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1. Introduction and preliminaries

Fixed point theory plays a fundamental role in mathematics and applied science, such as
optimization, mathematical models and economic theories. Also, this theory has been applied to show
the existence and uniqueness of the solutions of differential equations, integral equations and many
other branches of mathematics, see [1,2]. A prominent result in fixed point theory is the Banach
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contraction principle [3]. Since the appearance of this principle, there has been a lot of activity in
this area. Bakhtin [4] in 1989 introduced the notion of a b-metric space (Bms). Shoaib et. al [5]
proved certain fixed point results in rectangular metric spaces. Multivalued mappings in various types
of metric spaces have been extensively studied by many researchers to establish fixed point results and
their applications, see for instance [6—12].

In 1965, Zadeh [13] introduced the concept of a fuzzy set theory to deal with the unclear or inexplicit
situations in daily life. Using this theory, Kramosil and Michélek [14] defined the concept of a fuzzy
metric space (Fms). Grabiec [15] gave contractive mappings on a Fms and extended fixed point
theorems of Banach and Edelstein in such a space. Successively, George and Veeramani [16] slightly
modified the notion of a Fms introduced by Kramosil and Michalek [14] and then obtained a Hausdorff
topology and a first countable topology on it. Many fixed point results have been established in a Fms.
For instance, see [17-25] and the references therein. Recently, some coupled fuzzy fixed-point results
on closed ball are established in fuzzy metric spaces [26]. The notion of generalized fuzzy metric
spaces is studied in [27].

The notion of a fuzzy b-metric space (Fbms) was defined in [28]. The notion of a Hausdorff Fms
is introduced in [29]. Fixed point theory for multivalued mapping in fuzzy metric spaces has been
extended in many directions. For a multivalued mapping (Mvp) in a complete Fms, some fixed point
results are establish in [30]. Some fixed point results for a Mvp in a Hausdorff fuzzy b-metric space
(Hfbms) are proved in [31]. In this article, we prove some fixed point results for a Mvp using Geraghty
type contractions in a Hfbms. Results in [31,32] and [30] turn out to be special cases of our results.

Throughout the article, U refers to a non-empty set, N represents the set of natural numbers, R
corresponds to the collection of real numbers, CB(U) and éO(U) represent the collection of closed and
bounded subsets and compact subsets of U, respectively.

Let us have a look at some core concepts that will be helpful for the proof of our main results.

Definition 1.1. [33] For a real number b > 1, the triplet (U, @, *) is called a Fbms on U if for all
Y1,¥2,93 € Uand y > 0, the following axioms hold, where * is a continuous t-norm and Oy, is a fuzzy
seton U X U x (0, c0):

[Fb1:] Opp (Y1, 42,7) >0 ;

[Fb2 :] Op, (1, Y2, y) = 1if and only if Y = ¢, ;

[FD3 2] Op(Y1,42,7) = Op(Y2, 41, 7)

[Fb4 2] Opp(1, 3, b(y + ) 2 Opp(Yr1, 82, 7) * Opp (Y2, 43,8) V 7,2 0 ;
[Fb5 :] Op, (1, ¥2,.): (0,00) — [0, 1] is left continuous.

The notion of a Fms in the sense of George and Veeramani [16] can be obtained by taking » = 1 in
the above definition.

Example 1.1. For a Bms (U, ©,, A), define a mapping O,: U X U X (0, 00) — [0, 1] by

Y

PP S
YY) = e T

Then (U, Oy, A) is a Fbms.
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Following Grabiec [15], the notions of G-Cauchyness and completeness are defined as follows:
Definition 1.2. [15]

(i) If for a sequence {i},,} in a Fbms (U, @, *), there is ¢ € U such that
lim @ (Y, ¥, y) = 1, Yy >0,

then {i,,} is said to be convergent.

(i) If for a sequence {y,} in a Fbms (U, O, *), li_)m O 1p(Yn, Ynig,y) = 1 then {¢,} is a G-Cauchy
sequence for all y > 0 and positive integer g. o

(iii)) A Fbms is G-complete if every G-Cauchy sequence is convergent.

Definition 1.3. [30] Let B be any nonempty subset of a Fms (U, @y, *) and y > 0, then we define
Fe,, (01, B,7y), the fuzzy distance between an element 0; € U and the subset B, as follows:

F@fb(glaB97/) = SuP{G)f(Ql,Qz,Y): QZ € B}
Note that F®fb(Q1 , B, )/) = F@)fb(B’ O1, a).

Lemma 1.1. [31] Consider a Fbms (U, ®y,, *) and let CB(U) be the collection of closed bounded
subsets of U. If A € CB(U) then ¢ € A if and only if Fe,(A,¢,y) = 1Y y > 0.

Definition 1.4. [31] Let (U, Oy, ¥) be a Foms. Define Hp, , on C,(U) x C,(U) X (0, o) by

74{1'7@)111 (A’ B9 7) = mln{ llﬂrelg F@fb('vl” B’ ')’), i)lglf?‘ F@ﬂ,(A’ O, 7)},

forall A, B € Co(U) and y > 0.

For Geraghty type contractions, follow [33] to define a class Fg,, of all functions 3 : [0, c0) — [0, %)
forb > 1, as

Foy = {6+ [0,00) > [0, }) [ im S(y) = } = lim 7, = 0}. (L.1)
Lemma 1.2. [31] Let (U, Oy, x) be a G-complete Fbms. If s, 0 € U and for a function § € Feg,
O, 0,805, 0,7))y) 2 On (W,0,7) ,
then y = o.

Lemma 1.3. [31] Let (Cy(0), 7‘(F®fb, *) be a Hfbms where (®,, *) is a Fbm on O. If for all A,B €
éO(U), Jor each y € A and fory > 0 there exists oy € B, satisfying Fo,,(J, B,y) = Oz, 0y, 7), then

WF@fb(A’ Ba 7) < ®fb(¢” Qlﬁ» 7)
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2. Main results

In this section, we develop some fixed point results by using the idea of a Hfbms. Furthermore, an
example is also presented for a deeper understanding of our results.
Recall that, given a multivalued mapping Z : U — Cy(U), a point ¥ is said to be a fixed point of Z

if Y € Ey.
Theorem 2.1. Let (U, Oy, x) be a G-complete Fbms and (Cy(0V), HF@fh’ x) be a Hfbms. Let Z2: U —
Co(U) be a Mvp satisfying

7-{F@fb (Elﬁ’ Eg’ﬁ(®fb(¢’7 O, 7))7) = ®fb(w7 o, '}’), (2 1)

Jorall y,0 € U, where B € Fo,, as defined in (1.1). Then E has a fixed point.

Proof. Choose {y,} for ¢y € U as follows: Let ¢; € U such that ¥, € Ey, by the application of
Lemma 1.3, we can choose ¢, € Z¢; such that for all y > 0,

O (Y1, ¥2,7y) 2 WF@ﬂ’ (Ero, E1,y).

By induction, we have i, € Ey, satisfying

®fb(wr’ ¢r+177) > WF@/'b (Ewr—la Ew}” 7) Yr eN.

By the application of (2.1) and Lemma 1.3, we have

- - Y
@ ro¥Yr+l» —7—19. = r— 7:‘ rs —® r=1s%¥r»
oot ¥) 2 Hlre,, (S ww>"4¢'wﬁwaw%wwﬂ

p— — y
> Hro,, (012,501,
> F@fb ( w 2 w 1 ﬁ(®fb(w"_l s wra ’)/)))

Y
>0 r=2s¥Yr-1»
>ﬁ@2wlﬂ%wm%MW@Mm%+W)

_ —_ Y
> H o, 2,
>%on%ﬂ@wﬂ%mﬂ@wm%mme%%WMQ

Y
>0 S, ) 2.2
>‘dwwﬂ@MHM%W@Mﬂwmme%%Wwﬁ (22

For any ¢g € N, writing q(g) = g + g +.o.+ g and using [Fb4] repeatedly,

®fh(l//r, l/’r+q, 7’)

> Oy ('//r, Urils q_);ﬂ) * Op (',l’r+1, 1/ #) * Opp (¢r+2, U3, #) *...%xOp (lﬂr+q—1, Urigs #) .

Using (2.2) and [Fb5], we get
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®fb(wr7 wr+q7 7)
Z®fb('>//0’lﬂ1, 14 )
abB O rp (Y1, Y, VB 1 (Y2, Y1, 7)) - . . BO £, (Y0, Y1, Y))
Y
gb?B® (v, Yri1, VIBO (W1, 1, Y)) - .. BO (W0, Y1, 7)))
Y
gb*B(® (W rs1, Wri2, YIBO 15 (s W1, Y)) - .. B(O 15 (o, Y1, 7)))
Y
qbiB® (Y rrg—2, Yrig—1> YIBO 1p (W rig=3, Wrig-2,Y)) - . . BO (Yo, Y1, 7))) '

* O (l//O’l/’I,

* O ('ﬁo,él’l,

O, (!ﬁo, Ui,
That is,

®fb(wr’ lpr+q’ 7)

r—1
> Oy (l//(), Ui,

r—1 r—1

br—l
7)*®ﬂa(lﬂo,l//1, y)*(af'h(l//o,lﬂl, y)*---*®fb(l/10,l//1, q)’)'
Taking limit as r — oo, we get
Im Op (Y, Yrigyy) =15 150051 = 1.

Hence, {,} is G-Cauchy sequence. By the G-completeness of U, there exists ¢ € U such that

O (& 50.7) 2 Oy (6.1, )+ O (0101, 20, 2

on (o L)oo (20,202

Y
>®ﬂ’(¢ ‘”’“’zb) O (‘”” 2bﬁ<®ﬂ,(¢r,¢,y»)

— 1 as r— .

By Lemma 1.1, it follows that ¢ € Z¢. That is, ¢ is a fixed point for =. |
Remark 2.1.

(1) If we take B(O s, (¥, 0,7)) = k with bk < 1, we get Theorem 3.1 of [31].

(2) By setting Co(U) = U the mapping Z: U — Co(U) becomes a single valued and we get
Theorem 3.1 of [32]. Notice that when E is a singlevalued map, Ey becomes a singleton set
and the fact that H Fo,, (B¢, Eo,y) = On(EY, Eo,y) indicates that the fixed point will be unique
as proved in [32].

(3) Set b = 1 and Cy(U) = U and let k € (0, 1) be such that B(O (Y, 0,7)) = k then we get the main
result of [15].

The next example illustrates Theorem 2.1.
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Example 2.1. Let U = [0, 1] and define a G-complete Fbms by

Y
OnW,0,7) = ———,
(W, 0,7) T r W0

with b > 1. For B € F,, define a mapping Z: U — Cy(U) by

_ {0} ify =0,
=1 0, VPO ;

{0, 5 }  otherwise.
For ¢ = o,
WF@fb (Ewa EQ,IB(®fb(§b» O, 7))7) =1 :®fb(wa O, Y)

If ¥ # o, then following cases arise.
For ¢ = 0 and g € (0, 1], we have

Hr,,, (0,50, B0 5(0,0,7))7)
= min{ inf Fo,,(a, Z0.8(0(.0.7)7). jnf Fo,,(20.b.50,(W.0.Y))

( {0 B© 5, 0, 7))o

= mln{ inf F@fb
acE0

2 } BOs,(, 0, 7))7) ; bin_f Fo,, ({0} b, BO (Y, 0, 7))?’) }
€Eo

O, 0,
_ min{inf {F@ﬂ, (0, 0, Y& ”’(2‘/’ 910, h@ o y))y)},

® >0
B( fb(zw o.v)e BO s, 0, y))y)}}

VB (Y, 0, 7))o

2

Vﬁ(®fb(¢’7 o, 7))y

2

inf {F@,,, 1.0.8@ . 0.9))7). Fo,, [{0}

= min lnf {SUP {F@ﬂ,((), 0,80, 0,7))7), Fey, (0, BOs (Y, 0, 7))7)}},

inf {F(“)ﬂ; (0, O, ,B(be(lﬁ, o, ’)/))7)’ F@fb (O’

—mln mf sup ,inf I,L2 }
y+— y+<

—mln{lnf 1}, 2} min- 1, )/2 = 72.
Y+ Y+ 5 Y+ 5

It follows that

BOs,(Y, 0, 7))7)}}

WF@M(EO’ EQ»ﬁ(G)fh(l//’ O, 7))7) > ®fh(0’ o, 7) = vy + QZ'

For ¢ and o € (0, 1], after simplification we have
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WF%(S(;!/),EQ,B((@fb(w,Q,y))y):min{sup{ 4 24 },Sup { Y y }}

2’ ¥—0)* (¥—0)*
7+IZ y+w@ y+4y+w9
Y

[ Q) 7 + (w — 9)2 = ®fb(w’ 2 7)

v+
Thus, for all cases, we have

Hro,, (B, 20,80 15,0, 7))Y) 2 Opp(¥h, 0, ).
Since all conditions of Theorem 2.1 are satisfied and 0 is a fixed point of =.
Theorem 2.2. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Co(0), ‘Hpefb ,*) be a Hfbms. Let
Z: U — Cy(V) be a Mvp satisfying

F@fb(Q’ EQ’ )/) [1 + F@ﬂ;(w’ Ew’ 7)] o (w ) (2 3)
[+ 0.(0.0.7) eI A

7’{F@fb (Elﬁ, EQ,ﬁ(@ﬂ,(lﬁ, o, 7))7’) > min {

Jorally,0 € U, where B € Fo,, as given in (1.1). Then E has a fixed point.

Proof. Choose {i,,} for ¢y € U as follows: Let ¢y, € U such that y,

€ Eyy. By the application of
Lemma 1.3 we can choose ¢, € Z¢; such that

O (1, ¥2,7) > Hrg , (Etho. E1,y), ¥y > 0.

By induction, we have .., € 2, satisfying

®fb(¢’r7 Wr+1, 7) > 7_[F@fb (El/’r—l, E')[/r’ ')’), VYr eN.
By the application of (2.3) and Lemma 1.3 we have
®fb('70r’ l//r+1 B ’)/) > WF@ﬂ; (El//r—l ’ El//r’ 7)

I { Fou, (¥ Bt o) |1+ Fou (V1. B oy )|
- 1+ @ﬂ,(

b

__
wr—l ’ lvl’r’ BO s -1 ,lﬂra)’)))

Y
@ r=1>%r»
fb(‘l’ LY ,3(®fb(wr_1,wr,7)))}

- {@)fb (Wt gmmman) |1+ O (Ve o)
B 1 +®ﬂ,(

2

D A—
Y1, Y, ﬁ(@fb(l//rfl,',[/ra'y)))

Y
@ r=1s%r» ’
b (‘/’ LY ﬁ(Gfb((ﬂr_l,wr,y)))}
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. Y Y
@ ry ¥Yr+ls = @ rs¥Yr+ls ’® r=1s%r» .
i Yretsy) 2 mm{ fb (‘” Ve ﬁ(®fb(wr_1,wr,y)>) o (‘” LY ﬁ(@)fb(«//r_l,wr,y)))}
2.4)
If
. 04 Y
® rs Wity ,0 r—1sWrs
mm{ f”(‘” v 1ﬁ<®fb(w,_1,wr,y)>) ﬂ’(w i ﬁ(@)fb(wr_l,wr,y)))}
Y
= @ ro¥Yr+los ’
7 (‘” Ve /3<®fb<wr_1,wr,y>>)
then (2.4) implies
Y
® ro¥Yr+l» = @ ro¥Yr+l» °
oW Yri1,Y) 2 fb(lﬁ /] ﬁ(®f‘b(lﬁr—1,lﬁr,7)))
The result is obvious by Lemma 1.2.
If
. Y Y
0) rs Yr+ls a® r—=1s¥rs
mm{ e A S ﬁ(®ﬂ,<wr_1,wr,y»)}
Y
=0 =1 Wrs ,
R e prraen).
then from (2.4) we have
Y
C rs Yr+ls >0 r=1-%rs
oW Yri1,Y) 2 fb(lﬁ 1LY ﬁ(®f‘b(lﬂr—1,lﬂr,7)))
Y
= 0) r=2>s¥Yr-1»
> Op{ur2¥ 1ﬁ(®fb<w,_1,wr,y))m@fb(wr_z,wr_m))
Y
>0 Ui, .
> Onnfyo- v BO® (W1, Y, YIBO oWy, Wy 1, 7)) - - . BO (W0, 11, w)
The rest of the proof can be done by proceeding same as in Theorem 2.1. m|

Remark 2.2.

(1) If we take B(O 4, (¥, 0,7)) = k with bk < 1, we get Theorem 3.2 of [31].
(2) By taking b = 1 and for some 0 < k < 1 setting B(® (¥, 0,7)) = k in Theorem 2.2, we get the
main result of [30].

Theorem 2.3. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Co(V), 7-{p®fh , %) be a Hfbms. Let
2: U — Cy(V) be a Mvp satisfying
7-{F@)fb (E‘ﬁ, EQa ﬁ(®fb(lp9 o, 7))7)
. {Fgf,,@, E0,7) |1 + Fo,, (¥, B0, ) + Fo,, (0, E4, )|
> min

, 04,0, 2.5
2 4+ @ﬂ](w’ 0, ,y) fb('wb o )/)} ( )

forall y,0 € U, where B € Fo,,, the class of functions defined in (1.1). Then E has a fixed point.
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Proof. Choose {y,} for ¢y € U as follows: Let ¢; € U such that ¥; € ZEy,. by the application of
Lemma 1.3 we can choose ¢, € Z¢; such that

O (Y1, ¥2,7y) 2 WF%(E%, Egi,y), Yy>0.
By induction, we have ,,; € Ey, satisfying
O, Yri1,7) 2 ﬂF@fb(Ewr—la EY,y), Yr eN
By the application of (2.5) and Lemma 1.3, we have

OpWr, ¥re1,7) = Hro, (Ethr-1, Err, )

=, ——r = D S = Y
o i {F o (Ur 20 fer ) [1 +FouWrt: 2Vt penmsa)  FonWr 21 sanm o )]
2 min

Y
2+ OnWr-1¥r gew o m)

Y
® r=1s%rs
fh(l!/ LY IB(G)fb(lﬁr—l’%’)’)))}

Y Y Y
- {be('ﬁ*’ Yrels Bon, ) [1 +OpWr1¥n Fenw g T O ¥ menm g )]
Z min

Y
2+ 0197 5e,a s ma)

Y
@' r=1>%r»
W1, ﬂ(@fb(lﬁr—l"ﬁr’y)))}

. oy | vy
O Yrets Fomw g [1 +OnWr1¥r Fenw g ) * 1]

Y

Z i 9® r=1s%rs
i 2+®fh(wr—l7wr?m) W1y ﬂ(®fh(l//r—1:‘/’r:7)))
- @fb(d/r’dlﬂrl’ m) [2+®fb(lr//r,1,l,//r, ﬁ(®[b(¢2/—l»¢r,7)))] 0. (lﬁ lﬁ vy )
- 2+ OpWr1: Y genm g TP O Wt 0 y)
2 min {®fb(wr, Wr+l, 4 )? ®fh(l//r—17 l//r? 4 )} . (26)
BOsfr-1,%7,7)) BOp (1,47, 7))
If
. Y Y
min{ ® Wy, Urst, ) @1, Yy, )}
{ bt B Y B @ W )
Y
=0y rsWr+ls ’
ﬂ’(‘” Vet 5@ 1 o y)))
then (2.6) implies
Y
O Wri1,Y) 2 Opp\ Wy, Writs ,
W W1, Y fb(lﬁ 1/ ﬁ(@fb(lﬁr—l,lﬁr,y)))
and the proof follows by Lemma 1.2.
If
. Y Y
min{ ® (Y, Uit ) O (o1, Yy, )}
{ et @t Y B @ W i 1)
Y
= ®fb(lﬁr—1, e, )

ﬁ(®fb(wr—l ’ wr, 7))
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Then from (2.6) we have
Y )
BOp(r—1,,,7))

Z...2 ®fb(l/’r—1,l/’r,

OnWr¥ri1,7) 2 Op(Wr_1, Y1,

Y
ﬁ(®fb(wr—l’ wh 7))18(®fb(wr—2’ wr—l’ 7)) .. ﬁ(®fb(w05 lﬁl, )’)) .

The rest of the proof is same as in Theorem 2.1. O

Remark 2.3. Theorem 3.3 of [31] becomes a special csae of the above theorem by setting
B(O (Y, 0,7)) = k where k is chosen such that bk < 1.

Theorem 2.4. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Cy(0V), WF% ,*) be a Hfbms. Let
2: U — Cy(U) be a multivalued mapping satisfying

Hro,, (B, B0, BO (¥, 0,7))Y)
- { Fo,, . B0, 7)1 + Fo,,(0.20.7)| Fe,.Z0.9)[1 + Fo,.E0.y)|
- 1+ Fo,, (20, Z0.7) ’ 1+ 05,,0,7)

Fo,, 0, 2,7) [2 + Fo (¥, E0,7)|
1+ Op(Y, E0,y) + Fo, (0. 2¢,7)

®ﬂ7(w’ o, 7)}’ (27)

forally, 0 € U, where B € Fyy, the class of functions defined in (1.1). Then E has a fixed point.
Proof. In the same way as Theorem 2.1, we have
O (1. ¥2,7) = Hry , (Etho. Ep1, ), ¥y > 0.
By induction, we obtain ¢, € Ey, satisfying
Oy, Yri1,7) 2 WF@/.b EY,-1, B¢, y), Yn el
Now, by (2.7) together with Lemma 1.3, we have

®fb (l//r’ ¢r+] ) '}’) > 7‘{F@ﬂ) (Ewr—l ) E(,[/r, '}’)

= N 2N N S
> min { Fog, (-1, 51, ﬁ(@,-bwr_l,wr,y») [1 + Fo,r,Sy,, ﬁ(@«w,_.,wr,y)))]

= = -y
L+ Fo, (E¢r-1, B¢y, ﬁ(®ﬂ,(wr4,wny»)

b

) Y = +
Fou,(r, Er, B(G)fb(lﬁr—lglprs”)) [1  Fop (1, Er, B(Gfb(wr—lswrw)]
Y
1+ ®fb(w”—1’ Yr, ﬁ(@fb(ll/r—l,%,)’)))
= .y = ____r
F@fb(wr—l, '—‘wr—l’ ﬁ(G)fb(Wr—lsl//r»)’))) [2 + F@fb(wr—l’ era BO (b1 4ry)) )]

= ____r = ____r
U+ Fo o (01 B gamaman) T FonWn BVt 5wy

)

b

Y
o) r=1s%rs
W1, ¥ ﬂ(®fb(l//r_],l//r77)))}
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b

N I A
> min { O (fr—1, ¥, ﬂ(®ﬂ;(wr_1,wr,y>>) [1 + O Yt ﬁ((afbwr_l,w,,y)))]

Y
1 + ®fb(¢’r’ l//r+17 m)

__r PRy

O Yrts ey |1 + OV perary)|
Y
1+ ®fb(wr—la wr’ m)

¥ YT

OnWr-1:¥r gorg 1w [2 + Op W1, Y, B(Gfb(wf—l"l’“y»)]

y y
L+ 01, ¥, B(Gfb(‘pr—l-wra')’))) + On W ¥, ﬁ(@)fh(lﬂr—l#ﬁr#)))

2

b

Y
@ r=1s>%r» ’
JAUZ=N ﬁ(@fb(lp,_l,lﬂrﬁf)))}

Y
ﬁ(®fb(wr—l ’ wr’ 7/))

Y
ﬁ(®fb(lpr—l’ lpr’ 7))

O Wy Yrs1,Y) = min {®fb(lﬁr, Urits

If

), O p (-1, Yr, )} . (2.9)

Y

BO i (r—1,81,7))
Y

18(®fb(¢r—l > lﬁr, 7)) )’

min {®ﬂ,(wr, Ut ) On (W1, Y )}

BO i (rr—1,81,7))

= ®fb(lﬂr,l//r+1,

then (2.8) implies

Y
® s Wirsls = ® rs Yr+ls )
fb(w l/’ 1 y) 2 fb(w w ! ﬁ(@fb(wr—la wra 7)))

Then the proof follows by Lemma 1.2.
If

Y
ﬁ(®fb(wr—l 5 wm 7))

Y
=0y r—1s¥Yrs ’
b g i)

min {@fb(l//ra lr//r+1 5 )a ®fb(l//r—l 5 l//ra 24 )}

B(Gfb(l//r—] B lr//r’ ’Y))

then from (2.6) we have

Y
Cl rs Yr+ls —®' r—=1-%rs
oW Wri1,Y) 2 fb(%// LY ﬁ(@)fb(lﬂr—l,ll’r,Y)))
> O (Yo, Y1, 4 )
BO (Y1, U YIBO pp (W2, -1, 7)) - .. BO (Y0, Y1, 7))
The rest of the proof is similar as in Theorem 2.1. O

Remark 2.4. Again by taking S(®,(1),0,y)) = k with kb < 1, we get Theorem 3.4 of [31].

Theorem 2.5. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Cy(0), ‘Hpefb , %) be a Hfbms. Let
Z: U — Cy(U) be a Mvp satisfying
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Hr,, (E0, 0. 5O W0 7))

min{Hr, (B, 20, v).0 (4, 0,7), Hro , (¥, B, 7). Hr, , (0, Z0, V)N
max{H, , (. B, 7). H, , (0. B0, 7)} ’

forally,o € U, where B € Fyy,. Then E has a fixed point.

>

(2.9)

Proof. In the same way as Theorem 2.1, we have

O (Y1, ¥2,7y) 2 (HF@fb(E%bo, Egi,y), Yy>0.

By induction we have i, € Ey, satisfying

®fb(lr//r’ '7[’F+1 s ')’) > 7_{F@fb (Ewr—l s Ewh 7)’ v n € N'

Now by (2.7) together with Lemma 1.3 and some obvious simplification step, we have

®fb(wr7 lﬁr+l ’ '}’) 2 WF@ﬂ) (Elﬁr—] > Elﬁr’ '}’)

- oy oy oy v
mm{c")f sWr¥rets g Wr-1¥r gea ) OrWr-1¥r s w ) O W ¥ s )}

Y Y
max{@fh((rl/r—l 5 l/’rv B(G)_/'b(wr—l,‘yl/r,‘y)) )’ ®fb(';brs 'ﬁr+1 5 /5(@/1:(1%'—1 ) )}
Y SR __r
OreWr-1:Yr: g, ) OroWr- ¥t go w5 7m)

> - - (2.10)
maX{®fb(l//r—1 W, BO s (r—1:4r,7)) ), ®fb(l’[/r’ Yre1s BO (W1 ,wr,y)))}
If
max{(® (Y, Y1, Y ), 0 51, U, y )
ﬁ(®fb(¢r—1 s ‘ﬁr’ 7’)) ﬂ(®fb('70r—1 s '701" 7’))
Y
=0 r—1>¥r,s ,
ldr1.v ﬁ<®f-b(wr_1,wr,y)>)
then (2.10) implies
Y
® rs Yr+ls r) 2 @ rs ¥Yr+ls
W12 2 O (4 1 BO (1, wr,y»)
Then the proof follows by Lemma 1.2.
If
max{® (Y, Y1, Y ), 0 151, U, Y )
BOp W1, 1,7)) BOw Y1, 1,7))
Y
= @ ro¥r+l» )
ey,
then from (2.10) we have
Y
®'(r,r,)2®' r—1>%rs
W rs1:9) 2 Ol pra )
Y
>0 U, .
L oy TR Y T PR T W T PRI
The remaining proof follows in the same way as in Theorem 2.1. O
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Theorem 2.6. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Co(0), 7-(F®/b ,*) be a Hfbms. Let
2: U — Cy(V) be a Mvp satisfying
Hro,, (B, 20, BO (¥, 0,7))y) 2 1Y, 0,7) * Do, 0, %), (2.11)

where,

1—‘1 (l//’ o, '}’) = min{q—{F@fb(El/la EQ7 7)’ WF@_N)('»”’ El//a 7’)’ WF@M(Q’ EQ, 7)’ ®fb(l//’ O, 7)} (2 12)
FZ('J/’ o Y) = maX{q‘{Fbe ('7[” EQ’ 7)’ 7_{F@ﬂ) (E'w[” (o 7)} ’ '
forally,0 € U, and B € Fy,. Then = has a fixed point.

Proof. In the same way as Theorem 2.1, we have

®fb(lpl’ lﬁZ’ '}’) 2 7-{F@)ﬂ’(E“lpOa Elﬁl’ )/)a v 7 > O

By induction we have ¥, € Ey, satisfying

7_(F@fh(lpr» wr+197) = FH(Ewr—h Ewm '}/)

> Ty U !

Y
ﬂ@fh(u/r_l,wr,y))) # (Y, U, ) @13)

18(®fb('70r—1 5 'Jlr’ ’)/))

Now,

Y
r r=1>%rs
I ﬁ(@.,»bw,_l,wr,y)))

. o y = y
= mln{?{F(afb(*—‘l/’r—l"—‘l/’ra ﬁ(@fb(lﬂr_l,lpr,’y))), ?{Fefb(l/’r—l"—‘l/’r—l’ﬁ(@fb(wr_l,wr’y))),

7'{ r’E rs ’ ’® r=1>¥r ’ }
ooV s ) O e )

Y Y
9® r=1s¥rs s
Bon ) Ol g )

% Y
C] ro¥Wr+ls ,© = ‘
¥ 1ﬁ<®fh<wr_l,wr,y>)) lproind ﬂ(@)fb(wr—wnv)))}

= min{®fb(wr’ ww—l s

i1, Y1, 14 )
ﬁ(@fb(%—l, UrY)

Y
BO i (—1,801,7))

). ©s(t-1. U Y )b e

= min{®fb(¢r, lr//r+1 ’ ﬁ((")fb('v[’r—la '7[’” 7))

Y
I r—1s¥Yrs
(v g )

_ - Y = 14
= max{#r, (V1.2 BO (-1, %7, 7)) ) Hooy (80110 BO®p(r-1.¥1.7)) )
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= max{@_fb(wr_p Urits ﬁ(G)fb(wr—l, v 7))), ®fb('v[’r, Y, ,8(®fb(§0r—l’ v, ’)’)))}
= maX{®fb(',[’r—l, Urils 7 )’ 1}'

BO s (f—1,01,7))

Y
To(1 0, -1, 2.15
z(l// LY ﬁ(®fb(l/’r—1,l/’r,7))) 15)

Using (2.14) and (2.15) in (2.13) we have

. Y Y
Ol trots) 2 minl®n(vi b g b Ol b g
Y Y

© (s Yri1,¥) = min{O (Y, ), ©s(¥r1, ¥ ). @16)

IB(®fb(l//r—1 5 l//r’ 7)) :8(®fb('70r—1 s 'Jlr’ 7))

It

. Y Y
@ ro¥Yr+ls ,G) r=1s%r»
mm{ v lﬁ@fb(w,_l,w,,y))) v ﬁ<®fb(w,_1,w,,y>))}

Y
:® rs r+1» >
fb(w ¥ lﬁ(@fb(l/’r—l,l/’r,y)))

then (2.16) implies

Y
@ rsWrils = @ r»¥r+l»
fb(l/l '7[’ 1 7) Z fb(w lﬁ : ﬁ(®fb(wr—la wr’ 7)))

Then the proof follows by Lemma 1.2
It

Y
IB(®fb (l//r—l s l//r’ 7))

Y
=0 r=1s%rs ’
fb(lﬁ LY ﬁ(®fb(lﬂr_1,wr”)/)))

) Ot 0 u )}

i @ ro%¥Yr+ls
min{® (¢ Y BO W14, 7))

then from (2.16), we have

®fb(wr’ wr+l’ 7) 2 @fb(wr—l’ wr’ ﬁ(@fb(lpr):l’ lpr’ )’)))

Y
BO -1, Y, YIBO (Y2, Y1, ¥)) - .. B(O (W0, Y1, 7)))'

> ®fb('ﬁo,lﬁ1,

The remaining proof is similar as in Theorem 2.1. O

Remark 2.5. If we set Co(U) = U the map = becomes a singlevalued and we get Theorem 3.11 of [32].
Again as stated in Remark 2.1, the corresponding fixed point will be unique.
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Theorem 2.7. Let (U, Oy, *) be a G-complete Fbms with b > 1 and (Co(0), 7-(F®/b ,*) be a Hfbms. Let
2: U — Cy(V) be a Mvp satisfying
Fl(w, o, 7) * FZ('vl” o, 7)

H. Y, 0, B0 (W, 0, > , 2.17
oy, (20550, 8@ W 0.7)) 2 == 20 (2.17)

where

I_‘1 (l/’a O, ')’) = min{q.{F@fb (EW, E‘Q’ 7)@;‘17(’% o, Y)7 WF@fb (’70’ E‘wa y)'?{F@)fb (Q’ EQ? 7)}
FZ(‘/l’ O, )/) = maX{ﬂF@ﬂ] (lﬁ, El/” 7)-7‘{&% (Lﬁ, EQ’ 7)7 ﬂF@j‘b (Q’ El/” 7))2} ’ (218)
F3(lr//’ O, 7) = max{q—{F@fb (lﬁ, E'vl” y)’ 7_{F@fb (Q’ EQ’ 7)}

forally,0 €U, and p € Fyy,. Then E has a fixed point.
Proof. In the same way as Theorem 2.1, we have
®fb(lpl’ lpZ’ '}’) 2 7-{F@)fb (Elp()a Elﬁl’ )/)a v 7 > O

By induction we have i, € Ey, satisfying

®fb(lﬁr’ lﬁr+1’ )’) = 7_(F(;)fb (EWr—l 5 EWra 7)

Y __r
> L@ 9 BO (Wr—1.Yr-y)) ) # oW1, ¥, BO -1 #w)))

(2.19)
S 2
3.0 senwam)

Y
I r=1>%rs
vy ﬁ@fb(wr_l,wr,y)))

= min{?-lpgfb (Elﬁr_l, Elﬁr, Y ),Fg(lﬂr_l’ Uy, Y )’

ﬁ(®fb(l//r—lal//r’ Y)) IB(®fb(l//r—1al//r’ 7))

Y _ Y
7_{ r":' rs
Bty ropUr BV ,8(®fb<wr_1,wr,y)>)}

Y Y
@ r—1» re ’
ﬁ<®fb(wr_1,wr,y>>) por1- ¥ ﬁ@ﬁw,_l,wr,y»)

fy 7
@ 1, e @ re r+1»
b1 et i) O lﬁ(gfb(‘/’r—l"/’“y)))}

Y Y )
ﬂ(®fb(wr—l s wr, 7)) ﬁ(®fb(lr//r—l s l,//r, 7)) .

Hro,, Yr—1, Etlr-r,

= min{®fb(l//r, Urits

= 0(Yr, Y1, )@(¥r-1, 9, (2.20)

Similarly,

Y
Do\Yr-1, 41,
v )

- Y
= maX{WF@)fb (lﬁr—l NCI/ARR

ﬂ(®fb(wr—l s wr, 7))

——)
ﬂ(®fb(wr—l s wr, 7)) ’

) Hre,, (411,24,
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= Y g
(WF@ﬂ,(wr»'—‘wr—l»ﬂ((afb(wr_l,wr,,y)))) }
B maX{@f (440 BO s (Wy1, U, y»)’ Ot BO W1, 4, 7>>)’
Y 2
©nlvr ¥ 56w }
- maX{®fb(l//V_1 o ﬁ(®fb(l//r—l Y, 7)) )’ ®fh(wr_1 ety ﬁ(®fb(l//r—l Y, 7)) )’ 1}
It follows that
L1, 0 r )=1. 2.21)
ﬁ(®fb(lﬁr—l’ lﬁr’ )’))
Y
F3(wr_] ’ wr’ :8(®fb(wr—l ’ lﬁr, 7)))
— max {WF% (lpr_l, =Y, Y ),%r(9 " (lﬁr, =y, Y )}

ﬁ(G)fb(l/’r—l ’ l,[/r, 7))
Y

ﬁ(G)fb(l//r—l, l//r’ 7))
Using (2.20), (2.21) and (2.22) in (2.19), we have

IB(®fb(l//r—1 > l//r’ 7))

y
) O (s Y T y)))}. (2.22)

= max {© (V1. Y.

Y ____r
O (s Yrar, ﬁ(gfb(wr—l»'ﬁrsy))).®fb(wr_l Y ,3(®fb(9”r—1"/’r’7)>)
y Y
max{® s, (-1, Y, ﬁ(@fh(l/’r—l’l//r’y))), Op(Wrr Yrat, ,3(®fh<¢'r—1’¢r0’>>)}

Oy, Yyi1,1) > (2.23)

If
Y Y
® ro¥Yr+l» 9® r—1s%r»
max{ wlbr v gy Ol ¥ ﬂ<®fb(w,_1,w,,y>>)}
Y
= @ r—1» rs >
ey ﬁ<®fb(u/r_1,wr,y»)
then (2.23) implies

Y
O, s Wi, P OF rs Yr+ls )
ﬂ)(l// ‘P 1 7) 2 fb((// lﬂ ! B(®fb(wr—la 'ﬁr, 7)))

It is obvious by Lemma 1.2.
If

Y Y
@ ro¥Yr+ls 9® r—1s%r»
max{ wlbr v ey Ol ¥ /3<®ﬂ,(w,_1,w,,y>>)}

Y
=0 rsWr+ls ’
ol ﬁ<®f-b(wr_1,wr,y)>)

then from (2.23), we have

Opp (Y, Yra1,y) 2 ®f”(‘//"1’ v B(®fb($Z1 vy 7))).
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Continuing in this way, we will get

Op Wy, Yrir, 1) 2 ®fb(‘/’r—"‘/’” ﬁ(Fg(z,bZ ¥ 7)))

Y
BO W1, V) BO (Y2, Yr-1,Y) - .. BO 1 (Yo, Y1, 7)))'

> ®fb(¢’0"7[’1,

The rest of the proof follows in the same way as in Theorem 2.1. O

Remark 2.6. By setting C,(U) = U, the mapping Z: U — CO(U) becomes a self (singlevalued)
mapping and we get Theorem 3.13 of [32].

3. Application

An application of Theorem 2.1 is presented here. Recall that the space of all continuous realvalued
functions on [0, 1] is denoted by C([0, 1], R). Now set U = C([0, 1], R) and define the G-complete Fbm
on U by

sup [y (u) — o(w)l’

uel0,1]

On(,0,7)=e Y , Y y>0 and ¢,0€U.

Consider
Y(u) € f G(u,v,y(v))dv + h(u) forall u,ve[0,1], whereas h,¢¥ € C([0,1],R). (3.1
0

Here G: [0,1] X [0,1] X R — P.,(R) is multivalued function and P.,(R) represents the collections of
convex and compact subsets of R. Moreover, for each ¥ in C([0, 1], R) the operator G(-, -, ¥) is lower
semi-continuous.

For the integral inclusion given in (3.1), define a multivalued operator § : U — Co(U) by

Su(u) = {w eV:we f” G(u,v,y(v))dv + h(u), u € [0, 1]}.
0

Now for arbitrary ¢ € (C([0,1],R), denote G,(u,v) = G(u,v,¥(v)) where u,v € [0,1]. For the
multivalued map G, : [0,1] x [0,1] — P, (R), by Michael selection theorem [34], there exists a
continuous selection g, : [0,1] x [0,1] — R such that g,(u,v) € Gy(u,v) for each u,v € [0,1]. It
follows that

fu gu(u,v)dv + h(u) € Sy(u).
0

Since gy is continuous on [0, 1] x [0, 1] and 4 is continuous on [0, 1], therefore both g, and A are
bounded realvalued functions. It follows that, the operator S is nonempty and Sy € Co(U).

With the above setting, the upcoming outcome shows the existence of a solution of the integral
inclusion (3.1).
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Theorem 3.1. Let U = C([0, 1], R) and define the multivalued operator § : U — Co(0) by

Su(u) = {w e0:we fu G(u,v,y(v))dv + h(u), u € [0, 1]},
0

where h : [0,1] — R is continuous and the map G : [0,1] X [0,1] X R — P.,(R) is defined in such
a way that for every € C([0, 1], R), the operator G(-, -, ) is lower semi-continuous. Assume further
that the given terms are satisfied:

(i) There exists a continuous mapping f: [0, 1] X [0, 1] — [0, co0) such that
Hro,, (G, v, () = G(u, v,000) < f2u, V() = 00,

for each y,0 € U and u,v € [0, 1].
(ii) There exists B € Fgy, such that

sup fo FAu,v)dv < BO (¥, 0,7))-

uel0,1]
Then (3.1) has a solution in O.

Proof. We will show that the operator S satisfies the conditions of Theorem 2.1. In particular we
prove (2.1) as follows:

Let y,0 € U be such that g € Sy. As stated earlier, by selection theorem there is g,(u,v) €
Gy(u,v) = G(u,v,y(v)) for u,v € [0, 1] such that

q(u) = f gy(u,v)dv + h(u), u € [0,1].
0
Further, the condition (i) ensures that there is some g(u, v) € G,(u, v) such that

11, v) = 8w, v) < fA(u () — oM, Yu,v e [0,1].
Now consider the multivalued operator 7 defined as follows:
T(u,v) = Gy(u,v) 0 {w € Rt [guu,v) = w| < 2, () - o)}
Since, by construction, 7" is lower semi-continuous, it follows again by the selection theorem that there

is continuous function g,(u,v) : [0, 1] X [0, 1] — R such that for each u, v € [0, 1], g,(u,v) € T (u,v).
Thus, we have

r(u) = fu go(u, v)dv + h(u) € fu G(u,v,o(v)dv + h(u), wue€l0,1].
0 0

Therefore, for each u € [0, 1] we get
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sup lg(u) — r(w))I* sup f gy (1, v) — gou, V)I*dv
0

te[0,1] uel0,1]

e BOpW.0M)yY >, BO (4, 0,7))y

sup fo Fu ) — o(v)Pdv

uel0,1]

>e ﬁ(®fb(w’ o, Y))y

[y (v) — o()I* sup fo A, v)dv

uel0,1]

>e B® (b, 0,7))y

BOsp, 0, YO) - o)
>e ﬁ(®ﬂ7(l/l’ O ’}/))7

) - oW
—e Y
sup [ (v) — o)’
vel0,1]
> e_ Y
= 0O, 0,7).

This implies that,
®fb(Qa 7, ﬂ(®fb('ﬁ’ O, 7))7) = ®fb(l//’ o '}’)

Interchanging the roles of ¥ and o, we get

HF@_M SY,S0,BO5,(,0,7))y) =2 Opn(,0,7).

Hence, by Theorem 2.1, the operator S has a fixed point which in turn proves the existence of a solution
of integral inclusion (3.1). O

4. Conclusions

In the present work, in the setting of a Hausdorff Fbms, some fixed fixed point results for
multivalued mappings are established. The main result, that is, Theorem 2.1 shows that a multivalued
mapping satisfying Geraghty type contractions on G-complete Hfbms has a fixed point. Example 2.1
illustrates the main result. Some other interesting fixed point theorems are also proved for the
multivalued mappings satisfying certain contraction condition on G-complete Hfbms. The results
proved in [30-32] turn out to be special cases of the results established in this work. For the significance
of our results, an application is presented to prove the existence of solution of an integral inclusion.
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