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Abstract: Let G = (V,E) be a simple connected graph. A vertex x € V(G) resolves the elements
u,v € E(G)U V(G) if dg(x,u) # dg(x,v). A subset S C V(G) is a mixed metric resolving set for G
if every two elements of G are resolved by some vertex of S. A set of smallest cardinality of mixed
metric generator for G is called the mixed metric dimension. In this paper trees and unicyclic graphs
having mixed dimension three are classified. The main aim is to investigate the structure of a simple
connected graph having mixed dimension three with respect to the order of graph, maximum degree of
basis elements and distance partite sets of basis elements. In particular to find necessary and sufficient
conditions for a graph to have mixed metric dimension 3. Moreover three separate algorithms are
developed for trees, unicyclic graphs and in general for simple connected graph J,, ¢ P, withn > 3
to determine “whether these graphs have mixed dimension three or not?”. If these graphs have mixed
dimension three, then these algorithms provide a mixed basis of an input graph.
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1. Introduction

One of the important features of graph metric generator is that its different version can be introduced
according to the required scenario or application. Up till now, a lot of research work has been
carried out on metric generators and its various versions starting from Slater [14], Haray [7] and then
contributed by a number of authors [2—12]. The notion of graph metric generator was primarily studied
due to its basic property of identification of intruder in the network as all the nodes in the network can be
uniquely localized by a certain set of vertices called metric generator. However, in the situation, when
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an intruder can approach the system not only through nodes but also by manipulating the connections
between the nodes (i.e., edges), then a basic metric generator may not be able to locate the intruder.
This leads to the motivation of constructing a metric generator having capabilities of distinguishing
both vertices and edges so that this type of situation can be handled. Kelenc et al. [9] proposed a metric
generator variant referred as mixed metric generator which can identified both vertices and edges of
graph simultaneously. They analyzed different properties of mixed metric generator. In particular, they
characterized the graphs of order n having mixed dimension 2 and n. They proved that graph has mixed
dimension two if and only if it is a path graph and has mixed dimension 7 if and only if it is a complete
graph. They also determined mixed dimension of some well- known families of graph like path graph,
cycle graph, cartesian product with path graphs, etc. The mixed metric dimension of petersen graph
was determined by Raza and Ji [13]. The mixed metric dimension for unicyclic graphs was investigated
in [15]. In [1], the necessary and sufficient conditions for graphs of order at least 3 having mixed fault-
tolerant generators are established. Moreover, a mixed fault-tolerant metric generator is determined for
graphs having shortest cycle length at least 4. Danas et al. [6] presented three general lower bounds for
mixed metric dimension of graphs. They also compare the new bounds with already existing bounds
in literature.

As the minimum mixed dimension for a simple connected graph J # P,, with n > 3 is three and one
of such graph is cycle graph [9], so it is natural to seek all graphs having mixed dimension three. The
focus of this paper is to characterize such graphs and to develop an algorithm to determine “whether
a simple connected graph J with n > 3 vertices such that J # P, has mixed dimension three or
not?” We also classify all unicyclic graphs with mixed dimension three. To characterize the graphs
having mixed dimension three and to develop algorithm for this, we use the idea of neihbourhood of
vertices and vertex distance partitions which was used in [16] for characterization of graphs having
metric dimension two. To recall, for a graph Q, the distance between two vertices is the length of the
shortest path between them, whereas, the distance between a vertex x and an edge e = yz is given as
d(x,e) = min{d(x,y),d(x,z)}. The subset M = {my,m,, -+ ,m} C V(Q) is referred as mixed metric
generator or mixed generator, if distance vectors of any two members x,y € V(Q) U E(Q) are distinct,
i.e., r(x|M) # r(y|M), where distance vector r(x|M) = (d(x,m;),d(x,m,,--- ,d(x,m;)). The smallest
mixed generator is called mixed basis and the number of elements in mixed basis is called mixed
dimension. It is represented as dim,,(Q). For x € V(Q), the collection {Xy, X1, -, Xi} is referred as
distance partition of V(Q) relative to the vertex x if Xo = {x}and X; = {y € V(Q) : d(x,y) = j, for
1 < j < k, where k is the eccentricity of x in Q. The sets X, X1, -, X; are referred as distance partite sets.
The open neighbourhood N(v) of v € V(G) is defined as N(v) = {x € V(G) : x ~ v}. The eccentricity
e(v) of any vertex v € V(G) is the maximum distance of v in V(G), i.e., e(v) = maxX,ey(g) d(x, V).
the vertex of degree one is referred as pendant vertex and vertex adjacent to pendant vertex is called
support vertex. A unicyclic graph is a simple graph with exactly one cycle.

2. Mixed basis for trees and unicyclic graphs

Definition 2.1. Consider a graph G of order r > 1 with V(G) = {v,,v,,--- ,v,} and r paths P, of length
s; with s; > 1. Then the graph obtained from G by identifying a pendant vertex of a path P, with

vi € V(G) such thati = 1,...,r. Then this new graph is denoted by I'(P;,, Ps,," - , Ps,).

Example 2.1. Consider a wheel graph of order 8, where V(Wg) = {vi,vs, V3,4, Vs, Vg, V7, g}
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Then G is the new graph obtained by identifying the pendent vertices of paths of lengths
P, P, P3, P; with vertices v,,v3,vs,v; and path of length one with all remaining vertices
L'y, (P, Py, Py, Py, P3, Py, P3, Py) as shown in Figure 1.

Figure 1. I'y, obtained by Ws.

Example 2.2. The unicycle graph U, = I'¢,(Ps, Py, Ps, Py, Py, P3, P, Py) is obtained by Cg and
identifying the pendant vertices of paths P3, P, and P3 with vertices uy, us, and ug, respectively. This is
shown in Figure 2.

Figure 2. The unicycle graph U, = I'c,(Ps3, Py, P2, Py, Py, P3, Py, Py).

Remark. If P,, : vi—v,—---—v,, is a path with end vertices v, and v,,. Then the graphT', (Py,---, Py, P,)
is a path on m + r — 1 vertices for r > 1, whereas for r > 2 the graph I', (P, P,, P, ---,P;) is a tree
which is not a path. The tree I, (Py, P», Py - -+ , Py) is shown in the Figure 3.
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Figure 3. The tree I, (P1, P, Py -+ -, Py).

Remark. 1t can be easily seen that I'¢(Py, Py,, - ,P,) = G U_| Py such that G N P, = v; for all
i =1,---,rand P, N P, = ¢ forall i # j. Moreover I'c(Py,, Py,,- -, Py,) is subgraph of rooted
product of G o, P;, where t = max!_, s; and a is a pendant vertex of P,.

Theorem 2.1. [9] If a graph G contains pendant vertices, then any mixed metric generator of G must
contain all pendant vertices of G.

Theorem 2.2. Let T, ¥ P, be a tree with n > 3 vertices. Then dim,,(T,) = 3 if and only if T, =

Ip,(Py,--+, Py, P,,Py,---,Py), where P, is attached to a vertex which is not pendant vertex such that
r>2andn=t+r—-1andt > 3.

Proof. Suppose dim,,(T,) = 3. Since T,, ¢ P,, T, contains at least three pendant vertices. As from
Theorem 2.1, any mixed metric contains all the pendant vertices, 7, has mixed dimension three only
if it contains exactly three pendant vertices, say vy, v, and vs. If v{, v, and v; are attached to exactly
one support vertex, say s, then we claim that 7,, = K, ; for otherwise there is a vertex s; different
from vy, v, and v; but adjacent to s. If s; is a pendant vertex, then we have four pendant vertex, a
contradiction. Thus there must be a vertex adjacent to sy, say s,. Now s, # vy, v, v3 or s for otherwise
we have a cycle which contradict the fact that 7, is a tree. Continuing in this way, we have distinct
vertices sy, §3, - - - . But as we have finite number of vertices, this process must end and there ia an index
k such that either s, = s; for some 1 < j < k or s = vy, v, v3, or s. In either case, we have a cycle,
a contradiction. Hence if there is exactly one support vertex, then 7,, = K;3. Now we suppose that
s and §" are two support vertices attached to vertices v, and v,, respectively. Let d(s, s") = h, then as
vi and v, are pendant vertices, so d(vy,v,) = h+ 2. Lett = h + 2. Then we have a path P, of length
t from v; to v,. Since T, is connected and v; does not lie on the path P, so the vertex v; is linked to
every vertex of path P, through some path. Now let v; be the vertex on P, which is nearer to v;. Clearly
v # vi,vy. Letd(v;,v3) = ri.e., we have a path P, whose end vertex v; coincides with i — th vertex
of path P,. Then the subgraph induced by V(P;) and V(P,,) is isomorphic to I'p (P, -+, P,,--- P}).
Clearly v; is not a pendant vertex of P,. Now we claim that all the vertices of T, either lie on path P,
or on P,. For if (V(P,) U V(P,,)) N V(T,) # ¢, then there exists a vertex w; adjacent to some vertex of
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V(P;) U V(P,,). Without loss of generality, assume that w; is adjacent to some vertex of P,. If degree
of w is one, than T, has four pendant vertices, a contradiction. Therefore deg(w;) > 2. Since T, does
not contain any cycle, w; is not adjacent to any vertex of V(P,) and V(P,,). Thus we have a vertex
wy € T, \ (V(P,)UV(P,)). By continuing this process, we get vertices wy, wy, -+ € T, \ (V(P;) U V(P,)).
Since T, is finite, there exists some index k such that w; = wy for 1 < j < k. But then T, contains
a cycle, a contradiction. Hence G = I'p(Py,---, Py, P,, Py,---,P;) such that P, is not attached to
pendant vertex of P, andn =t +r — 1. O

Corollary 1. A tree T,, has mixed dimension 3 if and only if degree sequence of T, is
(1,1,12,---,2,3).
N’

(n—4)times

Corollary 2. Given the degree sequence of tree T,, it is decidable in time O(1) whether T, has mixed
metric dimension three.

Proof. From Corollary 1, it can be seen that if we have degree sequence of a tree, we only need to
check the first four elements and last two elements of degree sequence. Since a tree has always at
least two pendant vertices, first two entries will always contain one’s for otherwise it is not a degree
sequence of a tree. Thus to determine whether a tree has mixed dimension three, we only have to check
the third, fourth and last two elements of degree sequence. This completes the proof. O

Lemma 2.3. Let U be a unicyclic graph with dim,,(U) = 3. Then any cycle vertex has degree at most
3 and any non-cycle vertex has degree at most 2.

Proof. Consider a unicyclic graph U, with a unique cycle of length n. Suppose that there exists a cycle
vertex c¢; such that deg(c;) > 3. Now label the cycle vertices as {c;, ¢z, -+ ,c,}. Let v and v, be two
non-cycle vertices attached to cycle vertex c¢;. Then there exists two distinct pendant vertices /; and /,
such that ¢y —v; —---—/; and ¢; —v, —- - - — [, are the shortest paths having lengths r and s, respectively.
Then [y, [, must belong to M. Since dim,,(U) = 3, there exists [;,l, # m € M such that M = {l;, [,, m}
is a mixed metric basis. First assume that m is any vertex of the maximal subtree containing c¢;. Then
consider x = ¢y and y = ¢ c,, where ¢, € N(cy) be a cycle vertex. Since the vertex c; is more closer to
l1, [, and m than c,, the coordinate vectors of x and y with reference to M are r(x|M) = (r, s, t) = r(y|M),
a contradiction. Hence we may assume that m does not belong to the maximal subtree containing c;.
Now suppose n is odd, then ¢ = C and ¢’ = Cust (antipodal vertices) are equidistant from ¢;. Without
loss of generality, assume ¢ = Cnt "is more closer to m than ¢’. Then for a pair of elements x = ¢ and
y = c’c, dim,c) = d(m,cc’). Slnce ¢, ¢’ are antipodal vertices, d(cc’,c) = d(c,cy) = d(c’,cy). This
further implies that d(l;, x) = d(l;,cy) + d(c1,¢) = d(l,cy) + d(ci,cc’) = d(ly,y). Similarly d(l,, x) =
d(ly,cy) +d(cy,c) = d(lb,cy) + d(cy,cc’) = d(ly, ), i.e., r(c|M) = r(y|M), a contradiction. Now if n is
even then the vertices cn and Ciyp are equidistant from c;. Clearly e; = CiCuip, € = CuyiCayn € E(U)
and d(ey, ;) = d(ey, l;) = d(li,cz) = d(l;, cz42) for i = 1,2. Now if d(m, cz.1) < d(m,cy),d(czi2,m),
then d(e;,m) = d(m, e;) which implies that r(e;|M) = r(e,|M), a contradiction. Thus without loss of
generality, assume that m is more closer to o than Cuyl and Cz42. But then r(e||M) = r(c%IM).
All cases lead to a contradiction. Thus degree of cycle vertex is at most 3.

Now let y be any non-cycle vertex with degree greater than 2. Then there exist at least two distinct
pendant vertices [, l, such that there is exactly one path from y to [; for i = 1,2 . By Theorem,
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ly,l, € M. Since dim,,(U) = 3, M = {l;, ], m} is a mixed metric basis. If ¢; is a first cycle vertex closer
to y. Then using the same arguments as above, it can be shown that M is not mixed resolving set. O

Theorem 2.4. Let U, be a unicycle graph. Then dim,(U,) = 3 if and only if either U, = C, or

U,=T¢, (P, Py, -+, P), where m+r —1 = n (ie., tadpole graph) or U, = I'¢ (P, ,P---,P1,P,,
~—————— ——————
m—1 times i times
Pla"'Pl)’ where | > Oandm+r1+r2—2 =norlU, = FCW(Prl’Pl"'»P19Pr29Pl9"'PlaPr3a
—_——— —_—— —_———
m—2—i times i times J times

Py,---Py)suchthatm+ry+rn+rs—3=nandi+ j+3 > s, where s = m/2 + 1 if m is even and
~—_———

m—i—j=3 times

s =(m+1)/2 otherwise.

Proof. Suppose dim,,(U,) = 3. As from Theorem 2.1, any mixed metric contains all the pendant
vertices, U, has metric dimension three only if it contains at most three pendant vertices. Now by
Lemma 2.3, degree of each cycle vertex is at most 3. If all the cycle vertices have degree two than
U, = C,. Thus we may assume that there exists at least one cycle vertex of degree three. We claim that
there are at most three cycle vertices whose degree is 3, for if there are more than three vertices, then
there must exists at least four pendant vertices, a contradiction. Hence, there are at most three cycle
vertices whose degree is 3.

Let x be the cycle vertex of deg(x) > 3. Suppose T, be the subtree attached at x containing unique
cycle vertex x. We claim that 7', is a path, for if T, is not a path then there must exists at least one vertex
w € T, such that deg(w) > 3. If w = x then deg(w) in U,, is at least 5, which contradicts Lemma 2.3. If
w is a non- cycle vertex with deg(w) > 3, then it again contradicts Lemma2.3. This further shows that
U, is a graph in which a path is attached to all cycle vertices having degree at least 3. If there is only one

cycle vertex with degree three, then it is easy to see that U, is a tadpole and U, = I'¢, (P, P1,- -+, P1).
—
. m—1 times
If U, contains two cycle vertex of degree three, then clearly, U, = I'¢, (P,,,P1---,P1, P, P, - P))
——— —
. i times m—2—i times
such that m + r + t —2 = n. Now suppose U, contains exactly three cycle vertex of degree three.
Then M = {u,v,w} consisting of pendant vertices and U, = I'¢ (P, ,P,---,P,P,,P1,---Pi,P,,
———— ~——— 7
i times j times
Pi,---P;), where m + r; + r, + r3 — 3 = n. Let the vertices of C,, are ordered as v = vy, ---v,, such
N————

m—i—j-3 times

thatju = v;,w = v;. Suppose m is even but both i, j < m/2. Now consider the edge e = v,,/2V/2+1 and
the vertex vy a. As d(vi, Vi) = m/2 and d(vi, Vye1) = m/2 + 1, s0 d(vi,e) = d(vi, V). Also as
i,j < m/2, 80 vy is closer to v; = u and v; = w as compared to v,,/241. Hence r(v,,2|M) = r(elM), a
contradiction. Now suppose m is odd but both i, j < (n + 1)/2. Using same arguments, it can be shown
that r(Vus1)2lM) = r(Vims1)2 Vines)2lM). It completes the proof O

3. Structure of graphs having mixed dimension three

Lemma 3.1. Let M = {vy,v,, v3} be a mixed metric basis of a graph G. Then |[N(v;) NN(v;)| < 3 for all
distinct pair of vertices v;,v; € M. Moreover any two distinct vertices in N(v;) N N(v;) fori # j are not
adjacent.

Proof. Consider distinct pair of vertices v;,v; € M. Suppose d(v;, vi) = r for v # v;,v;. Now for any
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vertex w € N(v;) N N(v;), d(w,v;) = 1 = d(w,v;) so we have

dw,vi)) <1+r. (3.1

Now clearly, d(w, v¢) > r—1 for otherwise we have a path v; —w —- - - —v; of length less than r between
v; and v, a contradiction. Hence

r—1<dw,v) <r+1. 3.2)

This further implies that only possibilities are d(w, v) = r — 1, r,r + 1. Now if there are more than
three vertices in N(v;) N N(v;), then as d(w,v;) = 1 = d(w,v;), the coordinate vectors of at least two
vertices in N(v;) N N(v;) with respect to M are same. This leads to a contradiction.

Now fori # j,letx,y € N(v;) N N(v;) be two distinct vertices such that x ~ y. As d(x,v;) =d(y,v;) =1
and d(x,v;) = d(y,v;) = 1. Since M is mixed basis, we have d(x, vy) # d(y, vi). Suppose t = d(x, v¢) <
d(y,vr). Then r(x|M) = (1, 1, ¢) and as x is more closer to vy than y so d(xy, v;) = d(x, v;) = t. But then
d(xylM) = (1,1,t) = d(x|]M), i.e., x and the edge xy are not resolved by M, a contradiction. O

Lemma 3.2. Let M = {vy,v,, v3} be a mixed metric basis of a graph G and {Vip, Vi1, -+ , View} be the
distance partition of V(G) with respect to v; € M, where e(v;) is the eccentricity of v;. Then
Viin Vo NVl <1 foralll <i<e(vy), 1< j<e(v,)andl <k <e(v3)

Proof. Suppose on contrary there exists some integers r < e(vy), s < e(v;) and t < e(v3) such that

Vi, N Vi, N V| > 1. Then there exists a,b € V(G) such that a, b € V;, N Vo, N Vi, Then clearly

d(a,vy) =r=db,v,),
d(a,v,) = s = d(b,vy),
d(a,v3) =t =d(b,v3),

i.e., r(a|M) = r(b|M). This leads to a contradiction. O

Lemma 3.3. Let M = {v,v,,v3} be a mixed metric basis of a graph G and {Xi0, Xi1, "+ s Xiewy} be
the distance partition of V(G) with respect to v; € M. If for some i, j € {1,2,3}, 0 < r < e(v;) and
0 < s < e(v)), the vertices a,b € Vi, NV, then a and b are not adjacent.

Proof. Suppose the vertices a and b are adjacent, i.e., e = ab € E(G) and d(a,vy) = t for v # v;,v;.
Then using the same arguments as used in the proof of Lemma 3.1, it can be seen that d(b,vy) =
t—1,t,t + 1. Now d(b,vi) # t for otherwise a,b € V;, N V;; NV}, which contradicts Lemma 3.2. If
d(b,v) = t—1, then b is more closer to v, than a. In this case, d(b, vi) = d(e,vi). Now asa,b € V;, NV,
therefore d(b,v;) = r = d(e,v;) and d(b,v;) = s = d(e,v)), 1.e., the vertex b and the edge e = ab are
not resolved by M. Similarly if d(b, vy) = ¢ + 1, then it can be shown that the vertex a and the e = ab
cannot be distinguished by M. This leads to a contradiction. O

Lemma 3.4. Let M = {v|,v,,v3} be a mixed metric basis of a graph G and {Viy, Vi1, -+, Viewy} be
the distance partition of V(G) with respect to v; € M. If for some 0 < r < e(v;), 0 < s < e(v;) and
0<t<e(), thevertexac V,,NVo,NV3,and b € (V,,U Vl(r+1)) N (VU Vz(ﬁ_l)) N (V3 U V3(t+1)), then
a and b are not adjacent.
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Proof. Asa € Vi,NVy;N V3, and b € (ViU V11) N (Vo U Vo) N (V3 U Viiny), so d(a, v;) < d(b,v;)
for i = 1,2,3. Thus if a is adjacent to b, i.e., e = ab € E(G), then d(e,v;) = d(a,v;) for all i. This
further implies that r(a|M) = r(e = ab|M) which contradicts the fact that M is mixed basis. O

Lemma 3.5. Let M = {v,,v,,v3} be a mixed metric basis of a graph G and {Viy, Vi1, -+ , Vi) be the
distance partition of V(G) with respecttov; € M. If fora € V,, NV, N V3 (0 <r <e(v;), 0 < s <e(v))
and 0 < t < e(v3)), there exist b,c € (Vi, U Vigeny) N (Vag U Vo)) N (Vs U Vi) such that at least
one of b and ¢ must belong to vy,, v,; and v, then b and c are not adjacent.

Proof. If a is equal to one of b and c, say a = ¢ then from Lemma 3.4, a = ¢ is not adjacent to b. Thus
we may assume that a # b,c. Suppose on contrary b ~ ¢, i.e., ¢ = bc € E(G). Now d(a,v) = r,
d(a,v,) = s and d(a, v3) = t. Since at least one of b and ¢ (end points of edge e¢) must belong to vy,, va;
and vy, d(e,vy) = r, d(e,v,) = s and d(e, v3) = t. This implies that r(a|M) = (r, s,t) = r(e = ab|M), a
contradiction to the assumption that M is a mixed basis of G. O

Lemma 3.6. Let M be a mixed metric basis of a graph G and {Vi, Vi1, -+, View,} be the distance
partition of V(G) with respect to v; € M. If for a,c € V,, there exists b,d € (Vi U Vi) N (Vs U
Vitss1) N (Vie U Vi) (i # j # k) such that a,d € Vg and b, c € Vi, where 0 < s < e(v;), 0 <t < e(vy)
then either a + b or ¢ + d.

Proof. Suppose on contrary, for a, c € V;, there exists b,d € (Vi U Vi) N (Vs U V1) N (Vig U Viger1y)
(i # j # k) such thata,d € Vj;, b,c € Viybuta ~ band c ~ d, i.e, ey = ab,e; = cd € E(G). Since
a,c € V;, a and c are more closer to v;, than b and d, respectively. This shows that d(e;, v;) = d(a,v;) = r
and d(ey,v;)) = d(c,v;) = r. Now as a,d € Vj;, so a and d are more closer to v;, than b and c,
respectively. This implies that d(e;,v;) = d(a,v;) = s and d(e,,v;) = d(d,v;) = s. Similarly we can see
that d(e;, vi) = d(b,vy) = t and d(es, v¢) = d(c,v;) = t. Thus if M = {v;, v,, v3 is ordered mixed basis of
G, then r(e|M) = (r, s,t) = r(e;|M), a contradiction. O

Lemma 3.7. Let M = {v,,v,,v3} be a mixed metric basis of a graph G and {Vip, Vi1, -+, View)} be the
distance partition of V(G) with respect to v; € M. Then induced subgraph of any distance partition V;;
of any vertex v; € M is triangle free.

Lemma 3.8. Let M = {vy, vy, v3} be a mixed metric basis of a graph G and {Vip, Vi1, -+ , View} be the
distance partition of V(G) with respect to v; € M. Then the maximum degree of any vertex in induced
subgraph of any distance partition V;; is at most 2.

Lemma 3.9. Let M be a mixed metric basis of a graph G with |M| = 3. Then the maximum degree of
any vertex of M is at most 3.

Proof. Letv; € M be any vertex and let M = {v;,v;, v} be ordered basis of G. Suppose d(v;,v;) = r and
d(vi,vi) = t. Suppose a € N(v;). Then clearly d(a,v;) = r,r—1orr+1andd(a,vi) =t,t—1ort+1.
We claim that if d(a, v;) = r, then d(a, vi) must be ¢ — 1 for otherwise r(v;|M) = (0, r,t) = r(aviM), i.e.,
the vertex v; and edge av; are not resolved by M. Similarly if d(a,v;) = r + 1, then d(a,v;) = t — 1.
Also we claim that the distinct vertices a,c € N(v;) with representation r(a|M) = (1,r,t — 1) and
r(clM) = (1,r + 1, — 1) do not occur simultaneously for otherwise a,c € Vi,-y N Vi, b =v; =d €
Vit N Vip and a,d € Vj,. By Lemma 3.3, either a is not adjacent to b = v; or c is not adjacent to
d = v;, a contradiction as both a, ¢ € N(v;). Now we claim that there are at most two vertices in N(v;)
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with distance r — 1 from v;, for if there are at least three distinct vertices a,b,c € N(v;), then their
distance representation must be (1, — 1, - 1), (1,r — 1,¢) and (1,7 — 1,¢ + 1), respectively. But then
b,ceVi,_nyNVy,e=vi=feV,NVgpandb,e, f € V,. By Lemma 3.3, either b is not adjacent to
e = v; or c 1s not adjacent to f = v;, a contradiction as both b, ¢ € N(v;). Thus N(v;) can contain at most
three vertices; maximum 2 with distance » — 1 and one with distance r or » + 1 (but not both). Thus
maximum number of vertices in N(v;) is 3. O

Theorem 3.10. Let G be a connected graph which is not a tree having mixed metric dimension 3 and
diameter D. Then G contains at most (D* + 12D?)/2 vertices.

Proof. For each vertex except basis vertex, the associated coordinate vector with positive coordinates
(a,B,7y), where 1 < a, 8,7 < D can be chosen in one of D? ways. The coordinate vector corresponding
to basis elements are (0,81,7v1), (@2,0,7y,) and («,,0) for some 1 < @,B,y < D. On the other hand,
the coordinate vectors are also assigned to edges and these must be distinct from the coordinate vectors
of vertices. All the edges except those which are incident with basis elements have positive integers
in each coordinate of coordinate vectors. Therefore, these again must be chosen from possible D?
coordinate vectors. From Lemma 3.9, the maximum number of edges incident to three basis vertices
are 9. Hence maximum number of coordinate vectors which can be assigned to edges and vertices
must not exceed D + 3D? + 9D?. Then this further implies that

IV(G)| + |[E(G)| < D* + 12D? (3.3)
As G is connected but not a tree, so it must contain at least |V(G)| edges. Thus (3.3) becomes

IV(G) < D’+12D* - |E(G)|
D? + 12D — |V(G)|

IA

Hence
IV(G)| < (D + 12D%)/2

O

Theorem 3.11. Let G be a graph with n > 3 vertices such that G is not a tree and {Vyy, Vi1, -+ -, Viewy)
be the distance partition of V(G) with respect to v; € V(G), where e(v;) is the eccentricity of v;. Then
mixed metric dimension of G is three if and only if there exists three vertices vy, v, and v which satisfy
the following conditions:

1. IViinVoinVy| < 1foralll <i<e(v), 1 <j<e(vn)and]l <k < e(vs).

2. Iffora € Vi, N Vo, NV3 (0 <r < e(v), 0 < s < e(vy)and 0 <t < e(v3)), there exists
b,c € (Vi, U Vipin) N (Vag U Vaeary) N (Vs U Vi) such that at least one of b and ¢ must belong
to vi,, Vo5 and v, then b and c are not adjacent.

3. If for a,c € V,, there exists b,d € (Vi U Vi) N (Vs U Vi) N (Vig U Vigsry) (i # j # k) such
that a,d € Vi, and b, c € Vi, where 0 < s < e(v;), 0 <t < e(vy) then either a + b or ¢ + d.
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Proof. Let M = {v;,v,,v3} be a mixed metric basis of a graph G. suppose on contrary condition
(1) is not satisfied. Then there exists some integers r < e(vy), s < e(v;) and t < e(v3) such that

Vi, N Vi; N V| > 1. Then there exists a, b € V(G) such that a, b € V;, N Vo, N V3, Then clearly

d(a,vy) =r=db,v,),
d(a,v;) = s = d(b,vy),
d(a,v3) =t =d(b,v3),

i.e., r(alM) = r(b|M). This leads to a contradiction. Hence condition (1) holds. Also conditions (2)
and 3 are satisfied from Lemma 3.5 and Lemma 3.6.

Conversely suppose that there exists three vertices vy, v, and v; that satisfy all the conditions. We
will show that the set M = {v{, v,, v3} is mixed metric generator for G. Suppose on contrary there exists
distinct elements x,y € V(G) U E(G) such that x and y are not resolved by any member of M. Then

d(x,v)) =d(y,vy) = r,d(x,v;) =d(y,v2) = s,d(x,v3) =d(y,v3) = t. (3.4)

If x,y € V(G), then x,y € Vi, N Vo, N V3, iee., |V, N Vo N V3| > 2, which contradicts condition (1).
Hence for at least one v; € M, d(x,v;) # d(y,v;). Now suppose x € V(G) and y = y;y, € E(G). Then
from (3.4), we have x € V|, N Vo, N V3 and yi,y2 € (Vi U Vi) N (Vag U Vo)) N0 (Vi U Vaggr)
such that at least one of y; and y, must belong to Vy,, V,; and V3,. But then from condition (2), y; + y»,
which contradicts the assumption that y = y,y, is an edge. Finally, assume that x = x;x; and y = yy,
are two distinct edges. There arise two cases:

Case 1: The edges x and y are not adjacent, 1.e., x; # X, # y; # ¥,. Then from (3.4),

X1, %2, 1,2 € (Vi U Vigary N (Vo U Viaeey) N (V3 U Vaan). (3.5)

Consider the edge x = x;x,, by pigeon hole principle, one of x; and x, is more closer to two of
vi, o and v3. Without lose of generality, assume that x; is more closer to v; and v, than x;, i.e.,
d(x,vy) = d(x;,vy) = rand d(x,v,) = d(x1,v,) = s. This implies that

x €V, N st. (36)

Now we claim that x; ¢ V3 for otherwise x; € Vi, N Vo, N Vs and x; € (Vi U Vi) N (Vo U Vaer) N
(V3; U Vi41y). Then by condition (2), fora = x; = band ¢ = x,, x; = b + ¢ = x,, which contradicts
the assumption that x = x;x, is an edge. Thus

X3 € V3, X1 € V3py. (3.7)

Now consider the edge y = y;y, and again by similar arguments, one of the end points of edge y, say,
y1 is more closer to two of members of M than y,. There arise the following sub-cases:

Case la:

If y; is more closer to v; and v, as compared to y,, then y;, x; € Vi, N V,,. Again by using condition (2),
it can be shown that y, € V3, and y; € V3. But these along with Eq (3.7) imply that x;,y; € Vi
so that x;,y; € Vi, N Vos N V341y. This contradicts condition (1).
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Caselb:
Now suppose y; € V3, and y; belong to exactly one of V;, and V,,. Without loss of generality assume
that y; € Vj,. Then

y1 € Vi, NV (3.8)

But by using condition (2), we have

y2 € Vag, y1 € Vagsrny. (3.9)

Now from Eqgs (3.5), (3.6), (3.7), (3.8) and (3.9), we have for x;,y; € Vy,, there exists x;,y, € (Vo, U
Vase1) N(V3,U Vi) such that x;, y, € Vo, and x,,y; € V3. But then from condition (3), either x; + x;
or y; * y,, a contradiction.

Case 2:

Suppose the edges x = x;x, and y,y, are adjacent with their common vertex x; = y;. Then from (3.4),

X1, %2,¥2 € (Vi U Vi) N (Vag U Vo) N (V3 U Viay). (3.10)

We claim that the common vertex x; is nearer to at least two of the vertices of M as compared to other
vertices x, and y, for otherwise from (3.10), either x; € Vj(11)N Vaee1y N Vs o1 X1 belongs to exactly
one of Vlra Vgs and V3t, say V]r. If X1 € Vl(r+1) N Vz(s+1) N V3(t+]), then from 34, d()CZ, V]) = d(yz, Vl) =r,
d(x3,v2) = d(y,,v2) = s and d(x,,v3) = d(y,,v3) = t. This further implies that x,,y, € Vi, N Vo, N V3,
a contradiction. Also if x; € V;, but x; ¢ Vyy, V3, then as from (3.4), x and y are at same distance from
v, and v3, and from (3.10), the only possibility is

X2,y2 € Voy N V3, (3.11)

Now we claim that none of x, and y,, belongs to V, for if one of x; and y», say x; belong to V;,, then
from (3.11), x, € Vi, N Vo, N V3, and x1, xp € (V3, U Vl(r+l)) N (Vy, U Vg(ﬁ_l)) N (V3(t+1) U VV3,. USiIlg
condition (2), x; + x,, a contradiction as x = x;x, is an edge. Hence none of x, and y,, belongs to V,.
Then from (3.10), x2, y2 € Vi@+1). But then x5, 2 € V41 N Vag N V3, which contradicts condition (1).
Hence x; is closer to two of the vertices of M, say v; and v, as compared to vertices x, and y,. Now
using condition (2) and (3.10), we can write

X1 € V3is1), X2,¥2 € Vi, (3.12)

Also from (310), X2, Y2 € Vv Vl(r+l)) N (Vo U Vz(s+1)). If X2, V2 € Vl(r+1)ﬂV2(x+1)’ then this along with
(3.12) imply that x2,y2 € Vig+1)nvy,,, N Va. This contradicts condition (1). Therefore one of x, and
vy, must belong to one of Vy, and V,,. Suppose without loss of generality that x, € V;,. Consider
Y1 = X1, X € Vi, then there exists X1,Y2 € (V]r U V](r+1)) N (st U Vz(s_,.])) N (V3t U V3(t+1)) such that
yi, X1 € Vos and x,,y, € V3. By condition (3), either y; = x; + toy, or x, + x;. This leads to a
contradiction as x = x;x; and y;y, = x;y, are edges.

All the possible cases lead to a contradiction. Hence M is a mixed metric generator. Therefore
dim,,(G) < 3. AsG # P,, dim,, > 3. Hence dim,,(G) = 3. O
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4. Development of algorithms

In this section, three algorithms are developed for determine whether or not “a tree, unicyclic graph
and in general a simple connected graphs has mixed dimension three?”’. The algorithm for tree to have
mixed metric dimension three using Theorem 2.2 and Corollary 1 is given in Algorithm 1.

Theorem 4.1. The complexity of the algorithin to determine a mixed basis of dimension three for a
graph J of order n and diameter D is D%W).

Proof. It is noted that the number of sets in any distance partition of V(J) is maximum J. In
the proposed algorithm, three distance partitions of V(J) with respect to three distinct vertices are
considered at each step. Each set in one partition is compared with two distinct sets from two other
partitions(one from each partition). Thus total number of set comparisons is D%W). Moreover,
in each comparison of three sets, the element wise comparison is at most (n — 1)*. Thus the complexity
of the algorithm is D%%ﬂn_z)). i

Lemma 2.3 and Theorem 2.4 are used to develop an algorithm to find unicyclic graphs having mixed
dimension 3. It is given in Algorithm 2.

The Lemma 3.9, Lemma3.1, Theorem 3.10, and Theorem 3.11 provide the criteria to determine
whether a simple connected graph has mixed metric dimension 3 or not. If a graph has mixed metric
dimension three, then Theorem 3.11 also provide the mixed metric basis for the graph. With the help of
these results, an algorithm is developed which determines whether a graph has mixed metric dimension
three or not and if it exists then it also finds its mixed basis. The algorithm requires the distance matrix
of a simple connected graph which is not a path graph. It results in a mixed basis of dimension three
of graph, if exists. Otherwise indicates that graph has mixed metric greater than three.

Algorithm 1 Determination of Tree having mixed dimension 3.

Require: Degree sequence S of 7,

Ensure:“Mixed Basis with three elements” or “the graph has mixed dimension 2 or greater than 3”
LAf(S(3) > 1) V (n = 2) then

. Tree is path graph having mixed dimension 2

celseif(SB)=DAES@)>1AEm =3)A(S(n—1) < 3) then

. Mixed metric basis consists of three pendant vertices 6. else

. Tree has mixed dimension greater than 3
. end if

00 L B~ W IN
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Algorithm 2 Determination of Unicycle graph having mixed dimension 3.

Require: cycle length r, Adjacency matrix of U, such that first r rows are cycle vertices
Ensure:“Mixed Basis with 3 elements” or *“ dim,,(U,) > 3”

2. n < number of rows of adjacency matrix

3.fori=1:ndo4. s < number of one’s in i — th row

.ifs = 3 then 6. § « the set of cycle vertices i with degree 3

. else if s = 1 then

. P « the set of pendant vertices i

9. else ifs > 3 then

10. L « the set of vertices i with degree greater than 3

11. end if

12. end for

13.if [P| = 0 = |S| = |L| then

14. print “M = {1,[r/27, L(r + 4)/2]} is mixed metric basis”

15. elseif(1 < |P| <3)A (1 <|S]<3)A (L] =0) then

16. C(1) <« S (1) *Relabeling of cycle starting from S (1) (first cycle vertex of degree three) in array C
17. fork =1 :rdo

18. ifC(k) < r — 1 then

19.Ck+1) « C(k)+ 1

20. else

21.Ck+ 1)« Ck)+1—r

22. end if

23. end for

24 if(JP| =1 =|S]) A (IL| = 0) then

25. Print “M « {C(1),C([r/2]), C(L(r + 4)/2)]} is mixed metric basis”
26. else if(|P| =2) A (IS N C| =2) A(|L] = 0) then
27.forj=1:rdo

28.ifC(j) = S(2) A (j < [r/2]) then

29. Print “M = P(1), P(2), C(L(r + 4)/2]) is mixed basis”

30. else

31. Print “M = P(1), P(2), C([r/2]) is mixed basis”

32. end if

33. end for

34. else if(|P| = 3) A (IS N C| =3) A (JL]| = 0) then
35.forj=1:rdo

36.if (S(2),SB)e Cfor j>[(r+4)/27) VvV (S(2),S(3) € C for j < [r/2]) then
37. Print “Graph has mixed dimension greater than three”

38. else

39. Print “M = {P(1), P(2), P(3)} is mixed basis”

40. end if

41. end for

42. end if

43. else

44. Print “Graph has mixed dimension greater than 3” 45. end if

o0 3 W
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Algorithm 3  Graph with mixed dimension 3.

Require: (n X n) distance matrix D of graph G % P,

Ensure:“Mixed Basis with three elements” or “the graph has mixed dimension greater than 3”
2. n « number of rows of distance matrix

3. d «<maximum entry in distance matrix

. r < No. of rows with at most three 1’s. (To determine elements with degrees at most 3)
Cif(n < (d® +12d)/2) A (r > 3)then

. Construct the set W « {j : Ones(D(J,:)) < 3}

.forj, k€ Wdo

.Nj «{i:D(j,i) =1},

. Ny < {i:D(k,i)=1}

10. if |N; N Ni| > 3 or for x € N(j),y € N(k,) D(x,y) = 1 then

11. W« W\ {i, ]}

12. end if

13. end for

14. for i, j,k € W,a =1 : max(D(i,:)),b = 1 : max(D(},:)),c = 1 : max(D(k,:)) do
15. Vi ={s : D(s,j) = a}, Vi = {s : D(s, j) = b}, Vie = {5 : D(s, j) = ¢}

16. Vi(a+1) = {S : D(S, ]) =a-+ 1}, Vj(b+1) = {S : D(S, ]) =b+ 1}, Vk(c+l) = {S : D(S, ]) =Cc+ 1}
17. U < (Via U Vie) " (Vi U Vigs1) N (Vie U Viesy) 18,0 Viy NV, N Ve > 2 then 19. W« W\ {i, j, k}
20. else

21. fOI'(S eVi,N ij N Vie) A (l,M e U)do

22.d = D(u,t)

23.if (uvt)e (ViueAVip AVi)) A(d =1) then

24. W «— W\ i, j, k}

25. end if

26. end for

27. for (u,ve Vi) A(w,x € U)do

28. d1 = D(u,w),d2 = D(v, x)

2.if (u,xe Vi) A,we Vi) A(dl =1) A(d2 = 1) then

30. W« W\ {i, j, k}

31. end if

32. end for

33. end if

34. end if

35. if|W| > 3 then

36. List all 3-subsets of W. Each 3-subset is possible mixed basis for G

37. else

38. Print “Graph has mixed metric basis greater than 3”

39. end if

40. else

41. Print “Graph has mixed metric dimension greater than 3”

42. end if

O 00 3 N L B~
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5. Conclusions

In this paper, it is shown that the mixed metric dimension of tree 7, # P, (n > 3) is 3 if and

only if 7, = I'p(Py,---,P1, P, Py,---,P;), where P, is attached to a vertex which is not pendant
vertex such that r > 2 andn = t+r — 1 and r+ > 3. For unicycle graph U,, it is proved that
dim,,(U,) = 3 if and only if either U, = C, or U, = I'¢, (P, Py, -+ ,P;), where m+r -1 = n (i.e.,,
———
m—1 times
tadpole graph) or U, = I'¢, (P,,P1---,P,P,,, P,---Py), wherei > Oand m+r, + -2 =n
———— —_—
i times m—2—1i times
or U, = ch(Prl,Pl ’Pl’Przapl"”Pl,Pm, Py,---Py)suchthat m+r, +r +r; —3 = nand
| [ —— - [
i times J times m—i—j=3 times

i+j+3 > s, where s = m/2+ 1 if mis even and s = (m + 1)/2 otherwise. Moreover, several
lemmas related to order of graph, maximum degree of basis elements and distance partite sets of basis
elements are presented. These lemmas are then used to find the necessary and sufficient conditions for
a graph to have mixed metric dimension 3. Finally, three separate algorithms are developed for tree,
unicyclic graphs and in general for simple connected graph J, ¢ P, with n > 3 to determine “whether
these graphs have mixed dimension three or not?”. If these graphs have mixed dimension three, then
these algorithms provide the mixed basis of input graphs.

Acknowledgments

The authors appreciate the valuable comments and remarks of anonymous referees which helped to
greatly improve the quality of the paper. The corresponding author(Muhammad Javaid) is supported by
the Higher Education Commission of Pakistan through the National Research Program for Universities
(NRPU) Grant NO. 20 - 16188/ NRPU/R&D/HEC/20212021.

Conflict of interest

The authors declare that they have no conflicts of interest.

References

1. U. Ahmad, S. Ahmed, Muhammad Javaid, M. N. Alam, Computing Fault-tolerant
Metric Dimension of Connected Graphs, J. Math., 2022 (2022), Article ID 9773089.
https://doi.org/10.1155/2022/97730892022

2. R. C. Brigham, G. Chartrand, R. D. Dutton, P. Zhang, Resolving domination in graphs, Math.
Bohem., 128 (2003), 325-364. https://doi.org/10.21136/MB.2003.134179

3. G. Chartrand, L. Eroh, M. A. Johnson, O. R. Oellermann, Resolvability in graphs and the metric
dimension of a graph, Discrete Appl. Math., 105 (2000), 99-113.

4. G. Chartrand, V. Saenpholphat, P. Zhang, The independent resolving number of a graph, Math.
Bohem., 128 (2003), 379-393. https://doi.org/10.21136/MB.2003.134003

AIMS Mathematics Volume 8, Issue 7, 16708—16723.


http://dx.doi.org/https://doi.org/10.1155/2022/97730892022
http://dx.doi.org/https://doi.org/10.21136/MB.2003.134179
http://dx.doi.org/https://doi.org/10.21136/MB.2003.134003

16723

5. A. Estrada-Moreno, J. A. Rodriguez-Velazquez, 1. G. Yero, The k-metric dimension of a graph,
Appl. Math. Inf. Sci., 9 (2015), 2829-2840.

6. M. M. Danasa, J. Kraticab, A. Savic, Z. Maksimovic, Some new general lower bounds for mixed
metric dimension of graphs, Filomat, 35 (2021). https://doi.org/10.2298/FIL2113275M

7. FE. Harary, R. A. Melter, On the metric dimension of a graph, Ars Combinatoria, 2 (1976), 191-195.

A. Kelenc, N. Tratnik, I. G. Yero, Uniquely identifying the edges of a graph: the edge metric
dimension, Discrete Appl. Math., 251 (2018), 204-220. https://doi.org/10.1016/j.dam.2018.05.052

9. A. Kelenc, D. Kuzia, A. Taranenko, I. G. Yero, Mixed metric dimension of graphs, Appl. Math.
Comput., 314 (2017), 429-438. https://doi.org/10.1016/j.amc.2017.07.027

10. S. Khuller, B. Raghavachari, A. Rosenfeld, Landmarks in graphs, Discrete Appl. Math., 70 (1996),
217-229.

11. O. R. Oellermann, J. Peters-Fransen, The strong metric dimension of graphs and digraphs, Discret
Appl. Math., 155 (2007), 356-364. https://doi.org/10.1016/j.dam.2006.06.009

12. F. Okamoto, B. Phinezyn, P. Zhang, The local metric dimension of a graph, Math. Bohem., 135
(2010), 239-255. https://doi.org/10.21136/MB.2010.140702

13. H. Razza, Y. Ji, Computing the Mixed Metric Dimension of a Generalized Petersen Graph P(n, 2),
Front. Phys., 28 July 2020. https://doi.org/10.3389/fphy.2020.00211

14. P. J. Slater, Leaves of trees, Proceeding of the 6th Southeastern Conference on Combinatorics,
Graph Theory, and Computing, Congressus Numerantium, 14 (1975), 549-559.

15. J. Sedlar, R. Skrekovsk, Mixed metric dimension of graphs with edge disjoint cycles, Discrete
Appl. Math., 300 (2021), 1-8. https://doi.org/10.1016/j.dam.2021.05.004

16. G. Sudhakara, A. R. Hemanth Kumar, Graphs with metric dimension two a characterization, Adv.
Appl. Discrete Math., 4 (2009), 169-186.

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 8, Issue 7, 16708—16723.


http://dx.doi.org/https://doi.org/10.2298/FIL2113275M
http://dx.doi.org/https://doi.org/10.1016/j.dam.2018.05.052
http://dx.doi.org/https://doi.org/10.1016/j.amc.2017.07.027
http://dx.doi.org/https://doi.org/10.1016/j.dam.2006.06.009
http://dx.doi.org/https://doi.org/10.21136/MB.2010.140702
http://dx.doi.org/https://doi.org/10.3389/fphy.2020.00211
http://dx.doi.org/https://doi.org/10.1016/j.dam.2021.05.004
http://creativecommons.org/licenses/by/4.0

	Introduction
	Mixed basis for trees and unicyclic graphs
	Structure of graphs having mixed dimension three
	Development of algorithms
	Conclusions

