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Abstract: In this paper, we combine the critical point theory and variational method to investigate the
following a class of coupled fractional systems of Choquard type

(=A)'u+ Y = I * |u”)uf>u+pBv  inRY,
(=A)'V + Ly = (I, * VPP + Bu in R,

with s € (0,1), N >3, € (O,N), p > 1, 4; > 0 are constants for i = 1, 2, 8 > 0 is a parameter, and
1,(x) is the Riesz Potential. We prove the existence and asymptotic behaviour of positive ground state
solutions of the systems by using constrained minimization method and Hardy-Littlewood-Sobolev
inequality. Moreover, nonexistence of nontrivial solutions is also obtained.
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1. Introduction

In this paper, we are interested in establishing the existence and nonexistence results of nontrivial
solutions for the coupled fractional Schrodinger systems of Choquard type

(=A)u+ Au= U, *u)uf>u+pBv  inR",

(=A)v+ v =, * VPP ?v+pu inRY,

(1.1)

where s € (0,1), N >3, a € (0O,N), p> 1, A4; > 0 are constants fori = 1, 2, 8 > 0 is a parameter, and
1,(x) is the Riesz Potential defined as
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where I is the Gamma function.
Here, the nonlocal Laplacian operator (—A)* with s € (0, 1) of a function u : RV — R is expressed
by the formula
(—=A)*u(x) = C(N, s)P.V. f ux) — ue) ;o

RN |.X,' _ Z|N+2s ’

where P.V. stand for the Cauchy principal value on the integral, and C(&, s) is some positive
normalization constant (see [1] for details).
It can also be defined as a pseudo-differential operator

F (=AY )€ = [EPF ())& = 17 (&),

where ¥ is the Fourier transform.

The problem (1.1) presents nonlocal characteristics in the nonlinearity as well as in the (fractional)
diffusion because of the appearance of the terms (I, * |u|”)|u|’~>u and (I, * |v|?)|v|?~?v. This phenomenon
raises some mathematical puzzles that make the study of such problems particularly interesting. We
point out that when s = 1,4, =1, p=2, N =3, =2 and B = 0, (1.1) reduces to the Choquard-Pekar
equation

—Au+u=(*u)u, inR>, (1.2)

which appeared in 1954 by Pekar [2] describing a polaron at rest in the quantum theory. In 1976,
Choquard [3] used this equation to model an electron trapped in its own hole and considered it as an
approximation to Hartree-Fock theory of one-component plasma. Subsequently, in 1996 Penrose [4]
investigated it as a model for the self-gravitating collapse of a quantum mechanical wave function; see
also [5]. The first investigations for existence and uniqueness of ground state solutions of (1.2) go back
to the work of Lieb [6]. Lions [7] generalized the result in [6] and proved the existence and multiplicity
of positive solutions of (1.2). In addition, the existence and qualitative results of solutions of power type
nonlinearities |u|’~?u and for more generic values of a € (0, N) are discussed by variational method,
where N > 3, see [8—12]. Under almost necessary conditions on the nonlinearity F in the spirit of H.
Berestycki and P. L. Lions [13], Moroz and Schaftingen [14] considered the existence of a ground state
solution u € H'(RY) to the nonlinear Choquard equation

—Au+u=(,* Fu)F'(u), inR".

When s € (0, 1), Laskin [15] introduced the fractional power of the Laplace operator in (1.1) as
an extension of the classical local Laplace operator in the study of nonlinear Schrodinger equations,
replacing the path integral over Brownian motions with Lévy flights [16]. This operator has concrete
applications in a wide range of fields, see [1, 17] and the references therein. Equations involving the
fractional Laplacian together with local nonlinearities and the system of weakly coupled equations has
been investigated extensively in recent years, and some research results can be found in [18-21].

When 8 = 0, the system (1.1) can be reduced to two single Choquard equations

(=AYu + Lu =L, = [uP)|u”>u inRY (1.3)

and
(=A)v + v = (I, =« PPy inRY. (1.4)
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Equations (1.3) and (1.4) arise from the search for standing wave solutions of the following time-
dependent fractional Choquard equation:
.(9‘1‘ . -2 N
ZE = (A +AY -, = Y)Y, (t,x) e R, xR"Y,
where i denotes the imaginary unit.
In [22], by minimizing ,
I(=A)2ull3 + Ayllull3

oL  lul)ulr)?

on H*(R™)\{0}, the authors obtained the existence of ground state solution of (1.3) with p € (1+ % %
(see [22, Theorem 4.2]).

Of course, scalar problems can be extended to systems. It is easy to see that the system (1.1) can be
regarded as a counterpart of the following systems with standard Laplace operator

S(u) =

—Au+u= (I = uf)ul"*u+ v inR",

“Av+v = VPP + du inRY.
In [23], Chen and Liu studied the systems of Choquard type, when p € (1 + §, %), they obtained
the existence of ground state solutions of the systems. Yang et al. [24] considered the corresponding
critical case.

Motivated by the above mentioned works, in this paper, we aim to study the existence of positive
ground state solutions of the systems (1.1). This class of systems has two new characteristics: One is
the presence of the fractional Laplace and the Choquard type functions which are nonlocal, the other
is its lack of compactness inherent to problems defined on unbounded domains. In order to overcome
such difficulties, next we introduce a special space where we are able to recover some compactness.

First we use |||, denote the norm of LP(RY) for any 1 < p < oo. The Hilbert space H*(R") is
defined by

_ 2
H'RV) := {u e L*(RY): f f ulx) — u@F ) e < +oo}
RN JRN |)C — Z|N+25
with the scalar product and norm given by

(u,v) := f (=A)2u(-A)2vdx + f uvdx,
RN RN
el = (N=A)F ull? + [l 2)?,

;o COV.9) f u(x) - u()P
“A)aulP? = ——— dxdz.
Iayul === | | S dade

The radial space HS(R") of H*(R") is defined as

where

H)(RY) := {u € H'RV)lu(x) = u(|x))}

with the H*(R"Y) norm.
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Let
lull3, == =27 ull3 + Adllull3,  i=1,2

for convenience. It is easy to obtain that || - ||, and || - || are equivalent norms in H*(RM). Denote
H := H'RY) x H'(RY) and H, := H}(RY) x H*(R"). The norm of H is given by

e, WIB, = 2, +[VIE,,  for all (u,v) € H.

The energy functional Ej associated to (1.1) is

1 s s 1
Ep(u,v) =2 f [(=A)2ul® + (=AY >V + Alul® + v )dx — — f (Lo * |ul?)uldx
2 RN 2p RN

) (1.5)
- —f (I, = vP)v|Pdx —ﬁf uvdx, for all (u,v) € H.
2p RN RN
It is easy to obtain that E5 € C'(H,R) and
(Ey(u,v), (g, ) = f [(=A)2u(=A)2 @ + (=A)2v(=A) 2 + Lugp + Awpldx
RN
- f Iy * [ul”)|ul”*updx — f Ly * VPV vipdx (1.6)
RN RN

B f (vip + uh)ddx
RN

for all (¢,¥) € H.

(u,v) is called a nontrivial solution of (1.1) if ug # 0, vg # 0 and (u,v) € H solves (1.1). A positive
ground state solution (u,v) of (1.1) is a nontrivial solution of (1.1) such that u > 0, v > 0 which has
minimal energy among all nontrivial solutions. In order to find positive ground state solutions of (1.1),
we need to investigate the existence of the minimum value of Eg, defined in (1.5) under the Nehari
manifold constraint

N ={(u,v) € H\{(0,0)} : (E;(u,v), (u,v)) = 0}. (1.7)

Define
mg = inf{Eg(u,v) : (u,v) € Ng}.
Furthermore, define Ey; : H'(RY) — R by

1
Eyi(u) = 5,
R

. A 1
|(—A)fu|2dx+5 f wdx — — f N(I(,*Iul”)lul”dx, i=1,2. (1.8)
R

RN 2p

We introduce the Nehari manifolds
No,i = {u e H'RY)\ {0} : [I(=A)2ull? + Allull3 - f Ly * [ulP)ulP dx = 0}, i=1,2. (1.9)
RN

A ground state solution of (1.3) (or (1.4)) is a solution with minimal energy E,; (or Ey, ) and can be
characterized as

min Ey (1) (or min Eg(u)).
ueNy 1 ueNo

The main results of our paper are the following.
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Theorem 1.1. Suppose s € (0,1), N >3, « € (O,N)and p € (1 + %,%), then the system (1.1)
possesses a positive radial ground state solution (ug,vg) € N with Eg(ug,vg) = mg > 0 for any
0 < B < VA145. Moreover, (ug,vg) — (up,vo) in H as B — 0%, where (uy, vo) is a positive radial
ground state solution for the system (1.1) with 8 = 0, namely, uy and v are positive radial ground state

solutions to problems (1.3) and (1.4), respectively.

Remark 1.1. In comparison with [19], this paper has several new features. Firstly, the system (1.1)
contains the Choquard type terms which are more difficult to deal with. Secondly, Lemma 3.11 in [19]
shows that (ug,vg) — (up, vo) in H as B — 0%, where either vy = 0 and uy is a ground state solution to
one single equation, or uy = 0 and v is a ground state solution to the other single equation. While we
prove that (ug, vo) is a positive radial ground state solution for the system (1.1) with B = 0. Finally, the
difference in asymptotic behavior is that it is obtained in this paper that uy > 0 and vy > 0 are positive
radial ground state solutions to problems (1.3) and (1.4), respectively (see Theorem 1.3 in [19]).

Finally, by using the Pohozaev identity (4.1) of the system (1.1), we have the following non-
existence result.

a+N

Theorem 1.2. Suppose p > N2s

solutions.

or p < 1+ &, then the system (1.1) does not admit non-trivial

a a+N

Remark 1.2. According to Theorem 1.2, we can know that the range of p € (1 + &, ¥

for the existence of nontrivial solutions to the system (1.1).

) is optimal

The rest of this paper is as following. In Section 2, we introduce some preliminary results and
notions. In Section 3, we obtain the existence of ground state solutions of the system (1.1) and we also
investigate their asymptotic behaviour. In Section 4, we get the nonexistence result.

Throughout this paper, we use “ — ” and “ — ” to denote the strong convergence and weak
convergence in the correlation function space, respectively. o0,(1) denotes a sequence which converges
to 0 as n — oo. C will always denote a positive constants, which may vary from line to line.

2. Preliminaries

It is well known that the following properties which follow from the fractional Sobolev embedding

2N
H'RY) — LY{R"), g¢e€[2,2], where 2 := ———.
‘ N -=2s
If1+% < p< & wehave that 2 < % < 2%, the space H*(R") compactly embedded into L7 (RV),

First of all, let us recall the Hardy-Littlewood-Sobolev inequality.

Lemma 2.1. (Hardy-Littlewood-Sobolev inequality [23]) Let 0 < a < N, r, g>land1 < s <t < o0
be such that

1 1 a 1 1 «a
—+—-=1+—=, —=—=-=—.
r oq N s t N
(i) For any u € L'(RY) and v € LY(R"), we have
f (Lo = u)v| < C(N, &, @)l|ull,[[VIl4- (2.1)
RN
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Ifpe(l+%, &) andr =g =2, then

f (Lo o |ul”)u|?
RN

where the sharp constant C(N, a, p) is

v T(®) (T ¥
C(N,a,p) = Co(N) =71 2 () { (2)} .

< C(N, a, p)llull,, (2.2)

N+«

r(%e) | T(NV)

(ii) For any u € L*(RY), we have
Lo = ull, < C(N, , s)||ull;. (2.3)

Here, C(N, a, s) is a positive constant which depends only on N, a and s, and satisfies

lim sup aC(N, @, s) <
a—0 S(S - 1)

WN-1,

where wy_; denotes the surface area of the N — 1 dimensional unit sphere.
Next, the following result is crucial in the proof of the Theorem 1.1.

Lemma 2.2. Assumption N €N, 0 <a <Nandp e (1+ &, 2 Let {u,} ¢ H'(R") be a sequence
satisfying that u, — u weakly in H*(RY) as n — oo, then

lim (Ia*lunl”)lunl”—f (Lo * luy — wl”)uty — ul” =f (Lo lual”)|ual”. (2.4)
n—o Jpn RN RN

To show Lemma 2.2, we state the classical Brezis-Lieb lemma [25].

Lemma 2.3. Let Q C RY be an open subset and 1 < r < 0. If
(1) {u,}hen is bounded in L' (Q).
(ii) u, — u almost everywhere on Q2 as n — oo, then for every q € [1,r],

m [ ual? = ity — ul? = [ul]7 = 0. (2.5)

[ee)
n— Q

Here we also need to mention sufficient conditions for weak convergence (see for example [25,
Proposition 4.7.12]).

Lemma 2.4. Assume Q be an open subset of R¥, 1 < g < oo and the sequence {u,},cx is bounded in
L1(Q). If u, — u almost everywhere on Q as n — oo, we have that u,, — u weakly in L1(Q).

In view of Lemmas 2.3 and 2.4 we have the following proof.

Proof of Lemma 2.2. For every n € N. We have that

f (Ioz * |un|p)|un|p - f (Ia * |un - ulp)|un - ulp
RN RN

=f (Lo * (lutnl” = 1w = ul”)lut|” — 1t — ul”)
RN

+ 2[ (Lo * ([unl” = |ty — ul? ), — ul?.
RN

AIMS Mathematics Volume 8, Issue 7, 15789-15804.
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2Np

K’JS , we have that 2 < e <25 then the space H*(R") is embedded continuously

in LffNva(RN ). Moreover, u, — u weakly in H*(R") as n — oco. Thus, the sequence {u,},av is bounded
N
in L= (RY). By (2.5) with ¢ = p and r = 22 we have that

N+a’

1 a
Since 1 + & <p <

|enl” = |t — ul” — |u|”
strongly in L%(RN ) as n — oo. By (2.3), we have that I, defines a linear continuous map from
L~ (RV) to L3 (RV), then

Ia * (lunlp - |un - ulp) - Ia * |M|p

in L¥+(R") as n — 0. By (2.2), we have

fN(Ia # (tnl” = Tt = ul”))|ta|” = ety — ul”) = fN(Ia # |ul”)ul” + 0,(1).

R R

In view of Lemma 2.4, we get |u, — u[’ — 0 weakly in L%(RN) as n — oo. Thus,

f (Lo * (unl” =y — ul”)u, — ul’ = 0,(1).
RN

The proof is thereby complete. |

Lemma 2.5. Let 0 < a < N, p € (1 + 4, ;ilzvs) and the sequence {u,},ev C H*(RN) be such that

u, — u € H*RY) weakly in H*(RV) as n — oco. Let ¢ € H'(RN), we have

Hm [ (g ")t |~ 10,0 =f (Lo * et ugp. (2.6)
RN

n—oco Jpn

Proof. Since u, — u weakly in H*(R") as n — oo, then u, — u a.e. in RY. By the fractional Sobolev

embedding H*(RY) — LI(RM) with q € [2,2?], we see that {u,},ay is bounded in L2 (RY) N L%:(RM).
Since 2 < 222 < 27 then {|u,|”} and {|u,|%u,} are bounded in L¥* (RY) and LT (RY) with ¢ € [2,27],

N+a
respectively, up to a subsequence, we get

. 4
|49 1, — |u|""*u weakly in L1 (RY),

unl? — [ul” weakly in L7 (RY). 2.7)

In view of the Rellich theorem, u, — u in L (R") for ¢ € [1,2%) and |u,/’u, — |ul’"*u in
2Np

L7 "™ (RN) (see [26, Theorem A.2]), then we have that |u,|"2u,¢ — |ul"2u¢ in L3+ (RY) for any

loc

¢ € Cy(RY), where Cy°(RY) denotes the space of the functions infinitely differentiable with compact
support in RY. By (2.3), we get

Ly # (gl 2w ) = Ly % (ul”ugp) (2.8)

AIMS Mathematics Volume 8, Issue 7, 15789-15804.
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in L (RV). Therefore, by (2.7) and (2.8) we get
f Iy * )it unp — f Iy * lul”)ul”*u¢
RN RN
= f Ly * (" un))unl” — f Ly * (ul”ugp))ul”
RV RV
= f [Ia * (lunlp_zun¢) - Ia * (lulp_2u¢)] |un|p
RN

. fRNUa s (" 2ud)ul? — 0"
-0

as n — oo. Since C’ (RM) is dense in H*(R"), we reach the conclusion. m|

Lemma 2.6. (see [27, Theorem 3.7]) Let f, g and h be three non-negative Lebesgue measurable
functions on RY. Let

W, g.h) = fR i fR RO y)ddy,

we get
W(f*, g h") > W(f,g,h),

where [*, g* and h* denote the symmetric radial decreasing rearrangement of f, g and h.

Lemma 2.7. (see [22, Theorem 1.1]) Under the assumptions of Theorem 1.1, there exists a ground
state solution u € H'(RN) (v € H'(RN)) to problem (1.3) ((1.4)) which is positive, radially symmetric.
Moreover, the minima of the energy functional Ey; (E(,) on the Nehari manifold Ny (No2) defined
in (1.9) satisfies min, e, Eo (1) > 0 (mingep,, Eoz(u) > 0).

3. Proof of Theorem 1.1

For any (u,v) € N, we have

1 1
Eg(u,v) = (5 - _Zp) (H(u, V|5 - 2,3f uvdx)
RN

1 1
= (— = —)( (I * ")l dx + f (I * |v|”>|v|f’dx).
2 2p RN RN

This shows that Ej is coercive on Ng. Next we show, through a series of lemmas, that mj is attained
by some (u,v) € N which is a critical point of Eg considered on the whole space H, and therefore a
ground state solution to (1.1).

We begin with some basic properties of Eg and Nj.

Lemma 3.1. For every (u,v) € H \ {(0,0)}, there exists some t > 0 such that (tu,tv) € Nj.

Proof. Indeed, (tu, tv) € Nj is equivalent to

ll(tu, tv)|[3; = f (L * |tul?)|tul” + f (I, * V") |tv]P + 2t f uv,
RN RN

RN

AIMS Mathematics Volume 8, Issue 7, 15789-15804.
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which is solved by

1
. [ 1Ge, V)1 = 2B fo v ) A
Jor G lalPDlual? + (Lo 5 PP ) '
By inequality
Zﬁf uy <2 /ll/lzf uv < f A + A?
RV RV RV
< Nlull3, + VI3, = NG, I,

we have that

1, II7 = 2B fN wv > ||, W = 1w, I = 0.

R

Therefore we get ¢t > 0. O

Lemma 3.2. The following assertions hold:

(i) There exists ¢ > 0 such that ||(u,v)||lg > c for any (u,v) € Np.

(i) mg = inf(, )en, Ep(u, v) > 0 for all fixed 0 < g < VA A,.

(iii) Let uy, v, are positive solutions of (1.3) and (1.4) respectively, and let t > 0 be such that (tu,, tv,) €
Nj, then 0 <t < 1.

Proof. (i) In view of the definition of N, by the Hardy-Littlewood-Sobolev inequality (2.2), for any
(u,v) € Ng, we have

2 2
llull, + 1VII3, = f(la*lulp)lul”+f (Ia*IVI”)IVI”+2ﬁf uy
RN RN RN

< C(N,a, Ul + VP2 ) + P 2 /l/lfuv
( 1214 ||% | ||%) NEw VA4, .

< C,C(N, «a, 2P Iy + B f/12+/12
1C(N, @, p)(llully +1IVIL,) it U \u 2V
B
VA1 Ao

where C; > 0 denotes the fractional Sobolev embedding constant and C; does not depend on u and v.
This means that

< CIC(N, @, p)(llully, + VI, + (a3, + 1IVI13,),

(1 - \/%) I, % < CICN, @, p)llGu, v|I7P.

Since 0 < B8 < VA1 45, we have ||(u, v)||y > ¢, where

c :( VA, =P )M > 0. 3.2)

CiC(N,a,p) VA4,

AIMS Mathematics Volume 8, Issue 7, 15789-15804.
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(i1) For any (u,v) € Ng, we have

1 1
Ep(u,v) =5 - 2 G, V)l —Zﬁf MV)
RN

1 1

2|5 - 2 G, V)1l — \/%(Ilulli + IIVIIi)) (3.3)
11 B )
———|[1- .

>3 o Tl/lz)”(u’ Wi

Since p > 1, we obtain mg > (1 — 5-)(1 - V%)& > 0.

(iii) Since uy, v; are positive solutions of (1.3) and (1.4) respectively, and (tu;, tv;) € N, we have
lurl3, + Il = f Lo * D) + | (L = i)l (3.4)
RN RN

and

2, + I3, - 28 f ulvl):ﬂp( f Lo * gy |7 + f <Ia*|v1|f’)|vl|"). (3.5)
RN RN RN
Combining (3.4) and (3.5), we have

o Il £ IMIE, - 28 Jo vy

et + I B,

The proof is complete. O

Proof of Theorem 1.1. Let (u,,v,) € Nz be a minimizing sequence for Eg, namely such that
Eg(un,v,) — mg. By (3.3), we know that {(u,,v,)},en 1s bounded in H. In view of Lemma 3.1,
there exists 7, > 0 such that (#,|u,|, z,/v,]) € Ng. Then

2
e I DI, = 28 [ bl
n
Jorla # il + [ o 5 2,17
”(un’ Vn)”%-[ - Zﬁ RN u,vy

<
N(Ia * |un|p)|un|p N(Ia * |Vn|p)|vn|p
jl\{ R

Hence, we have that 0 < ¢, < 1. Since
1 1
Eﬁ(tnlun|’ tnlvnD =57 — 72 tip f (Ioz * |un|p)|un|p + f (I(z * |vn|p)|vn|p
2 2p RN RN

< (% - %)( L N(Ia s |t P)|unl? + fR N(Ia * |vn|")|vn|")

= E,B(um Vn)-

For this reason we can assume that u, > 0 and v, > 0. Let u, and v}, denote the symmetric decreasing
rearrangement of u,, respectively v,. By Lemma 2.6 with f(x) = |u,(x)|", g(y) = lu,(y)I”, h(x —y) =
Ix — y|*™, we have

N(Ia * |y | > N(Ia * (1P )1ty (3.6)
R R

AIMS Mathematics Volume 8, Issue 7, 15789-15804.
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In addition, it is well known that

N|(—A>%u;:|zs f N|(—A)%un|2 and f N|u:;|2: f N|un|2 (3.7)
R R R R

(see [28, Theorem 3]). By Hardy-Littlewood inequality and Riesz rearrangement inequality (see [28]),

f u,v, Zf UpVy. (3.8)
RN RN
By (3.6)—(3.8) we have

Ep(u,,v,) = E(Ilu I3, +1VilE,) - 2 f (Lo || et |” = 2—f (Lo * V")V, 1P = ﬁf UV

1
Sg(llunlhl vallZ,) = f(l *Iunl”)lunl”——f(l # vl )val” = ,Bf UnVn

= Eﬁ(un, Vn)-

Therefore, we can further assume that (u,,v,) € H,. By (3.3), we have that {(u,, v,)} is bounded in H,
there exists (ug,vg) € H and ug > 0, vz > 0 such that up to subsequences, (u,,v,) — (ug, vg) weakly
in H. Moreover, we also can assume that u, — ug, v, — vg a.e. in RV and (ug,v5) € H,. Since
{(Un, Vi) hnewr C N, we have

f(l # |1t |71t |” + f(l [Vl al? = a3, +||vn||32—2ﬁfN UpVp
R

B 2 B\
1- 1- .
> ( /11/12) Qs villgy = ( /11/12)6

By (2.4), we obtain

B\
(o st + [ s |”z( 250,
fRN sl + | sl )lvg T

which means ug # 0 or vz # 0.
By (2.4) and Fatou’s lemma, we have

llugll3, + 1vell3, — zﬁf Ugvp < f (Lo * |ugl”)lugl” + f (Lo * [vpl")lvgl”.
RV RN RN

Let r > 0 such that (tug, tvg) € Nj, we have

B [ IGutg, vl = 2B fo s ) -
Jon o Nl gl + foo (Lo logllvgle )~

Hence,
1 1
mg < Eg(tug, tvg) = (5 - E)IZ” (fRN(Ia * |ul?)ugl? + fRN(Ia * |vﬁ|p)|vﬁ|”)

1 1
< (5 _ 5) ( [ ot + [ 1, |vﬁ|”>lvﬁ|”)

= lim Eg(u,, v,) = mg.
n—o00
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Thus, we can deduce that # = 1 and my is achieved by (ug,v5) € N with ug > 0, vz > 0. Now
we know that (ug, vg) be non-negative and radial ground state solution of (1.1). Since (1.1) has no
semitrivial solution, namely (ug, 0) and (0, vg) are no solutions of (1.1), we infer that uz # 0 and vg # 0.
By the strong maximum principle, we get ug > 0 and vz > 0, then (ug, vg) be positive and radial ground
state solution of (1.1).

Next we consider the asymptotic behavior of the ground state solution.

Suppose {B,} be a sequence which satisfies 8, € (0, min{1, VA4;4,}) and B, — 0 as n — co. Let
(ug,,vg,) be the positive radial ground state solution of (1.1) obtained above, we claim {(ug,,vg,)} 18
bounded in H. Indeed, let ¢, ¥ are the positive solutions of (1.3) and (1.4) respectively. By (iii) of
Lemma 3.2, we have that (7,0, t,4) € Np,, where 0 < 7, < 1. Hence, by (1.5) and (1.6), we have

1
Eﬂn(uﬁn’ vﬁn) < Eﬁ»z(tn¢’ tnw) = E,Bn(tn(ﬁ’ tnlp) - E<E/n(tn¢’ tnw)’ (tn¢’ tnw»

_(1_t 2 _op 2
—(2 2p)(||(tn¢,tnlﬁ)llH Z’B’J”fRNW)

11 2
< (5 - 5) (&, Wl := D.

Therefore, let ¢y = min{%, VA, 4}, for n large enough, we have
1 ’
D > E,Bn(u,Bn’ vﬁn) = E,Bn (M;Bn’ v,Bn) - 5<Eﬁn(uﬁn’ V;Bn)’ (u,Bn’ vﬁn)>

1 1 1 1
2 (5 - 5) (I = B)ll(ug,, Vm)”%{ > (5 - 5) ”(uﬁn,vﬁ,,)”%{,

from which we deduce that {(us,,vg,)} is bounded in H. Thus, there exists (uo, vo) € H such that, up to
a subsequences, (ug,,vg,) — (Ug, Vo) iIn H as n — oo and uy > 0,vy > 0. Moreover by (3.2) we have
that

1
( m - ﬁn )2p2
Cp =
CiC(N,a, p)Ni 4,
is an increasing sequence and ||(ug, , vﬁn)llf{ > ¢ > 0, hence we have that uy # 0 or vy # 0. It is easy to
observe that E{(uo, vo) = 0, thus ug, vy are the solutions of (1.3) and (1.4), respectively. Since

2
l(ug, » vg,) = (1o, vo)lly

= (Ej (ug,, vg,) — Eq(uo, vo), (up,, vs,) — (1o, vo)) + J};N(la s |ug, |P)|ug,|”
+ f (Lo * v, IP)vg, IP — f Ly * |ug, | ug, 1P *1ug,u0 — f Ly * |vg, IV, 1725, v0 (3.9)
RN RN RN :
- f (Lo * luol”)luol” = luol”2uoug,) + | (Lo * [vol”)([vol” = volP2vovg,)
RN RN

+ B f (2ug,vg, — g, vo = v, Uo),
RN

by Lemmas 2.1, 2.2, 2.5 and above equality (3.9), we can conclude that (ug,,vs,) — (uo,vo) in H as
n— oo,
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In view of Lemma 2.7, we can assume that u;, v; are positive ground state solutions to (1.3) and (1.4)
respectively, and let 7, > O such that (z,u,1,v1) € Np,. In view of (iii) of Lemma 3.2, we know that
0 < t, < 1. Furthermore, by (3.1) we have that

1t VIF; = 2By fo uv e
Jon o Pl + [ (L * i)Vl

n =

is an increasing sequence and t, > t; > 0, then we know that 7, — 1. Consequently, we have
Eo(uy,v1) < Eo(ug, vo) = 31_{{)10 Eg (ug,,vg,) < ,}1_{?0 Eg, (t,uy, t,v1) = Eo(uy, vy). (3.10)

Obviously Eg(up,vo) is the sum of the energy of u, and v, for the single equation (1.3) and (1.4)
respectively, namely

Eo(uo, vo) = Eo,1(uo) + Eo2(vo),

where Eg, : H*(RY) — R is the energy functional of (1.4), which is defined similarly to E,;, and
Eo(uy,vy) is the sum of the energy of u; and v, for the single equation (1.3) and (1.4), respectively,
namely

Eo(u1,vi) = Eo1(u1) + Egp(v1).

Since u;, v, are positive ground state solutions to (1.3) and (1.4) respectively, we have
Eo1(uo) = Eo1(uy) and  Eya(vo) = Ega(v1).

By (3.10), we get Ey(up) = Eo1(u1) and Ep,(vo) = Epo(vy). By Lemma 2.7, we know that uy, v, are
positive ground state solutions of (1.3) and (1.4) respectively.

Let u; and v; denote the symmetric decreasing rearrangement of uy and v, respectively. By
Lemma 2.6 with f(x) = |ug(x)I”, g(y) = lugM)I”, h(x —y) = |x — y|*™", we have

(Lo # lugl”ugl” = [ Ly * |uaol”)uao]” (3.11)
RN RN

In addition, we know that

[(=A)2uy* < f I(=A)2up*  and f luy|* = f luo|? (3.12)
RN RN RN RN

(see [28, Theorem 3]). By (3.11) and (3.12) we have

1

1
2 o *Iuolp)luol”—z—f (Lo * v IM)Ivol®

Eo(ug, vy) = (||u0||11 + Ivpli3,) -

5(”“0”41 + ||Vo||,12 f (Lo * uol?)uol? — —f (Lo * [volP)Ivol”
= Eo(ug, vo).

Therefore, we can further assume that (g, vo) € H,. This completes the proof of Theorem 1.1. O
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4. Nonexistence

In this section, in order to prove the nonexistence of nontrivial solutions, we need to use the
following PohozZaev identity type:

Lemma 4.1. Let N > 3 and (u,v) € H be any solution of (1.1). Then, (u,v) satisfies the PohoZaev
identity
N -2s
2

f [(=A)2ul*+ [(=A) v ldx + N f (Ailul* + AlvP)dx

N+ ad (f(l s |ulP)|ulPdx + f(] * |v|”)|v|”dx) + N,Bfuvdx

Proof. The proof is similar to the argument of Theorem 1.13 in [22]. O

4.1)

Proof of Theorem 1.2. Let (£ (u v), (u,v)) =0, by (1.6), we have
f [(=A)2ul® + [(=A)2 v + Ayl + Av[*1dx = f (Lo * [ul?)|ulPdx

+ f(la * |V|p)|vlde+2,3fuvdx
for all (u,v) € H.

Combining the Pohozaev identity (4.1) and (4.2), we can see that

4.2)

N+a

0= (N — 25— ) f [(=A)2ul> + |(=A) v 1dx

p
+(N— N*“)fwm + ol )dx+(N;“ —N)fzﬁuvdx-

= (N — 285 — N+ a) f[l(—A)5u|2 +|(=A)2v|*ldx

4.3)

N
+ (N - ; “) f luf? + oo = 2Buv)dx.

Since 41 > 0, 4, > 0and 0 < B8 < V4,45, we have
Llul? + P =24 buy > 2Buv.

Thus, if both the coefficients are non-positive, that is

N + N +
N-2s-=—%<0 and N-~—=<0,
p p
then we get p < 1 + £, which jointly with (4.3) leads us to a contradiction. Therefore, the solution
of (1.1) 1s the trivial one. Similarly, if they are nonnegative that is p > ]j\,v -, we get that nontrivial
N+a

solutions of (1.1) cannot exist. Therefore, the range of 1 + § < p < - is optimal for the existence of
nontrival solutions of the problem (1.1). This completes the proof. O
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5. Conclusions

In this present paper, we combine the critical point theory and variational method to investigate a
class of coupled fractional systems of Choquard type. By using constrained minimization method
and Hardy-Littlewood-Sobolev inequality, we establish the existence and asymptotic behaviour of
positive ground state solutions of the systems. Furthermore, nonexistence of nontrivial solutions is
also obtained. In the next work, we will focus on the research of normalized solutions to fractional
couple Choquard systems.

Acknowledgments

This research was funded by the National Natural Science Foundation of China (61803236) and
Natural Science Foundation of Shandong Province (ZR2018MA022).

Contflicts of interest

The authors declare that they have no conflicts of interest.

References

1. E. D. Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull.
Sci. Math., 136 (2012), 521-573. http://dx.doi.org/10.1016/j.bulsci.2011.12.004

2. S. Pekar, Untersuchungiiber die Elektronentheorie der Kristalle, Akademie Verlag, Berlin, 1954.

3. E. H. Lieb, Existence and uniqueness of the minimizing solution of Choquard nonlinear equation,
Stud. Appl. Math., 57 (1977), 93—105. http://dx.doi.org/10.1002/sapm 197757293

4. R. Penrose, On gravity role in quantum state reduction, Gen. Relat. Gravit., 28 (1996), 581-600.
http://dx.doi.org/10.1007/BF02105068

5. R. Penrose, Quantum computation, entanglement and state reduction, R. Soc. Lond. Philos. Trans.
Ser. A-Math. Phys. Eng. Sci., 365 (1998), 1927-1939. http://dx.doi.org/10.1098/rsta.1998.0256

6. E. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation,
Stud. Appl. Math., 57 (1977), 93—105. http://dx.doi.org/10.1002/sapm 197757293

7. P. L. Lions, The Choquard equation and related questions, Nonlinear Anal., 4 (1980), 1063—1072.
http://dx.doi.org/10.1016/0362-546X(80)90016-4

8. N. Ackermann, On a periodic Schrodinger equation with nonlocal superlinear part, Math. Z., 248
(2004), 423-443. http://dx.doi.org/10.1007/s00209-004-0663-y

9. D. Cassani, J. Zhang, Choquard-type equations with Hardy-Littlewood-Sobolev upper-critical
growth, Adv. Nonlinear Anal., 8 (2018), 1184—1212. http://dx.doi.org/10.1515/anona-2018-0019

10. E. Lenzmann, Well-posedness for semi-relativistic Hartree equations of critical type, Math. Phys.
Anal. Geom., 2 (2007), 43—64. http://dx.doi.org/10.1007/s11040-007-9020-9

11. L. Ma, L. Zhao, Classification of positive solitary solutions of the nonlinear Choquard equation,
Arch. Ration. Mech. Anal., 195 (2010), 455-467. http://dx.doi.org/10.1007/s00205-008-0208-3

12. P. Ma, J. Zhang, Existence and multiplicity of solutions for fractional Choquard equations,
Nonlinear Anal., 164 (2017), 100-117. http://dx.doi.org/10.1016/j.na.2017.07.011

AIMS Mathematics Volume 8, Issue 7, 15789-15804.


http://dx.doi.org/http://dx.doi.org/10.1016/j.bulsci.2011.12.004
http://dx.doi.org/http://dx.doi.org/10.1002/sapm197757293
http://dx.doi.org/http://dx.doi.org/10.1007/BF02105068
http://dx.doi.org/http://dx.doi.org/10.1098/rsta.1998.0256
http://dx.doi.org/http://dx.doi.org/10.1002/sapm197757293
http://dx.doi.org/http://dx.doi.org/10.1016/0362-546X(80)90016-4
http://dx.doi.org/http://dx.doi.org/10.1007/s00209-004-0663-y
http://dx.doi.org/http://dx.doi.org/10.1515/anona-2018-0019
http://dx.doi.org/http://dx.doi.org/10.1007/s11040-007-9020-9
http://dx.doi.org/http://dx.doi.org/10.1007/s00205-008-0208-3
http://dx.doi.org/http://dx.doi.org/10.1016/j.na.2017.07.011

15804

13

14.

15.

16.

17.

18.

19.

20.

21

22.
23.
24.
25.
26.
27.

28.

é&él\éﬁ AIMS Press

. H. Berestycki, P. L. Lions, Nonlinear scalar field equations, I existence of a ground state, Arch.
Rational Mech. Anal., 82 (1983), 313-345. http://dx.doi.org/10.1007/BF00250555

V. Moroz, J. van Schaftingen, Existence of groundstates for a class of nonlinear Choquard
equations, Trans. Am. Math. Soc., 367 (2015), 6557-6579. http://dx.doi.org/10.1090/S0002-9947-
2014-06289-2

N. Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Rev., 268 (2000), 56-108.
http://dx.doi.org/10.1016/S0375-9601(00)00201-2

D. Applebaum, Lévy processes: From probability to finance and quantum groups, Notices Am.
Math. Soc., 51 (2004), 1336-1347.

J. Frolich, B. L. G. Jonsson, E. Lenzmann, Boson stars as solitary waves, Commun. Math. Phys.,
274 (2007), 1-30. http://dx.doi.org/10.1007/s00220-007-0272-9

H. Lu, X. Zhang, Positive solution for a class of nonlocal elliptic equations, Appl. Math. Lett., 88
(2019), 125-131. http://dx.doi.org/10.1016/j.aml1.2018.08.019

D. Lii, S. Peng, On the positive vector solutions for nonlinear fractional Laplacian
systems with linear coupling, Discrete Contin. Dyn. Syst, 37 (2017), 3327-3352.
http://dx.doi.org/10.3934/dcds.2017141

M. Wang, X, Qu, H. Lu, Ground state sign-changing solutions for fractional
Laplacian equations with critical nonlinearity, AIMS Math., 6 (2021), 5028-5039.
http://dx.doi.org/10.3934/math.2021297

.H. Wang, K. Ouyang, H. Lu, Normalized ground states for fractional Kirchhoff
equations with critical or supercritical nonlinearity, AIMS Math., 7 (2022), 10790-10806.
http://dx.doi.org/10.3934/math.2022603

P. d’Avenia, G. Siciliano, M. Squassina, On fractional Choquard equations, Math. Mod. Meth.
Appl. S., 25 (2015), 1447-1476. http://dx.doi.org/10.1142/S0218202515500384

P. Chen, X. Liu, Ground states of linearly coupled systems of Choquard type, Appl. Math. Lett., 84
(2018), 70-75. http://dx.doi.org/10.1016/j.am1.2018.04.016

M. Yang, J. Albuquerque, E. Silva, M. L. Silva, On the critical cases of linearly coupled Choquard
systems, Appl. Math. Lett., 91 (2019), 1-8. http://dx.doi.org/10.1016/j.aml1.2018.11.005

V. 1. Bogachev, Measure Theory, Springer, Berlin, 2007. http://dx.doi.org/10.1007/978-3-540-
34514-5

M. Willem, Minimax Theorems, Birkhduser, Boston, 1996. http://dx.doi.org/10.1007/978-1-4612-
4146-1

E. H. Lieb, M. Loss, Analysis, 2 Eds., In: Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, 2001.

A. Baernstein, A unified approach to symmetrization, In: Partial Differential Equations of Elliptic
Type, Symposia Mathematica, Cambridge: Cambridge University Press, 1994.

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 7, 15789-15804.


http://dx.doi.org/http://dx.doi.org/10.1007/BF00250555
http://dx.doi.org/http://dx.doi.org/10.1090/S0002-9947-2014-06289-2
http://dx.doi.org/http://dx.doi.org/10.1090/S0002-9947-2014-06289-2
http://dx.doi.org/http://dx.doi.org/10.1016/S0375-9601(00)00201-2
http://dx.doi.org/http://dx.doi.org/10.1007/s00220-007-0272-9
http://dx.doi.org/http://dx.doi.org/10.1016/j.aml.2018.08.019
http://dx.doi.org/http://dx.doi.org/10.3934/dcds.2017141
http://dx.doi.org/http://dx.doi.org/10.3934/math.2021297
http://dx.doi.org/http://dx.doi.org/10.3934/math.2022603
http://dx.doi.org/http://dx.doi.org/10.1142/S0218202515500384
http://dx.doi.org/http://dx.doi.org/10.1016/j.aml.2018.04.016
http://dx.doi.org/http://dx.doi.org/10.1016/j.aml.2018.11.005
http://dx.doi.org/http://dx.doi.org/10.1007/978-3-540-34514-5
http://dx.doi.org/http://dx.doi.org/10.1007/978-3-540-34514-5
http://dx.doi.org/http://dx.doi.org/10.1007/978-1-4612-4146-1
http://dx.doi.org/http://dx.doi.org/10.1007/978-1-4612-4146-1
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Proof of Theorem 1.1
	Nonexistence
	Conclusions

