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1. Introduction

Throughout, R will be an associative ring with Z(R) as its center. A ring R is said to be prime if
PR = {0} implies that either ¢ = 0 or £ = 0 and semiprime if $R¢ = {0} implies that ©} = 0, where
¥, € € R. The symbols [, €] and ¢ o £ denote the commutator ¢ — €2} and the anti-commutator V¢ + £,
respectively, for any ¢, ¢ € R. A ring R is said to be n-torsion free if ndt = 0 implies that ¢ = 0 V
¥ € R. If R is n!-torsion free, then it is m-torsion free for every divisor m of n!. An additive mapping
0 : R — (R is called a derivation if D(P€) = D)L + FD(€) holds V ¥, € € R. In order to broaden
the scope of derivation, Maksa [12] introduced the notion of symmetric bi-derivations on rings, which
Vukman examined in greater detail in [17, 18]. A bi-additive map © : R X R — R is said to be a
bi-derivation if

DY, €) = D, OF + ID(Y, ),

D, ) = D, O + €D, L)

hold for any #, ¢, €, ¢’ € (R. The foregoing conditions are identical if D is also a symmetric map, that
is, if D(H, €) = DL, #) for every ¢, € € R. In this case, D is referred to as a symmetric bi-derivation
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on (R. Several authors have studied symmetric bi-derivations on rings (see [3, 11, 16] and references
therein) and produced highly helpful outcomes.

The study of tri-derivation was initiated in [13], by Oztiirk, in which he proved various results.
Several results have been obtained by various authors in this direction (see [13, 19] and references
therein). In light of the concepts of bi-derivation and tri-derivation, Park [14] introduced the concept
of permuting n-derivation as follows:

Definition 1.1. Let n > 2 be a fixed integer, and R" = R X R X --- X R. Amap D : R" — R is said

n—times

to be symmetric (permuting) if
D(ﬂla 192, cees 011) = D(1971'(1)a ﬂﬂ(Z)a ) 297T(n))

for all permutations 7(¢) € S, and ¢, € R, where t = 1,2, ..., n.

Definition 1.2. Let n > 2 be a fixed integer. An n-additive mapping (i.e., additive in each argument)
D : R" — R is called an n-derivation on R if the relations

D(ﬁlﬁ;’ ﬁZa ) ﬂn) = D(1913 ﬂZa ey 19'")’[9/1 + 19‘13(19/’ ﬁZa ) ’19'”),

D, 9, ..., 0,) = D, I, ..., 0D, + 32D, 95, ..., 0,),

D, D2, ..., 9,9 = D, D2, ..., )P, + 3, D(F, P2, ..., 9))

hold for all 3,4, e R, t =1,2,...,n.

If, in addition, D is a permuting map, then all the above conditions are equivalent, and in that case
D is called a permuting n-derivation on (R.

Of course, 1-derivation is a derivation, a 2-derivation is a symmetric bi-derivation, and for n = 3, ©
is referred to as a permuting 3-derivation (or tri-derivation) on rings (see [17, 19] for details).

A map d : R — R defined by d(¢#) = D(F,9,...,1) is called the trace of D. If D : R" — R is
permuting and n-additive, then the trace ¢ of D satisfies the relation

n—1

d@ + ) = d(9) + d(£) + Z "Cy (9 0)

k=1
¥ 9, ¢ e R, where "Cy, = (Z) and

h (35 6) = D(,...,0,¢,...,0).
—

(n—k)—times  k—times

Let S be a nonempty subset of R. A mapping d : R — R is said to be commuting (respectively,
centralizing) on R if [d(¥}),9] = O (respectively, [d(F),F] € £L(R)) for all ¢ € (R. The study of
commuting and centralizing mappings on a prime ring was initiated by Posner [15], who proved that if
a prime ring (R admits a nonzero centralizing derivation, then R is commutative. Being inspired by this
result, Bresar [9, Theorem 4.1] proved this for left ideals. In fact, he proved that if R is a prime ring, ¥/
is a nonzero left ideal of (R, and ¢ and g are nonzero derivations of R satisfying d(3)#—93g9(#) € Z(R)
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V9 € W, then R is commutative. In [2], Arga¢ gave a partial extension of Bresar’s result in the setting
of semiprime rings. Motivated by the classical result due to Posner [15], Vukman obtained some
results concerning the trace of symmetric bi-derivations in prime rings (see [17, 18] for more details).
In [3], Ashraf established similar results for semiprime rings. Further, Ashraf et al. [6, 8] obtained
commutativity of rings admitting n-derivations whose traces satisfy certain polynomial conditions.
Recently, Ashraf et al. [4] introduced the concepts of permuting n-multipliers and proved that for
a fixed integer n > 2, if (R is a non-commutative n!-torsion free prime ring admitting a permuting
generalized n-derivation ¢ with associated n-derivation 2 such that the trace w of ¢ is commuting on
R, then @ is a left n-multiplier on R. Many authors have studied various identities involving traces of
bi-derivations and n-derivations and have obtained several interesting results (viz., [3,4,6, 11, 16—18]
and references therein).

The primary aim of this paper is to prove analogous results related to permuting n-derivations in
the setting of prime and semiprime rings. In fact, we investigate the structure of (semi)prime rings
and describe the forms of maps (traces of n-derivations) satisfying certain functional identities. More
precisely, we prove that: let n > 2 be a fixed integer, (R be an n!-torsion free semiprime ring and
be a nonzero ideal of R. If (R admits two nonzero symmetric n-derivations D : R" — R with trace
d:R - Rand G : R" — R with trace g : R — R satisfying d($)¢ + 3g(0) € Z(R) VY 9,¢ € W,
then (R has a nonzero central ideal (Theorem 2.5). Further, in the last section, we establish that if (R is
an n!-torsion free prime ring admitting two symmetric n-derivations ® : R" - Rand G : R" - R
with traces f and g, respectively, satisfying /()9 + dg(#) = 0V & € W, a left ideal of (R, then either
R is commutative or § acts as a left n-multiplier on ¥/ (Theorem 3.2). Moreover, we also characterize
the traces of g-iterations of n-derivations in prime rings and prove that for a fixed integer n > 2, if
R is an n!-torsion free prime ring and ¢ > 1, a fixed integer admitting g-iterations of n-derivations
D1, Dy,..., D, : R" — R such that the product of the traces of D, D, ..., D,, respectively, is zero on
a nonzero ideal of (R, then either D; = 0 or the rest of D/s act as n-multipliers on (R (Theorem 3.6).

2. Results

In the present section, we state and prove the main results of this article. In order to establish the
proofs of our main theorems, we first state a number of well-known results.

Lemma 2.1. [14] Let n be a fixed positive integer and R an n!-torsion free ring. Suppose that
ai,a, . ..,a, € R satisfy da, + ar+---+A"a, = 0 (or € Z(R)) for A =1,2,...,n. Then, a, = 0 (or €
L(R)) fort=1,2,...,n.

Lemma 2.2. [10] If R is a semiprime ring, then the center of a nonzero ideal of (R is contained in the
center of R.

Lemma 2.3. [16] Let (R be a 2-torsion free semiprime ring and W be a nonzero ideal of R. If
[(W, W] C Z(R), then R contains a nonzero central ideal.

Lemma 2.4. [16] Let (R be a 2-torsion free semiprime ring and W be a nonzero ideal of R. If
WolW C Z(R), then R contains a nonzero central ideal.

The first main result of this paper is the following theorem:
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Theorem 2.5. Let n > 2 be a fixed integer, R be an n!-torsion free semiprime ring and W be a nonzero
ideal of R. If R admits two nonzero symmetric n-derivations © : R" — R with trace d : R — R
and G : R" — R with trace g : R — R satisfying d(3)C £ dg(€) € L(R) VY I,€ € W, then R has a

nonzero central ideal.

Proof. 1t is given that
AN £ 99(0) € Z(R)Y 9, €€ W. (2.1)

Replacing ¢ by £ + mk for £ € ¥ and 1 <m < n — 1, we obtain

A+ mk) £ 9g(l + mh) € Z(R)Y 9,k € W.

Solving further, we get

n—1
dO)E + D )mh + Dg(L) + Dg(mh) £ 0 > "C,G(L,....C.mh, ..., mh) € Z(R)

=1 (n—1)—times t—times

vV 9,¢,k € . Taking account of the given condition, we find that

n—1
9> "CG(L,....E,mh,... ,mk) € Z(R)Y O, €D,
—— —

=1 (n—t)—times t—times

which implies that

m(rll)ﬁhl({’; A) + mz(Z)ﬁhz({’; B)+--+ m”_l(n f )ﬁhn_l(f; ) € Z(R),

1

where h,((; k) represents the term in which £ appears 7- times.
The application of Lemma 2.1 yields

ndG,....,0,kR) e Z(R)V &L,k eW.
Since R is n!-torsion free, we get
VG, ..., LR)e Z(R)V I, L,k € W.

Replacing £ by ¢, we find that
Pg(l) e Z(R)Y 9, € e W.

Hence, by the hypothesis, we see that
dNHt e ZR)Y I, €eW.
Now, on commuting with r where r € (R, we get
[N, r] =0V 3, eW, reR,

or d(NE, r1 + [d@D),rlt =0V 3 e W, re R. (2.2)
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Replacing ¢ by ££ where £ € (f/ in (2.2) and using (2.2), we get
Ak, r] =0V 3,6,k eW, reR.
Now, replacing r by d(«#) in the above equation, we obtain
AR, )] =0V 3,6,k €W, (2.3)
Multiplying by £ from left, we get
RAHR, ()] =0V I, €,k € W. (2.4)
Taking £¢ in place of £ in (2.3), we see that
dNRLIR, D] =0V I, 6,k € W. (2.5)
Subtracting (2.5) from (2.4), we get
[R, dDICR, (D] =0V I, L,k € W,

i.e.,
[, dD])er[A, d(DH] =0V O, EeW, reR,

i.e.,

[R, d(D]ER[R, (D] = O0) VY I,k € W.
Since (R is a semiprime ring, the last expression gives
[R,d(N] =0V I, ¢,k eW.
Replacing ¢ by r[£, d(1})], we get
(R, dD)]r[A, d( ] =0V I,k e W, reR.
From the semiprimeness of (R, we see that
[R,d(D)] =0V Pk e W. (2.6)
Invoking Lemma 2.2, we have
d() e ZR)VY F e W. 2.7

Now, again replacing @ by ¢ + mw; forw; € / and 1 <m < n —11in (2.7) and using (2.7), we obtain

n—1
Z"C,D(ﬁ,...,ﬁ,mwl,...,mwl) e ZR)Y O, w, € W,
— ———

=1 (n—t)—times t—times

which implies that

m(’;)hl(ﬁ; wi) + m2(Z)h2(ﬁ; Wi) 4o+ m"_l( "

n—1

)hn—l(ﬂ; wi) € Z(R)
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vV 9, wy € . Invoking Lemma 2.1 and using the fact that R is n!-torsion free, we get
Dwy, 3, ..., € ZR)Y I, w, € W. (2.8)
Replace ¢ by ¢ + mw, for w, € 7 and 1 < m < n — 1 in the above equation to get
Dwi, P +mwy, ..., 0 +mwy) € Z(R)Y I, wi,wy € W,
and on further solving and using torsion restriction, we get
Dwi,wa, D, ..., ) € L(R)Y wi,wy, P € W,
Continuing in the same manner, we get
Dwi,wa, w3, ..., w,) € L(R)Y wi,wa, ..., w, € W. (2.9)
On commuting with r, we get
[Dwi, wo, w3, ..., W), 7] =0Y wy,wa,...,w, € W,reR.
After replacing wy by wiw] in the above equation and using torsion restriction of R, we arrive at
(Wi, r1Dwi,wa, ...owy) =0Y wi,wy,...,w, € W, reR.
Now taking r to be rr” where r’ € R, we get
Wi, rlr Dwi,wa, ..., w,) =0Y 1,1 € R,
1.e.,
(Wi, FIRD(wi,wa, ... ,w,) = {0} Y wi,wo, ..., w, € W, reR. (2.10)

Since R is a semiprime ring, it must contain a family of prime ideals of (R whose intersection is zero.
Let ¥ = {P; | j € A} be the family of all prime ideals such that () P; = {0}. Let P be a typical member
of . From (2.10), we conclude that for a fixed w, € ¥/,

either [wy,r] € Por D(wi,wa,...,w,) € PYwi,wy,...,w, € W, reR.

Letusset ={wy e W |[w,RICPland ¥V = {w; € W | Dw,wa,...,w,) € PY wy,...,w, € W}
Both U and ¢ are additive subgroups of ¥/ such that i/ = U U {/, but a group cannot be the union
of two of its proper subgroups. Hence, either {f/ = U or ¥/ = . Let us suppose that ) # U.

Then, we have ¥/ = {, i.e., D(wi,wa,...,w,) € PY wi,ws,...,w, € . Replace w; by wyry, i.e.,
D(wiry,wa, ..., wy,) € Pforany r; € R. On solving, we get wiD(ry, wy, ..., w,) € P. Using primeness
of P, we get either w; € P or D(ry,ws,...,w,) € P forall w,w,,...,w, € W, r; € R. However,
w; € P implies that [w;, R] C P, which leads to a contradiction. Thus, we have D(ry,w,,...,w,) € P
for all w,,...,w, € W, r € R. Again replace w, by w,r,, and using the same procedure, we get
D(ri, 1, Wi, ..., w,) € Pforall ws,...,w, € W, r,r, € R. Continuing in a similar manner, we arrive
at

DR, R,...,/R) C Pforany P € .
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Since P was an arbitrary element of 3,
DR, R,...,R) S|P, =10},

which implies that D(R, R, ..., R) = {0}. Hence, we arrive at a contradiction. Therefore, ¥/ = U, i.e.,
[wi, R] € Pforallw, € W or [, R] € (N P; = {0}. Thatis, [/, R] = {0}. Therefore, i/ is a nonzero
central ideal of R. Hence, R has a nonzero central ideal. m]

Theorem 2.6. For a fixed integer n > 2, let R be an n!-torsion free semiprime ring and W be a
nonzero ideal of R. Suppose that R admits two nonzero symmetric n-derivations © : (R" — R with
traced : R — Rand G : R" — R with trace g : R — R satisfying any one of the following
conditions:

(1) @), 1 =+Fo0g(O)V I, LelW,
(2) d([9,€]) = [d(@D), €] + [d(6), IV 3, € € W,
(3) d(Pol=xFog)VI,ecW.

Then, R contains a nonzero central ideal.

Proof. (i) It is given that
[d(P),€] =+ Fog(l) ¥V I, e W.
Now, replace £ by € + mk for £ € W and 1 <m <n -1, and we get
n—1
[d(D), €] + [d(F),mA] = £ P o g(€) = Gogimh) = o » "C,G(L,....,0,mhk,...,mk)
i

A e

= (n—1)—times t—times

vV &, ¢,k € W. By using the hypothesis, we get

n—1

90 3 "CG(L. . Lomh, ..., mE)=0Y 0,6,k €D,
t=1
- (n—t)—times t—times

which implies that
mP(3, €, k) + m*Py(, 6, 8) + - +m" P, (D, 6, 8) =0V O, €,k e,

where
P9, LK) =00 "C,C(L,....LE, ...,k
— —
(n—t)—times  t—times

denotes the sum of terms in which £ appears #-times. The application of Lemma 2.1 yields that
mMdoQG,....6,LR) =0V 4,0k eW.
Using the torsion free restriction in (R, we find that

VoQ,....,R)=0V I {EEW.
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After replacing £ by ¢, we get
Dogl)=0V,LeW.

Again using the hypothesis, we get
[d(), €] =0V I, e W

which is the same as (2.6). Hence, proceeding in the same pattern as we have done so far, we
conclude that R contains a nonzero central ideal.

(if) It is given that
d([9,€]) = [d(D), €] + [d(£), ]V I, € € W.

On replacing £ by € + mf for k € W and 1 <m <n -1, we get
n—1

d([3, €] + [F,mk]) = [d(D), €] + [d(D), mR] + [d(£) + d(mR) + Z "COL, ... t,mA, ... ,mk), ]

=1 (n—f)—times t—times

vV 9,¢,k € . On simplifying, we get

n—1
d([3, €]) + d([PH, mR]) + Z "C,O(, L], ..., 10,1, [0, mk], ..., [ mk])

t=1

(n—t)—times t—times
n—1
= [d(D), €] + [d(F), mR] + [d(£), F] + [d(mk),T] + [Z "COL, ..., 0,mk, ... ,mk),T]

=1 (n—r)—times t—times

vV 9,k € . Using the hypothesis, we get

n—1

n—1
> e[, 0, [0, 6, [B,mA), . [ mAD) = [ Y "CD(L, ., £ mh, ..., mh), D]

=1 t=1

(n—t)—times t—times (n—t)—times t—times

vV 9,¢,k € . This leads us to the following:
mP(3, €, k) + m*Py(9,6,8) + - +m" P, (0,6, 8) =0V O, €, €W
where

P, ¢, k) ="C,D(9, L], ...,[0, €], [0 R, ..., [9,R]) = ["C,/D(L, ..., L A, ... .R), T

(n—t)—times t—times (n—t)—times  f—times

denotes the sum of terms in which £ appears ¢- times.
Taking account of Lemma 2.1 and the torsion free restriction in (R, we get

D[, L], ..., [0, €[, R]) = [D(, ..., 6,R), IV I,(,k € W.
Replacing £ by £, we get

d([D,€]) = [d(6), IV P, LeW.
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Using the hypothesis once again, we obtain

[d(D), L] =0V 9,6 W,
which is the same as (2.6). Hence, the result follows by using the same argument as discussed in
Theorem 2.5.
(iii) It is given that

d@@)ol=xGog)VILeW.
On replacing £ by € + mk for £ € Wand 1 <m <n -1, we get
d@)o(l+mh)=+Fog(l+mh)Y 9,k e€W.

On simplifying, we get

n—1
d(@) ol + d() omhk = iﬂOg(f)iﬂOg(mé)iﬂoZ"C,Q(f,...,{’,mé,...,mﬁ)

=1 (n—1)—times t—times

V&, ¢,k € . On using the given condition, we find that

n—1

90 3 "CG(L.., Lomh, ..., mk)=0Y 0,6k €.

=1 (n—t)-times ~ r—times
Application of Lemma 2.1 gives
n@oQG,....,0,R)=0V9,0k .
Since R is n!-torsion free, we have
Do QU,....0,R)=0V I,k eW.
On replacing £ by ¢, we get
Dog() =0V LeW.
Using the hypothesis one more time, we see that
d@)o =0V 9, LeW.
Replacing ¢ by £ where £ € #, we find that
(R, I =0V 3,0,k € .
Replacing ¢ by [£, d(3)]r in the above equation, we have
[2, dD)]r[R,d( D] =0V 3, ¢,k € W.
Since (R is a semiprime ring, we get
[R,d(H] =0V &k eW,
which is the same as (2.6). Hence, proceeding in the same way, we conclude that R contains a nonzero

central ideal. O
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In [7], Ashraf et al. proved that R is commutative if it satisfies any one of the following conditions:
(1) F() £ 9 € L(R), (1) F(I) £ {3 € Z(R), and (ii1)) FHF () — I € Z(R) VY I,€ € R, where
F is a generalized derivation on R. In our next result, we extend Theorems 2.1 and 2.3 of [7] for the

traces of permuting n-derivations on semiprime rings.

Theorem 2.7. Let n > 2 be a fixed integer and let R be an n!-torsion free semiprime ring and W be
an nonzero ideal of R. Suppose that R admits a symmetric n-derivation © : R" — R with trace

d : (R — R such that any one of the following conditions hold:

(1) d@) £ 9t € Z(R)VY I, €W,

(2) 43 £ 03 € Z(R)Y 9,0 €W,

(3) () £ [9,6] € ZR)VY I, L e W,

(4) d(@)xGole Z(R)Y I,LeW.
Then, R contains a nonzero central ideal.
Proof. (i) It is given that

d) £ e ZIR)V 9,0 € W.
Replace £ by £ + mh for £ e W and 1 <m <n -1, and we get
A + mh)) £ I +mk) e ZIR)Y I,(,k € W.

That is,

n—1

d(@C) + d(Imk) + Z "COW, ..., 0, 9mA, ..., 09mk) £ I £ Imk € Z(R)

=1 (n—t)—times t—times

vV 3,¢,k € . On using the given condition, we see that

n—1

Z”Ctb(ﬂf,...,ﬂf,mﬂé, oo, miR) € Z(R)Y I, 6,k € W.

=1 (n—t)—times t—times

Now, use Lemma 2.1 and the fact that (R is n!- torsion free to get
D, ..., ¢, k) e ZR)Y I, 6,k € W.

Replace £ by ¢ to get
d() € Z(R)Y 9, € € W.

Again using the hypothesis, we get
MHeZ(R)YIL{eW.
Commuting with r € (R, we obtain

[, r]=0V P LeW,reR,

(2.11)
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and so
I r1+ [ rlf =0V & e W, reR.
Replacing ¢ by €£ in (2.12) and using (2.12), we see that
HMH[h,r] =0V EEeW, reR.
On replacing ¢ by [A, r], we get
[A, rl€[A,r]=0VY €, AeW,reR.

That is,
[, rl€R[E, v = (0)V €,k € W.

Since R is a semiprime ring, we have
[, r]l€ =0V €, ke, reR.
Taking € to be t[£, r], t € R, we see that

[£,r]t[k,r] = 0.

By the semiprimeness of (R, we get ¥/ C Z(R). Thus, (R contains a nonzero central ideal.

(if) Use similar arguments as used in (7) to get the required result.
(iii) It is given that
d() £ [9,€] € Z(R)VY I,€ € W.
Replace £ by £ + mk for £ € W and 1 <m <n -1, and we get
A +mk)) = [0, +mh]le Z(R)Y I, ke,

That is,

n—1
d(9€) + d(9mk) + Z "CODW, ..., 0, 0mk, ..., 0mk) £ [9,€] = [P, mk] € Z(R)

=1 (n—1)—times t—times

vV 9,¢,k € . Using the hypothesis, we see that

n—1
1=1 (n—t)—times t—times

Invoking Lemma 2.1 and using the torsion free restriction of (R, we get

D, ..., 0,0k) € LR)VY I, LR €W,

"C,OW, ..., 0,mIk, ..., mIk) e Z(R)Y I,(,k e W.

(2.12)
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Replace £ by ¢, and we obtain
d() e ZR)VY I, L e W.

On using the hypothesis, we see that
[P, €] € ZIR)VY P, LeW.

That is, [, ] c Z(R). Hence, by Lemma 2.3, (R contains a nonzero central ideal.

(iv) It is given that
dW) 3ol e Z(R)Y I LeW.

Taking € + m#£ in the place of £ for £ € W and 1 <m <n — 1, we get
Al +mR) £ Go (L +mhk)e Z(R)Y I, (R eW.

That is,

n—1
d(O) + d(Imk) + Z "CODW, ..., 0, Imk, ..., 9mR) £ ol £ Gomhk € Z(R)

=1

(n—t)—times t—times
for all ¢, ¢, £ € . With the help of the given condition, we see that

n—1
Z"Ctb(l%’,...,z%,ml%, co.,mIR) e ZIR)Y L, R eW.

t=1

(n—t)—times t—times
Now, using Lemma 2.1 and the fact that R is n!-torsion free, we obtain
D, ..., ¥, 0k) e ZR)Y I, L,k € W.

Replace £ by ¢, and we get
d(@) e ZR)Y I, L e W.

Making use of the hypothesis, we see that

DoleZ(R)VI LeW.

That is, ¥ o ) € Z(R). Hence, by using Lemma 2.4, R contains a nonzero central ideal. The proof

is complete.

Based on the preceding findings, we obtain the following known result:

O

Corollary 2.8. [8] For any fixed integer n > 2, let R be an n!-torsion free semiprime ring. If R

admits a nonzero permuting n-derivation A : R" — R with trace d : (R — R satisfying any one of the

conditions
(1) () £+ 9 € Z(R)VY I, € € R,
(2) d() £ 9 € Z(R)VY I, € € R,
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then R is commutative.

Theorem 2.9. For a fixed integer n > 2, let R be an n!-torsion free semiprime ring and W be a
nonzero ideal of R. Suppose that (R admits two nonzero symmetric n-derivations © : R" — R and
G :R" > Rwithd : R = Rand g : R = R as traces of D and G satisfying any one of the following
conditions:

(1) g(3) + d()I(€) £+ I € Z(R)Y I, €W,

(2) 9O + d(Nd() £ ) € Z(R)VY I, L e W,

(3) 9([8,€]) + [d(D),d(O)] = [9, €] € Z(R)VY H, L e W,

(4) g o) +d()od(l)x Dol e Z(R)V I, LeW.
Then, (R contains a nonzero central ideal.

Proof. (i) It is given that
g@) + d()d(€) £+ 9 € Z(R)Y I, € W.

Replacing £ by € + mk for £ € W and 1 <m < n— 1, we arrive at

n—1
g0 + gdmh) + > "CEWE, ..., 9, Imh, ..., Imh)+

t=1

(n—t)—times t—times

n—1
d(ﬁ)(d!(f) FdmR) + Y "CD(L, . Comb, mé))

=1 (n—t)—times t—times

+ O £ Imhk e Z(R)Y O, €,k e W,

Using the given condition, we get

"C,GQWHL, ..., 0, 9mk, ..., 9mk) + d(F) Z "CO(L, ..., t,mhk, ... ,mk) € Z(R)

t=1

n—1 n—1
1

= (n—t)—times t—times (n—t)—times t—times

V&€, k €W, Using Lemma 2.1, we see that
nG@e, ..., 00,9k) + nd( D, ...,L,k) € Z(R)Y 9,0,k € W.
Since (R is n!-torsion free, we get
G, ..., 00,9R) + d(NHD, ..., 0LR) € Z(R)Y I,(,k € W.
Writing ¢ in place of £, we get
g@) + d()I(€) € Z(R)Y 9, € W.
Using the hypothesis, we obtain that

He LRV eW.
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On using the same arguments as after (2.11), we get the required result.
(if) Following the same steps as in (i), we discover that /R contains a nonzero central ideal.

(iii) It is given that
g([9,€]) + [d(), d(O)] = [9, €] € ZR)V I, L € W.

Replacing ¢ by £ + mk for £ € W and 1 < m < n — 1, we conclude that

n—-1
g([D, €]) + g([P, mR]) + Z "C,G(, L], ..., [0 €], [0, mR]), ... [0 mR])+

t=1

(n—t)—times t—times
n—1
[d(), d(O)] + [d(D), d(mh)] + [(D), Z "CO(L, .., mk, ... mR)]
=1 (n—r)—times t—times

+[hL£[I,mhle ZR)Y I, L,heW.
On using the hypothesis, we get

n—1 n—1

D CGD, L, 9, €L, [0, mA, . [0, mAD + [d@), Y "CD(L,.... Comh, ..., mk)] € Z(R)

=1

(n—1)—times t—times =1 (n—t)—times t—times

V&, ¢,k € . Using Lemma 2.1 and the fact that (R is n!—torsion free, we have
G L], ..., 9,60, [9, k] + [d(D), D, ....t,LR)] € Z(R)Y &, L,k e W.
Writing € in place of £, we obtain
g([3,€]) + [d(3),d(0)] € Z(R)Y I, € W.
Using the hypothesis, we obtain that
[P, €] € ZIR)VY D, LeW.

By Lemma 2.3, we conclude that (R contains a nonzero central ideal.
(iv) It is given that
g@@ol)y+d(@)od(l)xPdolt e Z(R)Y I, LeW.

Replacing ¢ by € + mk for £ € W and 1 <m < n — 1, we arrive at

n—1
g(ﬂ05)+g(ﬁomé)+Z”Ctg(ﬂO&...,190€,ﬁomfé,...,ﬁom/é)+

t=1

(n—t)—times t—times

n—1
d(P) o d(€) + d(}) o d(mk) + () o Z "C,OL, ..., 0,mk, ... ,mk)

=1 (n—r)—times t—times

+Pol+Gomhe Z(R)Y DI EAEeW.
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On using the hypothesis, we get

n—1 n—1

DCGW oL, .., ol B omh, ... 0omh) +d®) 0 > "CD(L,....L.mh, ..., mk) € Z(R)
=1 (n—t)—times t—times =1 (n—t)—times t—times

V&, ¢,k € . Using Lemma 2.1 and using the fact that (R is n!—torsion free, we get
CWodl,...,000,00R)+d(F)oD(,...,L,k) e Z(R)Y B, {,k eW.
Write € in place of £ to get
g@ol)+d() od(t) e ZIR)Y I, L eW.
Using the hypothesis, we obtain that
Dolte Z(R)Y I, LeW.

We conclude by Lemma 2.4 that /R contains a nonzero central ideal. The proof is complete. O
3. Permuting n-multipliers

This section deals with the study of permuting n-multipliers. The idea of a permuting n-multiplier
was initially suggested by Ashraf et al. in [4], and they proved some interesting results. In the present
section, we examine the action of symmetric n-derivations satisfying the functional identity f(i)i +
ig(i) = 0V ietW, anonzero left ideal of /R where f and g are the traces of symmetric n-derivations D
and @, respectively. We begin with the following:

Definition 3.1. A permuting n-additive map A : R" — R is called a permuting left n-multiplier (resp.,
permuting right n-multiplier) if

A(il,iz,...,i,i;, ,ln) = A(il,iz,...,it,...,in)i;

(resp., A(i], iz, ey iti;, ey ln) = itA(il, iz, ey l;, Ceey ln))

holds V iy, i € R, t = 1,2,...,n. If A is both a permuting left n-multiplier and a permuting right
n-multiplier, it is referred to as a permuting n-multiplier. For related results, see [4,5].

According to Bresar’s proof in [9, Theorem 4.1], if R is a prime ring, ¥’ is a nonzero left ideal
of R, and d and g are nonzero derivations of R satisfying d(i)i — ig(i) € Z(R) Vi € W, then R is
commutative. We expand the previous result by demonstrating the following theorem for the trace of
n-derivation of R.

Theorem 3.2. Let R be an n!-torsion free prime ring and W be a nonzero left ideal of (R. Suppose
that R admits two symmetric n-derivations © : R" — R and G : R" — R with f and g as traces of
D and G, respectively. If f(i)i + ig(i) = 0V i € W, then either R is commutative or G acts as a left
n-multiplier on . Furthermore, in the last case, either © = 0 or W[W, W] = 0.
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Proof. By hypothesis, we have
f@i+igi)=0VieW.

Replacing iby i+ mffor{ e Wand 1 <m <n -1, we get
faG+mO)i+ml)+ (i+mbg(i+ml) =0V i, e

On using the definition of f and g, we see that

i ,i,mf,...,mf))(i+m£)+
—— Y—

(n—t)—times t—times

n—-1
() + 1m0 + Y e
t=1

n—1
i+ mO)(3() + gmd) + ) "C.G(
t=1

i ,i,mt’,...,m{’)):OVi,few.
—— Y

(n—t)—times t—times

On using the given condition, we get

n—1
f@me + f(mO)i + ig(ml) + m€g(i) + (; "CD(iy... i ml,...,mb))i+ml)+

(n—t)—times t—times

n—1
i +mO( ) "CGCi...,imb,...,m0) =0

=1 (n-f)~times ~ ¢—times
Vi,£ € . On using Lemma 2.1, we get
fO)i+nD3, 1L, ....0C0+ig(0) +nlG3UE L, ....,0) =0 3.1
¥ i,¢ € WW. Replace i by i/ to obtain
fOik + nidD(k, L, ..., 00+ nDq, 1L, ..., O )R +ikg(0)+ (3.2)

nCiGQkR, ¢, ....0) + G, ¢,...,00k =0V i,{,k e W.
On comparing (3.1) and (3.2), we get

—ig(O)h — DG, L. .., Ok +niDA, L, ..., 00 + nDG, L, ..., Okt+
ihg(€) + nbiG(h,€,...,0) =0V i,6,h €10,

This implies that
ilk, 9(O)] + nDq, ¢, ..., 0k, ] + niDQK, L, ..., 00 +nliGQKR, L, ....,6) =0 (3.3)

V i,¢,k € W. Substitute ri for i in (3.3) to get

ri[k, g(O)] + nrD(, ¢, ..., O[R, L] + nD(r, ¢, ..., Ok, {1+
nrid(R, L, ..., 00 +nlriGR,C,....,0) =0 (3.4)
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Vi,t,k € W, reR. Compare (3.4) and (3.3).

n®(r, L, ..., 0ik, 0] + nlriGk, ¢, ..., 0) —nrliGQk,¢,...,0) =0
Vi,t,k,e W, reR.

Since R is n!—torsion free, we obtain
D, ..., Oik, ]+ [, rliGQR, ¢ ..., 0 =0 (3.5
Vi, ¢,k € W, r e R. Replacing € by £ in (3.5), we see that
[R,rlig(R) =0V i,k e W, reR.
Substituting ri for i, we get
(&, r]rig(k) =0V i,k € W.

Since (R is a prime ring, it yields that either [#,r] = 0 orig(R) = 0. If [k, r] =0V A € W and r € R,
then replacing £ by sk, we get [s,r]k = OV £ € W,r,s € R. Again, replace £ by rk such that
[s,rlrk =0V £k € W,r,s € R. Since (R is a prime ring, we conclude that (R is commutative. Next, if
ig(R) =0V i,k € W, then replacing £ by £ + m{, we get

iglh +mt) =0V i,k eW.

That is,

n—1

ig(h) +ig(m€) +i )" "C,G(h, ..., K,ml,....m0) =0V i, €, fi € W,

=1 (n—t)—times t—times

By using Lemma 2.1 and the fact that (R is n!—torsion free, we get
IGR,C....,.0) =0V i,{,k e W.

This implies that
GGk, L, ....0) =G>, ¢, ..., 0k.
Hence, @ acts as a left n-multiplier. Since iG(&,¢...,0) =0V i,{,k € W, using (3.5), we arrive at

D(r L, ..., Ok =0V i, ke W, reR.

Replace r by sr to get
(s, 4, ..., ORIk, ] =0V i,l,keW.

Primeness of R yields that either D(s,¢,...,) = 0ori[R,{] =0V i,(,k € W,s € R. If D # 0, the
latter results in W[W, 1] = O. |

Following the same vein, we can also demonstrate the following:

Theorem 3.3. Let (R be an n!— torsion free prime ring and W be a nonzero right ideal of R. Assume
that © and G are two symmetric n-derivations of (R with trace f and g, respectively. If f(i)i +ig(i) =0
Vi e W, then either R is commutative or D acts as a left n-multiplier on Y. Furthermore, in the last
case, either G = 0 or W[W, W] = 0.
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In view of the above result, we obtain the following known results:

Corollary 3.4. [1] Let (R be a prime ring of characteristic not two, W be a nonzero left ideal of R and
Ay, Ay be symmetric bi-derivations of R with traces d, and d,, respectively. If A(i,1)i + iA(i,i) =0V
i € W, then either R is commutative or A, acts as a left bi-multiplier on Y. Moreover, in the last case

either Ay = 0 or W[W, W] =0.

Corollary 3.5. [I] Let R be a prime ring of characteristic not two, W be a nonzero right ideal of R
and Ay, A, be symmetric bi-derivations of (R with traces d, and d», respectively. If A\(i, 1)i+iA(i,1) = 0
Vi e W, then either R is commutative or Ay acts as a left bi-multiplier on W. Moreover, in the last
case either A, = 0 or W[W, W] = 0.

The next result is the generalization of Vukman’s result [18]. Indeed, Vukman showed that if R is
a prime ring of characteristic different from two and three, and there exist symmetric bi-derivations
DI RXR > Rand D, : R X R — R, such that fi(a)fs(a) = 0, VY a € R holds, where f; and f,
are the traces of ©; and D, respectively, then either ©; = 0 or D, = 0. We extend this theorem for
g-iterations of n-derivations.

Theorem 3.6. Let R be an n!-torsion free prime ring, W be a nonzero ideal of R and g > 1, be a fixed
integer. Consider D1,D,,...,D, : R" — R to be n-derivations on R such that ¢,(i;)d»(iy) - - - d,(i,) =
O0Viy,i,...,i; € W where ds, are traces of D's, respectively. Then, one of the following holds:

(1) di(iy) =0V iy e W;
(2) All ©, act as left n-multipliers on R for p =2,3,...,q.

Proof. We will prove it through induction. If we put ¢ = 1 in our hypothesis, then it is obvious that
d,(iy) = 0V i; € . Now, consider g = 2, and by the hypothesis, we have

cql(l.l)caz(l.z) =0Vi,i € Ww. (36)
Replacing i, by i, + mé; for €, e Wand 1 <m <n -1, we get
(Ql(l.l)(ﬂz(l.z + mfz) =0Vi, b6 € W,

On simplifying, we get

n—-1
d1(iDda(i2) + d1(i)da(mlbs) + (i) Z "CiDa(in, - - iz,w) =0 3.7)
=1 (n—1)—times t—times

Vi, 1,0, € W. Compare (3.6) and (3.7) and use Lemma 2.1 to get
ndi(i)Do(ia, ... i, 6) = 0V iy, 0, 6 € W.
Since R is n!-torsion free, we obtain

&1 (@)Do(in, .y 00,00) =0V iy, i, 0 € W, (3.8)
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Replacing ¢, by ¢£,r in (3.8), we obtain
& ()00, ...yl ) =0V iy i, L e W, r e R,
i.e.,
di (i) RD (1, .. . 02, 1) = (0) V iy, ip, & € W

Since R is a prime ring, we can find either ¢;(i;){, = 0 or D,(iy,...,i,r) = 0. Consider the first
case, d,(i;){, = 0. Again, R is a prime ring, and we get d,(i;) = 0. Now, consider the latter case,
Dy(iny ... i, r) =0V i, € W, r e R. A straightforward modification shows that D,(is, ..., 0, wir) =
Dy(ia, ..., i, wr Y wy € W, r € R. Hence, D, acts as a left n-multiplier as desired.

Next, suppose that it is true for n = g — 1, and we shall prove it for n = g. Let us assume the
hypothesis:

(g](i])(gz(iz) s (Qq(lq) =0V i,00,..., iq e . (39)

Replacing i, by iy + m¢, for {; € ¥ and 1 < m < n—11in (3.9) and taking account of Lemma 2.1, we
get

nd 1 (i)dy (i) - dgo1(ig-1)Dy(igs - . ., 1g, €g) = 0
Vi, i, ..., ig, 0, € W. Since R is n!-torsion free, we see that
di(@)dr(in) - - - dye1 (ig-1) Dy iy, - - . 1 ig, ) = 0. (3.10)
Substituting £,u for £, in (3.10) and using (3.10), we arrive at
D(idain) -+ dgi(ig-1)EgDy i . igeu) = 0,
i.e.,
di(@)dr(in) - - - dgei (ig-1))lGR D (iys - . ., g, u) = (0)

Vi, i, ..., it € W,u € R. Primeness of R gives that either ¢;(i;)d>(i») - dg-1(i;-1) = O or
Dyligs. . sigyu) = 0V iy, in,...0ip € W, ue€ R I d1(i1)da2(ir) - - dy—1(iy-1) = O, then we are done by
the former case. If D,(iy,...,i5,u) = 0V i, € W, u € R, then we can easily compute that
Dyligs .. sigpwoi) = Dyligs ... igwe-Du ¥ igyweey € W, u € R. Hence, D, acts as a left
n-multiplier on R as desired. The theorem’s proof is completed with this conclusion. O

4. Conclusions and further remarks

In this article, we discussed some results concerning the containment of a nonzero central ideal in
a ring R satisfying certain functional identities involving the traces ¢ and g of symmetric
n-derivations @ and @, respectively. Besides proving some results concerning the traces of permuting
n-derivations, some results related to permuting n-multipliers are also discussed in the last section. In
fact, we characterized symmetric n-derivations of prime rings in terms of left n-multipliers. In future,
it would be interesting to study these functional identities in the setting of generalized permuting
n-derivations and its related maps in rings with involution.
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