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1. A brief review

The following definitions are well known in the literature.

Definition 1.1. A function f : I C R = (—00, 00) — R is said to be convex if
Jx+ A =Dy < Af(x) + (1 =D f(y)

holds for all x,y € I and A € [0, 1].

Definition 1.2 ([9]). For b > 0 and some fixed number m € (0, 1], let f : [0,b] = Ry = [0, 00). If
fx+m(l =10y) <tf(x) + m(l =) f(y)

is valid for all x,y € [0,b] and t € [0, 1], then we say that f is an m-convex function on [0, b].
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Definition 1.3 ( [7]). For b > 0 and some fixed tuple (a,m) € (0,11, let f : [0,b] — Ry. If
fx+m(1 =0)y) <1 f(x) + m(1 = 1) f(y)

is valid for all x,y € [0,b] and t € [0, 1], then we say that f(x) is an (a, m)-convex function on [0, b].

Definition 1.4 ( [2,6]). Let s € (0, 1] be a real number. A function f : I C Ry = [0, 00) — R is said to
be s-convex (in the second sense) if

JAx+ A -Dy) <Xf(x)+ 1 - f(y)
holds for all x,y € I and A € [0, 1].

Definition 1.5 ( [16]). For some number s € [—1, 1], a function f : I C Ry — R is said to be extended
s-convex if

JAx+ (1 =Dy <Xf(x)+ (1 - f(y)
is valid for all x,y € I and A € (0, 1).

Definition 1.6 ( [17]). For some numbers m,a € (0, 1], a function f : (0,b] C R, = (0,00) — Ry is
said to be harmonically (a, m)-convex if

t 1-t

AL+ 2207 < ep e ma - mpo

X  my
is valid for all x,y € I and t € (0, 1).

Definition 1.7 ( [3,4]). A function f : A = [a,b] X [c,d] CR?> — R witha < b and ¢ < d is said to be
convex on the coordinates on A if the partial mappings

fyila,bl = R, f(w) = fi(u, y)

and
foile,dl >R, fuv) = filx,v)

are both convex for x € (a,b) and y € (c,d).
A formal definition for coordinated convex functions may be stated as follows.

Definition 1.8 ( [3,4]). A function f : A — R is said to be convex on the coordinates on A =
[a,b] X [c,d] € R? with a < b and c < d if the inequality

fax+ (1 -0z, Ay + (1 —Dw) <tAf(x,y) +t(1 = D f(x,w) + (1 = DAf(z,y) + (1 = )1 = D) f(z,w)
holds for all t, A € [0, 1], (x,y), (z, w) € A.
Definition 1.9 ( [12]). For (sy,m), (s, my) € [—1,1] X (0, 1], a function f : [0, b] X [0,d] — R is said
to be extended ((s1, my)-(s,, my))-convex on the coordinates on [0, b] X [0, d] if the inequality

fx+m(1 =)z, Ay + my(1 — DYw) < 1A% f(x, y) + mpt’ (1 — ) f(x, w)

+m(1 =072 f(z,y) + mma(1 = ' (1 = )* f(z, w)

holds for all t, A € (0, 1) and (x,y), (z, w) € [0,b] X [0, d].
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Definition 1.10 ( [5]). For f : (0,b] C R, - R, m € (0, 1], and s € [—1, 1], the function f is said to be
harmonically extended (s, m)-convex on (0, b] if

f((f ; m$)_l)s FFO0) +m(1 =1 £ ()

x
holds for all x,y € (0,b] and t € (0, 1).
In a previous paper [3], Dragomir established the following theorem.

Theorem 1.1 ( [3, Theorem 1]). Let f : A = [a,b] X [c,d] € R?> — R be convex on the coordinates
on A. Then

52 0= gt [ o g [
(b—a)(d—c)f f fx,y)dydx

f [ 0) + foxd)ldx+ f [fa) + fb )1 dy|

IA

Z
1
< gf@ o)+ fb.o) + fla.d) + f(b. d)].

There are many other new conclusions in the literature [1,8, 10,11, 13-15,18].

The main purpose of this paper is to introduce the notion of harmonic-arithmetic extended (s, m;)-
(s2,my) coordinated convex functions and to establish some new Hermite—Hadamard type integral
inequalities for this class of convex functions.

2. A definition and a lemma

We now introduce the concept of harmonic-arithmetic extended (sy, m,)-(s,, m,) coordinated convex
functions.

Definition 2.1. For (s, m,), (s2,m;) € [—1, 11X(0, 1], a function f : A = (0, b]x(0,d] C Ri — Rissaid
to be harmonic-arithmetic extended (s, my)-(s,, my)-convex on the coordinates on A if the inequality

t m1(1 — l) -1 A I’I’lz(l - /l) -1
(=) G+=5) )
<A f(x,y) + mat’ (1 — D2 f(x,w) + my(1 — )" A% f(z,y) + mmy(1 — ) (1 — D)™ f(z,w)

holds for all t, A € (0, 1) and (x y), (z,w) € A.

Example 2.1. Ler f(x,y) = ),
and (x,y),(z,w) € Ri, we have

forx,y e Ry andr > 1. For all tuples (s1,my), (s2,my) € [—1,1]X(0, 1]

f((l + M)_l,(ﬂ Ll - ﬂ))_l) 1+ (L= Dmx) W+ (1= DmyY

x 4 y w (x2)" Ow)’
! 1 =)\ A% 1-2)*%
< (_ N M)(_ N M)
x" 7" yr wr
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= A f(x,y) + mpt’ (1 — D2 f(x,w) + mi(1 — )" A f(z,y) + mmy(1 — ) (1 = D) f(z, w).

Therefore, the function f(x,y) = ﬁ is harmonic-arithmetic extended (51, my)-(s,, my) coordinated

convex on R2.
In order to prove our main results, we need the following lemma.

Lemma 2.1. Let f : A € R? — R be a four-time partial differentiable function on A = [a, b] X [c,d]
witha < band ¢ < d. If 725 € Ly(A), then

b
Hf) : = f(a,C)+f(b,C)Zf(a,d)+f(b,d) _ 1 )f fro) + fx.d)]dx

1
—z(d_c)f[f(a,y>+f<b,y>]dy+ )(d_ )ffﬂx ydxdy
(b —a)*(d - ¢)? 4l 1-2
= T X abdcy ffm(l_t)(l_ﬁ)( +_) (Z+T)

o r 1—t 1-2
Xaﬂa)@f((f b ) (c+ d ) )d’dﬁ

Proof. Let x = (£ + =)™ and y = (2 + =4)™ for £, 4 € [0, 1]. Integrating by parts, we have

(b-a)d-o0 a(b -x)  d*(b-x)?*|[cd y) cd—-y)*10*f(x,y)
B = —bac fdf & ) xb—a) 20— a)z][y(d o Yd- c)Z] gy 4xdy
(b a)’(d - c)? t A 1-a\*
4(abdc)? f f fA(l = - /l)(a ) (c T )
ot t 11—t 1-A2
a5 ) )‘”‘”
Lemma 2.1 is proved. O

3. Some integral inequalities of Hermite—Hadamard type

In this section, we establish Hermite—Hadamard type integral inequalities for harmonic-arithmetic
extended (s, m)-(s2, m;) coordinated convex functions.

Theorem 3 1 Let f: A =(0,b] x (0,d] € R? — R be a four-time partial differentiable function on A

such that 755 2 a s € Li(A). If | 662 | is a harmonic-arithmetic extended (s, my)-(s,, my) convex function
on the coordmates on A for q > 1 and for some fixed tuples (si,my), (sy,my) € [—1,1] X (0, 1] and
(a,c),(b,d) € Awitha < b and c < d, then

(b —a)*(d - c)? 6ac\*1 ot f(a o)
< TG+ D01 % 352 + 25 + 3)]1/q( bd ) [{S @2 gy | +mSE s+
0" fla,myd)|? 0* f(mb, c)|? ay1/q
—ze(?y; mS (s; + 2, 2)# + mymyS (8 +2’S2+2)T8yz } , (3.1
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where

_ d—
ba)2F1(4,V,S2+4, dc)

and ,F(c,d; e; 7) is the Gauss hypergeometric function which has the integral representation

b
S(u,v) = 2F1(4, W, s; +4,

Doy — I'(e) L e-d-1 —c
2F1(C,d,€,Z)—m£ “'(1-19 (I —zt)y“dt

fore>d>0, |zl <1, ceR, and -1 <u,v <1 with

T(w) = f M ledr, Rw)>0.
0

Proof. By Lemma 2.1, by Holder’s integral inequality, and by the coordinated harmonic-arithmetic
extended ((sy, m;)-(s2, my))-convexity of | 7| - We have

< L ;fcfz(ddc)‘z"y f f i -na -t 21
() e G 5 G
02| ot
A o[ [ oft
() e G 5 ) )
02| -t

1 1—1—4 11/4 ¢ 1ot
x(; 7 ddxl fftxl(l—t)(l—/l)( )

drdAa

1/q
dtd/l]

X (% + %)_4[t31152 a;;(gys) +myt’ (1 — ) —8x2 2
+my(1 = 1) A% 642‘521—(;))[)2@ ! +mmy(1 — (1 — )™ T q] dtd/l}l/q.
Direct computation gives
[l 5 e
fol £ - t)(é + %)ﬂu - %zm(@ 2 5+4 2 i “),

1 -4 4
t 1-t¢ a b-a

tl—t”‘(—+—) dt:—F(4, 42,544, )

fo =005 G+2)(s+3)2 \BiT=s b

Combining the last three equalities with the above inequality leads to the inequality (3.1). Theorem 3.1
is proved. O
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Remark 3.1. Under the conditions of Theorem 3.1, if we put ¢ = 1 in Theorem 3.1, then

& f(a,c)
0x20y?

[ac(b — a)(d — o)
T 4(bd)*(s; + 2)(s1 +3)(s2 + 2)(52 + 3)
&* f(mb, c)
T

(94f (a, myd)

H(f)l < 97

+ sz (2, Sy + 2)

[s 2,2)

+m15(S1 + 2, 2)

4
+nnnnS(S1+2,h-+2)g;£92££22f2]

0x20y?

In particular, when s| = s, = s and my = my, = m, we have

[ac(b — a)(d - o)) & f(a,c)
HO\S Tt 376+ 370 @ 2 e |+ S G+ D i
0*f(mb, c) ) 0* f(mb, md)
+mS(S+22)T MS(S+2,S+2)T6}}2:|

Theorem 3.2. For some fixed tuples (s1,my), (s2,my) € [—1,1] x (0, 1], letf A = (0,b] >< (O d] C
R2 — R be a four-time partial differentiable function on A such that 2 ay2 e Li(A). If | Rz |q is a

harmonic-arithmetic extended (s1, my)-(s,, my) convex function on the coordinates on A for g > 1 and
(a,c),(b,d) € Awitha < band c < d, then

HP)| < [(b a)(d - c)r/q [T(a,b)T(c,d)]'""/ [ & fa,c)|?
/ abdc [(s1 + 2)(s1 + 3)(s2 +2)(s7 + 3)]V4l| 0x>0y? (3.2)
" O f(mib, c) |4 0* f(mb, myd) 4]1/‘1 ’
" 0x>0y? ' ox20y2 12 0x?0y? ’
where
(g - 1)2{[(q +3)b - (3q + l)a]bZ(qH)/(q—l) +[(Bg+ b —(g+ 3)a]a2(q+l)/(q—l)}
T(a,b) = .

2(q+ (g +3)3q + )b -a)

Proof. Using Lemma 2.1 and Holder’s integral inequality, we have

H(p) < & ;(”‘;Z(ddc)} o f f -0 - (- + )
(212 twﬁﬁv+l;9’@*liir)
R IO
x(§+1?Tﬂ)_4q/(q l)dtd/ll Uqf f A1 = 11 = 2)
0 0
Xﬁ%ﬁ%igﬁ@+%43q

and, by the coordinated harmonic-arithmetic extended ((sy, m)-(s,, m,))-convexity of | 7

I R e S el |
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1% 64f( C) St §2
< | [ oo —alear G e - T
51982 84f(mlb’ C) S1 52 a4f(m1 ) a
#om(1 =0 =55 (1= )7 (1= )| = ]dtd,l'

Furthermore, a straightforward computation gives

1 t 1 —=rpt\%/@D _ (ab)*
fot(l—t)( +—) 4= 5T (@b

and, for s > —1,

1
s+1 _ — 1
fo A =ndt= Ty

Combining the last two equalities and the above inequalities gives the desired result (3.2). The proof
of Theorem 3.2 is complete. O

Remark 3.2. Under the conditions of Theorem 3.2, if s; = s, = s and m; = my = m, we have

(b—a)d - )T (a,b)T(c,d)]'""4 (|8* f(a,c)|
(< [ 24abdc ] [(s +2)(s + 3)]*4 { 0x20y?
O f(mb,c)|4 |0 f(mb, md) q}l/q
Ox20y* 0x20y* 0x20y* '

Theorem 3.3. Under the conditions of Theorem 3.2, we have

(b-a)d -1 (g - 1) 3g+1)/(g-1 3g+1)/(g-1 3g+1)/(g-1 sgenig-y|
H(f)| < [ ] [ (pCa+DIa=D _ gBarDia=DY(gGarDIa-1) _ (Gariia >)]
abdc (3g + 1)?
a* a* d
[R(sl,O $2.0) fi“ Oy aR(s1,0,0,5) M
0x20y? 0x*0y?
3" f(mb, c '
+mR(0, s1, 52, 0) % +mmyR(0, 51,0, 57) W ] )
where

R(u,v,e,{) =Bu+qg+1,v+g+1)Ble+qg+1,{+qg+1)
foru,v,e,t >0 and B(x,y) is the beta function, which can be defined by

1
B(x,y):ftx‘l(l—t)y‘ldt, x,y > 0.
0

Proof. Using Lemma 2.1 and Holder’s integral inequality, we have

2 _ 2 4
H(p) < L0 @0 fftﬂ(l—r)(l—@(t ! L

4(abdc)?
(e a5 (G ) erea
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(b—a)Z(d c)2 f f —4q/(q ) ( 1 1- /1)—4q/(q—1) ]1-1/q
-+ — drda
= 4(abdc)? c d

<[ [ [ma-o0-ar atf;zf((é )G

1 — —
f (E N u) WD - _la=Dab (BOTVIaD) _ gGar/ig-1)).
0o \a b Bg+1)b—-a)

4 ~
By the coordinated harmonic-arithmetic extended ((sy, m;)-(s2, m;))-convexity of |8)‘?2_({y2 1

[ - 202

o 15 d*f(a,c
SL fo[t/l(l—t)(l—/l)]q[f A W

6262

q

1/q
dtd/l] ,

where

, we obtain

drdAa

+ myt* (1 — )™

dx*0y?
84f (m b, 1
0x20y?

+my(1 = 1)"2”

& fla,c
9x20)>

0*f(mb,c)|?

T

+ mumy(1 —1)*' (1 — )™

]dtd/l

34f (a,myd) |*

_R(sl’o SZ’O) zay

+ myR(s1,0,0, s7)

54f (mb, K
0x20y?

Combining the above equality and the above two inequalities, we complete the proof of Theorem 3.3.
O

+mR(0, 51, 52,0) + mmyR(0, 51,0, 52)

Remark 3.3. Under the conditions of Theorem 3.3, if s| = s, = s and my; = my = m, then

1 1 1-1
H(f)| < [(b a)(d - C)] o [ (g-1)° (bCa+DIa=D) _ gBarDia=DY(gGarDIa-1) _ (Gar/a-D) .

abdc (3g + 1)?
d*f(a, o)
x|Res.0,5,0)| SL0 0 e mR(s,0,0, s ’T
5 q1l/q
+mR(0ss0)'a Zazf(mbc) +m2R(0, 5,0, 5 )T] .

Theorem 3.4. Let f : A = (0,b] x (0,d] € R?2 — Rand f € Li(A). Denote H(a,b) = 2“” Affisa
harmonic-arithmetic extended (s, my)-(s,, my)-convex function on the coordinates on A for some fixed
tuples (s1,my), (s2,my) € (—1,1] %X (0, 1] and (a, c), (b,d) € Awitha < b and c < d, then

f(H(a,b), H(c,d))
1 abed fd fb FCy) + mifomx, y) + mof (x, moy) + muma fomix, myy)
-0)

=3 - 2y dxdy
f f Sx, )’) (b —a)(d - c) f(a,c) + myf(a,myd) + my f(mb, c) + mimy f(m b, myd)
- abcd (s1+D(s2+ 1) '
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Proof. Since
2

t 1-t¢ 1-t t
a+ b + a +b

H(a,b) =

for ¢ € [0, 1], by the coordinated harmonic-arithmetic extended ((sy, m)-(s,, m,))-convexity of f, we

have
s ) [PG 5 )
emi{m(*2t ) (7))
emf((§ e ) (A 3))

1 - -1 1 - 1
+ mlmzf(ml(—t + t) ,mz( A + /—1) ):| drd A
a b c d

f(H(a, D), H(c,d)) <

Setting x = (£ + %) andy = (4 + ) forz,4 € (0, 1), we have

t, l—t A 1=\ B abcd f(xy)
ff ’(E+T) )dtdﬂ b= a)(d—c)fd

Combining the above equality and inequality yields the first inequality in Theorem 3.4.
On the other hand, we have

abcd f(xy) t 1—t A 1=-a\"
(b—a)(d—c)ff dxdy ff ’(Z+ d ) )dtdﬂ

< f f [£1 2% f(a, c) + mpt* (1 — D) f(a,mad) + mi(1 = )" A% f(m b, ¢)
0o Jo

+ mumy(1 — )1 = ) f(m b, mzd)] drda
_ fla,0) + myf(a,myd) + my f(mb, ¢) + mymy f (m b, myd)
- (si+D(s2+ 1) '

The second inequality in Theorem 3.4 is proved. O

Corollary 3.1. Under the conditions of Theorem 3.4, if m;y = my = 1, then

1 bed
FUH(a,b), Hee,d) < 5o ‘;)fd_c) fd f(x y) dxdy

S0+ flad+ f(b,c) +f(b,d)
= 2t 2s + (s, +1)

Next, we give an application.

Theorem 3.5. Letb>a>0,d>c>0,andr > 1. Then

r . (br+l _ ar+l)(dr+l _ Cr+l) 3 (ar + br) (Cr + dr)
T+ 1D2b-ad-c) 4 '

(a+b)(c+d
4

AIMS Mathematics Volume 8, Issue 7, 17027-17037.
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In particular, when r = 2, we have

(a + b)*(c + d)> (a2 +ab + bz) (02 +cd + dz) (az + bz) (02 + d2)
< < .
16 B 9 - 4

Proof. Using Example 2.1 and Corollary 3.1, we obtain

@+bye+d)| _abed(p" —a ) (@ =) aey "+ (ad) T+ ey + (bd)
4abcd - (r+ 1D2(b-a)d-c) - 4 '
After simplification, Theorem 3.5 is proved. O
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