1+2u<f<2,0<0<pu.

Lemma 3.3. Let f € H**(R?) N H*?(R?). Then we get

11l 2o r2) SCZ‘_l'lfU%(_t)flle(Rz)
+ Ct UL (=D fl

HO,a (RZ )ﬂHO’ﬁ (R2)

forr>1,whereO<a<1<1+2u<p.

Similar to the proof of Lemma 3.2, we obtain Lemma 3.3. We omit the proof of Lemma 3.3 here.
By Lemmas 2.2 and 3.3, the assumptions (H2) and (H3), we have the following lemma.

Lemma 3.4. We have

UL (=¥

HO(R)NHOA(R?)

!
_ -1
<Ce+ Cf 7! 1’|ITU% (=P )||U% (=Wl goa@2)ngos@2)dT
1

L (RZ

HOH(RZ)mHOﬁ(thT

t
+C f LA | T VAY C 1N
1 m
!
-1
+ Cf T ||7_-U%(_T)V”L°"(R2)”U%(_T)Vl|H0><Y(R2)0H0~/3(R2)d7-
1

‘ !
v [ ol drac [y o
I " ! '

HO,(Y (RZ)QHO,ﬁ(RZ) HO,(y (RZ)QHOJS (RZ)dT

foranyre [1,T],where p >2,0<a<1<1+2u<pB<2,0<6<pu.
Proof. Let us consider the integral equation of (1.5) which is written as

Vi) =U L (OU L (=Dy;(1) = fl UL(t=DG;vi,v) + U= 7) (Wv))dr. (3.4)
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Multiplying both sides of (3.4) by [J . |*(t) = U + ()[x[°U 1. (—1), s = @ or B, by Lemma 2.2 we have

2 1
U 1 (=)Vllgo.sray < U 1L (=D (Dl go.sra) + Zf U L (=1)Gj(vi, v)llgosweydT
J J J:1 1 J

2 ¢
+CY f U 1 (=)W Lo dT
LYt
' 1
< ||U% (=Dvi(Dllgos@z) + Cf ||V||Z;(Rz)||U%(—T)VHHO»S(RZ)dT
J 1
!
+ Cf ||V||L°°(R2)”U%(_T)V”HOW(RZ)dT
1
!
+C [ IWlhallU (<ol e
1

!
+C [ Il Uy =00Wll e
1

for j=1,2.
By Lemma 3.3, (1.13) in Remark 1.1, the assumption (H3), we obtain

t
UL (=tVllpos@2) < Ce + Cf 7'1_"’||9"'U$(—T)vllp_l U 1+ (=0l gos(aydT

o (R2
1 L=(R?)

!
+C f L 1AV C Y
1 m

HOﬂ(RZ)mHOﬁ(RZ)dT

!
+ Cf T_lIITU%(—T)V”LW(RZ)HU%(_T)V”HO*“(Rz)dT
1
!
—1-u _ 2
+ Cj; T ||U%( T)V”Ho.a(Rz)mHOﬁ(Rz)dT
!
e f U (oMo e
1 m
!
" Cf T NFU L (-0l pm@eydT
1 m
!
v [ e o
1 m

HO@ (R2)nH0ﬂ(R2)dT

t
<Ce+C fl T U oM IU Ml
!
+Cfl T(—l—ll)(P—l)llU%(—T)Vl|ZO’H(R2)OHOﬁ(R2)dT
t
+C f THFUL oM@l L (~T)Vllgos oy dr
]l‘
+Cf 7'_1_“||U$(—7')V“2 dr
1

HO«(R2)NHOB(R2)
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HOﬂ(RZ)mHOﬁ(R%dT’

t
+C f UL (=T
1 m

where s =aorf,p>2,0<a<1<1+2u<p<2,0<86 < pu This completes the proof of the
lemma. =

Lemma 3.5. There exists a small 6 > 0 such that

-5 1
t ”U%(_I)V”HQG(R?)OHOMRZ) + ”TU#(_I)V”L‘”(W) <e?

foranyte[1,T],wherep22,g%<5<min{9,‘l—j},0<a<1<1+2u<,8<2,0<9<,u.

Proof. Let
H(#) = IU 1 (=1l poe@a)nrosm2),

K@) = [F U L (=DVll1=2),
H(t) = °H(?).

By (3.3), Lemma 3.4, we get
t ! !
K(n<Ce+C f TP HH(T)PdT + C f T MH@) dT + C f v H(t)dx,
1 1 1
t
H(t) < Ce+C f PR () Hr) + 77 0TV H(n)Pde
1
t t
+ Cf T K(MHT) + v P H(T) dT + Cf " H(t)dr.
1 1
Then we have

! !

K()<Ce+C f TP () dr + C f T H () dr
1 1

(3.5)

!
+C f Y H(1)dr,
1

d
—H(t) < CH"PK(t)P ' H(t) + C{= P~V H(r)?
O (O H(1) (t) 46

+ Cr'KH() + Cr"FH? + Cr ' H(©r).

Since
_Ht—t6_Ht_6t51Ht,
dt () dt () ()

then from (3.6) we obtain

%ﬁ(r) + 6t H(t) < Cr'PK (1) H(1) + CH1#+00-D ()

+ Cr K(OH @) + Cr P () + Cr ' H ().
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Thus we get

1

H@p)+6 f] t v H(r)dr < Ce + C fl PR ()P H(t)dr
+C f t Cr1 P D H () dr + C f t T K(DH(7)dr (3.7)
1 1
+C fl\t T_l_“+6ﬁ(r)2d‘r +C f: " H(t)dx.
If we assume that there exists a time ¢ € [1, T'] such that K(¢) + H (n < e%, then by (3.7), we have
ﬁ(t) + 6ﬁt T_lﬁ(T)dT < C(s + sg) + CS% fl‘t T_lﬁ(T)dT +C f: T_l_eﬁ(T)dT
< Ce+Ce? j:t T‘lﬁ(r)dT +C j]‘[ T_I_GH(T)dT,

where g2 < § < u, p > 2. By Gronwall’s inequality, we have

H(t) < Cs - C i ar

< C48,

where C; = Ce© [ Therefore if we choose & > 0 small enough, from (3.5) we get

! !
K(t) < Ce+ Cs”f PP g ngf 128 g
! 1

!
+Csfr_1_9+6d‘r
1

SC(8+8”+82)
< Ceg,
Wherep22,0<6<min{‘1—;,9},0<6<,u.

Thus we have
et 1
H(i)+ K(t) < Ce < g2,

This contradicts the assumption that there exists a time ¢ € [1, T'] such that K(¢) + H » < 2. This
completes the proof of the lemma. O

3.2. Time decay estimates of the global solutions

By Lemma 3.5, we have global existence of solutions to the Cauchy problem (1.5). By Lemmas 3.3
and 3.5, we have

-1 —1-
||Vj||L°°(R2) < Ct ”; UL(—Z)lelLoo(Rz) + Ct #”UL(—Z)VJ'” ] )
mj mj HO*(R2)NHOA(R2Z)

1 1
<Crler + Cri'He2

1
< Cr'ler.
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Therefore we get the time decay estimate (1.10)

2

-1 1

WMl = > IVl < Ct'e?
j=1

fort>1.
We are now in the position of proving the delicate decay estimates of solutions to (1.5). From (3.1),
we have

2

2 2
0, ]Z:; |1/lj|2 :tpi—ls ;(/ljlujlml) +29 (Z (% (E_ijj) M‘/) u—j]

. = (3.8)

=

J=1

1
where u; = Do FU L (—t)v; for j = 1,2. Let u| = (Z?:l |uj|2)2. We can get positive constants A, A
such that ' '
2
Sl <Y S < =2l (3.9)
j=1

By Lemmas 3.1, 3.2, 3.5, (3.8) and (3.9), we obtain
2%
Olul” < ==l + Cr ™" (3.10)

for# > 1, where &2 < 6 < min{f, 4,1 — 0, 242}, p > 2,0 <@ < 1 < 1+ 24 <B<2,0<0<p.
Let us consider the case of p = 2. Multiplying both sides of (3.10) by (log £)*, we have

21

p (log t)*lul* + Cr'""(log t)’e

3
0, ((tog 1y'luf’) < = (log 1)luf’ -
for t > 1. By Young’s inequality, we obtain:

3 y o 24 3.3 11
;(log Hul” < T(logt) lul]” + P?

for t > 1. Thus we have
11 -
9, ((log 1)’uf?) < Ay e =0+ (log 1),

for t > 1, where &2 <6 <minff,§,u-0,0<a<1<1+2u<B<2,0<60<pu.
Integrating the above inequality in time, we have

lul < C(logt)™ (3.11)
fort > 2.
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By Lemmas 3.3, 3.5 and (3.11), we have

-1
Vill Lo @2y < Ct ||7:Um;(—f)vj||Lw(R2)
J

+ Cl‘_l_ﬂ”UL(_t)Vj”
; HO(R2)NHOB(R2) (3.12)

< Cri'(log)™ + Crimigs
< Cr'(logn™

for t > 2, where g2 < § < min{f, 5,4 - 60},0 <a <1 <1+2u<p<2,0<86 < pu. Therefore, we get

the desired time decay estimate (1.11).
From (3.4) , we have

V(1) = Umlj(t)(Umlj(—l)¢j—i fl UL(=0G;(v1,v2) + U L (-7) (W) dT).

Letvi, = Ui (-D)¢;—i [ Us(-1)G,(v1,v2) + U1 (~7)(W,v;) dr. Then we have

vi(t) = Us (v, +i f U (t=7)Gi(vi,v) + U1 (t = 1) (W) dr.
J t J J

We can also obtain the scattering lim [|U o (—)v(?) — v ||goe@e)nmosrz) = 0 from the time decay
—>+00 mj
estimate (1.10), where 0 < a < 1 <8 < 2.
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