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1. Introduction

The non-isentropic Euler equations in R" in fluid dynamics with a time-dependent linear damping
and Coriolis force can be expressed as follows:

0; + div(pu) = 0, (1.1)
(ou), + divipu®u) + pJu + a(t)pu + vp = 0, (1.2)
S,+u-vS =0, (1.3)
where w = (uy,uy,- -+ ,uy)’ is an N-dimensional velocity field, p(x,t) and p(x,f) = e5p” represent

density and the pressure function respectively, J = —J representing Corilis force is an anti-symmetric
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matrix. The damping term «(f)pu with a(f) > 0 as a coeflicient of friction is proportional to the
momentum.

For the special case when a(f) = 0, the equations are reduced to Euler equations extended and
governed by Coriolis rotational force [1-4]. The theoretical global existence of the Euler equations
with rotational forces can be referred to [5—7]. Further studies on stability and tropical cyclones driven
by this model can be referred to [8—13].

It J =0, (1.1)—(1.3) are reduced to non-isentropic linear-damped Euler equations, which provide
an important model regarding to its physical behaviours. The system can also be used to describe
compressible gas dynamics through a porous material driven by a friction force [14-16]. Weak
solutions of the damped Euler equations are shown with asymptotic and large-time behavious
in [16-19]. Chow, Fan, and Yuen, in 2017, constructed the solutions of Cartesian form with J = 0
in [20], which can be regarded as a special case in this article, while taking the parameter y and 2«
in [20] to be ¥ + 1 and a respectively. For time-dependent damping, Dong and Li studied a class of
analytical solutions with free-boundary [21] in 2022.

For the case with J = 0 and a(?) = 0, the system (1.1)—(1.3) is reduced to the Euler equations

pr + div(pu) = 0, (1.4)
(ou); + div(pu®u) + vp = 0, (1.5)
S;+u-vS =0. (1.6)

There are lots of researches on Euler equations, for example, see [22-26]. Among all the topics,
constructing analytical and exact solutions are crucial [27-34] with a common pattern of the velocity
function u in linear form in many previous studies. For non-isentropic Euler equations, Barna and
Mityas presented the analytic solutions for one-dimensional Euler equations and three-dimensional
Navier-Stokes equations with polytropic equation of state [34,35], which can be referred to by taking
n # v and the viscosities to be zero respectively. Based on the linear form of velocity, An, Fan, and
Yuen contributed with Cartesian rotational solutions to the N-dimension isentropic compressible Euler
equations (1.4)—(1.6) [36] in 2015:

u = b(r) + A(H)x, (1.7)

where b(f) and A(¢) are vector and matrix respectively. Further studies have shown the existence of
general solutions in Cartesian form to isentropic Euler equations with damping and rotational forces
in [20] and [37], respectively.

Referring to the many blowup pheonomena studies [38—40], the global solution is still complicated
to look for.

2. Materials and methods

In this article, the existence of a form of Cartesian solutions to non-isentropic Euler equations with
rational force and linear damping (1.1)—(1.3) is proven by adopting mainly techniques on matrices,
vectors, and curve integration. Enforcing ¢ = p and regarding velocity field u as an linear
transformation of x € R", the problem is equivalent to finding the pressure function p, which leads us
to a quadratic form and requirments on the matrix A and vector b. With this finding, we can construct
some special exact solutions, which could be utilized in benchmarks for testings, simulations of
computing flows.
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In the following sections, we will prove the existence of the non-isentropic damped Euler equations
with Coriolis forces, which admit Cartesian solutions by using appropriate requirements on matrix
A and vector b. We will give examples on this first cartesian form solutions to non-isentropic Euler
equations based on our finding.

3. Results

In this section, we consider the non-isentropic Euler equations. Suppose that the density p and
pressure p satisfy the relation

plp) =e’p, (3.1

where the constant y = ¢,/c, > 1, and ¢, and ¢, are the specific heats per unit mass under constant

pressure and constant volume, respectively. Then we have the following theorem.

Theorem 3.1. If matrices A with tr(A) = 0 and B = (A, + A> + JA + a(t)A)/2 satisfy the matrix
differential equations

BT = B, 3.2)

B,+BA+A'B=0, (3.3)

then the compressible Euler equations with a time-dependent linear damping and Coriolis force (1.1)—
(1.3) have explicit solutions in the form

u = b(r) + Ax, (3.4)
0 = u[~x" (b, + Jb + a(t)b + Ab) — X" Bx + c()]”, (3.5)
S =Iny+ % In[-x" (b, + Jb + a(t)b + Ab) — x” Bx + c(1)], (3.6)

1
where u = (y%)?; the vector function b(t) and scalar function c(t) satisfy the ordinary differential

equations:
(b, + Ab + Jb + a()b), + A" (b, + Ab + Jb + a(£)b) + 2Bb = 0, (3.7

¢, — b (b, + Ab + Jb + a()b) = 0. (3.8)
Proof. By (3.65), (3.5) and (3.6), p > 0, S = Inp. Let

p= o7, (3.9)

Y

vp 1

1 +1
L2 vty = v = (y+ D tvp = v(L
p P P

0) = Vp. (3.10)
Y

With (3.9), the compressible Euler equations (1.2) and (1.3) can then be written as

0; + div(pu) = 0, (3.11)
u+ - viu+Ju+a@®u+vp =0, (3.12)
S;+u-vS =0. (3.13)
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Owing to the equivalent relation (3.9) between p and p, we mainly deal with p when solving

Eqgs (3.11) and (3.12). Substituting Eq (3.4) into Eq (3.12), we have

u+u-viu+Ju+a®u+vp

=b, + Ax+ [(b+ Ax) - V](b + AX) + JAX + a(H)AX + Jb + a(t)b + Vp
=b,+Jb+a(®)b+Ax+ (b V)AX + (AX - V)AX + JAX + a(t)AX + Vp
=b,+(A+J+a@®)b+ (A +A>+ JA + a()A)x + vp=0.

Let
1
B = (bij)nxn = E(Az + A% + JA + a(DA), J = (&ij))nxn-

Then the above equation can be written into a component form

N _
0
Qi(x1,-++ ,xn) = by — a(t)b; - Z(aikbk + gibi + 2biyxy) = a_p’

Then, the following sufficient and necessary compatible conditions of these N equations,

90Q;(xy, -+, xn)  0Qi(x1, -+, xy)
Ox,- B (9Xj ’

lead to

b bij, i,j:1,2,"‘,N,

ji =

i=1,2,---,N.

(3.14)
(3.15)
(3.16)
(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

which implies that B = %(At + A% + JA + a(f)A) is a symmetric matrix. Under the condition (3.20),

p(x) is a complete differential function,

0
dﬁ(X)—Z PO g ZQ(xl, - xd;

i=1

Therefore we can choose a special integration route to obtain

(X1,X2,°
px, 1) = Zf Qi(xl,xz, s, Xy)dx;

X2
Zf Ql(xl,O,"',O)dxl,‘l‘f Qa(x1,x2,0,--+,0)dxy
0 0

XN
+f OnN(X1, X2, -+, xn)dxy

= - Z {b,, + Z(Chkbk + giby) + a(t)b; ] X — Z b”x 2 Z bixixi + c(t)
i=1

k=1, i<k
= —x’ (b, + Jb + Ab + a()b) — X' Bx + ¢(?).

Next, we show that functions (3.4)—(3.6) satisfy (3.11). By (3.9), we have

(/JPV)z = - Pz,
7

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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1 _1_ _
ptr(A) = uprir(A) = gpw Lytr(A)p, (3.28)
_1 H_1_y_
Vo =Vv(upr) = ;pv vp, (3.29)
u-vp=HEpulvp. (3.30)
y

From Eqgs (3.27)—(3.30), we have

p; +div(pu) = p, + ptr(A) +u - Vp
. ‘;‘ 5 (x" (b, + Ab + Jb + a(t)b), + X Bx — ¢,(f)
+ ytr(A)[x” (b, + Ab + Jb + a(t)b) + X Bx — (1)]
+ (b + Ax)' (b, + Ab + Jb + a()b + 2Bx)} (3.31)
= _ H 531 x" (B, + ytr(A)B + 24T B)x
Y
+x[(b, + Ab + Jb + a()b), + (ytr(A)] + AT)(b, + Ab + Jb + a(1)b) + 2Bb]
— [¢, + ytr(A)c — bT (b, + Ab + Jb + a()b)]} (3.32)
= - 5 xT B, + 247 BIx
Y
+x[(b; + Ab + Jb + a()b), + AT(b, + Ab + Jb + a(f)b) + 2Bb]
— [, = bY (b, + Ab + Jb + a()b)]} = 0, (3.33)

where we use the condition of the first term

x'(B, + 2ATB)x = 0, (3.34)
which is equivalent to
(B, + 2ATB) = —(B, + 2A"B), (3.35)
that is,
B, +BA+ATB=0, (3.36)

which is (3.3). The second and third terms are controlled to be 0 with (3.7) and (3.8). By (3.6), we
have

1
S =1Inu + — In[-x" (b, + Jb + a(t)b + Ab) — x" Bx + ¢(¢)] = Inp. (3.37)

Y

From (3.9), (3.37) is equivalent to
_ |
S =In(up’)=Inpu+ —Inp, (3.38)
Y
(np), 1_,_
Si= L = 5 p, (339)
Y Y
1 I S
VS =—-vInp=—-p vp. (3.40)
Y Y
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Substituting (3.4)—(3.6) and (3.38)—(3.40) to (3.13) and using (3.3), (3.7), and (3.8), we obtain by a
similar argument used in obtaining Eq (3.33) that

1
S,+u-vS = —p '(p, +u’vp) (3.41)
4

1
= 7' [-x" (b, + Ab + Jb + a()b), — X" BX + ¢,(1)

— (x’AT + b")(b, + Ab + Jb + a()b + 2Bx)] (3.42)
1

2%{—XT[(I), + Ab + Jb + a()b), + AT (b, + Ab + Jb + a(1)b) + 2Bb]
—x'[B, + 2A" B]x + ¢,(t) = b" (b, + Ab + Jb + a()b)} = 0. (3.43)

|
We observe that Eq (3.3) is a N> matrix differential equation, which demands us to apply special
reduction conditions to acquire solutions.

Corollary 3.1. If A is an anti-symmetric matrix, that is

AT = -A, (3.44)
and the following conditions are satisfied:
A+ a(hA =0, (3.45)
AJ = JA, (3.46)
B, =0, (3.47)
b, +2Ab + (Jb + a(t)b), = 0, (3.48)
¢ — b’ (b, + Ab + Jb + a(t)b) = 0, (3.49)

then the compressible Euler equations (3.11)—(3.13) admit a general solution

u = b(?) + Ax, (3.50)
o = u[—x" (b, + Jb + a(t)b + Ab) — x" Bx + c()], (3.51)
S =Inyu+ % In[-x" (b, + Jb + a(t)b + Ab) — x” Bx + c(1)]. (3.52)

Proof. By (3.45) and (3.46),

BT = %(A, + A%+ JA + a(HA)T (3.53)
1

= 5[(—A)(—A) + (=A)(=D)] (3.54)

= %(A2 +JA) = B. (3.55)
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We can then simplify (3.3), (3.7), and (3.8) into (3.47), (3.48), and (3.49). Since matrix A is anti-

symmetric, we have
BA+AT'B=0.

By (3.47), we have
Bl‘ = O’

B,+ BA+A"B=0.
Thus, Eq (3.3) is ensured.

Since
B" = B,
AJ = JA,
AT +A =0,
we have

(b, + Ab + Jb + a(t)b), + AT (b, + Ab + Jb + a(t)b) + 2Bb
= b, + A,b + Ab, — Ab, — A(Ab + Jb + a(f)b)

+ (A, + A% + JA + a(HA)b + (Jb + a(H)b),

= b, +24,b + (Jb + a(t)b), = 0.

Thus, Eq (3.64) is simplified to (3.48). m

(3.56)

(3.57)
(3.58)

(3.59)
(3.60)
(3.61)

(3.62)

(3.63)
(3.64)

Next, we give the following examples in 2 to N-dimension to demonstrate special cases of this

corollary.

Remark 3.1. As (3.5) and (3.6) demand
—x"(b, + Jb + a(t)b + Ab) — x" Bx + c(t) > 0

for the positivity of the argument of the logarithm and density, the solutions exist locally.

Example 3.1. When a = 0, we have the following examples:
2-dimensional Case: We take constant matrix

0 1 ] b < 2[ cos(k;t)

A=T=k [ -10 sin(ky 1)

], c(t) =0,

where ki and k, are arbitrary constants.
By (3.18),

1 2 1 2 2
B= (A +AT+JA+a(DA) = (247 = A

-1 0
_ 1.2
=k [ 0 —1]'

(3.65)

(3.66)

(3.67)

(3.68)
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Since A is a constant matrix, A, = 0, taking a(t) = 0,

_d(A+ A%+ JA + a(HA) B
B 2dt B
Egs (3.45) and (3.47) are satisfied. As J=A, Eq (3.46) is guaranteed. Equation (3.48) is satisfied by

B, 0, (3.69)

b, +2Ab + (Jb + a(H)b), (3.70)
=—ki’b+0+Jb, +0 (3.71)
_ 2 cos(kt) ) 0 1 —sin(kt) |
=R intn) ]”‘1 kz[ -1 0 H cos(ki1) ]‘0’ (0.72)
Eq (3.49) is satisfied by
¢, —bT (b, + Ab + Jb + a(t)b) (3.73)
~ cos(ki?) | — sin(ky1) 0 1 ][ costkis)
- O_kz[ sin(k, 1) ] (klkz[ cos(ki ) ]”klkz[ -10 H sin(ki 1) ]) G749
ol costn [ sintkr) ]
= ~hik [ sin(k,t) ] [ —cos(k;t) ] =0. (3.75)

we obtain the following solution:

_ ko cos(kit) + k1 x,
wo) = [ Ky sin(ky 1) — kyxy ] (3.76)
0 = u[-x" (b, + Jb + a(t)b + Ab) — x” Bx + c(1)]7 (3.77)
= u[-x" (b, + 2Ab) — x” A%x] (3.78)
T —sin(k; 1) —sin(k; 1) Y B 1
= ,Ll[ X (k]kz[ cos(ky1) :| + 2k1k2[ cos(k;?) ) =Xk 0 —1 X] (3.79)
= ulk 2% + x22) + kiko(= sin(ky0)x; + cos(ky)x2)]7, (3.80)
1
S=Inu+ y In[-x” (b, + Jb + a(t)b + Ab) — x” Bx + ¢(?)] (3.81)
1
=Inpu+ > In[k;%(x1% + %) + kiko(= sin(k £)x; + cos(k;1)x2)]. (3.82)
3-dimensional Case: We take constant matrix
0 1 -1 1 5
3k, ,
A=J=k|-1 0 1 |, b=ky| 1 ,C(Z)ZTZ, (3.83)
1 -1 0 1

where ki and k, are arbitrary constants.
Since matrix A is a constant matrix, (3.45)—(3.47) are satisfied. By using of (3.83), (3.48) and (3.49)
are ensured. By (3.18),

1 1
B= E(A, + A%+ JA + a(HA) = 5(2AZ) = A® (3.84)

AIMS Mathematics Volume 8, Issue 7, 17171-17196.



17179

-2 1 1
=kl 1 =2 1 | (3.85)
11 =2

Since A is a constant matrix, A, = 0, taking a(t) = 0,

g _ A+ A+ JA+ a(DA) _

¢ i 0, (3.86)

Egs (3.45) and (3.47) are satisfied. As J = A, Eq (3.46) is guaranteed. Equation (3.48) is satisfied by

b, + 2A,b + (Jb + a(t)b), (3.87)
=0+0+Jb,+0 (3.88)
0 1 -11]7[1
=kik| -1 0 1 1{=0 (3.89)
1 -1 0 1
Eq (3.49) is satisfied by
¢, = bT (b, + Ab + Jb + a(r)b) (3.90)
’ 1 0 1 —11[t¢
=3k’ -k | t | k| 1 |42k =1 0 1 t (3.91)
t 1 1 -1 O t
= 3ky%t — 3k’ + 0 = 0. (3.92)

Therefore we obtain the solution:

kot + ki (x2 — x3)
u(®) = kot + ki(xzs — x1) |, (3.93)
kot + ki(x; — x2)
0 = u[—x" (b, + Jb + a(t)b + Ab) — x" Bx + c(H)]? (3.94)
3k,*
= u[-x" (b, + 2Ab) — x" A% + 7212]% (3.95)
1 -2 1 1 32
=ul—x"(ka| 1 |+0)=x"k2| 1T -2 1 |x+=2£) (3.96)
2
1 1 1 =2
2,2 2 2 ?’kZ2 211
= ,Lt[2k1 (X1 + X"+ X37 — X1 X — X1 X3 — Xz)C3) - kz(xl + X + X3) + Tl ]7, (397)
1
S=Inu+ ; In[-x" (b, + Jb + a()b + Ab) — x Bx + ¢(1)] (3.98)
1 2,2 2 2 3k22 2
= ln,u + — In[2k; (X] + X"+ X37 — X1 X2 — X1 X3 — X2X3) - kz(xl + Xy + X3) + TI ]. (399)
Y
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Remark 3.2. The 3-dimensional example has the same setting with Example 5 in [37], which admits

the same u solution but has different entropy and density.

4-dimensional Case: We take

0 -2 1 1
2 0 1 -3
A=J=h -1 -1 0 2V
-1 3 -2 0
1
1 2.2
b:kzt1 , c(t) =2kt
1

where ky and k, are arbitrary constants. By (3.18),

1 1
B = E(A, + A2+ JA +a(HA) = 5(2Az) = A?

6 2 -4 8
_p2| 2 -4 08 4
Ml 4 8 -6 2

8 4 2 -14

Since A is a constant matrix, A, = 0, taking a(t) = 0,

g - dA+ A+ JA+ a(DA) _

! 2dt 0,

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

Egs (3.45) and (3.47) are satisfied. As J = A, Eq (3.46) is guaranteed. Equation (3.48) is satisfied by

b, + 2A,b + (Jb + a(t)b),

=0+0+Jb,+0
0 -2 1 1 1
2 0 1 =311
skl 0 2 | [T
-1 3 -2 0 1
Eq (3.49) is satisfied by
¢, — b’ (b, + Ab + Jb + a(f)b)
t 1" 1 0 -2 1 1
2 |t 1 2 0 1 -3
=4kt — ky ; ky 1 + 2k k> 1 -1 0
t 1 -1 3 =2 0

= 4ky%t — 4kt + 0 = 0.

~N N N N

(3.105)
(3.106)

(3.107)

(3.108)

(3.109)

(3.110)
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We have the following solutions:

2% + X3 + X4
2x1 + x3 — 3x4
—X1 — X + 2)64
—X1 + 3x — 2x3

u = kot + ky ,

p— ek

0 = u[—x"(b; + Jb + a(t)b + Ab) — X" Bx + c(£)]7
= u[-x" (b, + 2Ab) — x" A%x + 2k,212]7

1 -6 2 -4 8
2 -14 8 4 i
T T2 2211
—[l[ X(k2 1 + 0) X k; _4 3 _6 ) X + 2k t7]
1 8 4 2 -14

= pl—ky(x; + X2 + X3 + x4) + k16X, + 14257 + 6237 + 14xy”

—4x1% + 8x1x3 — 16x1x4 — 16x2x3 — 8x2x4 — 4X3X4) + 2](221‘2]%,

1
S =1Inu+ — In[-x" (b, + Jb + a()b + Ab) — X" BX + c(t)]
4

1

=Inp + — In[—ky(x; + X + X3 + x4) + k7 (6x,% + 10x2% + 6237 + 14x,°
Y

—4x1xy + 8x1x3 — 16x1x4 — 16x23 — 8x2x4 — 4X3x4) + 2ka212].

Example 3.2. When « is a constant, we have the following examples.
2-dimensional Case: We take

0 1 1
R —at — —at

c(t) = m > 0, where ki, k, and m are arbitrary constants. Then we get a solution

kixs + ko
—k1x1 + k2 ’

u(t):e“”[
1
p = pmr,
1
S=Inu+—Inm.
Y

3-dimensional Case: We take

0 1 1 1
A=-J=ke™| -1 0 1|, b=ke™| 1|,
-1 -1 0 1

c(t) = m > 0, where ki, ky, and m are arbitrary constants. Then we get a solution

k] (.X2 + X3) + k2
ki(x3 — x1) + k2
—kl(xl + Xz) + kz

ui)=e ™

b

(3.111)

(3.112)
(3.113)

(3.114)

(3.115)
(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)
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1
p = pmy,
1
S=Inu+—Inm.
Y

4-dimensional Case: We take

0 1 1 1
-1 0 1 1
— — —at — at
A=-J kle 1 -1 0 E b k2€
-1 -1 -1 0

c(t) = m > 0, where ki, ky, and m are arbitrary constants. Then we get a solution

kl(XZ + X3 + X4) + kz
ki(xs + x4 —x1) + ko
ki(xs = x1 = x2) + ko
—kl(Xl + X + X3) + kz

ui) =e "

b

1
p = pmy,
1
S=lny+—Inm.
Y

N-dimensional Case: We take

0 1 1 1
-1 0 1 1
A=ke| -1 -1 " 1|, b=ke™
Do R
| -1 -1 -1 0

J==-A, c(t)=m>0,
where ki, ky, and m are arbitrary constants. Then we get a solution
N i-1
wi= e () x— ) x0)+kal,
k=i+1 k=1
1
p = pumy,

1
S=Inu+—Inm.
Y

S S W—y

(3.124)
(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)
(3.134)

Proof. Since N-dimensional case covers 2 to 4-dimensional cases, here gives the verification of N-

dimensional case. (3.46) is guaranteed by J = —A, with
A, = —akie™ = —aA,

(3.45) is satisfied. Therefore,

1
B:E(A,+A2+JA+aA):O, B, =0,

AIMS Mathematics
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(3.47) is ensured. Substituting (3.130) and (3.131) into (3.48) and (3.49) produces

b, + 24;b + (Jb + a(f)b),
= a’b + 2aAb + (ab — Ab),
= a’b + 2aAb — &b — 2aAb = 0,

and

¢, — b’ (b, + ab + Ab + Jb)
=0 — b’ (—ab + ab — Jb + Jb) = 0.

m When «(¢) is not a constant, we have the following examples.

Example 3.3. (2-dimensional case) We take

a0 ok ke ]O -1 a1 ~ ok
A_zk[_1 o]’ J=(@" - — [1 0 ],b_t [1],c(r)_/3,a(r)_—7,

ki

where k; < 0, k,, and 8 are arbitrary constants. As

AJ:JA:(IZkl—kz)[(l) (1)]

(3.46) is satisfied.
Denoting

0 1 1
Q:(C]ij)NxNZ[ 1 O]’W:[ 1 },
it is easy to see
A, = k70 = —a(DA,
and,

A%+ JA A+ A k k
_ AT+ :( +J) 2 oa= Xy _pr
2 2 2tk 2

k
B, = (—521), =0,

B

therefore, (3.47) is satisfied. Since

k
b, = —a(t)b, J = ITZIQ _ A,

(3.48) is satisfied by
b, +24,b + (Jb + a(H)b),
= — (a()b), — 2a(r)Ab + [(%Q - AW, + (a(1)b),
= — 2a()Ab — (Ab),

(3.137)
(3.138)
(3.139)

(3.140)
(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

(3.150)
(3.151)
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= — 2a(t)Ab — Ab, — A,b
= — 2a(t)Ab + a(t)Ab + a()Ab = 0,

(3.49) is satisfied by

¢, — b’ (b, + Ab + Jb + a(f)b)

k
=0 — AW kA w o+ O w (th| — fOrw — k4w

k
=0 — ¢k WT(,k—zl O w)

= — ko'W Ow
N

= — kyt© Z gij = 0.

i=1,j=1

Then we get a solution

u(r) = T )
1—)(71
X124 12 1
Ie :u[kz(% - X] — Xp) +,3];,
1 2+ 2
S =Inu+ —ln[k2(¥ — X1 — 1) +f.
Y

Example 3.4 (3-dimensional case). We take

0 1 1 b [0 -1 -
A=Al -1 0 1 ,J:(t"‘—%l) 1 0 -1
-1 -1 0 111 0

where ki < 0, k, and 3 are arbitrary constants. As

2 1 -1
Al=JA=(""-k)| 1 2 1 |,
-1 1 2
(3.46) is satisfied.
Denoting
0O 1 1 1
Q:(qij)NxN: -1 0 1|, w=|1][
-1 -1 0 1
it is easy to see
A; = —a(H)A,
A*+JA  (A+DA kb ka o o1
2 2 2tk 2 Q

AIMS Mathematics Volume 8, Issue 7,

1
, b:t"ll 1 ],c(t):ﬁ,a(t):—
1

(3.152)
(3.153)

(3.154)
(3.155)

(3.156)
(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

k
71, (3.162)

(3.163)

(3.164)

(3.165)

(3.166)
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-2 -1 1
2
B:A ;JA:I& -1 -2 -1,

1 -1 =2
therefore

B" =B B, =0,
(3.47) is satisfied.
Since
ks
b, = —a(t)b, J = tTIQ —A,

(3.48) is satisfied by
b, + 2A:b + (Jb + a(t)b),
= — (a(Db); — 2a(1)Ab + [(%Q - A)f'w], + (a(t)b),

= — 2a()Ab — (Ab),
= —2a(Ab — Ab, — Ab
= — 2a(H)Ab + a(t)Ab + a()Ab = 0,

(3.49) is satisfied by
¢, —bL (b, + Ab + Jb + a(t)b)

ky
=0 — tleT[kllkl_IW + lkl Qlklw + (tk_l _ tkl)thlw _ kltkl—lw]

k
=0 — ’k'WT(tTZ. O 'w)

= — k"'wl Ow
N

=—kt* Y ;=0

i=1,j=1

We then get a solution

Xy +x3+ 1
U(t) :tkl x3—x;+1 ,
—x;1—x+1

1
p = ulka(x1® + x2% + x37 + X% + X3 — X123 — 2x1 + 2x3) + B]7,

1
S=lnyu+ - ln[kz(x12 + 07 + X324 X100 + Xox3 — X1 x5 — 2x) + 2x3) + S].
Y

Remark 3.3 (N-dimensional case). We can abtain N-dimensional solutions denoting

0 1 1 1]

1 0 | i
0= (Clij)NxN = -1 -1 I |, w= E

Co 1 1

-1 -1 -1 0 |

(3.167)

(3.168)

(3.169)

(3.170)

(3.171)

(3.172)
(3.173)
(3.174)

(3.175)
(3.176)

(3.177)
(3.178)

(3.179)

(3.180)

(3.181)
(3.182)

(3.183)
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and taking

f@

k
A=f(DQ, J= (5= - fD)Q b= fOW, a@t) ===, c(r) =,

f® f@
where f(£)f(t) <0, k; and 3 are arbitrary constants. As

AJ = JA = (ki - ()@,

(3.46) is satisfied. It is easy to see

At = _a(t)A,
A +JA (A+J)A ki ki
B = = = - —
. T = a0 =50
therefore
B" =B, B, =0,

(3.47) are satisfied. Since

_ _ ko,
b, = —a(t)b, J = f(t)Q A,

(3.48) is satisfied by
b, + 2A;b + (Jb + a(1)b),

k
== (a(Ob), - 2a(1)Ab + [(]Tlt) — f)Of (W], + (a(D)b),

= —2a(H)Ab + (k;Ow — Ab);
= —2a(t)Ab — (Ab),
=—2a(H)Ab — Ab, — Ab
= —2a(H)Ab + a(H)Ab + a()Ab = 0,
(3.49) is satisfied by
¢, — b (b, + Ab + Jb + a(t)b)

. k .
=0 — f(OW' [f(t)w + F(DOF(t)W + (JTL) = f)Of(Ow — f(Hw]

~0- f(t)wT(]% 0F(H)W)
=— ki f(nw' Qw

N
=—kif® ) q;=0.

i=1,j=1
4. Conclusions and discussion

In this paper, we construct the Cartesian solutions

u=Db@) +A()Xx

(3.184)

(3.185)

(3.186)

(3.187)

(3.188)

(3.189)

(3.190)
(3.191)

(3.192)
(3.193)
(3.194)
(3.195)

(3.196)
(3.197)

(3.198)
(3.199)

(3.200)
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for the non-isentropic Euler equations with a time-dependent linear damping and a rotational force. By
constructing appropriate matices A(¢) and vectors b(¢), we obtain new theoretical new exact solutions,
which are obtained under the requirement of entropy S = In p. We then invite the scientific community
to provide solutions with other forms of or more general form of entropy. The global existence of the
solutions remains open, while the blowup phenomena are complicated to higher dimensional cases due
to the existence of many temporal variables and the multiple requirements imposed on them.
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Supplementary

Verification of examples on Euler equations

For simplicity, we use the same p defined in (3.9), solutions of p and § in all dimensions are
equivalent to
p = up7, (4.1)
1
S=Inu+—1Inp. 4.2)
Y
It is clear that from the theorem (3.5) and (3.6) and can be easily verified from substitution that all

solutions satisfy § = Inp. Dividing p from both sides of (1.2), we rewrite the Euler equations (1.1)—
(1.3) as

N 0 =0 4.3
p[+kZ_:‘5_xkpuk_ , (4.3)
ou; al ou; vy+1 0
& D e+ ==, 4.4
at+;uk<6Xk+Jk>+au+ T (4.4)

Yo
S, + u,—S = 0. 4.5)

; (9xk

Example 1
For 2-dimension case: Substituting (3.76)—(3.82) and (4.1) into (4.3) produces

0 0
pPr+ a—(Pul) + —(puz) (4.6)
X 0x,
1 0 1 0 1
=u(p?); + —Wpruy) + —upruy) 4.7)
(9)61 aXQ
M1y Jd 1 Jd _1
==p 7 p; + (kycos(kt) + kyxo)—up> + (ky cos(kit) — kyx1) —up” (4.8)
Y axl 8)62
=E 55 =Kk, cos(kyt)x) — ks sin(ki1)xa]
Y
u_1-» 0 __ u_1-» 0 __
+=p7 [p(ky cos(kit) + kixp)|+=p [ p(ky cos(kit) — kixy)] (4.9)
vy 0x; Y 0x;
:5 57 (—k2ky cos(kin)x — K2k sin(ki 1),
0
+ %[klz(xﬂ + X22) + kiko(= sin(k 1) x; + cos(ki1)x2)] (ks cos(kyt) + ki x2)
1
+ ai[kf(xlz + Xzz) + klkz(— SiIl(k] t)x1 + COS(klf)XQ)](kz sin(klt) - klxl)} (410)
X2
=E 55 =Kk, cos(kyt)x) — K2k, sin(ky 1),
Y
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+ (Zkfxl — k1k; sin(k; t))(kg COS(k]l) + k1x7)
+ (Zk%XQ + k1ky cos(ki1))(ky sin(k ) — k1x1)] = O.

Substituting (3.76)—(3.82) into (4.4), the first momentum gives

6u1+ (6u1+_ )+ (6u1+_ )+ +’}/+1 0 y
— +u(— Upy(— au + ——
ot 1 o, Ju 2 0y J12 1 Y 6x1’0
=— kiky sin(k1t) + u1(0 + 0) + (ko sin(kqt) — ki x1)(ky + ky) + Zk%xl — kik, sin(k1)
=0,
the second momentum gives
ouy ou, . ou, . vy+1 0
— +u(— + + up(— + + + —p”
% ul(@xl Jit) u2(6x2 J12) + auy » ﬁxzp
=ki1ky sin(kyt) + (ko cos(kit) — kix)(=ky — k1) + up(0 + 0) + 2](%)62 — kiky cos(kit)
=0.

Substituting (3.76)—(3.82) into (4.5) gives
0 0
Si+u—S +u,—S§
! h 8x1 = 6x2
1
:y—ﬁ(—ksz cos(kit)x; — k2ky sin(k;£)x,)
1
+ %(%%xl — kyky sin(k, £))(k, cos(kyt) + kyx2)
1
+ ﬁ(%%xz + kikp cos(k1))(ky sin(k 1) — k1 x1)
1
=—(—k?ky cos(kt)x, — kTky sin(k;£)x;)
Yp
1
+ ﬁ(ksz sin(k t)x; + kiky cos(k;t)x;) = 0.
For 3-dimensional case: Substituting (3.93)—(3.99) and (4.1) into (4.3) produces
0 0 0
o1+ 8—)61(/0”1) + a—xz(,DMz) + 6_x3(pu3)
_1 0o 1 0 1 0 1
=u(p? ) + ——Wp ur) + —upruz) + 7—(up>uz)
6x1 axz an,
o1y _ 0 _1
==p 7 pi+ [kt + ki (x2 — x3)] —up”
vy 0x

0 1 0 _1
+ [kat + ky(x3 — x)—up> + [kat + ki (x) — x2)| —up>
(9x2 aX3

1y 1y op
L5302+ K5 ot + ki (x0 — 1) -2
Y Y 0x,

9p
8x3

Y

1oy op ey
+ B 55 oot + by (3 - xl)](% + ‘;‘p ot + ki (31 — x2)]
2

<R IR

(4.11)

(4.12)

(4.13)
(4.14)

(4.15)

(4.16)
(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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1y op
=55 (312 + ot + ki (x2 — x3) |22
Y 0x)

op op
T [kt + (x5 — D122 + kot + ey (21 — x2)] )
6x2 6x3

1-y
:$ﬁ7{3k§t + [kat + ky (X2 — x3)][2/5(2x) — X2 — x3) — ks ]

+ [kat + ki (x3 — x)1[2K5(2x2 — X1 — x3) — ks ]
+ [kot + ki (x1 — xz)][2k§(2x3 - X1 —x) =k} =0.

Substituting (3.93)—(3.99) into (4.4), the first momentum gives

ou ou _ ou ) ou ) +
ﬁ_t] + ul(ﬁ_xi + Jji) + Mz(a—x; + Jji2) + u3(8_x; + Ji13) + au;p + YT(')_x]py
=ky + ui (0 + 0) + [kot + ki (x3 — x1)](ky + ki) + [kat + ki (x) — x2)1(=ky — ky)

+2k}(2x) — x5 — x3) — ky = 0,

the second momentum gives
10

Ou, ou, . ou, . Ouy . Y+
—Z ru(=—= + o) + (== + J) + us(=— + jn3) + Qs + —— —p”
Ey ul(@xl Ja1) u2(6x2 J22) u3(6x3 J23) + aup " axzp

=ky + [kat + k1 (x2 — x3)](=k1 — k1) + up(0 + 0) + [kot + ki (x) — x2)1(ky + ky)
+ 2]{%(2)62 - X1 — X3) - k2 =0,

the third momentum gives

Y

ou ou ) ou . ou . +1 0
(52 ja) + a5+ ) + Us(o= + Jaz) + aus + .- 2
X 0x, 0x3 Y Oxi

=ky + [kot + ki (x2 — x3)1(ky + ki) + [kot + ki (x3 — x1)](=k;y — k1) + u3(0 + 0)
+2k5(2x3 — X1 — X2) —ky = 0.

Substituting (3.93)—(3.99) into (4.5) gives

0 0 0
S+ M]a—x]S + I/lza—sz + M3a—x%S

1 0
=—3k5t + [kyt + ky (X3 — x3)]=— In p
YD Ox
0 _ 0 _
+ [kzl + k]()C3 - X])]— hlp + [kzl’ + k](.xl - Xg)]— lnp
0x; dx3

1
:—_{3k§f + [kat + k(X2 — X3)][2k12(23€1 — X2 — x3) — k3]
044

+ [kat + ki (x3 — x1)1[2k5 (222 — X1 — x3) — ko]
+ [kat + ki (x1 — x2)1[2k7 (23 — X1 — x2) — ka]} = 0.

For 4-dimensional case: Substituting (3.111)—(3.117) and (4.1) into (4.3) produces

0 0 0 0
o+ a_xl(p”l) + a—xz(Puz) + 8_x3(pu3) + 8_)c4(pM4)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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1 0 1 0 1 0 Jd 1
=u(p? ) + w—Wprur) + —Wpruy) + —(up7u3) + ——(upruy) (4.37)
6)61 6)62 6)63 (9 X4
Iy 0 1 0 1
BB By + Ut + k(=23 + x5+ x)lo—up? + [kat + k1 (2x) + X3 — 3x4) | =—pp?
Y axl axz
+ [kat + ki (=x; — X3 + 2x4)]iﬂp% + Tkot + Ky (=x; + 3% — 2x3)]iﬂp% (4.38)
8)(3 (')x4
5 Akt + K ot + k(=20 + x5 + x4)]a—p + Hp“?’[kzz k- 3] 2
Y Y aXQ
. ap op
+ B 55 ot + ky(=x, = 3y + 2x)] 22 + B 55 ot + ky(—x) + 3, — 203)] 22 (4.39)
Y 0x3 oxy
JIREY 5 op
==p {4k2l + [kot + ki (=2xp + x3 + )C4)]— + [kot + k1 (2x1 + x3 — 3x4)]—
Y xl 6)62
0p 0p
+ ot + Ky (—x; — x5 + 2x4)]7p + [t + ki (=x1 + 3% — 2x3)]—p} (4.40)
3 X4

25 {4k t+ [kat + k1 (=2xp + x3 + x4)][—kp + k%(lle —4xy + 8x3 — 16x4)]

+ [kzt + k1(2X1 + X3 — 3X4)][—k2 + k%(28)€2 —4x - 16X3 - 8X4)]
+ [kot + ki (—=x1 — xp + 2x4)][ ko + k%(12X3 + 8x1 — 16x; — 4x4)]
+ [kot + ki(=x1 + 3x, — 2x3) ][k + k%(28X4 —16x; — 8x; —4x3)]} = 0. 4.41)

Substituting (3.111)—(3.117) into (4.4), the first momentum gives

ou ou +1 0
— M1(—1 + Jji) + Mz(— + Jj12) + M3(— + Jj13) + M4(— + Jj14) + aup + y——Py (4.42)
0t X1 X2 X3 X4 Y 6
:kz + M1(0 + O) + [kzl + k1(2)€1 + X3 — 3)64)](-2](1 - 2k1)
+ [kzl + k](—xl - Xy + 2X4)](k1 + k]) + [kzl + k](—xl + 3X2 - 2X3)](k1 + k])

—ky + kF(12x; — 4x, + 8x3 — 16x4) = 0, (4.43)
the second momentum gives

ou ou +1 0
— ul(_z + jor) + Mz(— + jo2) + M3(— + jo3) + M4(— + Jos) + auy + Y —p’ (4.44)
or X1 X2 X3 X4 0x,
:kz + [kzt + kl(—ZX2 + x3 + X4)](2k1 + 2](1) + I/tz(o + 0)
+ [kzl + kl(—xl — Xy + 2X4)](k1 + k]) + [kzl + kl(—xl + 3)62 — 2.X3)](—3k1 — 3k1)

— ko + k3 (—4x; +28x; — 16x3 — 8x4) = 0, (4.45)

the third momentum gives

ou +1 0
— 4 (— + j31) + uz(— + J32) + us(— + J33) + u4(— + J34) + aus + Y —p’ (4.46)
5f X1 X2 X3 X4 0x;
:k2 + [kzl + k](—2X2 + X3 + )C4) (—kl - k]) + [kzt + k] (2X1 + X3 — 3X4) (—kl - kl)
+ M3(O + O) + [kzl + kl(—xl + 3)(,'2 - 2)63)](2](1 + 2k1)

—ka + K2 (8x; — 16X, + 12x3 — 4xy) = 0, (4.47)

AIMS Mathematics Volume 8, Issue 7, 17171-17196.
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the fourth momentum gives
ou vy+1 0
— 4 M1(— + Jar) + Mz(— + ja) + M3(— + jw3) + M4(— + Jaa) + auy + ——,07 (4.48)
ot X1 X2 X3 0xy4 Y Ox4
:kz + [kzt + kl(—2X2 + x3 + X4)](—k1 — kl)
+ [kgl + ky (2X1 + X3 — 3X4)](3k] + 3k1) + [kgl + k](—X] — Xy + 2)64)](-2](1 - 2k])

+us(0+0)—kr + kf(—16x1 —8xp —4x3 +28xy) = 0. (4.49)
Substituting (3.111)—(3.117) into (4.5) gives

0 0 0 0
S, +u16 1S +u26—2S +M36—35 +l/t4a—x4S (450)
p | | 1 1
b, O, 0P 0D, Olnp 4.51)
¥p o Ox y 2ox, y Yoxy y Yox, y

1
:—ﬁ{4k§t + [kt + k(=25 + x3 + x4)][~ka + K2(12x; — 4x5 + 8x3 — 16x4)]

+ [kzl + ky (2X1 + X3 — 3)64)][-](2 + kf(28x2 —4x; — 16)C3 - 8)C4)]
+ [kot + kl(—xl — X + 2)(74)] [k, + k%(12X3 + 8x; — 16x, — 4X4)]
+ [kzt + kl(—xl +3x, — 2X3)] [—kz + k%(28)€4 - 16X1 —8xy — 4X3)]} =0. (452)

Example 2

Since N-dimensional case covers 2 to 4-dimensional cases, here gives the verification of
N-dimensional case. Substituting solutions into Euler equations, as S is a constant, (4.5) is
guaranteed. Since p is also a constant, by

50
0+ ; o (4.53)
Noo
=0+p ; T (4.54)
—pe_‘”Z 8—[k1< Z X = ng) tho] = (4.55)
g=k+1
Eq (4.3) is verified.
o M[kl(kz,:‘l X - Z X0+ ko] (456)
—kje ™, fork<i
=10, fork=1p =—ju, 4.57)
kie™®, fork>1i
therefore,
N

k=1
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=—au;+0+au; +0=0,
the n-th momentum Eq (4.4) is satisfied.

Example 3
Substituting (3.159)—(3.161) into (4.3) produces

0
Pr + 0—/3“1 + 6—2/3”2
1-y

=0+ 57 A1+ xka(x = D+ 25540 = x)ka(xa + 1) = 0
4

\<

Substituting (3.159)—(3.161) into (4.4) gives

Ou; +16
— + ul(— + Jji) + Mz(— + jn) + au; + ——;o7
ot Xk )Ck Y 6xl

= —i+'i + —i+'i +0
”1(axk Jir) Mz(axk Ji2)

=k, 17! i J_rz + (1 + )" l _01 ] - l & ? b )+
S R A AN S
Substituting (3.159)—(3.161) into (4.5) gives
S, + ulaalS + uzaisz
0+ (14 220D oyt D
Yp Yp
Example 4
Substituting (3.180)—(3.182) into (4.3) produces
0 0 0
Pr + a—Pul + 5—,0142 + 8—/0“3

=0+ p l'kl()CQ + x3 + 1)](2(2)61 + Xy — X3 — 2) + 1(X3 - X + 1)](2(2)62 + x; + X3)
Y

+ 5 (=x; =0 + Dko2x3 — x1 + 12 + 2)] =

Substituting (3.180)—(3.182) into (4.4), since

k
u, = k7t = TItk' = —a(H)u,
we have
du; < O y+1 0
—+ ) u + Jji) + au; + ———p”
ot ; k( Oy Jik) y (9x,p

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)
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—ul(— + jin) + Mz( + Jin) + u3(— +ji)+0 4.71)
o 1 [ o 1] [ -+
=M+ + DE | -1 [+ P -2 DA —x+DE| 0 [+ 0 )+
-1 - k. -1 o k.
] | k1 E 1
1] | —l‘kl+% ky(2x1 +x0 —x3 = 2) |
Mx -+ DA 1 [+ -+ 2 |+ kQun+x+x) =0 4.72)
0 ] | 0 k2(2X3—.X1+X2—2) ]

Substituting (3.180)—(3.182) into (4.5) gives

0 0 0
S+ Ltla S + Ltza—xzs + M3a—x3S 4.73)

1
=0 + — [ (xy + x3 + Dka(2x1 + X3 — x3 = 2) + (x5 — x1 + Dka(2x5 + X1 + X3)
YD

F1(=x1 — x20 + Dko(2x3 — X1 + X2 +2)] = 0. (4.74)
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