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1. Introduction

All graphs considered in this paper are finite simple graphs. For a planar graph G, we use V(G),
E(G), F(G), A(G), 6(G), g(G) and dg(u, v) to denote its vertex set, edge set, face set, maximum degree,
minimum degree, girth and the distance between u and v in graph G, respectively. For a vertex v €
V (G), we use k (k* or k™)-vertex to denote a vertex of degree k (at least k or at most k). A k (k* or
k™)-face is defined similarly. A k-neighbor of v is a k-vertex adjacent to v. For f € F (G), we use b(f)
to denote the boundary walk of f and write f = [x;x; - - x¢] if X1, xp, - - - , x; are the vertices of b(f) in
the clockwise order.

An injective k-coloring of a graph G is a vertex coloring ¢ : V(G) — {1,2,--- , k} such that ¢ (1) #
¢ (v) if u and v have a common neighbor. The injective chromatic number of G, denoted by y; (G), is
the least integer k such that G has an injective k-coloring.

The idea of injective coloring was introduced by Hahn et al. [1]. They proved the inequality A <
xi(G) < A2~ A+1 for any planar graph G with maximum degree A. For planar graph G with g (G) > 4,
there are fewer results, Bu et al. [2] proved that y; (G) < A + 6 if A > 20 and 4-cycle and 4-cycle are
disjoint. For planar graph G with g (G) > 5, Bu and Lu [3] proved that y;,(G) < A + 7; then Dong and
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Lin [4] improved this result to y;(G) < A + 6; LuZar et al [5] proved that y;,(G) < A+ 4 if A > 439;
recently, Bu and Huang [6] showed that y;(G) < A+ 4 if A > 11; Bu and Ye [7] improved this upper
bound to A + 3 when A > 20. For planar graph G with g(G) > 6, Dong and Lin [8] proved that
Xi(G) <A+2ifA>9and y;(G) <A+ 1if A > 17. In [9], Borodin et al proved that for every planar
graph G, y;(G) = A in each of the following cases (i-iv): (i) g(G) = 7 and A > 16; (ii)) 8 < g(G) < 9
and A > 10; (iii) 10 < g(G) < 11 and A > 6; (iv) g(G) > 13 and A = 5.

In this paper, we consider the injective chromatic number of planar graph G with g(G) > 5 and
prove the following theorem.
Theorem 1.1. If G is a planar graph with g(G) > 5, A(G) > 20 and without adjacent 5-cycles, then
xi(G) < AG) + 2.

2. Proof of Theorem 1.1

2.1. The properties of minimal counterexample

Let G be a graph. If G can not admit any injective coloring with k colors, but any subgraph of G
can, then we call G is injective k-critical. In this section, we assume G 1is injective k-critical. We give
some structural properties of G.

For convenience, we give out some notations. For a k-vertex v, let N(v) = {v{, v, - -, v} with

divi) £d(n) < --- <dw), Dv) = Z d(v;), N> (v) = Ui (N () \ {v}). We use ng(v) to denote the

number k-vertices in N(v). If d(v{) = 2 , then let N (v;) = {v,V'1}. A 2-vertex or 4*-vertex v of G is
called a heavy vertex or is heavy if D(v) > A + 2 + d(v), otherwise v is called a light vertex or is light.
A 3-vertex v of G is called a heavy vertex or is heavy if D (v) > A+2+d (v) and n, (v) = 0. Conversely,
a 3-vertex v is called a light vertex or is light if D(v) < A+ 1+ d(v) and ny (v) = 0. We use nk(v)
and nk(v) to denote the number of adjacent light and heavy k-vertices of v, respectively. For a partial
vertex coloring ¢ of G, we use F(v) to denote the forbidden colors for v. Let C = {1,2,---,A+ 2} bea
color set. For integers k and n, a k(n)-vertex is a k-vertex adjacent to n 2-vertices. Now, we discuss the
structures of G.
Lemma2.1.Letuv e E(G). If D(u) <A+ 1+d(u),thenD(v) > A+2+d(v).
Proof. By contradiction, suppose D (v) < A+ 1+ d(v). By the minimality of G, G — uv admits an
injective coloring with A + 2 colors. Erase the colors on u and v. Since D (u) < A+ 1 + d(u) and
DWw)<A+1+d(v),wehave |[F(u)| <A+1,|FW)|<A+1.Letc(u) e C—F(u)andc(v) € C—F (v),
then G has an injective (A + 2)-coloring, a contradiction.

Based on Lemma 2.1, we can obtain the following two lemmas .
Lemma 2.2. 6(G) > 2 and G contains no adjacent 2-vertices.
Lemma 2.3. Let v be a 3(1)-vertex of G with N (v) = {v, v,, v3}, where d (v{) = 2, thend (v,) +d (v3) >
A+ 3.
Lemma 2.4. G contains no adjacent 3(1)-vertices.
Proof. By contradiction, suppose that there exists two adjacent 3(1)-vertices u and v. Let u; € N (u)
and v; € N (v) be two 2-vertices. By the minimality of G, G — uu; admits an injective coloring with
A + 2 colors. We erase the colors on u, v; and u;. First, we can color u since |F (u)] < A + 1. Then
|F(v))l <A+ 1,|F (u;)] < A+ 1, so we can color v; and u; in turn to get an injective (A + 2)-coloring
of G, a contradiction.
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Lemma 2.5. If f = [---uvivvyx---], vis a light 3-vertex, v; and v, are 3(1)-vertices, d(u) = 2, then f
is a 6*-face.

Proof. Suppose that the lemma is not true. Assume that f = [uv,vv,x] is a S5-face, then d(x) = A by
Lemmas 2.1 and 2.2. By the minimality of G, G — vv, admits an injective coloring with A + 2 colors.
We erase the colors on v, v, and u. Since |[F ()| < A-2+1+2=A+1and |F(u)| <A-1+1=A, we
can color v, and u. Finally, |[F (v)] < A + 1 since v is a light 3-vertex, we can color v, a contradiction.

2.2. Discharging

In this section, we prove Theorem 1.1 by contradiction. Let G be a minimal counterexample of
Theorem 1.1.

Applying Eulers formula |V| + |F| — |E| = 2 and the fact ), d(v) = 2, d(f) = 2|E(G)| for a
veV(G) fEF(G)
plane graph, we have

3
2, GAW=5)+ > [d(f)=5)=~10.
veV(G) feF(G)
Design a weight function w (x) such that w (x) = %d (x)—S5foreachx e V(G), w(x) =d(x)-5

for each x € F (G). Hence, > w(x) = —10. Next, we shall transfer weight. Our discharging
xeV(G) U F(G)
procedure has two steps. Now, let’s look at the structural properties of G, while keeping the total

weight sum constant, we obtain a new weight w'(x) for all x € V U F by transferring weights after the
first step. We shall prove that w*(x) > O for each x € V U F after the second step and then get the
following contradiction:

0 > wW= Y  w®=-10
xeV(G) U F(G) xeV(G) U F(G)

This contradiction shows that G does not exist and thus Theorem 1.1 is true.

The first step

We define the following discharging rules.
R10. Every vertex v with d (v) > 10 sends %—% to each adjacent 9~-vertex.
R11. Let v be a 2-vertex with N (v) = {vi,w}. If d (v{) < d(v,) <9, then v; (i = 1,2) sends % tov. If
d(vi) £9 < d(v,), then v; sends % + ﬁ to v.
R12. Let v be a 3(1)-vertex with N (v) = {vy, v, v3}. If d(vi) = 2,3 <d (1) £ 9, and d (v3) < 20, then
v, sends ﬁ - i to v.
R13. Every heavy vertex v with 3 < d(v) < 9 sends % to each adjacent light 3-vertex.
R14. Each of 8-vertex and 9-vertex sends % to every adjacent heavy 3-vertex.

R15. Every 6"-face sends d;’?f_)s to each incident 9~ -vertex.

Let w’ (x) be the new weight of each x € V U F by applying the above rules. Let v be a k-vertex.
Note that k£ > 2 by Lemma 2.2. By R10, every 10*-vertex sends at least 1 to each adjacent 9~ -vertex.

1) k=2, wl) =-2.

If d(v)) <d(vy) <9, then v;(i = 1,2) sends 13 to v. If d (v;) <9 < d (v,), then v sends 1 +
v, v sends 3 — ﬁ to vby R10 and R11. If 10 < d (v;) < d (v), then v; sends 3 —

5
oy O

5 (i —
m(l = 1,2) tObe
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R10. By R15, 6*-face sends at least é to v. Hence,

w' (v) > =2 + min E+£l+i+3 >3 L+§— > +l—0
- 12 12’3 d(vy) 2 d(w)’'2 dv) 2 dw)f 6

(2) k=3, w() =-1.
Case 1. Suppose that v is a 3(1)-vertex. By Lemma 2.3, d(v2) + d(v3) > A+ 3 > 23. Note
that v is adjacent to at least a 12"-vertex and d(v;) > 3. If 3 < d(v;) < 9, then d(v;) > A - 6.

By R10, R11, R12 and R15, o' (v) 2 =5 = 3 + ¢ X2+ 325 — 3 + 3 — 705 = ¢ When d(v3) < 20;
W W) = =5 =5+ X2+ 3 - 325 2 5 whend(vs) > 21. Ifd(v3) = d(vp) > 10, then ' (v) >

35— +t5 a0yt 5~ aoy t ¢ X2>0byRI0,RIT and R15.
Case 2. Supose that v is a heavy 3-vertex. Note that D (v) > A +2 + 3 > 25, v is a (8,8,9)-vertex
or (dy,9,9)-vertex(7 < d, <9) or (d,d»,10%)-vertex(d, < d, < 10). By R13, a heavy 3-vertex sends at
most 1 to a light 3-vertex. Hence, ' (v) > —1 + min{é X3,2x2,1-1x 2} + 1 X2 > 0byRI10,R14
and R15.
Case 3. Suppose that v is a light 3-vertex. If v is adjacent to a 3(1)-vertex u, then u is adjacent to a

A-vertex by Lemma 2.3. If A = 20, then v sends % - }‘ = 0 to u. Otherwise, v sends nothing to u. If v is

adjacent to at least one 10*-vertex, then ' (v) > —1 — (% - i) +1+£x2>0byR10,R12and R15. If v

is adjacent to at most two 3(1)-vertices and not adjacent to 10*-vertex, then &’ (v) > —% + % + % x2>0
by R12, R13 and R15. Finally, v is adjacent to three 3(1)-vertices. If v is incident with three 6*-faces
or a 5-face, two 7*-faces or a 5-face, at least a 8*-face, then &’ (v) > —3 + min {% X3,2x2,t+ %} >0
by R15. If v is incident with a 5-face, two 6-faces or a 5-face, a 6-face and a 7-face, then ' (v) = —é
or ' (v) = —75 by R15.

k=4, wk) =1.

Case 1. n, (v) = 0. By Lemma 2.3, the 3(1)-neighbor u of v is adjacent to a (A — 1)*-vertex. If u
is adjacent to a 21*-vertex, then v sends O to u. Suppose v is adjacent to a [-vertex with 19 < [ < 20.

By R12, v sends at most -5 — § to 3(1)-vertex. If D(v) < A+ 1 + 4, then v is light. Therefore,

W ()2 1-4x(5-1)+1x2>0byRI5 IfD(v) = A+6, then v is heavy. If n} (v) = 1, then

W ()2 1-2%x(5-4)-1+1x2>0byRI2,RI3and RI5. If n} (v) > 2, then d (v3) +d (v4) 2 A.

Hence, v, is a 10*-vertex. This implies that &’ (v) = 1 — § X3 + (3 - 225) + £ x2 > 0 by R10, R13
and R15.

Case 2. n,(v) = 1. If D(v) > A + 6, then v is heavy. If n;(v) = 0, then v only sends weight
to 2-vertex. By R10, R11 and R15, ' (v) > 1= $ +£x2> 0. If n3 (v) = 1, then d (v3) +d (v4) > A+1.
Therefore, v, is a 11*-vertex. It follows from R10, R11, R13 and R15 that o’ (v) > 1 — 1 -1 4

(3-725)+£x2>0.Ifn3 (v) = 2, then d (v4) = A — 2. This together with R10, R11, R13 and R15
11 1

implies that ' (v) > 1 — 4 — 1 X2+ (3 — 125) + ; X2 > 0. Otherwise, D (v) < A +5, then v is light and
the vertices adjacent to v are all heavy. So the 2-neighbor u of v is adjacent to a A-vertex and the 3(1)-
neighbor of v is adjacent to a (A — 1)*-vertex. If the 3(1)-neighbor of v is adjacent to a 21*-vertex, then
v sends 0 to this 3(1)-vertex. This implies that o’ (v) = 1 - (4 + 2) =3 x (53 - 1)+ 1 x2 > 0 by R11,
R12 and R15.

Case 3. n, (v) = 2. If D(v) > A+6, then v is heavy. It follows from Lemma 2.1 that d (v3) +d (v4) >

A +2, which means that v, is a 117 -vertex. Therefore, ' (v) > 1 - % X2 +min {—% + % - ﬁ, % - %} +

S _
A-1
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% x 2 > 0 by R10, R11, R13 and R15. Otherwise, D(v) < A + 5, then v is light and the vertices
adjacent to v are all heavy. Hence, the 2-neighbor of v is adjacent to a A-vertex and the 3(1)-neighbor
of v is adjacent to a (A — 1)*-vertex. If the 3(1)-neighbor of v is adjacent to a 21*-vertex, then v sends

0 to this 3(1)-vertex. This together with R11, R12 and R15 yields that o’ (v) > 1 — (% + %) X2 -
(ﬁ——)x 243 %x2>0.

Case 4. n, (v) =3. If D(v) > A + 6, then v is heavy and d (v4) = A. If the 2-vertices adjacent to v

are all light and v is incident with at most a 5-face, then w’ (v) > 1 + (% - %) - % X3+ % x3>0by

R10, R11 and R15. If the 2-vertices adjacent to v are all light and v is incident with two 5-faces, then
W (v) 2 1+3 -2 -1 x3+£x2 > —; by R10, R11 and R15. If the 2-vertices adjacent to v are all heavy,

A
then o’ (v) > 1+(% - %)—(% + %)x3+%><2 > %by R10, R11 and R15. If the 2-vertices adjacent to v are
not all light, let v, be a light 2-vertex, then we have that w’ (v) > 1 +(% — %)— (% + %) — % X2+ % x2>0

by R10, R11 and R15. Otherwise, D (v) < A + 5, then v is light and the vertices adjacent to v are all
heavy. Hence, the 2-neighbor of v is adjacent to a A-vertex and the 3(1)-neighbor of v is adjacent to a
(A — 1)*-vertex. If the 3(1)-neighbor of v is adjacent to a 21" -vertex, then v sends 0 to this 3(1)-vertex.
This together with R11, R12 and R15 yields that o’ (v) > 1 = (§ + 3) x3 = (5 - }) + £ x 22 -,

Case 5. n; (v) = 4. Clearly, D (v) < A + 5, which implies that the 2-neighbor of v is adJacent to a
A-vertex. By R11 and R15, ' (v) > 1 — (% + %) X 4 + % x2>-1.

@ k=500 =2

Case 1. n, (v) <2 It follows from R11, R13 and R15 that ’ (v) > 2 — = ><2— > ><3+ x3>0.
Case2. no(v) =3. If D(v) > A+7, then v is heavy and d (v4) + d(v5) > A + 1. Therefore, Vs
is a 117-vertex. This means that 0’ (v) > 3 — 5 X3 + mrn{—— + (— - ﬁ),% - 15—1} + é x 3 > 0 by

R10, R11, R13 and R15. Otherwise, D (v) s A + 6 then v is light and the vertices adjacent to v are all
heavy. So the 2-neighbor of v is adjacent to a (A — 1)*-vertex and the 3(1)-neighbor of v is adjacent to a
(A —2)"-vertex. If the 3(1)-neighbor of v is adjacent to a 21" -vertex, then v sends O to this 3(1)-vertex.
By R11,R12and R15, ' (v) > 3 - (4 +—)><3 (5 -4 x2+ix3>0.

Case 3 nz ) =4 If D(v) > A +7, then v is heavy and d (vs) > A — 1. By R10, R11 and R15,
w W) =2-5 ><4+ 22 + x3 > 0. Otherwise, D (v) < A+6, then v is light and the vertices adjacent
to v are all heavy Hence the 2-neighbor of v is adjacent to a (A — 1)*-vertex and the 3(1)-neighbor of
v is adjacent to a (A — 2)*-vertex. If the 3(1)-neighbor of v is adjacent to a 21+—vertex then v sends O
to this 3(1)-vertex. By R11, RI2and R15, ' () 2 3 - (3 + ;) x4 = (5 - 1)+ £ x3> 0.

Case 4. n, (v) = 5. Clearly, D(v) < A+ 6, which means that the 2-neighbor of v 1s adjacent to a
(A—1)*-vertex. So ' () 2 3 = (4 + 2) X 5+ £ x3> 0 by R11 and RI5.

S k=6wl)=4

Case 1. n, (v) < 4. Itis clear that ' (v) > 4 — % X4 — % X2+ é X3 >0byRI11,RI13 and R15.

Case2. nn(v) =5 If D(v) > A +38, then v is heavy and d(v6) A — 2. This together with
R10, R11 and R15 implies that ' (v) 2 4 — 5 X 5 + 5= 55 t+§X3 > 0. Otherwise, D(v) <
A + 7, then v is light and the vertices adjacent to v are all heavy Therefore the 2-neighbor of v is
adjacent to a (A — 2)*-vertex and the 3(1)-neighbor of v is adjacent to a (A — 3)*-vertex. If the 3(1)-
neighbor of v is adjacent to a 217 -vertex, then v sends O to this 3(1)-vertex. By R11, R12 and R15,
W2 4-(1+35)x5- (5 -1)+ix3>0.

Case 3. n, (v) = 6. It is easy to see that D (v) < A + 7, which implies that the 2-neighbor of v is
adjacent to a (A — 2)"-vertex. By R11 and R15, o’ (v) > 4 — (% + ﬁ) X 6 + é x3>0.
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6) k=7, 0 =1
Case 1. n,(v) <6. ByR11,R13and R15, ' () 2 5 - 5 X6 — 1 + £ X4 > 0.

Case 2. n, (v) = 7. Itis clear that D (v) < A + 7, which means that the 2-neighbor of v is adjacent
toa (A —3)*-vertex. By R11 and R15, ' (v) 2 & — (L + ) x 7+ L x4>0.
(7 k=8, wk) =7. Observe that w’ (v) > 7 — % X 8 + % x4 > 0byR11, R13 and R15.

(8) k=9, w(») =Y. ByRI1,RI3andRI5, ' () > ¥ - 2 X9+ 1 Xx5>0.

(9) k210, w(v) = 2k - 5. By R10, ' () 2 3k=5- (3 - 2) xk = 0.

After the first step, w’ (x) > 0 for each x € V U F except some 3-vertices and 4-vertices. For
feF(G),ifd(f) >3, then ' (f) > min {O,d(f) -5- dg()f_)s . d(f)} = 0 by R15. For convenience, a
vertex v is called bad if o’ (v) < 0. If uv € E (G) and u,v are all 10*-vertices, then uv is called special
edge.

There are four bad vertices:

I-vertex: 3-vertex v is adjacent to three 3(1)-vertices and incident with a 5-face, two 6-faces or
a 5-face, a 6-face and a 7-face, w’ (v) > —é.

II-vertex: 4-vertex v is adjacent to three light 2-vertices, a A-vertex and incident with two 5-faces,
w (v) > —é.

IIT-vertex: light 4-vertex v is adjacent to three 2-vertices, w’ (v) > —%.

I'V-vertex: 4-vertex v is adjacent to four 2-vertices, w’ (v) > —1.

Obviously, bad vertex is not adjacent to bad vertex.

T he second step
R20. Every 10*-vertex v sends % to incident face f through its special edge.

R21. Every 97-vertex sends its remained positive weight averagely to each incident face.
R22. Every 5*-face sends its remained positive weight averagely to each incident bad vertex.

(1) v is I-vertex, see Figure la. Clearly, v is a light 3-vertex. By Lemma 2.1, D (v;) > A + 5, which
means that d(vlf) =Aforl <i<3.

Let fi = vivwoxy be a 5-face with d (x),d (y) € {2, A}, f> and f; be 6*-faces. By Lemma 2.2, at least
one of x and y is not 2-vertex. Note that {d (x),d (y)} # {2, A} by Lemma 2.5. Hence, d (x) = d (y) = A,
which means that v(V) is a special edge. By R20, f; receives % x 2 from v/, V). Obviously, f; is only
incident with a bad vertex v, which together with R22 shows that w* (v) > —% +1>0.

(a) T -vertex (b) IT-vertex (c) l-vertex (d) IV-vertex

Figure 1. The configurations of bad vertices. (The degrees of black nodes are the actual
degrees in the figure)
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(2) v is II-vertex, see Figure 1b. By Lemma 2.1, D(v';) > A +2 +d (V';). Let f; and f; be 5-faces.

Case 1. If there is a bad vertex in {v’l V5, v’3}, then it can not be I, III, IV-vertex. If v| is a bad vertex,
then v/ is a A-vertex by Lemma 2.2, which means that v, is a heavy 2-vertex, a contradiction. Hence,
V| can not be a bad vertex. Similarly, v can not be a bad vertex. Next, suppose that v/ is a bad vertex,
see Figure 2a. If u is a 2-vertex, then u is a heavy 2-vertex. This is contradict with II-vertex v} only
adjacent to light 2-vertex. If u is a A-vertex, then uv, is a special edge. By R20, f; gets 1 from uv,.
Obviously, f; is only incident with two bad vertices v and v;, which implies that w* (v) > - + 1 > 0
by R22.

Figure 2. II-vertex.

Case 2. If v{, v}, V] are not bad vertices, then f; is incident with at most [%J + 1 bad vertices.
Case 2.1. Suppose that f; is a 7*-face. Since d (v4) = A, we can get o’ (f3) > Y22 By the first

d(fs)
. d(f)-5 d(f)=5
stepand R22, " (v) > 1+3 -3 — 4 X3+ T2 4 L+ L2 ld(f4)13J+l > 0.
2
Case 2.2. Suppose that f, is a 7*-face. Since d (v4) = A, we can get &’ (fy) > d;{%s. By the first
. d(f)-5 d(f)=5
step and R22, w* (v) > 1 +%—%—%x3+ %‘)4) +%+ E{(“fi) X [d(f4)13 " > 0.
2

Case 2.3. Suppose that f, and f; are all 6-faces, see Figure 2b. It is easy to see that f, and f; are
only incident with a bad vertex v, f; is incident with at most two bad vertices.

If v} is a 10*-vertex, then o’ (f3) > £x2by d (v4) = A. ByR22, w* (v) > —3+¢ %3 > 0. If v} isa 10*-
vertex, then ' (f3) > ¢ X 2. By d (v4) = A, ' (f3) > {. This means that w* (v) > -3 + ¢ X3+ 1 >0
by R22. If v} is a 10*-vertex, then ' (f;) > é. By d(vy) = A, o' (fy) = %, which implies that
WM —t+ix3+3>0.

If vi, v}, v} are all 9™ -vertices, then we discuss the classification of d(x). We can obtain that w’ (f3) >
£ since d (v4) = A.

If d (x) > 10, then xv, is a special edge. By R20, each of x and v, sends % to f5. Hence, w* (v) >
—1+ix3+1>0byR22.If 5 < d (x) < 9, then w” (x) 2 3d (1) =5+(3 - 3)- 1 (d (x) - D+x[%2] >
2d(x) — 12 by R10, R11 and R15. This means that f; gets (3d (x) - ) 75 > & by R21. Hence,
w' (V) > -+ 1ix1+5>0byR22

Ifd(x) =4, then o' (x) 2 1+(3 - 2) - L x2- (% - })+ L x2 = H by R10,R11,RI2 and R15.
This implies that f; gets % by R21. Hence, w* (v) > —¢ + £ X
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W (x) 2 -3 +(3 - 2)- 4 + 1 x2 = L by R10, R11, R12 and R15. This means that f; gets L by R21.

Similarly, we consider the degree of u. Ifd (u) > 3, then f; gets at least min {1, o0 118} = 18 It follows
from R22 that w* (v) > _6 + 5 X 5 + ﬁ + E X 5 = 0. If d(u) = 2, then f; is only incident with a bad
vertex v. By R22, w* (v) > —é + % =0.

(3) v is IlI-vertex, see Figure 1c. Observe that d (v:) = A (i=1,2,3) by Lemma 2.1.

Suppose that f; or f; is a 5-face. Without loss of generality, let f; be a 5-face, then vV} is a special
edge. By R20, f; gets at least 1. Clearly, f; is only incident with a bad vertex v. This together with
R22 implies that w* (v) > —m + 1 > 0. Next, we consider the case when f; and f, are 6*-faces.

Suppose that f; or f; is a 5-face. Without loss of generality, let f; be a 5-face, then f; is a 6*-face.

After the first step, w’ (v) > 1 — (% ) X3 - (ﬂ - Z) + d;{‘;l_)s + d%gs + dg(“;%_)s (observe that v, is
‘ ; 2(d(/;)-5)

adjacent to a (A — 1)*-vertex if v4 is a 3(1)-vertex). Since d(v;) =Aforl <i<3,d (fj) > 207
forl < j<2,0((f3) 2 d(d@;)s. It is easy to see that f; is incident with at most { a)- J + 1 bad
vertices for 1 < j < 2, f5 is incident with at most [%J + 1 bad vertices. Claim that d(f;) > 6

df)=5 |, 26dU1)-5) o 1 _ d(f)-5 | dify)-5 | 1
a0t Tan V(‘@)_L‘J , > = forz 1,2; AR TS XV(%HJ“ > ;. By R22,

1 5) 3_( 5 1)+d(f1)—5+d(f2)—5+d(fa)—5
A-1 4

* 1_ _ _
w" (v) > ( N d(f) d(f) d(f3)

3 A
2d()-5 1 2d@-5 1 d)-5_ 1
B T Bl e I 7 B 7= I R 72 Rl PV o

> 0.
Suppose d(f;) > 6 for 1 <i < 4. After the first step,

, 15 51\ d(f)-5 d(f)-5 d(f)-5 d(f)-5
‘”(V)Zl_(§+_)X3_(A—1_Z)+ df A A AUy

A

Sinced(vl’.) =Afor1 <i<3,wecan getw'(f;) > %}?)—5) for1 <i<2,d(fp) > d(;?;)s for3 <k <4

It is clear that f; is incident with at most ld(f%J + 1 bad vertices (i=1,2), f; is incident with at most
| 2472 ] + 1 bad vertices (k=3.4). By R22,

* 15 51\ d(f)=5 d(R)-5 d(f)-5 d(f)-5 2d(f)-5)
1=+ 2)x3- -
vz (3+ )X3 (A—l 4)+ a0 T Tagy Tagw T agw

A
I 2@Ww-% . 1 dg-5S_ 1 d()-5 ]
N E = P R T B 7= IR R U B P 7= IR R VA R P T =

> 0.

(4) v is IV-vertex, see Figure 1d. By Lemma 2.1, d(v;) =Aforl <i<4.

There is exactly one 5-face in fi, f>, f3 and f;. Without loss of generality, let f; be a 5-face, then
v{v; is a special edge. By R20, f; gets at least 1. It is easy to see that f; is only incident with a bad
vertex v. By R22, w* (v) > —1 + 1 = 0. Next, we consider f; (1 <i < 4)is 6*-face.
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Suppose v is incident with at least a 6-face. Without loss of generality, let f; be a 6-face. It is clear
that f; is only incident with a bad vertex v. Since d (v]) =d (vé) =d (v;) = A, we can get w’ (f1) > é
We use mg to denote the number of 6-faces which is incident with v. After the first step and the second
step,w*(v)z1—(§+%)x4+é><m6+%><(4—m6)+§><m6:—%+%m62 = >0.

Suppose v is incident with four 7*-faces. Note that f; is incident with at most [WJ +1(1<i<4)
bad vertices. Since d (v:) = A, we can get w’ (f;) > %}?;5) (1 <i <4). After the first step,

df)=5 difp)=5 dif5)=5 d(f)-5

w’(v)zl—(1+§)><4+

374 Ay ARy Ay A

By R22,

* L S\, d(f)-5 d()-5 d(f)-5 d(f)-5 2d()-5_ 1
1—[=+2|x4

vz (3+A)X T T BV BTV BIV) B TV
2d(p) -5 1 2d(-5_ 1 2d(f)-5_ I
B2 I F = I R TV R FV =1 IR STV R P=1 I
> 0.

Now we have checked that the final weight w*(x) > 0 for each x € V U F'. Then,

0< Z W(x) = Z w(x) = —10,

xeVUF xeVUF
which is a contradiction.

3. Conclusions

In this paper, we consider the injective chromatic index of planar graphs without adjacent 5-cycles
and proved that such graphs have y;(G) < A(G) + 2 if g(G) > 5 and A (G) > 20. A natural problem in
context of our main result is the following: What is the optimal constant ¢ such that y;(G) < A(G) + 2
for every planar graph G with g(G) > 5 and A(G) > c.
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