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1. Introduction
In this paper, we study the following three-component coupled fractional Schrodinger system:

(—A)"ul +wiu = f](ul) + Aupus in Rd,
(—A)“u2 + wruy = fz(uz) + /lu1u3 in Rd, (1 1)

(—A)“ug + Wiz = ]('3(1/13) + Aduju, 1In Rd,

uj € Ha(Rd), j: 1,2,3,

where @ € (0,1),d > 2, w; >0, j = 1,2,3, 1 > 0 1is a coupling parameter and the fractional Laplacian
(—A)“ is given by

(_A)aw(x) = Cd,a/P-V-f Mdy = Cd’(, 111’I1Jr M

Rd |)C _ y|d+2<z €0 oyl>e |x _ y|d+2<x

b


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023875

17143

where
I +a)
T2 - @)
is a normalization constant, P.V. is the Cauchy principal value. We are dedicated to the existence of
least energy solutions for system (1.1).

The fractional Laplacian operator (—A)* arises in several physical phenomena like fractional
quantum mechanics and flames propagation, in population dynamics and geophysical fluid dynamics.
In addition, (—A)* also arises in modeling diffusion and transport in a highly heterogeneous medium,
or is used as an effective diffusion in a limiting advection-diffusion equation with a random velocity
field. In [9], Laskin introduced the fractional Laplacian equation by expanding the Feynman path
integral from the Brownian-like to the Lévy-like quantum mechanical paths. For more motivations
and backgrounds, we refer the interested readers to [9, 14] and references therein. From the
mathematicians point of view, one of the main difficulties lies in that the fractional Laplacian (—A)® is
a nonlocal operator.

Over the past few years, the following fractional Schrédinger equation has drawn many researchers’
a great deal of attention

Cio = a(l —a)4”

(=A)*u +u = f(x,un), (1.2)

where @ € (0,1). Equation (1.2) arises in looking for standing wave solutions for the fractional

Schrodinger equation
oY
iE = (-A)"Y +¥ - f(x,P), (1.3)
where i and ¥ denote the imaginary unit and the wave function, respectively. Different approaches have
been applied to deal with problem (1.2) under various hypotheses on the nonlinearity f, and several
existence and nonexistence results via variational methods are obtained, see for example, [1-3] and the

references therein. Recently, Guo and He [6] considered the system

(=A)%u + u = ([ul* + blu)" | Hu  inRY,
(=A% + w*v = (¥ + by Hu| )y inRY, (1.4)
u,v € H*(RY),

where @ € (0,1), w > 0,b > 0,2g+2 € (2,2;). They, with the application of Nehari manifold method,

proved (1.4) has a least energy solution. They also proved that if b is large enough, system (1.4)
has a positive least energy solution with both nontrivial components by using the similar arguments as
in [13]. In [12], Lii and Peng investigated the following two-component coupled fractional Schrodinger
system

(-A)u+u= f(u)+pv inRY
(=N +v=gW)+Bu inRY (1.5
u,v € H*(RY).

Under some suitable assumptions on the nonlinear terms f and g, they obtained the existence of positive
solutions with both nontrivial components and least energy solutions with both nontrivial components
for (1.5) by using variational methods. They also proved the asymptotic behavior of these solutions
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as the coupling parameter § — 0. More results concerning the fractional Schrédinger systems (1.4)
and (1.5), can be seen in [5,8,17-19].

To our best knowledge, there is no result in the literature on the existence result for three coupled
fractional Schrodinger systems with general nonlinearities. We will prove some existence results for
system (1.1). On a broader scale, this paper presumes that f;(j = 1,2, 3) meet the conditions below:
(A) f; € C'(R,R) and f;(t) = o(t)(t — 0).

(Az) There exist g; € (2,2}) such that |lim 110

=
t|—+o0 [e[%7

= 0, where 2;, = 24 is the fractional critical

exponent.
(A3) There exist T; > 0 such that F(T;) > %Tf, where F;(1) := fotfj(s)ds.
When A = 0, system (1.1) is converted to three uncoupled equations

(=A)'u; + wju; = fiu;), u;e H*RY, j=1,2,3. (1.6)

In [2,3], it is proved that if f; satisfy (A;)—(A3), (1.6) possesses a positive least energy solution u;‘ for
j=1,2,3. Hence, for all A € R, the pairs (u},0,0), (0,u3,0) and (0,0, u) solve system (1.1). In this
paper this sort of solutions (i.e., solutions with at least one trivial component) is called as semi-trivial
solutions. An appealing question is whether the system (1.1) contains solutions (uy, u,, u3) such that
uy, up,u3 # 0 under the conditions (A;)—(A3), such kind of solutions will be called fully nontrivial
solutions. The major results are the following:

Theorem 1.1. Suppose that f; satisfy (A;) — (Az) for j =1,2,3 and 2a < d < 6a. Then

(i) for any A > 0, the system (1.1) has a least energy solution,
(1) there exists 1" > O such that for every A > A%, the system (1.1) has a fully nontrivial least energy
solution.

Remark 1.1. Theorem 1.1 can be thought of as an extension of the results in [3, 6, 16]. We note that in
our assumptions (A;)—(Asz) neither any monotonicity condition nor any Ambrosetti-Rabinowitz growth
condition is required, and we need a new method different from those used in [3, 6, 16].

The structure of the other parts of the paper is as follows. In Section 2, some notations and
preliminary results are proposed. In Section 3, we conclude the proof of Theorem 1.1.

2. Preliminaries

Throughout this paper, C,C; will signify different kinds of positive constants; the strong
convergence is denoted by —, and the weak convergence denoted by —; B, (y) denotes a ball centered

at y with radius p > 0; [[ul| ege) = ( fRd |u|qu)$ denote the norm of LY(R). The fractional Sobolev
space H*(R?) is marked as

H(RY) = {w e 2R : WO T WOl LZ(RM)},

|x — y[2*

endowed with the norm

1
w(x) = w(y)I* :
||W||H”(Rd) = (jl;d Ld |x . y|d+2a dXdy + ||W||22(Rd> >
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where 1

Iw(x) — w(y)|? 2
[W]he@ay = (LJ chf %dm’)’)

is the so-called Gagliardo semi-norm of w. Via Fourier transform, we have

(CAYué) = [EP"ulé) for & e RY,

where the symbol ~ stands for Fourier transform. Therefore, by the Fourier transform, H*(R¢) can be
equivalently defined as follows

H*(RY) = {u e L*(RY): f P )1 dé < oo},
Rd

and the norm can be equivalently written

lltll o ray = ( fR ) EPTa(€)Pdé + IIMIIEZ(Rd)) :

From Propositions 3.4 and 3.6 in [14], for any w € H*(RY), we have

Cia 2 -
It = [ MOy = [ @R
R4 R4

|X y|d+2(1

We also use the following notations:
(1) D**(RY) is completion of C;’(R?) concerning the norm

1
2
Wl pe2ray = (f I(—A)2W|2dx) .
R4

(2) Forw; > 0, j = 1,2, 3, we use the notation

1

il = ( f (AP + wiw2>dx)2 ,
Rd

which is an equivalent norm to ||w/|| e ga).

3)
A = H*(RY) x HY(RY) x H*(RY)
with the norm
1(uar, ua, I = I3, + Naall3, + lleesI3,

and
;= HY(R) x H(R?) x HI(RY),

where
HYRY) = {w € H'®R') : w(x) = w(lx])}.

For the fractional Sobolev spaces, the embedding results below can be got in [14].
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Lemma 2.1. If a € (0,1) and d > 2a, then

(i) D*2(RY) is continuously embedded into L*(R?), i.e.,

Iy < Cl(=M)3wll

L% (R4 — L2(RY)
for any w € D**(R?), where constant C depending only on d, .
(i) H*(R?Y) — L4(R?) is continuous for any q € [2, 2.
(i) H*(RY) — LI (RY) is compact for any q € [1,2}); H*(R?) — LY(RY) is compact for any q €

(2,2,

loc

3. Proof of Theorem 1.1

This section is devoted to proving the Theorem 1.1. Define a functional related to system (1.1) by

3
D, (uy, up, u3) = Z Ij(uj) - ﬂf uiupuzdx, (3.1)
j=1 R
where for j =1,2,3,
1 2
Ii(u;) = > |( A)2ujl + wjlujl )dx Fi(uj)dx.
R4 R4

On the basis of the conditions (A|)—(A3), one can easily verify that @, is well defined and C!. Now,
we define the Pohozaev set by

M= A{(ur, w2, u3) € A\ {(0,0,0)} : N(uy, uz,u3) = 0},

where

3 3
. 1
N, u,u3) = > =AYl ) = 24 f (s = 5 3 oyl +ZF<u,)
=1 R4 =1

From (A)—(A3), if (uy, up, u3) € 7 is a weak solution to system (1.1), using the similar regularity
arguments as in [2], we can get u; € C!(RY) for j = 1,2,3. Then it is classical to confirm that each
nontrivial solution of (1.1) belongs to .#;. Moreover, we have

Lemma 3.1. Let the conditions (A)—(A3) hold, then
(i) A is a C' manifold,
(ii) for any (uy, uy,u3) € N, there exists constant oy > 0 such that ||(uy, us, u3)|| = 0o,
(iil) if u; € H*RY) \ {0} and N (u, u», u3) < 0, then exists a unique t € (0, 1] such that
(uli7 u;a u;) € ‘/jﬁ’

where u'(x) = u;(t™'x).
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Proof. (i) From (A|)—(A3), we know that N(u;,u;,u3) is a C' functional, in order to prove .4; is a
C! manifold, it suffices to prove that N’ (u;, uy, uz) # 0 for all (u;, u»,u3) € .#;. Indeed, assume by
contradiction that N’ (uy, us, uz) = 0 for some (u;, u»,u3) € A,. Then in a weak sense, (u;, u,, u3) can
be seen as a solution of the system

2y, 2% 2% .
(—A)“ul + S Wil = jfl(ul) + 7/11/!2143 n Rd,
—A)? Z =% Z in R9 3.2
(=A)"uz + FFwaup = 7 fo(up) + 3 Auuz  in RY, (3.2)
(=A)us + Zwsuz = 2 fi(us) + 21 in R
3T 5 wW3lz = 5 J3(U3 S Al Uy .

As a consequence, we see that (uy, uy, u3) satisfies the Pohozaev type identity referred to (3.2), that is

f |(=A)%u; [Pdx + f |(=A)? u,*dx + f [(—=A)? us*dx
R4 R4
(2)° N 3
= = f Ao uz — Eijluj|2+ZFj(uj))dx. (3.3)
R4 Jj=1 j=1

Since N (uy, uy, uz) = 0, by (3.3) we deduce that

2\ < -
(1 _ 2—); =)oy, = O,

which implies that #; = 0 for all j = 1,2, 3, which is a contradiction since (u;, up, u3) € 4,. Thus 4
is a C!' manifold.
(ii) Let (uy, us, uz) € 4, then we have

3

3 3
g 2:;' *
DDl + 5 D f wlufdr=2, f (g + 3 Fiu)d. (3.4)
J=1 j=1 VE R j=1

From the conditions (A;) and (A,), we know that, for any € > 0, there is C > 0 such that
IFi(D] < €eltl + Ctl™", |F (0] < eltl* + Cel¥, j=1,2,3. (3.5)
Then by (3.4), (3.5) and the Sobolev embedding inequality, one has
1(utr, g, us)IP = e |l3, + Nl + llussll,
<C Rl(|bl1|q1 + un|” + |us|® + uyupuz)dx

3 3
< Co(lluall?, + Noaall2, + Neesll, + Mol + Noaall, + lussll, ),

which implies that ||(u;, us, u3)|| > 0o for some positive constant g, > 0 since ¢, g2, q3 > 2.
(iii) Let uy, ur, u3 € H*(RY) \ {0} satisfy N(u;, up, u3) < 0, then

. 1 3 3
0<Z||( Al < 25 fR Auyupuz — EZ:; ,|uj|2+;Fj(u,))dx. (3.6)
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Fort> 0, let u}; = u(r''x), j =1,2,3, we define

h(t) ;=D (uj, uy, u3)

3 3 3
D M w1 ) tdf (Auruus - Z P+ " Fjuy)dx
=1 R4 =1

—2a

Obviously, h(f) — —oco as t — +oo. Moreover, A(t) > 0 for ¢ > 0 small enough. In fact, from (A;)
and (A,), for any € > 0, there is C. > 0 such that for all 7 € R,

IF i(7)| < el + Cltl™, j=1,2,3. (3.7)

Then by (3.7), Holder inequality and Lemma 2.1(i), we get

Zn( ~A) |1 gy — C1° Z f P dx
j=1

3
5 DA ey — Cor Zn( Al s
j=1

j=1

d 2a

h(t) >

td 2a

which yields that A(¢) > 0 when ¢ > 0 sufficiently small. Hence, we can find 7 > 0 such that A(¢) has a
positive maximum and %’(f) = 0. Notice that

! ! t
4D, (ud, uly, )

dr ’

so we get N(u!, ul, u}) = 0. Furthermore, by N'(u!, u}, u}) = 0, we can deduce that

N, vy, uy) = th' () = ¢

€1
2a

3
“A)5y |2
]§1 ”( A)zujHLZ(Rd)

=
3 3

2 fRd (Auyuouz — % Zl w;lui? + ‘21 F(u;))dx
j= =

By (3.6), we know that 7 € (0, 1]. Hence, 7 € (0, 1] is the unique critical point of A(¢) corresponding to
its maximum. O

Let us define the least energy

Cy = inf (D,i(l/tl, l/lz,ug). (38)

(uy,u2,u3)€N]

We call that a minimizer on .4, is a least energy solution for system (1.1). By the proof of
Lemma 3.1(i1) and (iii), it is clear that the functional @, satisfies the mountain-pass geometry. Let ¢*
be the minmax mountain-pass level for the functional ®, given by

= inf sup @ (y(?)),

YeA 0<1<1

where
A ={y e C(0,1],52) : y(0) = 0, ®,(y(1)) < 0}.

Arguing as in the proof of Lemma 4.2 in [10], we can get that ¢; = ¢* > 0.
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Lemma 3.2. (uy, u,, u3) is a solution of system (1.1) provided c, is attained at (u,, u,u3) € 43, where
c, is defined in (3.8).

Proof. Suppose that (u;, us, u3) € A, such that ®,(uy,up,us) = c,. Then by the theory of Lagrange
multipliers, there exists a Lagrange multiplier u € R such that
D (uy, up, uz) — N’ (uy, up, uz) = 0

As a consequence, (u1, Uy, u3) satisfies the following Pohozaev type identity

3 3
. (2)° 1
Ntz 1) = | 3 1Ay =2 fR Aty — 52w,|u,| +ZF(uJ> NEXY)

J=1

Notice that N (uy, u,, u3) = 0, from (3.4) and (3.9) we obtain

* 3
= 3) 2D, =0,
j=1

which implies that 4 = 0. Thus @/, (1, up, u3) = 0, and so (u;, u, u3) is a solution of system (1.1). O

Lemma 3.3. Let a € (0, 1) and d > 2a. Suppose that {w,} is a bounded sequence in H*(RY) and

lim supf w,?dx = 0 for some R > 0.
Br(2)

n—oo ZGRd

Then w, — 0 in LY(R?) for every q € (2,2}).
The above vanishing lemma has been proved in [4] (see Lemma 2.2). Then we have:

Lemma 3.4. If {(u1,, uzn, u3,)} C N, is a bounded sequence, there exists a sequence {z,} C R? and
constants R,n > 0 such that

lim inf f (U al* + g nl® + luz,[*)dx > 17 > 0.
BR(Zn)

n—oo

Proof. Arguing from the reversed point, suppose that the conclusion does not hold, then for every
R > 0, one has
supf Iuj,,,|2dx - 0(n - o), j=1,2,3. (3.10)
z€R? J Br(z)

By (3.10) and Lemma 3.3, we obtain that for all r € (2,2}), u;, — 0 in L'(RY) for j = 1,2,3.
Furthermore, notice that {(uy ,, 4>, U3,,)} C A}, then we can deduce that (u,, 4o, u3,,) — (0,0,0) in
¢ . On the other hand, from Lemma 3.1(ii), we have ||(u ,, U, 3,,)|| = 0o for some oy > 0, so we get
a contradiction, the proof is finished. O

Lemma 3.5. Suppose that f; satisfy (A1)—(A3) for j = 1,2,3 and 2a < d < 6a. Then for each A > 0,
there exists
(U, Uny, Uzy) € N,

such that
CD/I(ITM’ 1251, 1251) = C).
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Proof. Suppose {(u1 , Uy, U3,)} C A, such that
D (U1 s U s U3 ) = Ca(M — ).

Let (u}‘,n, u;n, u;n) be the Schwarz symmetrization of (u,, us,, u3,), by the fractional Polya-Szego
inequality (see Theorem 2.1 in [7] or Theorem 1.1 in [15]) and the properties of the Schwarz
symmetrization (see Lieb-Loss [11]) and Lemma 3.1(iii), there exists 7, € (0, 1] such that

L X X X
(#1 s B, U3 ) = MTn = ,M;,, = ,ug‘n =|le M
"\ T\ A\

(I)/l(al,n’ aZ,na 17‘3,11) < (D/l(ul,na uZ,n’ u3,n)~

and

Hence we can assume that u, ,,, u,, and u3, are radial, i.e.,
{(ul,na u2,n7 u3,n)} - f/Kl N %

First, we note that {(u;,, s, u3,,)} is bounded in 7. Indeed, since {(u; ,, U 4, U3 )} C A, we have
N (uy p, Uz, u3,) = 0, then we infer that

AUlIR

3
O (1t U Us) = 5 W=D 4l = €2+ 04(1). (3.11)
j=1

By (3.11), we get that {u;,} are bounded in D**(R?) for all j = 1,2,3. On the other hand, since
{(uyy Upp, U3,)} C A, and note that 27 > 3, then by (3.4), (3.7), Young inequality and Lemma 2.1, we
can deduce that [|u;,||;>z¢) are bounded for j = 1,2, 3. Therefore, {(u;,, us,,u3,)} is bounded in 777,
and then there exist u;, u,, uz € H;’(Rd) such that for j = 1,2,3,

. d
uj,n - uj’ m H;I(R )7
uj, > uj;, ae. inRY,
: d
uj, = u;, inLR)2<r<2,.

From Lemma 3.4, we know that there exists {z,} € R¢ and constants R, n > 0 satisfying
f (1l + luznl* + lus ,)*)dx > 17 > 0. (3.12)
Br(zn)

Now we define

(U1 0(X), Up y(X), U3 0(X)) = (U1, (X + 20), Up n(X + Z4), U3 (X + Z)),

from the invariance of R? by translations, then {(@, ,(x), #3,,(x), %3,,(x))} is also a minimizing sequence
for c,. Hence, by arguing as we did for {(u; ,, 24, U3 ,)}, passing to a subsequence, we can assume that

(U, U, Uz ) — (i, 1h2, U3)

in 2, (U, Uy p, U3,) — (U, 10, 103) in L2 (RY) x L2 (RY) x L2 (RY). Additionally, by (3.12),

loc loc loc

n—oo

lim inf f ([t nl* + [0 + [3,,/7)dx > 57 > 0. (3.13)
Br(0)
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From (3.13), one has
f (1 * + il + 13 )dx = 17 > 0,
Br(0)

and so (i1, un, ti3) # (0,0,0). On the other hand, since
{1 ,(), U (%), u3,,(X))} C )
passing to the limit, we get
NG, i, 113) < lim inf Ny, tz 0, u3,) = 0,
then by Lemma 3.1(iii) there is 7 € (0, 1] such that
(U1, U g, U3)) = (’Il();f), lfz(;), MN%(;)) €N NI

Thus we have

P —_ o o~ 2
Cr < (D/l(ul/l’ Uz, M3/l) = ”(_A)zuj/{HLZ(Rd)

~
Il
—_

QUIR

a,fd—Za

3
— DN,

J=1

<

QUIR

Il
—

2z ~ 2
”(_A)zuj”LZ(Rd)
J

3
Y 0 4 a— 9
<timinf = 3 -8 05,1z

J=1
= lim q)/l(l:[l,n’ Uz, u3,n) =Ca
n—oo
hence @, (11, Uz, u3,) = ¢, and (uy ,, Uz, U3,) is a minimizer of @, restricted to .4;. |

Now the proof of Theorem 1.1 will be presented.
Proof of Theorem 1.1. (1) From Lemma 3.5, we know that there exists
(U1, Ug, U3y) € NN I,

such that ®,(u;,, u»,,u3,) = c;. Then by Lemma 3.2, we have that ®'(u;,, uz,,u3,) = 0, that is,
(u1 4, Uz, U3,) is a least energy solution for the system (1.1). The Theorem 1.1(i) is proved.
(i1) For j = 1,2,3, let u; € H®(R?) be the positive least energy solutions respectively for Eq (1.6).
Then it is easy to see that N'(u},u5,us) < 0, from Lemma 3.1(iii), there is #* > 0 such that

(ut(tf*), u;<§>, u§(§>) e M.

Notice that the pairs (u, 0, 0), (0,u3,0) and (0,0, u}) solve system (1.1), and system (1.1) has no
solutions with exactly one trivial component. Now, on the basis of idea from [13] (or see [6]), to
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indicate the radial least energy solution of system (1.1) is a fully nontrivial least energy solution, we
just need to prove that, for 4 > 0 sufficiently large,

X w X X . *
(1} (). (). () < min (@(1af, 0, 0), (0, 13, 0), (0. 0,5)) (3.14)
Indeed, by some calculations, we can infer that

d
2c

3
1(3 Liemtura
J:

d-2a °

3 3
(22 (2 Fi) + At = £ 3 o)y P)dx) ™
J= Jj=

(i (D)3 (513 (5) =

Therefore, when A > 0 large enough, (3.14) holds. Thus the Theorem 1.1(ii) follows. O
4. Conclusions

In this paper, we are interested in studying a class of systems of three-component coupled nonlinear
fractional Schrodinger equations with general nonlinearities. In our assumptions (A;)—(A3) neither any
monotonicity condition nor any Ambrosetti-Rabinowitz growth condition is required, so we need to
overcome several difficulties when using variational methods. By using a Pohozaev manifold method
and variational arguments, we establish some novel existence results of least energy solutions for the
three-component coupled fractional Schrodinger system (1.1). We believe that the proposed approach
in this paper can also be applied to study other related equations and systems.
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